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RESONANCE AND QUASILINEAR ELLIPTICITY
BY
VICTOR L. SHAPIRO

ABSTRACT. Two resonance-type existence theorems for periodic solutions of second
order quasilinear elliptic partial differential equations are established. The first
theorem is a best possible result, and the second theorem presents conditions which
are both necessary and sufficient.

1. Introduction. In this paper, we establish two resonance-type existence theorems
for periodic solutions of second order quasilinear elliptic partial differential equa-
tions. The first theorem is a best possible result, and the second theorem presents
conditions which are both necessary and sufficient. Also, we shall allow both the
higher and lower order coefficients of the partial differential equation considered to
be unbounded. There are few (if any) papers in the literature which deal with results
of this nature, i.e., incorporating quasilinearity and unboundedness in both the
higher order terms and lower order terms, all at resonance.

Let @ = {x: —7<x,<m j=1,...,N} be the N-torus, N > 2. ¢ € C*(Q)
means that ¢ € C*(R") and is periodic of period 27 in each variable. W12(Q) will
designate the familiar closure with respect to these C*, periodic functions (that is,
with respect to C*(Q)).

We shall consider second order, quasilinear elliptic operators Q, operating on
W12(Q), of the form

(1.1) Qu= —Di[aif(x, u)Dju] +b’(x,u, Du) D;u,

where Du represents the gradient of u, Du = du/dx;, and the summation conven-
tion is employed for i, j = 1,..., N.

The coefficients of Q, namely, the functions a"/(x, z) and b’/(x, z, p), are assumed
to be defined for all values of (x,z) € (2 — E)X R and (x,z,p) € (2 — E) XR
X RV, respectively, where E C Q is a set of Lebesgue measure zero. Furthermore, we
shall suppose the following throughout the paper.

(Q-1) The coefficients a'/(x, z) and b/(x, z, p) satisfy the usual Carathéodory
conditions: For each fixed z € Rand p € RY, the functions a'/(x, z) and b’(x, z, p)
are measurable; for a.e. x € @ the functions a’/(x, z) and b/(x, z, p) are respec-
tively continuousin Rand R X RY, i, j =1,..., N.

(Q-2) 3 a nonnegative function a(x) € L?(Q) such that |a"/(x, z)| < a(x) for
everyz€ Randae. x€Q,i,j=1,...,N.
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568 V. L. SHAPIRO

(Q-3) Q is symmetric; that is, a'(x,z) = a’(x,z) for every z € R and a.e.
xeQ, i, j=1,...,N.

(Q-4) Q is uniformly elliptic almost everywhere in ; that is, there is a constant
Mo > 0 such that

- 2
a'(x,z)§; & > mol¢|
foreveryz € R,ae. x € Q,andevery £ € RV (|§]2 = &2 + -+ +£2).
(Q-5) There is a nonnegative function b(x) € L?>() and positive constants 1,
and 7, such that

lbj(x’z’p)‘—_{ b(x) + Tlllz‘+ 712|P|

foreveryp e RY, zeR,andae.x€Q, j=1,...,N.

(Q-6) For every u € W*(Q), the vector

b(x,u, Du) = [bl(x, u,Du),...,b"(x,u, Du)]

is weakly solenoidal, i.e., [g b/(x, u, Du)D,v(x)dx = 0 for every u and v € Wi2(Q)
where the summation convention is used.

(Q-7) If {u"}®_, is a sequence of functions in L*(Q) which tend strongly to
u € L*(R) and {w"}®_, is a sequence of vector-valued functions which tend weakly
tow € [L%(Q)]", then {b(x,u",w")}>_, tends weakly to b(x, u,w) € [L2(Q)]", i.e.,
with b/(x,u,w) = b/(x,u,w,...,w,) the jth component of b(x,u,w), then
lim,_,  fq b/(x,u",w")vdx = [q b/(x,u,w)vdx Vv € L*(Q)and j=1,...,N.

By strong convergence in (Q-7), we mean convergence in norm.

Before proceeding, we give an example of a vector b(x, z, p) which meets (Q-5),
(Q-6), and (Q-7). Define the jth component of b(x, z, p) as follows

b'(x,z,p) = cosx, + pysinx,, b*(x,z,p)=cosx; — p,sinx; — zCosxy,
b/ (x,z,p)=0 forj=3,...,N.
Clearly, condition (Q-5) is met. If ¢ € C*(Q), then

f cos x, D19 (x) dx =f cos x;D,¢(x) = 0.
Q Q
Likewise if u € W'?(Q), then

fﬂ [ D,(usin x,) D¢ — D, (usinx,)D,p] dx

= -f usin x,[ D,D,¢ — D,Dy¢] dx = 0;
Q

$0, it is clear that (Q-6) is met. To see that (Q-7) is met, let {u"}_, tend strongly to
u in L*(Q) and let {w"} tend weakly to w € [L*(Q)]". Then b'(x, u",w") = cos x,
+ wj'sin x; and b*(x, u",w") = cosx; — wi'sinx, — u"cosx; and b,(x,u",w") =0
for j = 3,..., N. Itisclear that

lim f bi(x,u"w")vdx =f b/(x,u,w)vdx Vv e L*(Q),

n—o00 vQ Q

for j = 1,..., N. Consequently condition (Q-7) is met. Therefore b(x, z, p) has met
all the asserted conditions and our example is complete.
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We shall study equations of the form

(1.2) Qu = f(x,u)
under various assumptions on f(x, u). Let A4 u be the Nemitsky operator
N u=f(x,u(x)),

where f(x, z): € X R = R. We shall suppose throughout the paper that

(f-1) f(x, z) meets the same Carathéodory conditions that a”/(x, z) meets in (Q-1)
above.

(f-2) For each r > 0, there is a {, € L?(2) such that |f(x, 2)| < ,(x) for a.e.
x € Qand |z| <.

To establish the first theorem in the paper, we shall need the following one-sided
growth condition on f:

(f-3) Given ¢ > 0, 3 a nonnegative function c¢,(x) in L*(2) and a constant z(¢),

zf(x,z) < ez’ + ¢ (x)|z| for|z|> zo(e) and ae. x € Q.

We note that (f-3) is a generalization of the notion limsup,_, . f(x,2)/z <0
uniformly for x € Q.
Motivated by [3], we shall set
(1.3) F,(x) =limsupf(x,z)/z
2>t

and establish the following theorem in §3.

THEOREM 1. Assume (Q-1)—-(Q-7), (f-1), (f-2), and (f-3). Suppose
() fo F(x)dx <0 and [ F(x)dx <0,
where ., and % are defined in (1.3). Then there exists a distribution solution

u € Wh(Q) of Qu = f(x, u) with f(x,u) € LN(Q) and f(x, u)u € L'(Q).

To be quite explicit, what we mean by u € W1%(Q) being a distribution solution

of Qu = f(x,u)is
(1.3) /;Z [a’f(x,u)DjuD,-tpdx + ¢bj(x,u,Du)Dju] dx = _/;)f(x,u)¢dx

for every ¢ € C*(R), where the summation convention is used for i, j = 1,..., N.

Theorem 1 is in a certain sense a best possible result, i.e., if we replace (i) above by
(i) or (i”) below, the conclusion to the theorem is false.

() fo F.(x)dx =0and [; F(x)dx <0.

(") Jo Z.(x)dx <0and [, F(x)dx =0.

To see that this is the case for (i"), we shall suppose Theorem 1 holds if (i) is
replaced by (i) and arrive at a contradiction. Set

z o= {0, 12

and f(x,z)=1+ B(z) for x € @ and z € R. Then f(x, z) meets (f-1), (f-2), and
(£-3). Furthermore, it follows from (1.3) and (1.4) that %, (x) =0 and #.(x) = -1
for x € Q, and therefore condition (i') is met. So if Theorem 1 were true with (i)
replaced by (i’), a distribution solution u € W'(Q) of Qu = f(x,u) would exist;
i.e., we would have that (1.3)" holds.
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On setting ¢ = 1 in (1.3)’ and observing that D1 = 0 for i = 1,..., N, we obtain
in particular from (1.3)" that

(1.5) fgbf(x,u,Du)Dju=fnf(x,u)dx,

where the summation convention is used for j = 1,..., N.

Now f(x,u) =1+ B[u(x)]. So it is easily seen from (1.4) that
(1.6) f(x,u(x))>1 ae.inQ.
Also we observe from (Q-6) that the left-hand side of (1.5) is 0. We consequently
obtain from (1.5) and (1.6) that 0 > (27)", a contradiction. Therefore no distribu-
tion solution u € W'2(Q) satisfying (1.3)’ exists. We conclude that Theorem 1 does
not hold when (i) is replaced by (i’). An analogous example shows that Theorem 1
does not hold when (i) is replaced by (i”’). Theorem 1 is indeed in a certain sense a
best possible result.

Theorem 2 deals with f(x, u) in the form g(u) — h, i.e., with

(1.7) Qu = g(u) — h.

In (1.7), A is in W13(Q) (= W1(Q)*). To be quite specific, h: W12(Q) > R,
and A is both linear and continuous. On the other hand, g will be in C(R) and we
shall suppose that both limits lim, ,  g(z) and lim, , _ g(z) exist and are finite.
We shall say that u € W1?(Q) is a distribution solution of (1.7) if the following
prevails:

(1.8) fﬂ [a'/(x,u) DuD,¢ + $b7(x, u, Du) Du] dx = fg g(u)ddx — h(9)

for every ¢ € C*®(Q).
The theorem we shall prove is the following.

THEOREM 2. Assume (Q-1)-(Q-7), that g € C(R), h € W1*(Q), and that the
limits lim, _, _ g(z) = g(o0) and lim, _, _ g(z) = g(-o0) exist and are finite. Sup-
pose also that
(1.9) g(0) < g(z) < g(-0) forzeR.

Then a necessary and sufficient condition that a distribution solution u € W'*(Q) of
Qu = g(u) — h exists is that
(1.10) (2m)"g(o0) < h(1) < (27)"g(-c0).

The results stated in this paper were motivated by the well-known results of Brezis

and Nirenberg [2, Chapter IV], De Figueiredo and Gossez [3], Hess [4], and

Landesman and Lazer [6].
We observe that ¢ = 1 is a distribution solution of (1.2) with f(x, z) = 0, i.e.,

[ [a“Ce¥) Dy Do + 6b(x, 4. DY) Dy ] dx = 0

for every ¢ € C*(£2). Consequently, we see that Q(y) = 0¢ and therefore that 0 is
a characteristic value. We can therefore refer to our existence theorems involving
(1.2) and (1.7) as resonance-type theorems (see the discussion in [3]).
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From Theorem 1, we can also easily obtain the following result.

COROLLARY. Assume (Q-1)-(Q-7), (f-1), and (f-2). Suppose that
(1.11) limsupf(x,z)/z <0 uniformly for x € Q.

[z]=> 00

Then there exists a distribution solution of Qu = f(x, u) with f(x,u) € L}(Q).

(1.11) and (1.3) imply that f meets (f-3) and (i) of Theorem 1. Therefore the
corollary is an immediate consequence of Theorem 1.

An interesting fact about the above corollary is that it constitutes a partial
generalization of an important result in the well-known paper of Kazdan and
Warner, namely, part (b) of Corollary 2.12 [5, p. 575].

Even though we have not done so here, the techniques used in this paper allow us
to establish results for our quasilinear Q analogous to those established in [3,
Theorem 4, p. 13 and 2, pp. 286-288]. We shall treat results of this nature and
related matters in a sequel to this current paper.

2. Fundamental lemmas. We shall use a Galerkin technique to establish our
existence theorems. In order to accomplish this, we observe that there is a sequence
{¢, )%, of real-valued functions in C**(Q) with the following properties:

(a) ¥, =@m)""

(2.1) (b) f Y, dx = 8,, where §,, is the Kronecker delta,
o
k,l=1,2,....
Also, given ¢ € C*(£) and ¢ > 0, 3 constants cy,. .., ¢, such that
(2.2) [W(x) = e (x)|<e and |D(x)—c, D (x)|<e

uniformly for x € @ and j = 1,..., N, where the summation convention is used in
22)withg=1,...,n.

The first lemma we prove is the following, where {1, }¥_, is the sequence in (2.1)
and (2.2).

LEMMA 1. Let F(x) be a nonnegative function in L\() and let f(x, z) satisfy (f-1)
and (f-2). Suppose that |f(x,z)| < F(x) for z€ R and a.e. x € Q and that Q
satisfies (Q-1)—(Q-6). Then if n is a given positive integer, there is a function
u=yy,+ - +vy,y, such that

/ [aij(x’“)DjuDi‘l’k + 9, b7(x,u, Du)Du + ux[/kn"ll dx
(2.3) ¢

=fﬂxl/k(x)f(x,u)dx

for k = 1,..., n, where the summation convention is used for i, j = 1,..., N.

Here, and throughout the rest of the paper, we shall use the notation

(2.4) <v,w>0=/;zv(x)w(x)dx

for v and w in L%(Q).
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For each « = (a;,...,,) € R", we introduce an n X n matrix A(a) with compo-
nents A4,,(«) given as follows:

(2.5) Ay = <Di¢k’aij("°‘q‘l’q)Dj‘Pl>o
+ (¥ /(- a by Dagy ) D)+ (Wi b)on ™,

where the summation convention is used with indices i, j=1,...,N and ¢ =
1,...,n.
We observe from (Q-1), (Q-2), (Q-5), and (2.4) that

(2.6) A, (a)e C(R") fork,l=1,...,n.

Next, we observe from (2.5) for 8 = (B4, .-, 8,),
(27) Ay (@)B, =Dy a’(-.ap,) DB,

+ (s b ag g Dagy ) D)+ (i Bbyyon™.

Now it follows from (Q-6), the fact that Djl,lz2 = 2y D;y, and from (2.4) that
2.7y (¢.b/(-..Dg)Dy) =0
for ¢ and ¢ € C*(R). Consequently, we see from (2.7) that the quadratic form
B - A(a)B = B,A4,,(a)B, is such that
(2.8) B-A(a)B =(Dy,a"(-,ad,) D) + (¥, ¥)on ™,
where ¢ = By + - +B,9,.

It follows from (Q-4) and (2.4) that the right-hand side of (2.8) majorizes

nofﬂ 1Dy dx + (g, ¥)n",

where ¢ = B¢, + -+ +B8,¥, and |Dy|*> = |D;¢|*> + --- +|D,¥|%. We conclude
therefore from (2.8) and (2.1)(b) that

2
(2.9) B-A(a)B =B A (a)B =B n".
Since B is arbitrary in R”, it follows from (2.9) that for each a € R”, the inverse
matrix [ A(a)] ! exists, and furthermore

(2.10) l[4(e)] | e<n VaeR,

where || - ||, designates the usual n X n matrix norm.
Next, for each a € R”, we set

(2'11) Sk(a)=<4’k»f("aq¢q)>0

for k =1,...,n, where the summation convention is used for ¢ =1,...,n. We
observe from (f-1), (f-2), and (2.4) that S,(a) € C(R*) for k = 1,..., n. Also, we see
from (2.11) and from the fact that |f(x, z)| < F(x) for a.e. x € £ and every z € R

where F € L'(Q) that there is a constant I, such that |S,(a)| < I, for every
aeR k=1,...,n. Weset

(2.12)(a) S(a) = (Sy(a),...,S,(a)),
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and conclude that

S is a continuous map of R" into the closed ball of R" with
center 0 and radius n'/*T,.

Next, we set G(a) = [4(a)] 'S(a) and observe from (2.6), (2.10), and (2.12)(a),
(b) that G(«) is a continuous function of a which maps R” into the closed ball of R”
with center 0 and radius n/2T,. Consequently, G is a continuous map of this last
mentioned closed ball into itself. We invoke the Brouwer fixed point theorem and
conclude that there exists y = (v;,...,7,) € R" such that [4(y)]"}S(y) = v, ie.,
A(y)y = S(v). We set u=v,y; + --- +v,¢¥, and obtain from (2.7), (2.11), and
(2.12)(a), with @ = B = v, that

<Di\l’k’ a’(-, “)Dju>0 + <‘Pk’ b/(-,u, Du)Dj“>0 + <‘1/k’ “>o”—1 = <4’k»f(',u)>o

for k = 1,..., n. But this is (2.3) in the statement of the lemma, and the proof of the
lemma is complete.
The next lemma we prove is

(2.12)(b)

LEMMA 2.Let n be a given positive integer and let f(x, z) satisfy (f-1) and (f-2).
Suppose that Q satisfies (Q-1)—(Q-6) and that there is a nonnegative function F(x) in
L*(Q) such that

(2.13) zf(x,z) < F(x)|z|+ z%/2n fora.e. x € R and Vz € R.
Then there is a functionu = y;; + - -+ +v,¥, such that (2.3) in Lemma 1 holds.

For each positive integer M set
f(x,M), z>M,
fM(x,z) = f(x,z), -M<z<M,
f(x,-M), z<-M.
It follows from (f-2) that there is a {,, € L*() such that
|fM(x,z)|< ¢y(x) forae. x€QandVzeR.
Consequently it follows from Lemma 1 that there exists { v, }7_; such that
(2.14) uM =y + -+,
satisfies (2.3) with f replaced by ¥, i.e.,
(2.15) <D,.x[/k, a(-, uM)DjuM>O + <\[/k, bI(-,uM, DuM)DjuM>0 + <1[/k, uM>n‘1
= <‘Pk,fM(' ’ “M)>0

fork=1,...,n.
Now it follows from the definition of f(x, z) and from (2.13) that zfM(x, z) <
F(x)|z| + |z|?/2n for a.e. x € @ and Vz € R. Consequently

(2.16) uM(x) M [, ()] < |uM(x) [F(x) +]u(x) [ /2
forae. xeQand M=1,2,....
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Next, we multiply both sides of (2.15) by v and sum over k = 1,..., n. Using
(Q-4), (2.7, and (2.14), we then obtain that

n—1<uM, uM>0 < <uM,fM(" uM)>O

for each fixed positive integer M. But then it follows from (2.16) that

(2n) " {uM, uM), < fg [u™(x)|F(x) dx.

By the hypothesis of the lemma, F € L*(Q); so it follows from this last inequality in
conjunction with the Schwarz inequality that

<uM, uM>0 < 4n*(F, F),.
We next employ (2.1)(b) and (2.14) in conjunction with this last fact to obtain
()" + - +()" < 4nX(F. F),
for every positive integer M.
Since n is a fixed positive integer, we infer from this last inequality that there
exists a subsequence of {y}} which converges for each k = 1,..., n. For ease of

notation, we shall suppose this subsequence is the full sequence and record this fact
as

(2.17) lim yM=vy,, k=1,...,n.
M-
We set u = v,y + -+ +v,¥, and obtain from (2.14) and (2.17) that

lim u™(x)=u(x) uniformly for x € Q,

(218) Mo . ,
A}@iju (x) = Du(x) uniformly forx € Qand j=1,...,N.

From (Q-1) and this last fact, we see that
(a)  lim a“(x,uM(x)) = a"(x,u(x)),
M- oo

(2.19) (b)  lim b(x, Du¥(x)) = b/(x, Du(x))

forae. x€Qandi, j=1,...,N.
From (Q-2) in conjunction with (2.14), (2.17), (2.18), and (2.19)(a), we see that

. ij MY pd, M\ _ i .

(220 tim (D, a¥(-,uM) DfuM) = (Dgy.a”(-.u) D),
for k =1,...,n. Likewise, we see from (Q-5) in conjunction with (2.14), (2.17),
(2.18), and (2.19)(b) that
(2.21) A}iinw<‘l’k’bj("“M’ DuM)Du) = (., b(-,u, Du) D),
fork=1,...,n.

Next, we observe from (2.14) and (2.17) that the sequence {u™(x)}%_; is
uniformly bounded on € and in C*(Q) for each M. We consequently obtain from

the definition of f™(x, z) that there is an M, such that for M > M, fM(x,u™(x))
= f(x,uM(x)) for x € Q. But then it follows from (f-1), (f-2), and (2.18) that

I (B P, = (e e,
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for k =1,...,n. We conclude from (2.15), (2.18), (2.20), (2.21), and this last fact
that

<D,¢k, aif(-,u)l)ju>0 + <\[/k, b/(-,u, Du)Dju>0 + (Yo uwyon ™ =Yy, f(-,u)),

for k = 1,..., n. But this establishes (2.3) for u = y;¢; + --- +7v,¥,, and the proof
of the lemma is complete.
Next for w € L*(Q), we set

(2.22) Iwllo = {{w,w)e} "
and establish the following lemma.

LEmMA 3. Suppose f(x, z) satisfies (f-1), (f-2), and that there is a nonnegative
function F € L*(Q) such that

(2.23) 2f(x,z) < F(x)|z|+ z? fora.e. x € Qand Vz € R.

Suppose also that for every positive integer, there is u" =y, + - +y, which
satisfies

(2.24) <D,.¢k, aif(-,u")Dju">O + <¢/k, bI(-,u", Du”)Dju">O + (Y, u"yont
= <\l’k’f(" “n)>0

for k =1,..., n, where the summation convention is used for i, j=1,..., N, and Q
satisfies (Q-1)—(Q-6). Suppose furthermore there is a constant K such that

(2.25) lu"lo< K forn=1,2,....

Then there is a constant K* such that

(2.26) (FCoum)) utl), < K* forn=1,2,....

Multiplying both sides of (2.24) by y; and summing over k = 1, ..., n, we obtain
from the hypothesis of the lemma and (2.7)" that

<Diu", a’f(-,u")Dju">0 +{u" umynt = <u",f(-,u")>0.
Consequently, we have from (Q-4) and this last fact that
(2.27) 0<{u", f(-,u")),
Next, we set
A,={xeQ u"(x)f(x,u"(x)) > 0},
B,={xe€Q: u"(x)f(x,u"(x)) <0},
and observe from (2.22) and (2.23) that

(2.28)

[t Gy dx < ollu o + 1 o

n

for n = 1,2,.... Consequently we have from (2.25) that there is a constant K; > 0
such that

(2.29) / uf(x,u")dx < K; forn=1,2,....
A"
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Also, it follows from (2.27) and (2.28)
-f u"f(x,u")dx < f uf(x,u™)dx.
Bﬂ An
Therefore, we obtain from (2.29) and this last fact that
f lu"|| f(x,u")|dx < K, forn=1,2,....
B”
But this fact in conjunction with (2.28) and (2.29) gives
f lu|| f(x,u")|dx < 2K, forn=1,2,....
Q

This last inequality is (2.26) with K* = 2K,, and the proof of the lemma is
complete.

LEMMA 4. Suppose the conditions in the hypothesis of Lemma 3 hold. Then the
sequence { f(x,u™)}X_, is uniformly absolutely continuous.

n=1

To be precise, what we mean by uniformly absolutely continuous is the following:
Given &> 0 there exists a 8§ >0 such that if EC @ with pu(E)< 3§, then

[e 1f(x,u™)|dx < eforn=1,2,..., where p is N-dimensional Lebesgue measure.
First of all we choose r > 0 so that
(2.30) K*/r <e/2,

where K* is the constant in Lemma 3. Next, using (f-2), we choose {, € L?() such
that

(2.31) [f(x,2)|<§(x) forae. x € Qand|z|<r.
Also we set

(232) A,={xeQu"(x)|<r}, B,={xeQ:|u"(x)|>r},

n

and choose § > 0 such that
(2.33) p(E) <8 =>f ¢(x)dx < e/2.
E

Now suppose p(E) < 8 with § as in (2.33). Then it follows from Lemma 3 and
(2.31)-(2.33) that

[rGur)lde< [ Gx)dx+rt [ un(x)f(x,u(x)) | dx

E ENA, ENB,
<e/2+ K*/r

for n = 1,2,.... From (2.30), we see that the right-hand side of this last established

inequality is < e. Consequently { f(x,u")}>_, is uniformly absolutely continuous,
and the proof of the lemma is complete.

3. Proof of Theorem 1. Since f satisfies (f-1)-(f-3), we see that for every &£ > 0,
there exist a nonnegative function F,(x) € L*(Q) such that

(3.1) zf(x,z) < ez* + F(x)|z| forae. x € QandVz € R.
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Consequently, it follows from Lemma 2 that there is a sequence {u"}?.; with the
following properties:
(3.2) u" =y, oYY

(33) (Dy.a’(-.u")Du"), <¢k,bf(.,un,pun)pjun>0+<¢k,un>on-1
=<‘Pk’f("”n)>o

for k =1,...,n, where {{,}%_, is the orthonormal sequence with properties (2.1)
and (2.2).
With ||w]|, for w € L*(Q) given by (2.22), we define ||v||, for v € W1(Q) by

2 2 2
(3.4) olli =llvllo + [l Dolllo,
where |Dv|? = |Dv|? + - -+ +|Dyv|%

We claim there is a constant K such that
(3.5) |lu"l < K forn=1,2,.

Suppose that (3.5) is false. Then (see [1, p. 169]) there is a subsequence of
{u"}_,, which for ease of notation we shall take to be the full sequence, with the
following properties:

(3.6) lim ||u"]l; = o0;
h— 0
there is a ve W'Y(Q) such that lim |v" — vl|, =0,
(3.7) n— o0
where v" = u"/ ||u"|;
(3.8) lim v"(x) = v(x) ae.x€Q;

n— oo

(3.9) lim f quv"dx—-quDvdx Vo € C*(Q), j=1,.

H— 00

Next, we observe that Dj(u")2 = 2u"Du" and consequently obtain from (Q-6)
that

<u", bi(-,u", Du")Dju">0 = 0.
Using this fact in conjunction with (3.2), (3.3), and (3.7) gives us that
(3.10) <D,-v", a’(-, u”)Djv">0 + (v oynt = (u”, f(-, u”)>0||u"||12.
Now it follows from (Q-4) that
a’(x,u")Dy"D,v" > 1r)0|Dv"|2

for a.e. x € @, where 7, is a positive constant. Consequently we obtain from (3.1)
and (3.10) that for every & > 0, there is an F, € L?(Q) such that

2 2 -1
(3.11) olll Do llo < ello™llo + [ [l 0" loll £ lo-
From (3.4) and (3.7), we see that ||v,||? = 1 and furthermore that |v"||3 < 1. We

conclude from this fact, in conjunction with (3.6) and (3.11), that lim sup, _, |l Dvlll3
< en,!, and therefore, since & > 0 is arbitrary,

(3.12) lim || Do" o = 0
n— oo
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Since | D;v"| < [Dv"| for j = 1,..., N, we obtain from (3.9) and (3.12) that
f ¢Dvdx =0 Vo€ C*(Q)and j=1,...,N.
Q

Consequently
(3.13) Dv=0 forj=1,...,N
and v is equal to a constant a.e. in 2. To calculate this constant, we see from (3.7)
that ||v"]|2 = 1. Now [[0"||? = ||lv"}|2 + Il Dv"|ll§ and from (3.7), we see that ||v"||3 —
lv]|3. Therefore it follows from (3.12) that lim,_, ||v"]|} = ||lv||3 and we conclude
from (3.7) that ||v||2 = 1. Therefore since v is constant a.e. in @, v = 27) "2 ae.
inQorv=-Q27) "?ae in Q.

We shall suppose
(3.14) v=_027)"? ae. inQ
and arrive at a contradiction. A similar line of reasoning prevails in case the other
alternative holds, and we leave the details of this part to the reader.

To arrive at a contradiction, we see from (Q-4) in conjunction with (3.10) that

(3.15) (u, f(-,u")), = 0.

Also, from (3.1) with ¢ = 1, we see that

(3.16) (v")* + E(x)o"u"|i' = wf(x,u)u"i° >0 ae.inQ n=102,....
We set

(3.17) g, = the left-hand side of the inequality in (3.16)

and obtain from (3.15) that

2 -1
(3.18) [ ga(x) ax <llo"flc +w I [ |Fu(x)o"]dx.
Q Q
From (3.6), (3.7), (3.14), and the fact that F,(x) € L*(), we obtain from (3.18) that

liminff g,(x)dx < 1.
Q

On the other hand from (3.16), (3.17), Fatou’s lemma [7, p. 24] and this last
inequality, we obtain that

(3.19) f liminfg,(x)dx < 1.
Q
From (3.7), we see that u"(x) = v"(x)||u”|l. Therefore it follows from (3.6), (3.8),
and (3.14) that
(3.20) lim v"(x) = 27)™"? and lim u"(x) = +o ae.€ Q.

h— o0

Also, we see that
-2
wf (xum)|u = (07)f (x, u™) fu”.
Consequently, it follows from (3.6), (3.16), (3.17), (3.20) and (1.3) that

liminfg,(x) = 27) ™ —(27) "%, (x) ae.inQ.
n— o0
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But then we see from (3.19) that 1 — 27) Vo #,(x)dx < 1 and therefore that
fo #.(x)dx = 0. This fact is contrary to the first inequality in condition (i) in the
hypothesis of the theorem. We have arrived at a contradiction and conclude that
(3.5) is indeed true.

From the fact that (3.5) holds, it follows (see [1, p. 169]) that there is a
subsequence of {u"}>_;, which for ease of notation we take to the full sequence,

with the following properties:

(3.21) thereis a u € W1?(Q) such that lim ||u" — uljo = 0;
(3.22) lim u"(x) = u(x) forae. x € Q;

(323)  lim wiDju"a’x= wiDjudx vwe L}(Q), j=1,...,N.

From (3.22) and (Q-1), we see that

lim a”[x,u"(x)] = a’/[x,u(x)] ae. x€Q

H— o0

fori, j =1,..., N. It consequently follows from (Q-2) and this last fact that
lim |a(-,u") —a"(-,u)lo = 0.
But this fact, in turn, in conjunction with (3.5) and the Schwarz inequality implies
that for fixed &
(3.24) lim (D, [a"(-,u") = a(-,u)| Du") = 0.
nh— 0
From (3.23), in conjunction with (Q-2), we also see that
lim <Di¢k, a"f(-,u)Dju">0 = <Di¢k, a"f(-,u)Dju>0‘

n— o0

We conclude from this last fact in conjunction with (3.24) that
(3.25) lim (D, ai(-,u)Duy = (Do, aii(-,u) D),
fork =1,2,....
Next, from (Q-6), we see that
f b/(-,u", Du")D,(u"y,) dx =0
Q
and consequently that
(3.26) (e b/ u", Dum) D) = —~(u", b(-, u", Du") D) .

On the other hand, from (Q-5) we see that
fQ lu" = ul[b/(x,u", Du") | dx <|lu" = ullo[||6(x) o + myl|u” o + mll| Du o]

From (3.5) and (3.21), we also see that the right-hand side of this last inequality goes
to 0 as n — oo, and consequently from (3.26), we obtain that
(327)  lim (,.b/(-,u", Du")Du") = - lim (u,b/(-,u", Du") D)

n— oo 0
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However, from (3.23), we see that { Du"}_, is a sequence of vector-valued func-
tions in { L2()}" which tends weakly to Du € [L*(2)]". Also from (3.21), we see
that {u"}®_, tends strongly to u in L?(). Therefore, it follows from (Q-7) that

lim <u, bI(-,u", Du")Djxpk>0 = <u, b/(-,u, Du)Dj\Izk>0.

But, since u € W1(Q), we see as earlier,

(u, (-, u, Du) D) = ~(y, /(- u, Du) Dyu) .
We consequently conclude from these last two equalities and (3.27) that
3.28 li ,b/(-,u", Du")Du") = ,b/(-,u, Du) D,
(3:28)  tim (4 b, w, Dur) D) = (94 /(- Du) Do),

fork=1,2,....

Next, from (3.5) and Lemma 4, we see that the sequence { f(x,u")}>, is
uniformly absolutely continuous. Also, we see from (f-1) and (3.22) that
lim, _, . flx, u"(x)] = flx,u(x)] for a.e. x € . We conclude from Egoroff’s theo-
rem [7, p. 75] and from Fatou’s lemma that

(3.29) f(x,u) e LYQ)

and

(3.30) Jim [y ()f (eur)d = [ () f (xu) de
fork=1,2,....

From (3.3), (3.21), (3.25), (3.28), and (3.30), we see that
(331) <Di¢k’ aij("u)l)ju>0 + <"[’k’bj('9 u, Du)l)ju>0 = <4’ka f(a u)>0
fork=1,2,....

From (Q-2), we see that a”(-,u)Du € L'(Q). From (Q-5), we see that
b/(-,u, Du)Du € L'(R). From (3.29), we have that f(x,u) € L'(R). Also, it fol-
lows from (2.2) that given ¢ € C*(Q), there is a sequence {¢,}>, and real
constants {cy}7_, such that ¢, = cly; + --- +c,, lim, ,  ¢,(x) = ¢(x), and
lim, ,  D;¢,(x) = D;¢(z) uniformly for x € 2, j=1,..., N. We conclude first
that (3.31) holds with y, replaced by ¢,, and next on passing to the limit as n — oo,
that

(D¢, a"(-,u)Du) + (¢, b/(-,u, Du) D) = ($.f(-,u)),

But this is (1.3). From (3.21) we see that u € W'?(Q). We conclude that u is
indeed a distribution solution of Qu = f(x, u).

To complete the proof of the theorem, it remains to show that uf(x, u) € L'(Q).
From (3.22) and (f-1), it follows that

(3.32) nlingo u"(x)f[x,u"(x)] = u(x)f[x,u(x)] ae.€Q.

On the other hand from (3.5) and Lemma 3, we see that there is a constant K* such
that [, |u"(x)||f[x, u"(x)]|dx < K*. Consequently, it follows from Fatou’s lemma
and (3.32) that [ |u(x)||f(x, u(x))|dx < K* and the proof of Theorem 1 is
complete.
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4. Proof of Theorem 2. We first establish the necessary condition of the theorem.
Suppose then that (1.8) and (1.9) hold, where u € W12(Q). We choose ¢ =1 in
(1.8) and observe that

f a'(x,u)DuD]ldx = 0.
Q
Also, we see from (Q-6) on choosing v = u that
f b’/(x,u, Du) Dudx = 0.
Q

We consequently conclude from these last two equalities and the fact that (1.8) holds
that

(4.1) /Qg(u) dx = h(1).

Using the first inequality in (1.9) in conjunction with (4.1) gives us the first
inequality in (1.10). Using the second inequality in (1.9) in conjunction with (4.1)
gives us the second inequality in (1.10), and the proof of the necessary condition in
Theorem 2 is complete.

To establish the sufficient condition in the theorem, we first observe that the
following lemma holds.

LEMMA 5. Let g be in C(R) N L*(R) and h € W12(Q). Suppose that Q satisfies
(Q-1)—(Q-6). Then if n is a given positive integer, there is a function u" = y{{,
+ .-+ +yM, such that

fg [a’f(x, u")Du"Dpy, + ¥, b’ (x,u”", Du") Du" + u"xpkn‘ll dx
(4.2)
= [ (s ds~h(ge) fork=1...n.

The proof of the above lemma is exactly the same as the proof of Lemma 1 except
S;(a) in (2.11) now becomes S;(a) = (Y, ga¥,))o — h(¥,) for k=1,...,n,
where the summation convention is used for ¢ = 1,..., n. The reader will have no
difficulty in filling in the details.

We now proceed with the proof of the sufficiency. We observe that the conditions
in the hypothesis of Theorem 2 imply those in the hypothesis of Lemma 5. So for
each positive integer n, we let 4" designate the solution satisfying (4.2). We claim, as
in the proof of Theorem 1, that there is a constant K such that

(4.3) |lu"lp <K forn=1,2,...,

where || - ||; is defined in (3.4).

Suppose that (4.3) is false. Then (see [1, p. 169]) there is a subsequence of {u"},
which for ease of notation we shall take to be the full sequence, which satisfies
(3.6)—(3.9) and furthermore, since 1 € W~12(Q) (= W2(Q)*), satisfies

(4.4) lim h(v") = h(v),

where v" = u"/||u"||;, and v = u/||u||;.
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Now, as the proof of Theorem 1, (u",b/(-,u", Du")D;u"), = 0; so we obtain

from (4.2) that
n _ij n n n .n - n n n n|=2

(4.5) (D", a(-,um) Do) + (v, v )t = [, g(u))g = A(um)]u" ]

From (Q-4), we see that the left-hand side of (4.5) majorizes 7, ||| Dv”|l|5. On the
other hand, since g € L*(R) and h € W~12(Q), we see that the right-hand side of
(4.5) is majorized by K,||u"||;||u"||{?, where K, is a constant independent of n. We
conclude from (4.5) that

2 _

(4.6) Do lo < m5'Ky|lu” i forn=1,2,....

From (3.6) and (4.6), we immediately obtain that

(4.7) lim || D" o = o.

From (3.7), we see that ||v"]|? = 1 and consequently from (3.4), (3.7), and (4.7) that
(4.8) lollo = tim flo" s = 1.

Also, from (3.9) and (4.7), we see that

(4.9) D=0, j=1,...,N.

Now by (3.7), v € W13(Q). It follows, therefore, from (4.8) and (4.9) that
v=Q27)" M?ae inQorv=-27)"¥?ae. in Q.
We shall suppose

(4.10) v=027)"" ae. inQ,

and arrive at a contradiction. As the reader will easily see, a similar line of reasoning
gives a contradiction in case the other alternative holds.

Suppose then that (4.10) holds. We observe from (Q-4) and (4.5) that 0 <
{(u”, g(u")) — h(u™), and consequently, using the linearity of 4, that

(4.11) h(v™) < (", g(u")),.
Since u" = ||u,||;v", we see from (3.6), (3.8), and (4.10) that
(4.12) lim g[u"(x)]v"(x) = 27)"?g(0) a.e.in Q.

Also, since g € L*(R), it follows from (4.8) that there exists a constant K, such that
f lg(u")v"lzdx <K, forn=1,2,....
Q

From this last fact and Schwarz’ inequality, it follows that the sequence { g(u")v" }3_,
is uniformly absolutely continuous and consequently from (4.12) and Egoroff’s
Theorem [7, p. 75],

(4.13) lim (v", g(u")), = (27)""*g(c0).
n— oo
On the other hand from (4.4), (4.10), and the linearity of 4, we see that
lim h(v") = 27)"V?h(1).
nh— o0
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But then we obtain from (4.11), (4.13), and this last inequality that A(1) <
(27)Mg(o0). This fact is a contradiction to the first equality in (1.10). We conclude
that (4.3) does indeed hold.

From the fact that (4.3) holds, we see from [1, p. 169] that there is a subsequence
of {u"}, which for ease of notation we shall take to be the full sequence, and a
function u € W2(Q) which satisfies (3.21), (3.22), and (3.23).

Using (Q-1), (Q-2), (3.21), (3.22), and (4.3) (which is the analogue of (3.5)), we
obtain exactly as in the proof of Theorem 1 that

(4.14) ,,lin; <Di¢k,ai’(-,u")l)ju">0 = <Di¢k9aij("u)Dju>0
for k = 1,2,.... In a similar manner, we obtain from the proof of Theorem 1 that
(4.15) "1320<¢k,bf(.,un,pun)pjun>o = (Y4 /(- u, Du) Dyu)..
Next, from (3.22) and the fact that g € C(R), we see that
lim g[u"(x)] = g[u(x)] forae.x e Q.

nh— o0

Since g is also in L®(R), it follows from this last equality and the Lebesgue
dominated convergence theorem that

(4.16) ’llirr:o<¢k,g(u")>0 = (Y, g(u)), fork=1.2,....
From (3.21), (4.2), (4.14), (4.15), and (4.16), we finally conclude that
(4.17)
(D a’(-.u)Du) + (Wi b(-,u, Du) D) = (s g(u))g = k(W)
fork=1,2,....

Next, given ¢ € C®(Q), we see from (2.2) that there exists a set of real constants
{cy)4-1 and a sequence { ¢, }7_, with

(4.18) b, = ey + - T,

such that both of the following prevail:

(4.19) lim ¢,(x) = ¢(x) uniformly for x € Q,

(4.20) lim Dj¢an;o= D;¢(x) uniformly forx € @, j=1,...,N.

H— 00

These last two facts, in particular, imply that lim, _, _|l¢, — ¢|; = 0, and conse-
quently since # € W~12(Q) that

(4.21) lim A(é,) = h(o).
Since u € W*(Q), it follows from (Q-2) that
(4.22) a’(x,u)Du € L"(Q) fori=1,...,N.

Likewise, it follows from (Q-5) that
(4.23) b/(x,u, Du)Du € LN(Q).
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From (4.20) and (4.22), we obtain

(4.24) lim ( Dy, a"(-,u)Du) = (Do, (-, u) Dyu),.
Likewise from (4.19) and (4.23), we obtain

(4.25) lim <¢,,, b/(-,u, Du)Dju>0 = <¢, bIi(-,u, Du)Dju>0.
Also, we see from (4.19) that

(4.26) lim (¢, 8(4)) = (9, 8(u))o-

We are now ready to conclude the proof of the theorem. From (4.18) we see that
(4.17) holds with ¢, replaced by ¢,. But then we obtain from (4.21), (4.24), (4.25),
and (4.26) on passing to the limit as n — oo that (4.17) holds with {, replaced by ¢,
1.e.,

(427) (D¢, a(-,u)Du) + (6,b7(-,u, Du)Du) = (¢, g(u)), — h($).

¢, however, is an arbitrary given function in C*(), so (4.27) shows that (1.8) is
indeed true, and the proof of Theorem 2 is complete.
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