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ANALYTIC FUNCTIONS WITH PRESCRIBED CLUSTER SETS

L. W. BRINN

ABSTRACT. Suppose that 0 < R < +oco. A monotonic boundary path
(mb-path) in |z| < R is a simple continuous curve z = 2(s), 0 < s < 1,
in |z| < R such that |2(s)| — R strictly monotonically as s — 1. Suppose
that f is a complex valued function, defined in |z|] < R, and that t is any
mb-path in |z| < R. The cluster set of f on t is the set of those points w
on the Riemann sphere for which there exists a sequence {z,} of points of t
with limp o0 |2n| = R and limp oo f(2n) = w. The cluster set is denoted by
Ct(f). If the cluster set is a single point set, that point is called the asymptotic
value of f on t. If the function f is continuous, then Ct(f) is a continuum on
the Riemann sphere.

It is a conjecture of F. Bagemihl and W. Seidel that if T is a family of
mb-paths in |z| < R satisfying certain conditions, and if K is an analytic set
of continua on the Riemann sphere, then there exists a function f, analytic in
|z] < R, such that {C¢(f) |t € T} = K. A restricted form of the conjecture is
mentioned in [3, p. 100].

Our principal results show the correctness of the conjecture in the case that
K is the collection of all continua on the Riemann sphere and T is a tress of
a certain type. The results are generalized in several directions. In particular,
our technique for constructing the analytic function f extends immediately
to the case in which K is any closed set of continua on the sphere. Specific
examples of closed sets lead to several corollaries.

1. Historical background. The construction of analytic functions with pre-
scribed cluster sets along mb-paths has a long history. For instance, in 1933 S.
Kierst and E. Szpilrajn constructed a function f, analytic in |2| < 1, which has the
extended plane as its cluster set along every radius [8, p. 277].

In the 1950’s F. Bagemihl and W. Seidel generalized earlier results of A. Roth
[12] to develop a construction technique based on polynomial approximation. They
utilized the technique in a series of closely related papers. The results in [5] involved
countable families of mb-paths and were based on the approximation theorems of
J. L. Walsh. In [4] Bagemihl and Seidel defined a tress and used the approxi-
mation theorem of S. N. Mergelyan to extend their construction technique to this
type of (possibly uncountable) path family. Further results were obtained in [3].
Their application of the approximation theorems is both ingenious and somewhat
complicated. Later it became possible to simplify proofs by a direct application of
Arakeljan’s theorem on tangential approximation (see [1] and (7]).

In particular, Bagemihl and Seidel have shown that if K is the collection of all
locally connected continua on the Riemann sphere, and if T is a tress of a certain
type, there is a function f, analytic in |z| < R, for which {C;(f) |t € T} = K [3,
p. 102].
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2. Outline. Our principal result is the construction of a function f, analytic
in |z2| < R, with the following property: if K is any continuum on the Riemann
sphere, then there are 2%0 mb-paths in |z| < R on which the cluster set of f is
exactly K. The paths belong to a tress of a certain type, and convergence to the
cluster set is uniform on paths of the tress in a sense to be defined.

We begin by developing the topological notions to be used throughout the pa-
per. We then construct a continuous function with the desired boundary behavior.
Finally, we use the approximation theorem of Arakeljan to construct the analytic
function f. Considerable control over the form of the mb-paths is possible. In
particular, they may be required to lie in some central angle, to all end at some
point on |z| = R, to all be spirals, or even radii. The result is generalized in sev-
eral directions. Finally, we note that similar (but weaker) results may be obtained
using only older approximation theorems of J. L. Walsh. Substantial control over
the form of the mb-paths is retained. The paths may not, however, be required to
be radii. The polynomial approximation technique is more complicated.

3. Topological background.

3.1. DEFINITION. By an R-sequence {g; } we mean a sequence {¢;},7 =0, 1,...,
such that 0 < go < ¢; < --- and lim; , ¢; = R. If {¢;} is an R-sequence, we denote
the circle |2| = ¢; by C;. We denote the closed annulus ¢;_; < |2| < ¢; by A; and
a half open annulus A; U A;,; U--- by B;.

3.2. DEFINITION. By a subcontinuum of a space S we mean a nonempty
compact connected subset of S.

We adopt the point of view described in [3] and consider the subcontinua of the
Riemann sphere as points of a suitable space. Let p denote the chordal metric on
the Riemann sphere X. Let 2% denote the space of nonempty closed subsets of X,
and let d denote the Hausdorff metric on 2% (see [9, pp. 214-215]). That is, if P
and Q are elements of 2%,

d(P,Q) = max (ilelg (qlgg p(p, q)> »Sup <;glf3 p(p, q)>) :
With the Hausdorff metric, 2% is a compact metric space [10, pp. 45-47]. Let £
denote the subspace of all subcontinua of X. Then [ is closed in 2% [10, p. 139
and is thus a compact metric space with metric d.

If p and g are points of X, then clearly p(p,q) = d({p},{q}). Thus, the mapping
p — {p} embeds X in 2X. To simplify notation, let us denote d({p}, {q}) by d(p, q).
Then the metric d gives the ordinary Euclidean topology on X.

Suppose that T is a mb-path in |z| < R, that {¢;} is an R-sequence, and that f
is a continuous function, defined in |z| < R. Then Cy(f) = (oo, f(t N B;). Since
the function f is continuous, each of the sets f(¢t N B;) is a continuum in the space
L [6, pp. 108-109]. Also, C;(f) is a continuum in £, and, in the topology of L,
lim; o f(t N B;) = C(f) [9, p. 339]; 10, p. 49].

We seek to construct an analytic function f with the boundary behavior de-
scribed in the previous section. The construction will proceed in several steps.
First we will select certain locally connected continua L;; in the space £, and on
each continuum L;; we will select certain points p;;x. We will then use these con-
tinua and associated points to define a continuous finite valued function g whose
boundary behavior will determine that of the function f. The key to the definition
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of the function g is the Hahn-Mazurkiewicz-Sierpinski theorem. The requirement
that ¢ be finite valued introduces certain complications. Finally, we will use poly-
nomial approximation theorems to construct the analytic function f.

3.3. DEFINITION. By a finite continuum on the Riemann sphere we mean a
continuum which does not contain the point co.

3.4. LEMMA. The finite locally connected continua are dense in the space L.

PROOF. It is known that the locally connected continua are dense in L (see [9,
p. 339; 10, pp. 49, 260]). We need only show that, given any locally connected
continuum L and any ¢ > 0, there is some finite locally connected continuum F
with d(F,L) < e. If L is finite, let F = L. If L = {oo}, there is clearly a finite
point p with d(p,00) < €. Let F = {p}. If L contains {oo} as a proper subset, let
p be a finite point of L, and let d(p, 00) = 6. Let n = min(é,e/2), and let R = {z |
d(z,00) > n}. By the Hahn-Mazurkiewicz-Sierpinski Theorem [10, p. 256] there
exists a continuous function ¢ mapping the unit interval I onto L. We may assume
that g(0) = g(1) = p. Let G = g (RN L). Then G is a closed nonempty subset of
I, and g restricted to G is continuous. Each component of I — G is an open interval
(a,b) whose endpoints lie in G. Moreover, d(g(a), c0) = d(g(b),00) = n. Thus g has
a continuous extension h: I — R such that d(h(z),00) = n if z € I — G. The image
h(I) is a finite locally connected continuum [10, p. 256] and it is straightforward
to verify that if we let F = h(I), then d(F,L) < ¢.

Thus, in each case, there is a finite locally connected continuum F with d(F, L) <
¢. This completes the proof.

3.5. LEMMA. For each positive integer 1, there exist finitely many locally
connected continua L;;j (1 < j < 'm;) and on each continuum L;; there exist finitely
many points p;ik (1 < k <r;j) with the following properties:

1. Given any continuum K € L, there are at least two continua L;j, and L;j,
(j1 # J2) with d(K, L;;,) < 1/2°+! and d(K, L;j,) < 1/21F1.

2. Given any point p of l;; there exists some point p;; with d(p, piji) < 1/2t+1,

PROOF. The existence of the continua L;; follows directly from the previous
lemma and the fact that the space L is compact. The requirement in property 1
that 71 # j2 does not imply that L;;, and L,j;, must be distinct as point sets. The
existence of the points p;;) follows directly from the fact that each continuum L,;
is a compact subset of the Riemann sphere.

3.6. DEFINITION. For each positive integer ¢, we will call the continua L;;
(1 < 7 < m;) which have the properties of the previous lemma the continua of level
i. For each continuum L,;j, we will refer to the points pi;x (1 < k < r;;) as the
bridge points on L;;.

As 7 — oo, the continua of level 7 become “more nearly dense” in the space L,
and simultaneously the bridge points p;;x become “more nearly dense” on each L;;.

3.7. LEMMA. Ifp and q are finite points on the Riemann sphere X, then there
1s a path t from p to q with the following properties:

1. All points on t are finite.

2. If d(p,q) < € then d(z,q) < € for all points z on t.

PROOF. Let t be the shortest great circle arc from p to g, interrupted (if neces-
sary) by a sufficiently small circular arc around the point co.
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3.8. DEFINITION. By a direct path from p to ¢ we mean a path having the
properties of Lemma 3.7.

In the following, to simplify notation we will consider sequences of the form
{(L;,pi)} where L; is a continuum of level ¢ and p; is a bridge point on L; for each
1. Two pairs (L;,p;) and (C;, q;) are to be considered equal if and only if L; and
C; are the same indexed continuum L;; (1 < 7 < m;) of level ¢, and p; and g, are
the same indexed bridge point p;jx (1 < k < r;;) on the continuum L;;.

In order to insure uniform convergence to the cluster set, we are interested in
sequences of the form {(L;,p;)} which converge at a predetermined rate. This is
the motivation behind the following definition.

3.9. DEFINITION. A sequence {(L;,p;)}, v+ = 1,2,..., is called a sequence of
the form = if and only if it satisfies the following conditions for each 2:

. L; is one of the continua L;; (1 < 7 < m;) of level 7.

. The point p; is a bridge point p;jr (1 < k < ry;) on Ly;.

- d(Liy Li1) < 1/2%.

- d(pi,pip1) < 1/2071

.10. LEMMA. Suppose that {(Li,p;)} is a sequence of the form x. Then
. lim; oo L; exists and is a continuum K in the space L.

. lim,;_, o, p; exists and s a point p on K.

. For each v, d(L;, K) < 1/2¢1.

. For each 1, d(p;,p) < 1/2¢72.

PROOF. It follows directly from condition 3 of Definition 3.9 that the sequence
{L;} is a Cauchy sequence in the space L. Since L is a compact metric space,
lim; o L; exists and is a continuum K € L. Similarly, the sequence {p;} is a
Cauchy sequence on the Riemann sphere X and converges to some point p of X.
Since p; € L; for each ¢, we must have p € K (9, p. 335; 10, p. 49]. Properties 3 and
4 are straightforward consequences of the corresponding conditions in Definition 3.9.

W N~ W AW

3.11. LEMMA. Suppose that K is a continuum of L and that p is a point of
K. Then there exist 2% sequences {(L;,p;)} of the form % with lim; .o L; = K
and lim;_, o p; = p.

PROOF. For each i, it follows from Lemma 3.5 that there are at least two
continua L; of level ¢ with d(L;, K) < 1/2°+1. If d(L;, K) < 1/2**!, it follows
directly from the definition of the Hausdorff metric and the compactness of L; that
there exists a point g of L; with d(p,q) < 1/2*+1. But then there exists a bridge
point p; on L; with d(p;,p) < 1/2¢, again by Lemma 3.5. Thus, there are 2%°
sequences of the form {(L;,p;)} with d(L;, K) < 1/2**! and d(p;,p) < 1/2¢ for
each ¢. These sequences satisfy the requirements of the lemma.

In order to state the basic result we need one additional definition.

3.12. DEFINITION. Let R, 0 < R < +o0, be given, and let {¢;} be an R-
sequence. Let T be a family of mb-paths in |2| < R, and let f be a continuous
function defined on all paths of the family. We say that convergence to the cluster
set is uniform for paths of the family T if and only if, given any ¢ > 0, there is
some integer n = n(e) with the following property: If ¢ > n and if ¢ is any mb-path
of the family T, then d(f(t N B;), Ci(f)) < e.

The notion of uniform convergence to the cluster set can be found in [2]. Tresses
are defined in [4].
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4. The basic result:

4.1. THEOREM. Let R, 0 < R < +o0, be given, and let {g;} be an R-sequence.
Suppose that E 1s a perfect, nowhere dense set on the circle |[r| = 1 and that T s
a tress in |z| < R with respect to E such that it is possible to take E, = E for all
n in the definition of a tress. Then there exists a function f, analytic in |z| < R,
with the following properties:

1. If K s any continuum on the Riemann sphere, there exist 280 mb-paths of T
on which the cluster set of f s exactly K.

2. Convergence to the cluster set is uniform for paths of T .

We will construct the analytic function f in several steps. First, we will construct
a continuous function G(z,7) on [go, R) X E so that, for each continuum K € [,
there are 2%0 points 7 € E for which the cluster set of G(z,7) as = — R is K. We
will then use the function G to construct a continuous function g(z) on the paths
of T. Finally, we will apply Arakeljan’s theorem to construct the required analytic
function f in |2| < R.

If a and b are points on the circle |7| = 1, (a,b) ([a, b]) will denote the nondegen-
erate open (closed) arc extending from a counterclockwise to b.

Since the set E of Theorem 4.1 is closed and nowhere dense on |7| = 1, there
exist points a, b € E, a # b, with E C [a,b]. Since a, b € E, [a,b] — E is
an open subset of |7| = 1. Let {(an,bn)}, n = 1,2,..., be the components of
[a,b] — E. Then, the (an,b,) are pairwise disjoint open arcs whose endpoints lie in
E. Moreover, the collection {(an, b,)} is infinite (otherwise, E would contain either
a nondegenerate arc or an isolated point). We next write E as the intersection of
a descending sequence of closed sets E;, where each E; is the union of “sufficiently
many” disjoint nondegenerate closed arcs on |7| = 1.

4.2. LEMMA. There exist integers 0 < tg < t1 < ---, such that, if we set
E; = [a,b] — Uf:zl(an,bn) fori=0,1,..., then for each 1,

1. E; can be written as E; = U;;1Iij" where the I,; are pairwise disjoint
nondegenerate closed arcs.

2. Ifi > 1and if 1 < m < ¢;—y1, then E; N I;_1m 15 the union of at least
Ni =ri1 + 712 + - + Tim, of the arcs I;; (where the positive integers r;; are those
found in Lemma 3.5).

PROOF. Clearly Ey = [a,b] satisfies the conditions of the lemma. Assume that
to,t1,...,ts—1 have been chosen so that t5 < t; < --- < ty_; and so that Ey,
E,,...,E, | satisfy conditions 1 and 2.

Note first that each arc I;_1,, (1 < m < ¢s_1) contains infinitely many of the
arcs (an,by). Otherwise, E N I;_1,, would contain either a nondegenerate arc or
an isolated point. If E N I,_1,, contains a nondegenerate arc, then so does E,
contradicting the fact that E is nowhere dense. If £ N I;_;,, contains an isolated
point, then so does F, since I,_1,, is separated from the other arcs I,_;; by open
arcs of [a,b] — E. However, in the statement of Theorem 4.1 E is assumed to be
perfect.

Since each of the arcs I, 1, contains infinitely many of the arcs (an,by), if
we choose t, large enough we will have t;_; < t; and, if 1 < m < ¢s_1, then

Uf;Zl(an, bn) will contain at least Ny — 1 of the arcs (an, b,) which lie in I,_; .
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Let Es = [a,b] — J%_,(an,bn). Then E, can be written as E, = U;”:I I,;, where
the I,; are pairwise disjoint closed subarcs of [a,b]. Note that the arcs I,; found
at this step are nondegenerate since E contains no isolated points. Since at least
N, — 1 of the arcs (an, b,) were resolved from each arc Is_j,, at least N of the
arcs I,; lie in Is_1 . The lemma now follows by induction.

It follows from the definition of the sets E; in Lemma 4.2 that Eg D E1 D --- and
that og Ei = E. Let F = {I;; |1 =1,2,...; j =1,2,...,¢;}, where the arcs I;
are those appearing in the statement of Lemma 4.2. Let S = ;2 ([gi-1, ¢i] X E;),
where {¢;} is the R-sequence appearing in the statement of Theorem 4.1. Choose
a sequence of real numbers {r;}, 1 = 1,2, ..., such that, for each 7, ¢;—1 < r; < g;.
Recall Definition 3.9.

4.3. LEMMA. There exists a correspondence ¢ which associates to every arc
I v =1,2,...; 7 =12,...,¢;) of F a pair (L;,p;), where L; s a continuum
of level v and p; 1s a bridge point on L;, and there exists a continuous function
G(z,7): S — 1, where (1 1s the finite plane. The correspondence ¢ and the function
G have the following properties:

L. If{(Li,p:)} 1s any sequence of the form x, there exists a corresponding sequence
{I;;} of arcs of F such that I;, D I, D --- and such that ¢(I1;;,) = (Ls, pi) for
every positive integer 1.

2. Suppose that {(L;,p;)} is a sequence of the form x and that {1} is the
corresponding nested sequence of arcs of F.

a. For each point 7 € I;,,

(1) G([go, 1] x {7}) =

(2) G(go,7) = G(qm) =p1

b. For v =2,3,... we have, for each point 7 € I;;,

1) G([gi—1,7i] X {7'} zs a direct path from p;_1 to p;.
2) G(lrer ] X {}) =
3) G(gi—1,7) = pi1.

(4) G(T’L’ ) - G(Qin) =DPi-

3. If {Iij,}, i = 1,2,..., is any nested sequence of arcs of F, then {¢I;;,} is
some sequence {(L;,p;)} of the form x with respect to which properties a and b of
part 2 hold.

PROOF. The proof is somewhat lengthy, and we will divide it into several parts.

Part 1. There exists a correspondence ¢ which associates to each arc I;; a pair
of the form (L1, p1), where L; is a continuum of level 1 and p; is a bridge point on
L1, and there exists a function G(z, ), continuous and finite-valued on [go, ¢1] X E1,
with the following properties:

1. Each pair of the form (Ly, p;) is the image under ¢ of some arc I;;,1 < 7 < ¢;.

2. If ¢(I,;) = (L1, p1), then for each point 7 € I,

a. G(lgo, q1] x {r}) = L1

b. G(qo,7) = Gla1,7) = p1.

PROOF. Since there are m; continua Ly; of level 1, and since there are ry; bridge
points py;i on each continuum Ly, there are Ny =711 +r12 + -+ + r1m, possible
pairs of the form (Lj,p;). It follows from condition 2 of Lemma 4.2 that E; is
the union of at least N; nondegenerate pairwise disjoint closed arcs I;;. Define
the correspondence ¢ so that each pair (L1, p1) is the image of at least one of the
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arcs I;;. Suppose that ¢([1;) = (Li,p1). Since L; is a finite locally connected
continuum, there exists a continuous finite-valued function A mapping the interval
(90,41] onto Ly with h(go) = h(q1) = p1. Define the continuous function G by
letting G(z,7) = h(z) for each 7 € I};.

Since the intervals I;; are pairwise disjoint closed intervals, the function G is
continuous on all of [go,q1] X E}.

Part 2. For ¢t = 1,2,...,m, suppose that the correspondence ¢ has been defined
on each of the arcs I;;, 1 < 5 < ¢;. Suppose, moreover, that the continuous function
G has been defined on U ,[gi—1,¢:] X E; and that, if ¢(I;m;) = (Lm,Pm), then
G(gm,7) = pm for each 7 € I,,;. Then, we can extend ¢ to the subarcs I, 41s,
1 < s < emyr, of Erpq and we can extend G continuously to [gm, gm+1] X Emt1
so that the following hold:

1. For each subarc I, 115 of Epyy1, ¢(Im+1 ) is a pair of the form (Ly11, Pm+1)-

2. Suppose that I,,,; is a subarc of E,, and that ¢(In;) = (Lm,pm). Assume
that (Ly41,Pm—+1) is any pair for which

a. Lp,41 is a continuum of level m + 1.

b. P41 is a bridge point on Ly, 1.

c. d(Lym,Lpmy1) < 1/2™.

d. d(pm,Pm+1) < 1/2m7 1L,

Then, there exists a subarc Ipni1s Of Epnyq With Lyy1s C Ly and ¢(Lmy1s) =
(Lm+1,Pmet1)-

3. Suppose that I,; and I,, 41 s are subarcs of E,, and E,, ;1 respectively with
Imt1s C Imj, @(Imj) = (Lm,Pm) and ¢(Im+1s) = (Lm+1,Pm+1). Then for all
elements 7 € L4135,

. G([gm,rm] X {7}) is a direct path from p,, t0 P 41.

. G([rmme-H] x {r}) = Lim+1.

c. G(qm,T) = Dm.-

d. G(rm,7) = G(gm+1,7) = Pmt1-

4. If the arcs I,; and I,,41 s satisfy the hypotheses of part 3, then

d(Lym, Lins1) < 1/2™

o

and
d(PmsDPm+1) < 1/2m-1,

PROOF. Let the subarc I,,; of E,, be given and suppose that ¢(Im;) = (Lm,Pm)-
Form all pairs (Ly,+1,Pm+1) having properties a—d of part 2. There are at most
Npt1 such pairs. By Lemma 4.2, E,,1 1 N Iy is the union of at least Ny, of
the subarcs In41s of Eptq1. Thus, for each arc I, 115 C Imj, we can insure that
&(Im+1s) is a pair of the form (Ly,11,Pm+1) and that each such pair is the image
of at least one subarc Lni1s C Imj. If ¢(Imt1s) = (Lm+1,Pm+1), define G on
[@m» @m+1] X Im+1s so that G is continuous and satisfies conditions a—d of part 3.
This can be done as in the proof of part 1 of the lemma.

Repeat the above construction for each subarc I,; of E,,. Since distinct subarcs
It1s of Epyyq are disjoint closed sets, G has been extended continuously to all of
[@ms @m+1) X Epg1. It is straightforward to verify that conditions 1-4 are satisfied.
Lemma 4.3 now follows by induction.

Since E; D E for each 7, we may restrict the function G to [go, R) X E.
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4.4. LEMMA. Suppose that {(L;,p;)} and {(L.,p})} are distinct sequences
of the form x and that {IL;;;} and {1}, } are nested sequences of arcs of F with
¢(Liz;) = (Li,pi) and ¢(I7;,) = (L, p;) for each i. Then

L. N2, Lij, 1s some point 7 € E, (2| I, is some point 7' € E and

2. 7# 7.

PROOF. For each i, I;;, C E;. Since (2, E; = E, (\;2, Lij;, is a subset of E.
Since the I;;, form a nested sequence of closed arcs, the intersection is nonempty.
Since E is nowhere dense, the intersection is some point 7 € E. Similarly, ()2, I n
is some point 7’ € E.

Since {(L;,p;)} and {(L},p})} are distinct sequences of the form x, for some k,
(Lk,px) # (L}, p})- But then it follows from the construction of Ej that Iy;, and
Iy, are disjoint so that 7 # 7',

Let us denote by C-(G) the cluster set of G(z,7) as ¢ — R.

4.5. LEMMA. Let the continuum K € L be given. Then there exist 28° points
T € E for which C.(G) = K.

PROOF. Choose some point p € K. It follows from Lemma 3.11 that there are
280 sequences {(L;,p;)} of the form * with lim; .o L; = K and lim; oo pi = p.
Let {(L;,p;)} be one such sequence. It follows from condition 1 of Lemma 4.3 that
there is a nested sequence {I;;, } of arcs of F with ¢(1;;,) = (L, ps) for each ¢. From
Lemma 4.4, (2, I, is some point 7 € E.

We must establish that C.(G) = K.

Suppose first that w is a point of K. Since lim; .., L; = K, there exist points
w; € L; for each 1 with lim; . d(w;,w) = 0 [9, p. 335; 10, p. 49]. But then, by
condition 2 of Lemma 4.3, there exist points z; € [¢;—1,¢;] with G(z;,7) = w; so
that w € C;(G). Suppose now that w € C.(G). There exists a sequence {z,}
of points of [go, R) such that lim, . z, = R and lim, . G(z,,7) = w. By
considering subsequences we may assume that either

1. for each n, z, is a point of [r;_, ¢, ] where lim,_ o 7, = 00 or

2. for each n, z,, is a point of [g;,, -1, 7;,] where lim, o tn, = 00.

In case 1, by condition 2 of Lemma 4.3, G(z,,7) is a point of the continuum L;
for each n. Since the sequence {(L;,p;)} was chosen so that lim; , L; = K,
lim, oo L;,, = K and w = lim, o G(Zx,7) is some point of K [9, p. 339; 10, p.
49).

In case 2, again by condition 2 of Lemma 4.3, G(x,,7) lies on a direct path
from p; 1 to p;, for each n. But the sequence {(L;,p;)} was chosen so that
lim; .o p; = p, where p is the point we selected on K. But then, lim,, .o p;, = p-
By Definition 3.8, w = lim, o, G(z,,7) =p € K.

Thus, in either case, w € K. Since w was an arbitrary point of C,(G), C(G) C
K. Thus, finally, C.(G) = K.

It now follows from Lemma 4.4 and the previous discussion that there exist 2%0
points 7 € E for which C;(G) = K.

Essentially, the previous sequence of lemmas insures that every continuum K € L
appears as the cluster set of G at sufficiently many 7 levels. We now consider
uniformity of covergence.
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Since the function G is continuous, C;(G) is a continuum in the space L for each
T € E. Moreover, as 7 increases, the sets G([g;, R) x {7}) form a nested sequence

of continua with C-(G) = Nio; G(lg:, R) x {1}).

4.6. LEMMA. If7 € E and if x € [ga, R), then there exists a point b € C,(G)
for which d(G(x,7),b) < 1/272.

PROOF. It follows from the construction of the sets E; that there exists a nested
sequence {I;; } of arcs of F with {r} = (2, I,;,. By condition 3 of Lemma 4.3,
there exists a sequence {(L;,p;)} of the form * with ©(I;;,) = (L;, p;) for each 3.
By Lemma 3.10 lim; . L; exists and is some continuum K € £, and lim; o p;
exists and is some point p € K. It then follows from condition 3 of Lemma 4.3 and
the proof of Lemma 4.5 that C;(G) = K.

Now, suppose that z is some real number with ¢, < z < R. We wish to find a
point b € C;(G) with d(G(z,7),b) < 1/2"2. There are two cases.

Case 1. Suppose that for some integer j > n, ¢;—1 < z < r;. Then, by
condition 3 of Lemma 4.3, G(z,7) is a point on a direct path from p;_; to p,.
Since by Definition 3.9 d(p;_1,p;) < 1/2772, it follows from Definition 3.8 that
d(G(z,7),pj) < 1/2272. By Lemma 3.10 d(p;,p) < 1/2°=2. Thus,

d(G(zx,7),p) < 1/2973.

Take b = p.
Case 2. Suppose that for some integer j > n, r; < z < g;. Then by condition 3
of Lemma 4.3 G(z,7) is a point on the continuum L;. By Lemma 3.10

d(L;, K) < 1/2271

But then, since K is compact, it follows from the definition of the distance d that
there exists a point b € K with d(G(z,7),b) < 1/2771.
Thus, in either case, there is some point b € K with d(G(z,7),b) < 1/2""2

4.7. LEMMA. Let e > 0 be given. Then there exists an integer n = n(e) such
that, tf © > n and 7 € E, we have d(Gg;, R) X {7}),C-(G)) < .

PROOF. Choose an n so that 1/2"2 < ¢. If 7 > n, we noted that C,(G) C
G([gi, R) x {7}) € G([gn, R) x {7}). The proof is now a straightforward application
of Lemma 4.6.

Finally, we are ready to construct the analytic function f promised in Theorem
4.1.

PROOF OF THEOREM 4.1. Let T = {J,cpt- N (g < |z| < R). Define the
function g on T by the requirement that g(z) = G(|z|,7), where 7 is the unique
7 € E such that z € t,. Since G is continuous on [gy, R) X E and since every
tress is a restricted tress, g is continuous on T (see [4, p. 197 and 13, p. 82]).
The existence of the function f, analytic in |z|] < R, now follows directly from
Arakeljan’s theorem on tangential approximation (see [1, p. 286 and 7, p. 461]).
Since the rate of convergence of f(z) to g(z) for z € T can be governed by |z]
(independent of 7) the verification that f has properties 1 and 2 of Theorem 4.1 is
a straightforward application of Lemmas 4.5 and 4.7.

The technique of “approximating” a continuum by a locally connected continuum
was employed by F. Bagemihl and W. Seidel in [4], and the technique of using a
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function of the form G(|z|,7) to construct a continuous function g(z) on T was
employed in [3].

5. Closed sets of continua. Suppose that 7 is any closed set of continua on
the Riemann sphere. We may modify the construction used in the proof of Theorem
4.1 by choosing the continua of level ¢ to have not only the two properties of Lemma
3.5, but also the following additional property:

3. Given any continuum L;; of level ¢, there is some continuum K € 7 for which
d(K, Lij) < 1/2i+1.

The choice is possible since any closed subset # of continua is compact. The
locally connected continua of level 7 need not, of course, be elements of . However,
if {(L;,p;)} is any sequence of the form x, lim;_, o, L; will exist as before and will
be some continuum K of the closed set #. Thus, the method of construction used
in the proof of Theorem 4.1 (modified as indicated above) may be used to prove
the following theorem:

5.1. THEOREM. Let R, 0 < R < +o0, be given, and let {q;} be an R-sequence.
Let 7 be any closed set of continua on the Riemann sphere. Suppose that E is a
perfect, nowhere dense set on the circle |r| = 1 and that T s a tress in |z| < R
with respect to E such that it is possible to take E, = E for all n in the definition
of a tress. Then there exists a function f, analytic in |z| < R, with the following
properties:

1. For every continuum K € 7, there exist 280 mb-paths t, of T for which
Ci.(f) =K.

2. For every mb-path t, of T, Ci.(f) ts some continuum K € 7.

3. Convergence to the cluster set is uniform for all mb-paths t, of T.

As an immediate consequence, we can construct a function f, analytic in |z| < R,
with prescribed asymptotic values in the following sense:

5.2. COROLLARY. Let R, 0 < R < 400, be given, and let {¢;} be an R-
sequence. Let F' be any closed set of points on the Riemann sphere. Suppose that E
is a perfect, nowhere dense set on the circle |7| = 1 and that T is a tress in |2| < R
with respect to E such that it is possible to take E, = E for all n in the definition
of a tress. Then there exists a function f, analytic in |z| < R, with the following
properties:

1. For every point w € F, there are 2% mb-paths t, of T along which f has the
asymptotic value w.

2. Ift; ts any mb-path of T, then f has an asymptotic value w ont,, andw € F'.

3. Convergence to the asymptotic value is uniform on all mb-paths of T.

PROOF. The mapping w — {w} takes F to a closed set of continua in 2.

The above corollary is similar to Theorem 1 of [5].

If we let the closed set F of continua take certain special forms, a number of
similar corollaries follow. We mention a few brief examples.

Let A be any subset of the Riemann sphere X, and let ¥ be the collection of
all subcontinua K of X for which A C K. Then, 7 is closed in 2% [, p. 162; 10,
p. 49]). In this case, the points of A occur as cluster values on every mb-path of
the tress T. Moreover, every possible cluster set K containing these values occurs
as Cy,(f) on 2% mb-paths of T. Theorem 4.1 corresponds to the case in which
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A = ®. If A is not itself a continuum, none of the cluster sets will, of course, be
exactly A. If A is closed (so an element of 2X) but not connected, the cluster sets
need not approach A in the metric d. For instance, if A = {p,q} with d(p,q) = ¢,
there is no continuum K with d(K, A) < ¢/2.

The set of subcontinua K of X with K C A is not closed. However, if F is a
nonempty closed subset of X, the collection ¥ of those continua K with K C F
is closed in 2X. Thus, for instance, an analytic function f may be constructed so
that all and only those continua K which are subsets of some closed disk D occur
as cluster sets of f on mb-paths of T. Theorem 5.1 corresponds to the case in
which D is the entire Riemann sphere X. Again, if the closed set F is not itself a
continuum, the cluster sets may remain bounded away from F' in the metric d.

As another example, let D be any closed subset of the interval [0, 2], and let 7
be the collection of those continua K on the Riemann sphere whose diameter is an
element of D. Then 7 is closed in 2% [10, p. 35]. In particular, we may construct
an analytic function f in |z| < R such that Cy, (f) has diameter, say, 1/2 on every
mb-path t, of the tress T. Theorem 4.1 corresponds to the case in which D is the
entire interval [0, 2].

The construction technique may be extended to the case of F, sets of continua.
Suppose that K = [J;°; 7,, where each 7, is a closed subset of L. Suppose that
T is a tress with respect to the set £ = Uflo: 1 ., where each E,, is perfect and
nowhere dense. Let {g;} be an R-sequence. For each n, let T, = U, ¢, (t-N[gn, R)).
For each n, what is required is to construct the function G(z,7) and the continuous
function g(z) corresponding to the closed set 7, on the paths of T,,. For convenience,
we may use the R-sequence {q;,}, where ¢;, = g4, for each 7. Convergence to the
cluster set is no longer uniform. Thus, for F, sets of continua we have the following
theorem.

5.3. THEOREM. Let R, 0 < R < 4o0, be given. Suppose that E = J,> | E,,
where each E,, is a perfect, nowhere dense set on the circle || =1 and that T s a
tress in |z| < R with respect to E. Let K be any F,, set of continua on the Riemann
sphere. Then there exists a function f, analytic in |z| < R, with the following
properties:

1. For every continuum K € K, there exist 280 mb-paths t, of T with Cy,(f) =
K.

2. If t, 1s any mb-path of T, then C¢ (f) is some continuum K € K.

6. Weaker approximation theorems. It should be noted that the above
results can be obtained using the earlier approximation theorem of S. N. Mergelyan
(11]).

In fact, similar results can be derived using even earlier interpolation and ap-
proximation theorems of J. L. Walsh [14]. Substantial control over the form of the
mb-paths is still possible. In particular, the paths may be required to all lie in
some central angle, to all be spirals, or to all end at some point on |z] = R. They
may not, however, be required to be radii. The topological machinery remains un-
changed. The tress of our previous discussion is replaced by a particularly simple
type of path family tailored to Walsh’s theorems.

We content ourselves with introducing the path family, sketching the construc-
tion of the continuous function g, and stating the main result.
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Recall that, if {¢;} is a R-sequence, A; denotes the closed annulus ¢;—1 < |z] < ¢;.
Let C; denote the circle |z| = g;.

6.1. DEFINITION. Suppose that 0 < R < +o0o. Let {¢;} be an R-sequence,
and let {N;}, 1 = 1,2,..., be a sequence of positive integers. If T is a subset of
Ay UAyU -+ then T is called a tree with respect to the sequences {¢;} and {N,}
if T satisfies the following conditions:

1. TN A; is a union of N; disjoint closed line segments, each extending from Cjy
to Cl.

2. Forv=1,2,..., TN A;;1 is a union of M;y1 = Ny - Ny - .-+ - N;4; closed
line segments, Sy, S2,...,Sn,,,, each extending from C; to C;1 1. Moreover, the
segments have the following properties:

a. If 1 <j < M., there exists a line segment S, lying in T and extending from
C;_1 to C;, for which SN C; = S]' nC;.

b. If 1 <j< M4y and 1 <k< M, and if j # k, then the line segments S;
and Sy are either disjoint or intersect only at a point of C;.

c. If S is a segment lying in T and extending from C;_; to C;, then there are
N1 of the segments S, 1 < j < M4, for which SNC; = 5;NC;.

If N1 > 1, then a tree is not a connected set. It is not essential that TN A;
be composed of line segments. The line segments may be replaced by Jordan arcs
extending montonically from C;_; to C;.

The path family of interest consists of mb-paths ¢ which lie as point sets in an
appropriate tree T. The tree is to be constructed with respect to some R-sequence
{g;} and the sequence of integers {N;}, where N; = r;y +ri2 + -+ + rim,, and the
integers ry; are those found in Lemma 3.5. Choose a sequence {r;}, 1 = 1,2,...,
such that, for each ¢, ¢;—1 < r; < ¢;. For each i, let C denote the circle |z| = r;.
Also, let A! denote the closed annulus ¢;—; < |z| < r;, and let A” denote the
annulus r; < |z| < g;.

If S is a line segment of T extending from C;_; to C;, then SN C;_; will be
called the initial point of S and S N C; will be called the terminal point. If {S;},
1 = 1,2,..., is a sequence of line segments of T', where each segment S; extends
from C;_; to C;, then the sequence will be called a sequence of consecutive line
segments in T if, for each 7, the terminal point of S; is the initial point of S;;.

The basic construction lemma for the continuous function g is the following. The
proof parallels the proof of Lemma 4.3.

6.2. LEMMA. LetT be atree as described above. Then there exists a continuous
finite valued function g: T — X with the following properties:
1. If {(Li,p:)} s any sequence of the form x, there exists a sequence {S;} of
consecutive line segments lying in T such that
a. (1) ¢g(S1) = L;.
(2) g(S1NCo) =g(S1NC1) =pr.
b. Fori1=1,2,...,

(1) g(Si 0 A}) 1s a direct path from p;_1 to p;.
(2) g(S;NAY) = L,.

(3) g(SiNCi1) = pi-1-

(4) g(SinC}) = g(Si N Cy) = pi.
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2. Moreover, if {S;}, 1 = 1,2,..., is any sequence of consecutive line segments
lying in T, there 1s some sequence {(L;,p;)} of the form x with respect to which the
sequence {S;} has properties a and b above.

We may now use the approximation technique of F. Bagemihl and W. Seidel to
construct the analytic function f (see [5, pp. 1251-1254 and 4, pp. 187-190]). The
polynomial interpolation and approximation theorems required are those of J. L.
Walsh (see [14, pp. 47, 310]). We are thus lead to the following theorem.

6.3. THEOREM. Let R, 0 < R < 400, be given, and let {q;} be an R-sequence.
Then there exists a tree T in |z| < R with respect to the R-sequence {q;}, and there
exists a function f, analytic in |z| < R, with the following properties:

1. If K s any continuum on the Riemann sphere, there exist 28° mb-paths t,
lying in T, for which Ci(f) = K.

2. Convergence to the cluster set 1s uniform for all mb-paths t lying in T.

The construction technique for a tree, outlined above, leads directly to corollaries
which parallel those of §5.
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