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ABSTRACT. In this paper we reinterpret the main results of [8] using the
intersection theory of cycles with coefficients. To this end we give a functorial
interpretation of Eichler-Schimura periods.

Introduction. In this paper we reformulate the main results of S. Katok [8]
in terms of homology theory with local coefficients. In order to do so we first give
an interpretation of the period of a cusp form f of weight 2m + 2 (m > 1) over a
closed geodesic [] as the Kronecker index of the cohomology class Sh f with local
coefficients associated to f by Shimura [13] and a 1-cycle with dual local coefficients
associated to [y]. We will call this period the Eichler-Shimura period. There are
other interpretations of Eichler-Shimura periods but these seem to work only for
arithmetic fundamental groups whereas the defining integral of the period makes
sense quite generally.

There is a simple idea from group homology theory which is the basis of our
reformulation—that of a “decomposable” cycle. We now give the definition.

Suppose o is a representation of a group I' into GL(V) where V is a finite
dimensional vector space. Then we may consider the Eilenberg-Mac Lane homology
group H;(I',0). We observe that if «y is an element of I and v is an element of V
satisfying o(v)v = v (a v-invariant) then the 1-chain v ® v satisfies

y®@v)=0a(y)v—v=0.

Consequently, ¥ ® v is a 1-cycle and gives rise to an element of Hq(I', o) which we
also denote v ® v.

DEFINITIONS. We will call such cycles decomposable cycles and we will say a
homology class is decomposable if it has a decomposable representative.

REMARK. A general 1-cycle is of the form 2?21 v; ® v; where

n n

a(y;)vj — v; =0.
1 J=1

J

For more details on homology and cohomology of groups see Brown [3].

We can now give our formulation of Eichler-Shimura periods. Let V be the
space of the standard 2-dimensional complex representation of SL2(R) and V* be
its dual. The corresponding real space we will denote by Vg. We let S™V denote
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the mth symmetric power of V. We let f be an element of Sa,,,2(I), the space of
holomorphic cusp forms of weight 2m + 2 for a Fuchsian group T of finite covolume
in SLy(R). In most of what follows m will play no role and we will abbreviate
S$2™V by E and the underlying real space by Er. Then we have the embedding of
Shimura [13]:
Sh: Sopmi2(T) — HYT, E).

Let ((, )) denote the Kronecker pairing of H!(T', E) with H([', E*) and let us
denote the standard basis for the space V* by {u,v}. As a model for E* we
consider the space of all homogeneous polynomials of degree 2m in u and v with
complex coefficients. The group GL2(R) acts on E* by the following formula

2(g) Pam(u, v) = Poy(au + bv, cu + dv),

where g7! = [‘C’ 3] and Py, (u,v) € E*. Suppose now vy = [‘C’Z] is a hyperbolic

element of I'. Then the 1-chain
¥ ® (cu? + (d — a)uw — )™
is a decomposable cycle and we have the following result, Theorem 2.1 of this paper.

THEOREM.
((Sh f,v @ (cu? + (d — a)uv — bw?)™)) = /7 ’ f(2)(cz? 4+ (d — a)z — b)™ dz.

Here zg is any point in the upper half-plane H and the right-hand side is the integral
along any path joining 2y and ~zg in H—this is the Eichler-Shimura period. The
proof of this formula depends on a de Rham interpretation of H!(T', E) and a
simplicial interpretation of H (T, E*).

Now if ©,,4 1,4 denotes the relative (or hyperbolic) Poincaré sertes given in (1.3)
of (8] we have that the Petersson inner product ((f,©m+1,~))2m+2 is the above
Eichler-Shimura period. We find as a consequence of the previous formula the
following theorem—see Theorem 4.2 of the text.

THEOREM. The relative (hyperbolic) Poincaré series ©p, 41,4 span Som42(T) as
a real vector space if and only if the decomposable classes span Hy (T, ER).

As a consequence the result of S. Katok from [8] may be restated as saying
that the decomposable classes span H; (', ). We observe that this homological
reformulation does not require the existence of a quotient I' \ H. It makes sense for
arbitrary subgroups I' of SL(R). Our reformulation is to some degree justified by
the fact that Goldman and Millson [5] have proved this algebraic version for any
finitely generated, Zariski-dense subgroup of S L(R). This reformulation also plays
a critical role in their construction of an explicit finite spanning set of hyperbolic
Poincaré series for any Fuchsian group of finite covolume. However, we did not
have this result as our primary goal in making this reformulation but rather we
had higher dimensional generalizations in mind. Here one must replace the cycles
~ ® v with the cycles considered in Johnson and Millson (7].

In §85 and 6 we restrict to certain arithmetic groups I' and verify that the rational
structures on Sz,,,42(I') constructed by S. Katok [8] coincide with the usual ones
coming from Eichler-Shimura theory. The rational structures coming from Eichler-
Shimura theory are described in detail in §5 and compared to those of S. Katok in
86.
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In the final section of our paper we give a reformulation of the period formula,
Theorem 3, of S. Katok [8] in terms of an intersection product of decomposable
cycles 74 ® v1 - y2 ® v2. Such an intersection product is a sum over the points
of 41 N 2 of an intersection multiplicity multiplied by a coefficient (vq,v2). This
coefficient contribution is the inner product of two elements of E* using the natural
symmetric form.

We thank Bill Goldman for some interesting discussions concerning the Shimura
isomorphism. Our discussion of the Shimura isomorphism was influenced by Chap-
ter 2 of his paper [4]. We also thank John Stembridge for useful conversations.

1. The Shimura isomorphism. In this section we review the construction
of the Shimura isomorphism [13] in the case of even weight forms. Let N be a
manifold and G a Lie group which operates on N from the left. Let x(N) denote
the smooth vector fields on N and g denote the Lie algebra of G. Then there is a
linear map ® from g to x(IV) defined as follows. Let v € g. Then ®(v) = V where
if z € N and f is a smooth function defined near x we have:

Vi) = S

We extend @ to a map from the complexification gc of g to complex vector fields
on N. If N is a complex manifold with almost complex structure J and G preserves
J then we may replace ® by ® with

@ = —(®—iJod).

Then @' takes values in the holomorphic vector fields on N. We observe that ®
and ®' are G-homomorphisms.

The hypotheses of the above paragraph are satisfied in case N is the upper half-
plane, to be denoted H, and G = PSL2(R). For future reference we observe that if
we identify H with PSLy(R)/SO; then the usual complex structure on H coincides
with the G-invariant complex structure whose value at the identity coset is induced
by the quotient of the action of Jy on g by = — [Jo, z] where Jo = 3 _(1) (1)] We

find the formula
(e o)) Lo )
® <[c —a]) = (—cz +2az+b)az.

In particular ®' takes values in Q, the space of quadratic vector fields on H.

It is convenient to observe that gc is equivalent as a G-module to S?V*. This
equivalence is obtained by using the symplectic form (, ) on V given by (e, f) =1
where {e, f} is the standard basis for the space V. If A € g, we define s4 € S?V*
by sa(v1,v2) = (Avi,v2). Letting {u, v} be a basis for V* dual to {e, f} we obtain
the following formula for ® transported to S?V* which we denote W:

exp(—tv)z)|i=o.

U(au? + buv + cv?) = (az? + bz + c)%

For every natural number m, ¥ induces a G-homomorphism

S™P: SMSAV T — S™Q.
We may also regard S™V as a G—invariant/elﬂgnt of S™S%V ® S™Q and also as
a G-invariant global section of the sheaf S™S2V ® S™© where O is the sheaf of
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germs of holomorphic vector fields on H and S™S2V is the sheaf of locally constant
functions on H with values in S™S?V .

We now consider the projection p: S™S2V* — E*. One way of viewing p is
as follows. We embed S™S2V* in @7' S2V*. This latter space can be realized
as products of quadratic forms in m distinct sets of variables (u1,v1), (uz,v2),. ..,
(Um, V). Precisely we can realize @]" S?V* as functions on @]"V as indicated.
The projection p may then be realized by restriction to the diagonal. We will need
another realization of p in §5. The space S™S?V * is the space of all homogeneous
polynomials of degree m in three variables each of which is a quadratic polynomial
in two variables. The projection p may also be realized by substitution: it projects
each homogeneous polynomial of degree m in three variables onto a homogeneous
polynomial of degree 2m in two variables.

We have a similar projection g: S™Q — P where P is the space of m-vector fields
on H of the form p(2)0®™ /3z where p(z) is a polynomial of degree less than or equal
to 2m. The projection g may be constructed as follows. We embed S™ Q in the space
of sections of the m-fold external tensor product 7"(P1) X --- X T'(P!). Here the
prime denotes the holomorphic tangent bundle. We recall that the external tensor
product EX F of two bundles E and F over X and Y respectively assigns to (z,y)
the tensor product of the fibers Ex and Ey. The diagonal map A: P! — (P!)™
induces a bundle map:

A*:T'(PHR...RT'(PY) — T°™(P).
Then A* restricted to S™Q gives rise to the projection q. We observe that the

image of S™Q under A* is P. It is clear that g o S™W factors through p and gives
rise to a G-homomorphism S from E* to P.

LEMMA 1.1.
2m 2m
o \ gem
S 2 aju? v | = E a;2’ 5
: : 2
j=0 j=0

PROOF. It is sufficient to prove that S(u/v?™~7) = 2799™ /9z. We lift uIv?™~J
back to 7 = w1 ® - @ ujv; ® v © - @ vk in @7 S?V*. The image of
7 under S™V¥ is v = 2,0/0% W - W 2;0/02; K 0/0z;41 K --- W I/0zp,. But
A*(v) = 220%™ /02 and the lemma is proved. O

LEMMA 1.2. Under the isomorphism between Hom(E*, P) and E® P the image
of S (again denoted S) is given by

2m
2m \ . 08m
— J f2m—j Jjz__
SZ(j.)ef ® z EPat
7=0

PROOF. We have only to check that the basis {(2;”)ejf2m‘J', 1<j<2m}is
dual to the basis {u/v?*™ 7} and the lemma is proved. O

We now regard S as a G-invariant section of the sheaf £ ®@ ©™. If K is the sheaf

of germs of holomorphic 1-forms on H then contraction with S gives a G-map of
sheaves, to be denoted Sh:

Sh: K™ -~ K@ E.

We have the following lemma.
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LEMMA 1.3. If f(2)dz™*1 is the germ of a holomorphic section of K™*1 at a
point zg in H, then
2m om
Sh(f(z)dzmtt) =Y | “7 | & f* 7 @ 27 f(2)dz.
(f(2) ) ( ; ) f f(z)

J=0

Notation. If s is an element of E we will let § denote the constant function on
H taking s as a value.
We may rewrite the right-hand side of the above formula as

Sh(f(2)dz™t1) = (2& + f)*™ ® f(2)d=.

This new expression has a rather different meaning from the previous one since
(2€ + f)*™ is not a constant function on H with values in E. It is a section of a
homogeneous line bundle £_ over H. Though this point of view will play no role
in what follows we make a digression to give some details since it is in this form
that Sh(f(z)dz™*1) is usually given.

The flat bundle E is a direct sum of homogeneous line bundles. Indeed the
action of the maximal compact subgroup SO of SLy(R) on E may be diagonalized
and this diagonalization breaks E into a sum of homogeneous line bundles. Recall
Jo = % [_(1’ é] . The action of Jy on P (the orthogonal complement of the Lie algebra
of SO, in g) as a derivation induces the almost complex structure on the tangent
space to H at the identity coset of SL2(R)/SO,. Also the above decomposition
of E is the decomposition of E into eigenspaces under the derivation action of Jg.
The eigenvalues are pure imaginary and we order them in the obvious way. We let
L_ be the lowest (that is the —2mz) eigenspace for the action of Jo and L_ be the
corresponding homogeneous line bundle. The connection with the above formula is
the following.

LEMMA 1.4. The fiber of L_ over z is generated by (ze + f)*™.

PROOF. We observe that we may realize H as the space of negative definite
complex structures on Vg (we say J is negative definite if the form sj(v1,v2) =
(v1, Jva) is negative definite for v1, vy € Vg ). Under this correspondence J = [‘C‘ Z]
corresponds to the point 2 = —d/c¢ — ¢/c (note ¢ < 0). But then the —i eigenspace
of J on V is generated by ze + f and the —2m; eigenspace of J on E is generated
by (ze+ f)*™. O

We now return to our goal of expressing Eichler-Shimura integrals as a Kronecker
index. B

Let £ = E§:0 a;uw/v?™~7 be an element of E* and let £ be the corresponding

constant section of E*. Then we have the following lemma.

LEMMA 1.5.
2m
(Sh(f(2)dz"*1),&(2)) = f(2) | D_as2’ | d.
Jj=0

In particular if ¢ = (au? + buv + cv?)™ we have

(Sh(f(2)dz™*1), €(2)) = f(2)(az® + bz + ¢)™dz.
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Notation. Henceforth we will use { , ) as a generic symbol for the pairing between
a space and its dual. In the case above ( , ) denotes the pairing between E and E*
(considered as fibers over z of the associated product bundles).

Now suppose I is a torsion free discrete group acting properly discontinuously
on H with quotient M = I' \ H (we do not assume M has finite volume). Since
Sh is a I'-map it induces maps of the sheaf cohomology groups on M associated
to K™*! and K ® E where K and E now denote the induced bundles on M. In
particular we get a map

Sh: HO(M,K™ ') — H'(M,K ® E).

An element of HO(M, K ® E) is a fortiori a closed 1-form with values in E. We
recall that a 1-form w with values in a bundle E over M assigns to every tangent
vector v € Tp(M) an element w(v) in E;, the fiber of E over z. Let us recall
the map from closed 1-forms with values in E to simplicial cochains on M with
coefficients in E. Let (v1,v2) ® s be a simplicial 1-chain with coefficients in E* so
(v1,v2) is an oriented 1-simplex of M and s is a parallel section of E* restricted to
(v1,v2). Then the (w|(vy,v2),s) is a scalar 1-form on (v1,v2). We define

(oo @s) = [ (o)
(v1,v2)
In this way we obtain a map from the de Rham _cohomology of E valued forms to
the simplicial cohomology with coefficients in E. By the de Rham theorem this
map is an isomorphism. We refer to Johnson and Millson (7, §4], for details.
From the preceding discussion we obtain a map HO(M,K ® E) — HY(M, E).
Composing with Sh we obtain a map again denoted by Sh:

Sh: HO(M, K™Yy — HY(M, E).

From the local formula in Lemma 1.3 we obtain the following formula for the map
Sh.

LEMMA 1.6. Let f(2)dz™""! be an element of HO(M, K™*1) (identified with a
T-invariant on H). Then Sh [ is represented in de Rham cohomology by the 1-form
wy (with values in E) given by

2m 2m
wf=Z< >6’f2"‘ 7 ® 2 f(2)dz
J=0 J
REMARKS. 1. In case M is compact so there is a good theory of harmonic forms
see §3), then wy is harmonic. Indeed we have seen that we may rewrite
f

wf = (ze+ f)>" ® f(2)dz

From this expression and Murakami {11, Lemma 5.4, we see that wy is harmonic.
Conversely, the above lemma of Murakami implies that any harmonic (1,0) form
with values in E must take values in the subbundle £_ and consequently is essen-
tially of the above form.

2. In the finite volume case if f is cuspidal then w; is a square integrable
harmonic form.
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We now discuss the relationship between Sh, group cohomology and “period
polynomials”. Since M is a manifold of type K(I',1) we may regard H!(M, E) as
a model for the group cohomology H(T, E). Also H°(M, K™*1) is isomorphic to
M, 12(T'), the space of (holomorphic) modular forms of weight 2m + 2. Thus we
may write Sh as a map

Sh: Mypm42(T) — HY(T, E).

In order to obtain the period polynomials we recall that a representing Eilenberg-
Mac Lane cocycle for an element « in H*(T', E) is a crossed homomorphism from
I' to E. Thus to obtain the crossed homomorphism associated to f € Sap2
by the Shimura isomorphism it is necessary to give an explicit isomorphism from
H'(M, E) to HY(T', E). We think about the first group as simplicial cohomology.
We recall the map—see Johnson and Millson [7, §4]. Let o € H(M, E), let mg be
the base point for M and let ¢ = 3_"_, s; be an edge-path of oriented 1-simplices
beginning and ending at mg. Let a be a simplicial cocycle representing . Then
a(s;) is an element in the fiber of E over the first vertex of s;. We let 7 denote
parallel translation back along ¢ to mg. Then

afe) =7 | 3 alsy)

REMARK. The fiber of E over the base point mg is E.

In order to make this calculation using a de Rham representative for « it is
convenient to choose the lift ¢ = =", 3; of ¢ to H starting at zo. We observe that
the value of Sh f on the oriented 1-simplex §; = (v, v2) is given by

2m om ) . ) )
((Sh £, (v1,02))) = ((wy, (v1,02))) = > ( j ) éJ(Ul)fzm_J(vl)/ 2 f(z) dz.

j:O (U1VU2)

Adding up over the simplices of ¢ and applying the parallel translation we find the
following formula for r(f,-), the crossed homomorphism on 71 (M, mg) associated

to Sh f.
THEOREM 1.1.

= (f o) iz) (2;"> o fam=i,

7=0
REMARK. r(f,-) is traditionally called the period polynomial of f.
Now assume M has finite volume and restrict Sh to the cusp forms Sa,,2(T).

We obtain
Sh: Somyo(l) — HY(T,E).

As a consequence of Theorem 1 of Shimura [13] we obtain the following theorem.
THEOREM 1.2. Sh is an injection.

We will need to know the image of Sh only in the compact quotient case. We
assume then for the rest of this section that M is compact. By the Dolbeault
theorem (see Griffiths and Harris [6]) we have

H'(M,K ® E) = H*°(M, E).
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We recall that H1:0(M, E) consists of those de Rham cohomology classes that may
be represented by closed forms of type (1,0). We recall also that a 1-form on M
with values in a complex vector bundle E is said to have type (1,0) if for every
tangent vector v we have w(Jv) = iw(v). Here J is the almost complex structure
on T(M).

In this case by Matsushima and Murakami [10] we have a Hodge decomposition:

HY(M,E)= H'°(M,E) ® H' (M, E).
Moreover, we may refine the above theorem (always assuming M is compact).
THEOREM 1.2 (bis). Sh is an isomorphism onto H'(M, E).

2. Eichler-Shimura period integrals. In this section we prove the formula
stated in the introduction relating the Kronecker pairing of Sh f and decomposable
cycles to Eichler-Shimura periods of f over closed geodesics. As a consequence we
deduce a sufficient condition for a collection of hyperbolic Poincaré series to span
the cusp forms.

LEMMA 2.1. Ify €T and~ # 1 then v has a 1-dimensional space of invari-
ants in E*.

PROOF. The question of the dimension of the space of invariants for v depends
only on the conjugacy class of v in SLy(R). Hence v may be put in one of two
standard forms depending upon whether it is unipotent or semisimple. For these
standard forms the lemma is obvious. [

In what follows we will need to choose a nonzero element ¢, in E* which is
invariant under v in I'. If v = [‘C‘Z] then we define s., in S2V* and &, in E*
following S. Katok (8] by

8y = cu? + (d — a)uv — bv?,
&y = (cu? + (d — a)uv — bv*)™.
It is important to observe that &, € ER.
We will later need to know how s, and ¢, transform as functions of ~ under

GL2(R). We need only observe the following formula for s,. Let p: EndV — g be
the projection on the trace zero matrices, so for A € EndV we have

p(A) = A - (tr A)I.

Let B: g — S2V* be the isomorphism given by the form ( , ) (see §1). We then
have the following formula
5 = ~B(p(v)).

We find the following transformation law for g € GL2(R).
LEMMA 2.2. s4.4-1 = (detg)p(g)s-.

In what follows it will be more convenient to replace the Eilenberg-Mac Lane
l-cycle v ® &, with a simplicial 1-cycle with coefficients. Given v € T' we let o
be the image under 7 of any simplicial path joining 2o to vzp. The invariant &,
will give rise, by parallel translation of £, around a, to a parallel section o, of
E* restricted to a. As in Johnson and Millson [7, §4], we can form a cycle with
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local coefficients denoted o ® 0., The class of @ ® 0., in Hy(M, E*) will not be
changed by a free homotopy of a. Hence we may replace a by a closed geodesic if
we so desire. We will denote the class of o ® o, in simplicial homology with local
coefficients by [v] ® 0.

We can consider periods over the previous cycles. If w is a closed 1-form on M
with values in E we may restrict w to « and pair with o, to obtain a closed 1-form
with scalar coefficients (w, o) on . We may then integrate (w, o) along a to get
a period. In this way we may interpet the Kronecker pairing

HY(T,E)® H,(T,E*) - C
as obtained by taking periods of forms over simplicial cycles.
We now wish to consider the Kronecker pairing ((Sh f, [y]®o)) for f € Sam2(T).

We recall that we are regarding Sh f as a (1,0) form on M with values in E so the

previous discussion applies. We have seen that the invariant corresponding to =y is

&y = (cu? + (d — a)uwv — bw?)™ where y = [¢ Z]. Using Lemma 1.5 we find

(Sh f(2),0,) = f(2)(c2® + (d — a)z — b)"d=.
Integrating and observing that the integral is independent of the choice of the initial
point zg and the path from zg to vzp, we obtain one of the main results of this
paper.
THEOREM 2.1. For any point 2o € H we have

(Sh (). ®on) = [ f)ez? +(d—a)z - by d

20

where the integral s over any path joining 2y to vzg.

COROLLARY 1. If~ is an elliptic element and f is any element of HO(M, K™+1)
then

((Shf(2), [ ® o)) = 0.

PROOF. Choose zg to be the fixed point of v. [

COROLLARY 2. If~ 1s a parabolic element and f € Sgpmy2 then
((Sh f(z),["|®0y)) = 0.

PROOF. Let zg tend toward the fixed point of . [

COROLLARY 3. We have the following formula relating period polynomials and
Eichler-Shimura periods:

(r(fiv), &) = / ~vzof(2)(cz? + (d — a)z — b)™ dz.

PROOF. We have seen that r(f,-) is an Eilenberg-Mac Lane 1l-cocycle with
values in E representing Sh f. Since the de Rham isomorphism is compatible with
Kronecker pairings we have

((Shf, (v ®@0y)) = ((r(f,), ¥ ® &)

By definition of the Kronecker pairing of Eilenberg-Mac Lane cocyles and cycles

we have
<<T(fa ')?'Y ® 5’7>> = <T(f77)a 6’7> U
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REMARK. From Corollary 3 we see that Eichler-Shimura period over the cycle
v ® £ does not determine the period polynomial of f evaluated at ~.
As another consequence of Theorem 2.1 we obtain the following theorem.

THEOREM 2.2. Let W be a (not necessarily proper) subset of I'. Suppose the
set of decomposable cycles ¥ = {w ® &,: w € W} spans H; (T, E*) as a complex
vector space. Then the set of hyperbolic Poincaré series © = {©,,: w € W} spans
Som42(T).

PROOF. Let f € Som+2(I'). Suppose f is orthogonal to the span of ©. Then all
Eichler-Shimura periods of f over the hyperbolic cycles in ¥ vanish by the defining
property of ©,,, that is

~2o

((£,0w))2m+2 = (2)(cz* + (d — @)z — b)™ dz,
20
where ((, ))2m+2 is the Petersson inner product on Sz,,,42(T"). Hence, by Theorem
2.1, Sh f annihilates the hyperbolic cycles in ¥. But since f is cuspidal Sh f also
annihilates the elliptic and parabolic cycles. But ¥ spans H; ([, E*). Since the
Kronecker pairing is perfect we find that Sh f = 0 and consequently f =0. O

REMARKS. 1. The converse is false. Indeed, choose ¥ so that the homology
classes of the elements of ¥ are a basis for a Lagrangian subspace of H;(I',R).
Then O is a basis for S3(T'), see Theorem 4.1 of Kudla and Millson [9]. But of
course ¥ does not span Hy (T, C).

2. Since w ® &, is a real class we see that the real span of ¥ is H(T', ER) if
and only if the complex span of ¥ is Hy(T', E*). We shall see in Chapter 4 that ©
spans Szm+2(I') as a real vector space if and only if ¥ spans H; (T, ER).

3. Finally we remark that Theorem 2.2 is true whenever Sh is injective.

3. Hermitian structures on cohomology. From now on we assume M is
compact. We study Hermitian structures on H*(M, E) obtained by its representa-
tion as the de Rham cohomology of forms with values in E. We denote the space
of such forms by A1(M, E). We observe that the invariant symmetric bilinear form
on E (and hence on E) when combined with the exterior product of forms gives us
a skew-symmetric product, to be denoted A,

HY(M,E)® H'(M,E) — H*(M, C).

Since the latter group is isomorphic to C we obtain a complex bilinear skew-
symmetric pairing on H!(M, E) to be denoted [| , ]] by evaluating on the fun-

damental class
)= [ an
M

The form [[ , ]] is real; that is, if  and 7 takes values in Er then [[,7]] is real. By
Poincaré duality [[ , ]] is nonsingular.

DEFINITION. A closed form w with values in ~E~ is said to be Poincaré dual to
[v] ® o if for every closed form 7 with values in E we have

[[n,w]l = ((n, 7] ® U’1>>'
We will denote this class by PD([v] ® o).
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We now construct a positive definite Hermitian inner product on E. We first
observe that V has an admissible inner product (see Borel and Wallach [2, p. 47]
for the definition of admissible) to be denoted ( , )’ and defined by

(vi,v2) = (Jov1,v2), where vy,v2 €V and Jg = % [ _(1) (1)} '

Hence we obtain admissible inner products (again to be denoted (, )’) on S™V
for all m. We have the formula for z,y € V:

(@™ y™) = (Joz,y)™.

The following lemma relating the forms (, ) and (, ) on L_ C E is immediate
(for the definition of L_ see §1).

LEMMA 3.1. Ifz and y are in L_then (z,y) = (-1)™(z,y).

REMARK. The previous formulas remain true by G-invariance for z,y € £_ and
the G-invariant extensions of the forms (, ) and (, )’ to E which are again denoted
(,) and(, ).

We can now construct a positive definite Hermitian inner product on H!(M, E).
We observe that A1(M, E) has an almost complex structure J given by

Jw(v) = —w(Jv).

Here J is the invariant almost complex structure on T'M. An easy calculation shows
that J agrees with the operator * ® 1 where * is the Hodge star on scalar-valued
forms. We define the Hodge star * on bundle-valued 1-forms by requiring * = J.
We have

*MAXT =N AT

The action of J on forms commutes with d and we obtain an almost complex
structure, again denoted J, on H!(M,E). We may then define a positive definite
Hermitian form to be denoted (( , )) on A}(M, E) by

((n,7)) = /Mn N .

Here by A’ we mean the exterior product formed by using the form (, )’ on the
coefficients. The form (( , )) induces a Hermitian structure on H(M, E).

We may use the form (( , )) to construct a Laplacian A and obtain harmonic
representatives of cohomology classes. There is a unique harmonic form satisfying
the defining equation for PD([y] ® o). We will call this form the Poincaré dual of
[ ®o,. .

We recall that n € A*(M, E) is said to be holomorphic if it is of type (1,0)
and dn = 0 where 97 is the type (0, 1) projection of dn. Also if n has type (1,0)
it is holomorphic if and only if it is harmonic. By the theorem of Matsushima-
Murakami, see Murakami [11], Lemma 5.4, a harmonic (1,0) form takes values
in £_, the lowest weight bundle. Hence we find the following simple relationship
between the ((, )) and [[, ]] on holomorphic bundle-valued 1-forms or equivalently

on HY9(M, E).
The following lemma is an immediate consequence of Lemma 3.1.
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LEMMA 3.2. Ifw; and wy are holomorphic E-valued 1-forms we have
(w1, w2)) = (=1)"[[wy, *w2]].

We also wish to compare the pull-back of (( , )) under Sh with the Petersson
inner product ((, ))2m+2 on Som+2(T).

LEMMA 3.3.

((f,9))2m+2 = sy (51 £,8h))

PROOF. From formula (6) in Shimura [13] we have

) . —@);,,—H{[Sh £,5hg)].

The lemma follows from this and the fact that Sh g has type (1,0) and consequently
*Shg=—-iShg. O

In what follows we will need the action of certain elements of GLy(R) of deter-
minant —1 on the form ((, )). Suppose € is such an element which normalizes T'.
Then we can make ¢ operate on H!(T', E) by the formula

ec(y) = p(e)e(ene™),

for ¢ a representing cocycle. Here we have used p(g) to denote the action of € on
E.

We now examine the corresponding action of ¢ on A}(M,E). We first observe
that if e = [‘c’ Z] then ¢ acts on H by the formula

ez = (aZ+b)/(cz + d).

Since € normalizes I this action descents to M. We denote the action on M again
by €. We also obtain an action to be denoted p(g) on E as follows:

p(e)lz,v] = [ez, p(e)v].
Here [z,v] denotes the equivalence class of (z,v) in H x E.
Then ¢ acts on A'(M, E) by the formula

ew = p(e) oe*w = p(e) ow o de.

Let 7 and 7 be elements of A1(M, E). An easy calculation yields
enNer=€e"nANe'T=€e"(nAT).

Then we have the following lemma.

LEMMA 3.4. (i) [[en,er]] = —[In,7]],
(ii) ((em,e7)) = ((n,7))-

PROOF. We have en A et = ¢*(n A 7). Hence

[[EU,ETH=/M6*(n/\r)=/€*Mn/\T=—/Mn/\f=—[[n,f]l-

We also have en A" er = €*(n A’ 7). Noting that € anticommutes with * we have

((en, e7) =/Men = —/Men AN e = —/M & (n N ) = ((n,7).

With this the lemma is proved.
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4. The Poincaré dual of a hyperbolic decomposable cycle. In this section
we give the precise relationship between Sh®, and PD([7] ® 0.,). We use this to
prove the equivalence of the problem of finding a collection of hyperbolic Poincaré
series which span So,, +2(I) as a real vector space and a collection of decomposable
cycles which span Hy (T, Ef). We can then apply results of S. Katok [8] and deduce
that H;(I', ER) is spanned by decomposable cycles.

We begin with the following theorem.

THEOREM 4.1.
ImSh O, = (-1)™22"PD([4] ® 0-,).

The proof of this theorem follows from the ensuing discussion.
By Hodge theory, there exists a unique harmonic 1-form (), on M with values

in E such that if  is any closed 1-form with values in E we have

(17, 94]) = /Mn AL = ({0, ] ® o),

“that is Oy = PD([y] ® o).
We put ¢, = —JQ, = —*(1, and we define
Ey =3[0y +140,). _
We observe that (1, and @ are real. Therefore, InE, = 1(,. We observe that
E, is a holomorphic 1-form (that is, a harmonic 1-form of type (1,0)) with values
in E.

We define a holomorphic 1-form S with values in E to be associated to the
cycle [y] ® o as above if for every holomorphic 1-form n with values in E' we have
((n,8)) = ((n,[v] ® 0)). Here (( , )) is the Hermitian form on bundle-valued
1-forms described in the previous section. We recall (Lemma 3.3) that Sh is an
isometry from Ss,,42 to the holomorphic 1-forms equipped with the Hermitian
form 2=Cm+1(( ).

LEMMA 4.1. (-1)™E, is the bundle-valued holomorphic 1-form associated to
M ®oy.

PROOF. Let n be a holomorphic 1-form. Then by Lemma 3.2:

((,E4)) = (=1)™[[n," E5)) = (=) 5{[[n,” @4]] — élln,” Q]1}-
But 7 has type (1,0); hence *n = —in. We obtain

)= [ aneay == [ cqan, =i [ nan, =i 0)
M M M
Also by definition *®. = (1, and we obtain
((1,85)) = (=1)"3{[ln, ]} + illn, 23]} = (=1)™{(n, [ ® 04)).

With this the lemma is proved. O

COROLLARY. E, = (-1)m2-(Cm+gh@,.

PROOF. From Lemma 3.3 we have for any bundle-valued holomorphic 1-form 7

277 D((5,500,)) = ((n, 1] ® 04)),

and the corollary follows. [
But since PD([4] ® 0,) = 2ImE,, we have now proved Theorem 4.1.
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THEOREM 4.2. Let W be a (not necessary proper) subset of T. Then the set
of decomposable cycles & = {w ® &,: w € W} spans H{ (T, ER) if and only of
O = {Oy: we W} spans Szm12(T) as a real vector space.

PROOF. Suppose that ¥ spans H;(T', Ex). Then the complex span of ¥ is
H,(T', E*) and we are done by Theorem 2.2.

Conversely suppose © spans Sp,,.2(I') as a real vector space. The map f —
Im f is easily seen to be an isomorphism of the real vector spaces Sa,,42(I') and
H(T,ER). Then the image of © under this isomorphism, {Q,: w € W} spans
HY(T,Egr). By Theorem 4.1 the classes {PD(w ® &,): w € W} span H!(T, Er)
and we are done since PD is an isomorphism. [J

THEOREM 4.3. The set of all hyperbolic Poincaré series spans Som+2(L) as a

real vector space in case I' 1s a discrete subgroup of SLz(R) which is normalized by
_[-10
e=[T01l-
PROOF. The result for arithmetic subgroups is contained in S. Katok [8]. The
argument for a general I' is very similar to that, but for completeness sake we will

give it.
Let v/ = eve and
@fn“,a, = %(emﬂ,v + em+1,7’)a ;z+1,—y = (1/2i)(®m+1,7 - @m+1,w’)~
Let S&(T') be the R-span of {@fflﬂy,y} and Sg (T') be the R-span of {©,,41.~}. For

any two hyperbolic elements ~g,~; € I' we have

((e';tz+1,'yov r_n+1,~,1))2m+2 €R and (( m+1,700 ;z+1,~,1))2m+2 €R.
Then using Theorem 1(ii) of [8] we have
dimg Sg () = dimc Sem+2(T) and  Sg NiSg = {0},

which implies S§ (') = Sg @ 1Sg. This completes the proof. [
As a consequence of this theorem and Theorem 4.2 we have the following
theorem.

THEOREM 4.4. The set of all decomposable cycles {~® & : v hyperbolic} spans
Hl (Fv El*?,) .

5. Rational structures on S, 2(I'). We show how the existence of two
natural rational structures S;,,(T) and S;,,, 5(T) follows from the Shimura iso-
morphism. We recall that a rational structure on a complex vector space V is a
rational vector space W and an isomorphism from W ®q C to V.

We now assume that our cocompact group I' is arithmetic of the following type:
I’ is commensurable with the group of units of an order O contained in a division
quaternion algebra B, defined over @, such that B ®q R is isomorphic to the
algebra of 2 by 2 real matrices M2(R).

LEMMA 5.1. There exists a I'-invariant rational subspace Wan, of S*™C? such
that the natural map H*(T,Wapn,) ®q C — HY([',S?™C?) is an isomorphism.

PROOF. Let B° be the traceless quaternions contained in the order 0. Then
BO induces a I'-invariant rational subspace on S?C? denoted by L. The lattice
L induces a I-invariant rational structure S™L on S™(S%?C?). We wish to prove
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that S?™C? has a I-invariant rational structure. For this it is sufficient to show
that the above rational structure induces a rational structure on the kernel of the
projection

p: S™(82C?%) — §?™C2.
As indicated in §1, for k > 2 the space S*¥(S2C?) may be realized as the space of all
homogeneous polynomials of degree k in three variables, coordinates with respect
to the basis of the lattice W in S2C?, which are quadratic forms in two variables.
The projection

pr: S*(82C?%) — §2%kC?
may then be realized by substitution: it projects the space S¥(S2C?) onto S2¢C?,
the space of all homogeneous polynomials of degree 2k in two variables. For f; €
S*(S2C?) and f; € S7(S2C?) we have p;(f;) - p;(f;) = pi+;(fi - f;) where - is the
product of polynomials. The homomorphism

p2: S?(S2C?) — §%C?
intertwines with the action of PSLy(R). Therefore Ker p; is an invariant subspace
for PSLy(R). Computing dimensions we get dim S?(S2C?) = 6, dim S*C? = 5 and
therefore dim Ker p, = 1. But the only 1-dimensional representation of PSLy(R)
is trivial, so Kerp, is a line fixed by PSL;(R), and therefore by I'. Consider the
basis in S?(52C?) which belongs to the T-invariant subspace S2L. In this basis
the group I' has rational matrices. Kerp; is defined by the vector of S?(S%C?)
of eigenvalue 1 for all matrices from I' which then has rational coordinates and
therefore belongs to S2L. We denote this vector by a. It is easy to see that

dim S™(82C?) = dim S™1(S2C?) + m + 1
and therefore
dim S™(S2C?) = dim S™%(S2C?) + 2m + 1 = dim S™%(5%C?) + dim §?™C?
and
dim Ker p,, = dim S™~2(S2C?).

Since pz(a) = 0 for any f,—2 € S™2(52C?) we have pp(fm—2 - a) = 0, that is
S™~2(82C?)-a C Ker py,. Therefore S™2(5%C?)-a = Kerp,,, and S™2W -a C
S™L gives a rational structure on Kerp,, = Kerp. With this we have proved

the existence of the rational structure on S?™C?2 to be denoted Ws,,. Since the
tensoring over a field is exact the lemma is proved. [J

LEMMA 5.2. &, € Wy, for all hyperbolic y € T.

PROOF. It follows from the argument of Lemma 5.1 that it is sufficient to show
that s, € L for all hyperbolic v € T'. We have seen in §2 that p(y) = y— 3 (try)I =
3(y=771) € 9. But sincey,7~* € O, p(7) is in the rational subspace of g generated
by B°, and hence s, = —B(p(y)) € L. O

LEMMA 5.3. The form (, ) takes rational values on Wop,.

PROOF. Since the projection p intertwines with the action of PSL2(R), the
group I' has rational matrices in the basis of Ws,,, induced by p. It follows immedi-
ately from irreducibility of $2™C? that any PSL,(C)-invariant symmetric bilinear
form on S?™C? is a multiple of (, ). By the Borel density theorem, Raghunathan
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(12, Chapter V]|, the same statement holds with PSL;(C) replaced by I'. But
since I' acts with rational entries we conclude that there exists a complex number
A such that A(, ) takes rational values on W5,,. However, by Lemma 5.2 we have
€y € Wap, for v € T, and it is easily seen that (&, ) is rational (see computations
in §7). Consequently ) is rational and may be chosen to be 1. With this the lemma
is proved. O

In what follows m will play no role and we will abbreviate Ws,,, by W. We now
assume that I is normalized by an orientation reversing isometry ¢ of order 2. We
assume that ¢ preserves 0 ® Q in its action on B®. Then ¢ preserves W. Hence,
the action of € on H(T', E) discussed in the previous section preserves H!(I',W).
We may decompose H!(T',W) into a direct sum of +1 and —1 eigenspaces for ¢.
We denote those spaces by H!(T',W)* and H'(T', W)~ respectively. We let N de-
note the dimension over C of H(T', E)~ of course; this is equal to the dimension
of H'(T',W) over Q. We have seen that the de Rham cohomology H!(M, E) ad-
mits a nondegenerate skew-symmetric form. Hence N is even. The corresponding
symplectic structure on H(T', E) may be described directly by the cup-product of
1-cycles followed by the evaluation on the fundamental class. We again denote it by

[[, ]] According to Lemma 5.3, the form [[, ]] takes rational values on H!(T',W).
LEMMA 5.4. dim H'(T,W)* =dim H'([,W)~ = {N.
PROOF. By Lemma 3.4 ¢ changes the symplectic form [[, ]] on H([', W) to its

negative. Hence the two eigenspaces are totally isotropic. But since H(I', W) is a
direct sum of these two spaces each space must be Lagrangian. O

Now let Sh: Sg;n42(F) — H(T, E) be the Shimura map. We let p, and p_ be
the projections of H(T', H) onto H*(T', E)* and H'(T, E)~ respectively. From the
universal coefficient theorem we have

HY (T, W)*®q C=H'(I',E)*, HY,W) ®q C=H'T,E)".

Thus we will have found the desired rational structures if we prove the following
lemma.

LEMMA 5.5. py oSh and p_ o Sh are isomorphisms.

PROOF. By a dimension count it is sufficient to prove that the above maps are
injective. This is in turn equivalent to the statements

(i) Sh(Sam+2(I')) N H! (T, E)* = {0},

(ii) Sh(S2m+2(I)) N H'(T, E)~ = {0}.
But we have seen that the image of Sh is contained in H%(T', E). Thus to complete
the proof it is sufficient to check that ¢ interchanges H1'0(T', E) and H>!(T', E).

We have seen §3 that the induced action of € on 4'(M, E) is given by

ew(v) = p(e)w(de(v)).

But the action of p(¢) commutes with J (they operate on opposite sides of w) and
de anticommutes with J. Hence ¢ anticommutes with J and interchanges the two
eigenspaces of J. With this the lemma is proved. O

Thus we obtain a rational structure on S2,;m4+2(I") considered as a real vector
space:

320m+2(F) = {f S S2m+2(r): Im Shf € HI(F,W)}
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and two rational structures on Sa,,+2(I") considered as a complex vector space:
S3m+2(T) = {f € S2m+2(T): p4 oSh f € H'(T,W)*},
Som+2(l) ={f € S2m42(T): p-oShf e H' (T, W)~ }.

REMARK. The rational structure S5, . ,(I') may be described as those f whose
period polynomials 7(f,-) satisfy

r(f,eve) + pe)r(f,y) €W forall yeT.

Similarly the rational structure Sy, ,(I') may be described as those f whose period
polynomials r(f,-) satisfy '

r(f,ene) — pe)r(f,y) €W forall yeT.

In more concrete terms f € S5 . ,(T) if and only if

Yzo Yz
/ 22 f(z)dz +/ 2/ f(z)dz € Q for j even,

20 20
Y20 Yzo
/ 2 f(z)dz — / 2 f(z)dz € Q for j odd.
20 20

6. Comparison with the rational structure coming from relative Poin-
caré series. In this section we relate the rational structures $3 (T'), S;%(T') and
S,z(T) with the rational structures constructed in S. Katok [8] and denoted S9, (T,
S5 (T) and S5, (T) there. For this and the next section we switch from m to k — 1
to conform to [8].

We prove the following theorem.

THEOREM 6.1. (i) S3.(T) = S9,(T);

(il) S;3(T) = iSH(T) and S4;(T) = Sy (L) of k is even, S5, (I') = 1S5, (T) and
S (T) = Sy (L) if k 4s odd.

PROOF. We begin by recalling the definitions of the rational structures S9, ('),
Syi(T) and S, (T). Let O be the relative Poincaré series. The elements 6,‘:7
and O, _ of Sy(I') are defined as in §4, Theorem 4.3. It was proved in S. Katok
[8] that the Q-span of {O_ .,y € '} was a rational structure S (I') for Szx(T') as
a real vector space, the Q-span of {6,1:,1,’1 € I'} was a rational structure Sy} (I
and the Q-span of {©; _,~ € I'} was a rational structure S, (I') for Sa(I') as a

complex vector space.
By Lemma 5.2 we have y® &, € H{(I', W5, _,). Then

(Q, = 31ImShO, = (-1)"2*" " 'PD(y® &) € H' (T, Wak_2),

and part (i) follows.

Since p, o Sh and p_ o Sh are injective, part (ii) will follow if we can prove that
for k even

(i) p+(Sh(S5;(I))) C H' (T, Wak-2)7,

(i) p—(Sh(Sg,(T")) € HY(T',Wak—2)~,
and for k odd

(iii) p— (Sh(S5;(T))) C tH (T, Wak o)™,

(iv) p+(Sh(S5.(T))) € HY (T, Wak—2)*.
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Indeed since the two spaces in (i) have the same dimension they must coincide and
consequently their inverse images under p; o Sh coincide. But these inverse images
are S5 (T') and S (T') respectively. A similar argument applies to the spaces in
(ii)~(iv).

LEMMA 6.1. (i) €2, = (-1)*Q.,,

(i) €@, = (1)@,

(iil) €2, = (—1)k+1E,.

PROOF. To prove the first formula we observe that Lemma 2.2 implies p(¢)s, =
—s. and consequently p(e)st~! = (—l)k_ls:,_ !, The first formula now follows
from the naturality of Poincaré duality combined with the fact that € reverses the
sign of the fundamental class. The second formula is a consequence of the first and
the fact that € and J anticommute. The third formula is a consequence of the first
and the second. [J

We are now ready to prove Theorem 6.1 by a direct calculation.

LEMMA 6.2. If k s even

(i) p+ 0 ShOF = i(~1)F-1226-2(Q1, +02,),

(ii) p- oSh O = (—1)k=122k=2(() — Q).
If k 1s odd

(iii) p— o ShOF =i(—1)k12%-2(Q, + Q.p),

(iv) py 0Sh @7 = (—1)F~12%-2(Q, — Q).

PROOF. We prove (iil) and leave the rest to the reader.
p-oShOF = 3p_(ShO,+ShO,)
(~DF 12 (8, +i02,) + p- (@ + 02}
(—1)k 122303, + 42, — €., — ief),)
+ (@4 + 10y — @y — 260y}

I

Substituting from Lemma 6.1 we obtain the lemma and as a consequence Theorem
6.1 is proved. [

7. The intersection formula. We conclude this paper by explaining how
the period formula, Theorem 3 of S. Katok (8], follows from a computation of
intersection products in Eichler-Shimura homology theory. This period formula
expresses the quantity I defined by

I = 5:4((650,85))2k = (O, €5 )a} = Im((810,0,, e

as the sum over the points {p;} of 49N~y of terms involving elementary multiples of
i Pi._1(cos ;) where Pr_1(t) is the (k — 1)th Legendre polynomial, 6; is the angle
of intersection at p; and u; is the intersection multiplicity (hence u; = £1) of the
intersection p; of two oriented curves [yo] and [v1].

We begin by simplifying I.

LEMMA 7.1.
I= (—1)’°—122’°—2/ 0y Ay,
M
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PROOF.

I= Im((eﬂoa 6"/1))2k = 2_(2k_1)((Sh e’yoaSh 9’71))

= 2%k1 Im((E’Yoa By ))-

An easy computation gives
- o 1
Im((E0,20) = (115 [ g A0
M

With this the lemma is proved. [J
Since Poincaré duality makes the exterior product of differential forms corre-
spond to the intersection product of the corresponding cycles we obtain

I= (—1)k-122k—2[70] X0y [’71] @0y,

where the product on the right-hand side is the intersection product of cycles with
coefficients. Recall that 0., and o, are parallel sections of E* corresponding to
the &, and &, restricted to [yo] and [v;] respectively (see §2).

By the definition we have

(o] ® 0~ - [n] @0y, = Z Hi(0~0 (Pi), 0+, (P1))-
pi€[vo]N[1]

Here p; is the intersection multiplicity, u; = sgn(sin8;), and (o~, (pi),0~, (pi)) is
the coefficient contribution which we are going to compute.

Let [o] and [41] denote the lifts of [vo] and [y1] into H which intersect in a point
denoted p;. If we consider oriented geodesics [yo] and [%1] in H as infinite cycles
with coefficients [Jo] ® &5, and [§1]®5, with &4, &5, € E*, then o4y (p;) = &5, and
0+, (pi) = &5,, and in order to compute the intersection product we need a formula
for (&40, &5,)- Since the form ( , ) is PSLy(R)-invariant we can always bring the
geodesic [qo] into the y-axis by conjugation. Then

€40 = DE/? (—sgntro)FTuk ok,

where Dy = (trp)2 — 4 (see (8, p. 471]). Let &5, = (Au? + Buv + Cv?)k~1. We
have D; = B? — 4AC = (trv;1)2 — 4 > 0, and [4;] intersects [Jo] if and only if

AC > 0. The form (, ) has a very simple matrix W in the basis {utv?k—2-%}
wi; =0 if i + 5 # 2k,
W = (wij), where {wz-j _ (_l)i_l(zik_—lz)—l i+ = 2k,

Therefore
_ B I B
(&30, &5,) = D§ 1/2 (—-sgntr'yo)k 1 (22‘10—12) (—l)k 1
- {coefficient of u*~1v*~1in & }.

The computation of the above coefficient is done in the following combinatorial
lemma.
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LEMMA 7.2. The coefficient of u™v" in (Au? + Buv + Cv?)" is equal to
D?/2Pn(B/\/D1), where Dy = B%2 —4AC and P, is the nth Legendre polynomaal.

PROOF. The standard formula

v 1—-v 1
P(z)=2"F (-2, — L1 -
(2) =2 ( 53 1 22>

(cf. Bateman [1, 3.2(24)]) expressing the Legendre function of the first kind in terms
of the hypergeometric function becomes a polynomial identity

n nl-n 1
11—
? F‘< 22 Y z2>

" n! 22 -1\’
» 2 ey ()

0<j<n/2

P,(2)

where v = n is a nonnegative integer. Substituting z = B/y/D; gives

Dn/QPn ( ) - .__—.Bn-2] ACY
1 VDi 05;%//2 7= 2)! e

= {coefficient of u™v™ in (Au® + Buv + Cv?)"}.

With this the lemma is proved. O
We have B/\/D; = (—sgntr~;)cosf; (see (8, p. 478]) and therefore

I=D5 /2D{ 2 (sgntro tr )<

2k — 2 -
1 92k—2 Z i Pr_1(cos ;).
pi€[v0]N[1]
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