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GLOBAL SOLVABILITY ON COMPACT NILMANIFOLDS
OF THREE OR MORE STEPS

JACEK M. CYGAN AND LEONARD F. RICHARDSON

ABSTRACT. We apply the methods of representation theory of nilpotent Lie
groups to study the convergence of Fourier series of smooth global solutions to
first order invariant partial differential equations Df = g in C* of a compact
nilmanifold of three or more steps. We investigate which algebraically well-
defined conditions on D in the complexified Lie algebra imply that smooth
infinite-dimensional irreducible solutions, when they exist, satisfy estimates
strong enough to guarantee uniform convergence of the irreducible (or primary)
Fourier series to a smooth global solution. This extends and improves the
results of an earlier two step paper.

0. Introduction and preliminaries. Let N be a nilpotent Lie group, I' \ N
a compact nilmanifold, and D a differential operator, left-invariant on N, and
viewed on '\ N. If g € C°°(T'\ N) and if g, is the orthogonal component of g in
some irreducible subspace corresponding to the irreducible unitary representation
m, then g, € C®(T' \ N) too [2]. Modulo unitary equivalence, we may think of
gr as being a C°-vector in any concrete realization, or model, of 7. We will
determine algebraically well-defined conditions on first order and suitable higher
order D under which the global solvability of Df = g in C°°(T' \ N) is equivalent
to the solvability of 7(D)fr = gr in the C*°-vectors for each 7 in the spectrum
of '\ N. In one sense, we will be presenting algebraic conditions on D for the
reduction of a global (geometrical) problem on I' \ N to a collection of purely
group (representation) theoretic problems, none of which needs to be regarded as
living on the manifold T'\ N. Operators D admitting such a reduction are called
globally regular (Definition (0.1)). In effect, we will prove global regularity for
suitable operators by showing that if the smooth solutions fr of 7(D)frx = g exist
for each , then they can be summed uniformly to a smooth global solution of
Df = g. (Globally regular operators are usually neither locally solvable nor onto
C>(T'\ N)! [12].) In order to make the necessary estimates on f., we construct a
suitable Schrodinger model of 7, which, for convenience, is not in the Hilbert space
L?(T'\ N).

In this paper, we extend to nilmanifolds of three or more steps (and correct)
some of the results for two step nilmanifolds presented in [7].

In order to describe the main results, it will be helpful to review the classical
situation on a torus T2 of two dimensions (the situation being similar for 7" with
n > 2). Let D = ad/dx+ $3/dy and suppose, for simplicity, that o and 3 are real.
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Then D is globally regular if and only if 8/« is not a (transcendental) Liouville
number. The problem with Liouville numbers is that, in solving for the Fourier
transform of the solution function, small diwvisors occur. Now, every nilmanifold
I'\ N contains the structure of a torus, I'[N, N] \ N, although this torus does not

reflect any of the nonabelian structure of N. The only representations in (I'\ N)~
which are not infinite dimensional are the one-dimensional characters of I[N, N]\N.
Since the presence of this torus is inescapable, we denote, for each g € C°(I' \ N),
the sum of the one-dimensional components of g by go. Then global regularity
is informally taken to mean that the solvability of Df = ¢ is equivalent to the
solvability of 7(D) fr = g in C*-vectors for each infinite-dimensional = € (I'\ N),
modulo the solvability of D fo = go in C* of the torus '[N, N]\ N. In order to state
the formal definitions and summarize the new results, we need a few preliminaries.

Let O denote a finite-dimensional real nilpotent Lie algebra, and N = expN
the corresponding Lie group. Then Malcev proved there exists a discrete subgroup
I' C N which is cocompact, meaning that the nilmanifold I' \ N is a compact
homogeneous space, of cosets of the form I'n, if and only if 91 has rational structure
constants with respect to some suitable basis. Such a I' is never normal when N is
nonabelian. If T exists, the rational basis of 2 can be selected from logT'. If '\ N
is a compact nilmanifold, a subspace V' C N, is called rational if and only if it is
spanned by vectors which are finite linear combinations with rational coefficients
of elements of a rational basis of N. A subgroup M C N is called rational if and
only if 9t = log M is a rational subspace of N, and this is equivalent to TN M \ M
being compact [13].

If T\ N is a compact nilmanifold and M is a normal rational subgroup of N, then
Malcev proved the existence of one-parameter coordinate subgroups dy(t),...,dk(t),
where k = dim(M \ N), with the following properties. If Ny = M x di(R), a
semidirect product with M normal, and if N; = N;; xd;(R), then N; = N. Also,
d;(n) €T for each n € Z, the integers [13].

Let N denote the space of equivalence classes of all irreducible unitary repre-
sentations on N. Then Kirillov proved that the elements of N are in one-to-one
correspondence with the so-called Kirillov orbits of Ad* N acting in 9t*, the lin-
ear dual of M. If 7 € N corresponds to an orbit On(r) = (Ad* N)A, we may
write 7 = ma, and we may speak of A € N, for convenience. If A € On(7), there
is a subalgebra 9 C M, of maximal dimension so as to be subordinate to A, in
the sense that A([9,2]) = 0. Then A determines a character of M = exp M by
xA(m) = exp[tA(logm)], and x4 induces 7, in the sense of Mackey. The Mackey
wnduced representation space is

{f: N — C|f(mn) = xa(m)f(n),
for all m € M, n € N, and |f| € L>(M \ N)},

and ma(n) acts by right translation on this space.

The following definition, theorem, and proof are contained in [18, §3]. They are
included here since we will refer later to certain details of the proof.

DEFINITION 0. Let 9 be any nonabelian nilpotent Lie algebra and A € 9M* ~
{0}. A mazimal subordinate subalgebra M, for A is called special if there is a
decomposition M = RX; & --- ®RX ® My, where the vectors Xy, ..., Xk, called
the external vectors, have the following properties.
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(i) 9 =RX; @ --- ®RX) ® M, is a subalgebra of N for each j =1,...,k+1,
where by M1 we mean MMy, and N; = N.

(ii) For each j = 1,...,k, there is an ideal 20, of 7; with A(20,) = {0}, such
that 9, /20, has 1-dimensional center, on which the image of A is nontrivial.

(iii) For each j = 1,...,k there is a vector Y; € N,;/2; such that [X;,Y]
spans the center of 9;/20;, and the image M of M lies in the centralize: 3(Y ),
which equals M, ;. If j = k, we have My = 3(Yi).

THEOREM 0. Let M be any nilpotent Lie algebra and A € MN* ~ {0}. Then
there exists a special mazimal subordinate subalgebra My for A. If there exists a
cocompact discrete subgroup T' C N = expN, and +f A(logT') C Q, the rational
numbers, then My, the external vectors, and Yy, ..., Yy (preimages of Y1,...,Yy)
can all be taken to be rational.

PROOF. Let 3(2), where 2 is an algebra, denote the center of AU, whereas
3(Y), where Y is a vector, denotes the centralizer of Y. If 91/ ker(A|3(91)) has
1-dimensional center, then we let 20; = ker(A|3(M)). Otherwise, we factor out
ker(A|3(91/ ker(A|3(91)))), etc., until we obtain an ideal 20; C 913 = N such that
M, /201 has 1-dimensional center, on which A is nontrivial. The existence of 20, is
guaranteed by the fact that A # 0, and because dim(91) < oco. If A is rational, so
is QUI.

By Kirillov’s structure theorem [12], for nilpotent Lie algebras with 1-dimen-
sional center, there are vectors X; and Y in 0M;/20; with Y in the next to the
last stage of the lower central series of M /20, for which A([X1,Y1]) # 0 (by abuse
of notation, we regard A as acting on 91;/20;). By the Malcev structure theory
[13], in the case of A rational, we can pick the preimages X; and Y; rational as well.
In either case, we can decompose M; = RX;®3(Y ), as in Kirillov [12]. We denote
Ny = 3(Y,). If N, is abelian, then 9Ny = M, the special maximal subordinate
subalgebra. If not, we proceed as follows, noting that 91, is automatically rational
if A and Y7 are rational.

Next we find an ideal 205 in Mo, Wy D W, just as we found W, C N, above.
In Ny /W,, we find X, and Yy just as we found X; and Y above. Thus we have
Ny /Wy = RX, ® 3(Y2) and Ny = RX, & N3, where the preimages X, and Y5
can again be taken to be rational in the case of rational A. If 913 is abelian, then
M3 = M,. If not, we continue this process, which must terminate in finitely many
steps, since dim(M) < co. Now Nt =RX; & --- ® RXy ® My, where M, is clearly
subordinate to A. It remains only to show that 9, is of maximal dimension so as
to be subordinate to A.

If we denote By (X,Y) = A([X, Y]), then the dimension of a maximal subordinate
subalgebra is always the dimension of the algebra minus % rank(B,), and it is also
always the dimension of the algebra minus % the dimension of the coadjoint orbit.
The maximality of 9T, in M implies the maximality of My in DNy, since ad™ W,
does not enlarge the orbit. But now 914 is maximal in M,_; also, since the
dimension of the algebra is increased by 1 and the rank of B, is increased by
2. Hence, by induction, we conclude that 9, is a special maximal subordinate
subalgebra for A. This proves Theorem 0.

We will denote by (I'\ V)" the subspace of N occurring in the discrete direct sum
decomposition of L2(I" \ N). By the combined results of C. C. Moore [15] and the
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second author [18], 7 € (T'\ N)~ if and only if if there is a rational A € On(7), and
a rational special maximal subordinate subalgebra 91, such that A:log(TNM,) —
Z. Henceforth, we consider only such rational A. In particular, A:log(I'N 3(N)) —
Z. (3(N) is rational, by [13].) The multiplicity m(m) with which 7 occurs in the
m-primary summand ¥, C L2(T'\ N) is known explicitly, but here we need only the
fact that m(r) < co [18].

If ¥ = Hr1 @ -+ © Hy pm(r) is an irreducible decomposition, the spaces Hy ;
are not canonical. Nevertheless, we will use irreducible decompositions because
of the convenience of their Schrédinger models, which we will construct. If g €
L?3(T'\N), we will write g = Ewe(r\ Ny~ g, the primary Fourier decomposition into

components, and g, = Z;":(f) gr,q for some particular irreducible decomposition.

Auslander and Brezin proved that, if g € C*°(T' \ N), then each g, , € C°(T'\ N),
which implies in turn that g, € C®(I' \ N). Furthermore, the sums g = ) gr =
Y gr,q both converge uniformly, if g € C°°(I' \ N). Furthermore, if we begin with
some functions gr,q € He = Hr g NC®(T\N), then 3 grq =g € C(I'\N) if,
and only if, )7, [[Ugr qll3 < oo, for each fixed U € U(M), the universal enveloping
algebra of M [2]. If D is a left-invariant differential operator on N, viewed on I'\ N,
it follows that Df, = g, can be solved in ¥2° if and only if Dfr ¢ = grq can be
solved in HZS, for each irreducible component gy 4 of the m-primary function gy.
The following lemma is already known, but we include a proof for completeness.

LEMMA 1. Let M D My D --- D N D {0} be the lower central series of a
nilpotent Lie algebra N of step 3 or more (k > 2). Let A € 9M*, A|MNy, # 0. Then
there exists a mazximal subordinate subalgebra M for A which contains Nk_1.

PROOF. Let 9 be any maximal subordinate subalgebra for A. Let Y € My ~
M. There is X € M such that [X,Y] ¢ ker(A), and by the Jacobi identity X ¢
Ny D Ni—1 (if k > 2). Since M conains the center, the span (I, Y) is a subalgebra
of M. Let M’ = 3(Y) = centralizer of ¥ in (M, Y) (modulo ker(A|)). Then IV
has codim = 1 in (9,Y), so dim(M’) = dim (M), and M’ is subordinate to A. If
there is still a Y’ € Mx_1 ~ M, we note by Jacobi that [Mx_1,Y’] =0, so Y’ may
also be added to M’'. Eventually, IV D 9.

LEMMA 1'. Under the hypothesis of Lemma 1 there erists a special mazimal
subordinate subalgebra M for A which contains Ny_;.

PROOF. We will retrace the proof of Theorem 0, showing how to guarantee that
My D Ni—1. Sincd A|My # 0, N/, will still have a k-stage lower central series,
where 20, is as in the proof of Theorem 0. (Caution: We are no longer using the
symbol 91; as in Theorem 0, however.) Hence Y;, chosen as in the proof of Theorem
0, will also lie in Mx_;. Let Z; = [X;,Y;]. By Jacobi’s identity, 3(Y1) D Me—;. If
Mi_1 # RYq, then there exists a (k — 1)-fold bracket product A € 3(Y) ~ RY .
If A is in the center of 3(Y1), then A € RZ; ® 20, constructed as in the proof
of Theorem 0. Otherwise, we simply choose Y, = A, in the proof of Theorem 0.
Since [M, A] is central in 91 and hence in 3(Y) too, Kirillov’s Structure Theorem
provides that 3(Y;) = RX2 + 3(A), where 3(A) is the centralizer in 3(Y1). At the
jth stage of the construction, any remaining central elements of Mx_; will be in
the corresponding Z; + 20;, and any noncentral A € My_; ~RY; & ---®RY,_;
can be chosen to be Y ;. This process cannot terminate until some Ith stage at
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which M1 CRY 10 --- o RY, ¢, o RZ,1 @ --- ® RZ,. Since M, contains
Yi,...,Y, Z4,...,2;,20,,...,90,, as in the proof of Theorem 0, we have 90t, D
Ni_1. This proves Lemma 1’.

COROLLARY. If N is of step 3, 1.e. N D Ny D Ny D {0}, then there exists a
(spectal) mazimal subordinate M for A which contains Ny = [N, N|—the commu-
tator of M1—so that M is an ideal in N.

Now let I'\ N be a compact nilmanifold and let g € C°(I' \ N). Let go denote
the sum of all the 1-dimensional primary components of g, so that gy really lives
on the torus I'[N,N] \ N. (On this torus, the phenomenon of small divisors is
inescapable, but none of the nonabelian structure of N is present here.) Let m €

(T'\N)" be infinite dimensional, and let X = Hy,1®" - @ Hy mm(x) be an irreducible
decomposition of the m-primary subspace of L?(I'\ N). We write gr = gr1+---+
grx,m(x) for the corresponding components of g, all of which are in

CO(C\N)NHr = H° = HX @+ © Hop (-

(0.1). DEFINITION. A left-invariant differential operator D is called globally
regular on I'\ N if the following three conditions imply that the fr ;’s can be chosen,

if necessary, in such a way that Zwe(r\ N)A Z;":(f) fr,q converges uniformly to a
function f € C°(I' \ N) such that Df = g¢:

(i) g€ C=(T'\ N).

(ii) For each infinite-dimensional 7 € (I'\ N) and j € {1,...,m(m)} there exists
fr,q € HYS, such that Dfr g = gr q.

(iii) There exists fo € C°(I'[N, N]\ N) such that Dfy = go.

Note that the function gr ¢ € Hr 4 can just as well be regarded as a C*°-vector
gr,q in any realization of the irreducible representation 7. From this viewpoint, if D
is globally regular, then the solution in C®(T'\N) of Df = g € C*°(I'\N) is reduced
(except for the problem on the torus I[N, N]\ N) to the solution of 7(D) fr.q = Gr.q
in the C°-vectors of the chosen realization of m. Thus the global geometrical
problem on I'\ N is replaced by a purely group (representation) theoretic problem
(together with a well-understood classical problem on a torus). This viewpoint is
also critical to the proofs we present here since we will obtain our estimates on the
fr,q by solving w(D) fr q = gr,q in a suitable Schrédinger model of 7. The freedom
of choice of this model grants us the flexibility needed to obtain our estimates.

Note that global regularity carries no implication that D is onto C°(I' \ N).
(See [19].) Global regularity means only that if 7(D)fr.q = §rq can be solved in
the C*-vectors for , for each component g 4 of g € C*°(I'\ N), and of Dfo = go
can be solved in C* of the torus, then Df = g can be solved in C°(T" \ N).

It follows from the definition of global regularity that suitable compositions of
finitely many globally regular operators are again globally regular.

PROPOSITION 1. Let D =D, oD,_10---0D; be a composition of n globally
regular operators having the property that ker(D;,1) C range(D; 0o D;_; 0---0Dy),
1=1,...,n—1. Then D is globally regular too.

PROOF. It will suffice to give the proof for n = 2. Suppose, for each A € (T'\N)",
there is a smooth solution fy to Dfs = ga, where ), gx = g € C®°(I' \ N).
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Then, for each A, Da(D1fy) = ga and, by hypothesis, there exists hy € ker(D3)
such that Da(hs + D1fa) = ga and >, (ha + D1fa) = h € C®°(T'\ N). Then
there exists ky € C(I' \ N) such that Dyky = hp + D;fj, and, since D; is
globally regular, there exists kj € C* such that ), k} = k € C®°(I'\ N) and
Dkp = Dy(hp + D1fa) = ga for each A. This proves the proposition.

We remark that the range of each D, seems to be very large—nearly all of C*°,
as indicated by the examples in [19].

Our theorems about global regularity wnll be stated for D = X + 1Y in the com-
plexified Lie algebra M. Then many compositions of globally regular first order
operators will again be globally regular.

Let V be a real (finite-dimensional) vector space and E = {ey,...,e,} a basis of
V. Then a = aje; + -+ - + ape, is called a non-Liouville vector in V' with respect
to E if there exist positive constants d and C such that

lk-a|™ = |kiar + - + knon| P < C(K2 + -+ k24 = Clk|?

for all integers ky,...,k, such that kyoy + -+ + kpa, # 0.

REMARK 1. If a € V is a non-Liouville vector with respect to a basis E of V,
then « is also a non-Liouville vector with respect to any basis E’ of V rationally
equivalent to E.

PROOF. Let E = QFE/ = ¢ 'QE’, where Q is a rational matrix and Q is an
integer matrix such that ¢Q = Q for some integer g. Then |QTa k| = |a - Qk| >
CIQkI~¢ > C"[k| <.

If a compact nilmanifold I' \ N has been specified, we call a vector in N non-
Liouwille if it is non-Liouville with respect to any (every) rational basis selected
from logT'.

As in [21, p. 18] one can show that the set of all Liouville vectors (= the comple-
ment of the set of all non-Liouville vectors) has Lebesgue measure zero in 9t ~ R™.

We call a vector in N algebraic if and only if it can be expressed as a linear
combination of vectors in logI' with coefficients which are algebraic numbers.

Of course, every algebraic vector is non-Liouville (see e.g. [3, p. 79]). (Note
that rational vectors are non-Liouville under our definition above, since we require
|k - a|~! to be polynomially bounded only when k- o # 0.)

(0.2). DEFINITION. X € M is said to have the non-Liouville (resp. algebraic,
rational) supplementation property (relative to I') if for each stage M, of the lower
central series of M, adx N, contains a finite set Z7,..., ZJ of non-Liouville (resp.
algebraic, rational) vectors relative to log' such that every rational subspace V'
of M;4+1 of codimension 1 in M, can be complemented to N,y by some Z],
1<21<m.

REMARK 2. The rational supplementation property simply means that adx
maps each stage of the lower central series of 91 onto the next.

Clearly, there are Liouville vectors that have the rational supplementation prop-
erty. On the other hand, we have the following

PROPOSITION 2. Let X;,...,X, Lie-generate a rational nilpotent Lie algebra
N If X = a1 X1 + -+ + an X, 1s a non-Liouwille vector (relative to the basts
B of M consisting of X1,...,Xn, and a sufficient set of their commutators) such
that {a1,...,an} s linearly independent over Q, then X has the non-Liouville
supplementation property (relative to the discrete subgroup generated by exp B).
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PROOF. Fix r < k = length of the lower central series. Let the r-fold bracket
products, 5 = [X;,[X},[ Xk, --]]l, L =1,...,m, be a basis of .. Let V = (linear)
span of {Y -, &sB1, 1 < s <m—1, all &, € Q} be a rational subspace of N, of
codimension 1. Then the m — 1 by m matrix (&) is of rank m — 1. Let so be the
number of a column the algebraic complement of which in (&) is of full rank. Let
Zsy € N, be defined by replacing X;, in the definition of =, by the vector X:

(0.3) Zs, =X [sto [sto )= Zaz[X [XJso sto Zﬂl-l
1=1 =1

We notice that s, = a;, + a rational linear combination of the other a;’s; hence
Bso # 0. Also, none of the formulas for §;, | # so, resulting from (0.3), contains
any term with a;,,. In order to prove that RZ,, @ V = M,, we will show that the
m by m matrix obtained by augmenting (&;5) by a row consisting of f3i,..., Gy is
of rank m. Indeed, the determinant of this matrix, when expanded along the row
of B;’s, is of the form

(_1)j0+1 det[(fls)ﬁ#So]ﬂSO + Z (—1)p+1 det[(fls)S#p]lgj

P#So
= (_I)Jo+1 det{(fls)s;fé,o]ai&o
+ a rational linear combination of the a;’s with ¢ # 14,.

This is nonzero, since the o;’s are linearly independent over Q, and the coefficient
of a;, is # 0. As in the proof of Remark 1 we can show now that Z,, is a non-
Liouville vector. Thus Z,,, so = 1,...,m, as defined by (0.3) is the finite set of
non-Liouville vectors of Definition (0.2) complementing every rational subspace V
of codim1 in N,.

Now we are ready to summarize the new results in this paper. In Theorem 1 (§1)
we prove that every real field with the (non-Liouville or rational) supplementation
property (Definition (0.2)) is globally regular on every compact nilmanifold. This
confirms an informal conjecture made by Roger Howe. In Theorem 2 (§1) we show
that if X is a non-Liouville vector field in the next to the last step of the lower
central series of M, then D = X is globally regular. The hypothesis that X be
non-Liouville cannot be relaxed as Example 1 shows. Example 2 illustrates some
of the obstructions that one encounters in dealing with an arbitrary non-Liouville
vector field X. All the other theorems, in §§2-4, deal with complex vector fields
D = X +1Y with X,Y € N, [X,Y] central (or 0). Thus in Theorem 1lc (§2)
we prove that D is globally regular if X and Y commute and have property (Pj),
k=1,...,n (see (2.6)), which is a stronger hypothesis than the requirement that
both X and Y have (non-Liouville) supplementation. Example 4 of §2 explains
that such a stronger requirement is in fact needed. Theorem 2¢ (§2) states that D
is globally regular if both X and Y are non-Liouville vectors and are in the next
to the last step of the lower central series of a metabelian algebra 91. For 3-step
(and lower) compact nilmanifolds I' \ NV, we show in Theorems 3 and 4 (§§3 and 4)
that D is globally regular if X has the (non-Liouville) supplementation property,
Y is a non-Liouville vector and is in the next to the last step of the lower central
series of 9N (which is the commutator [T, 9] if N is of step 3, and N itself if N is
of step 2) provided [X,Y] (which then has to be central) is a non-Liouville vector
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and some commutativity relations between X and N and Y and M hold. In the
case of a step 3 algebra M and a noncentral [X, Y] there is an example, suggested
to us by L. Corwin, in which D is not globally regular, even though X has the
supplementation property and Y is an algebraic vector ¢ [I,9]. The key thing
there is that X and Y generate a step 3 subalgebra of M.

We elaborate upon that example in §5. It would be interesting to determine,
in that context, what happens if X and Y generate a step 2 subalgebra of 1. We
are unable to settle this question. Example 2(c) of §5 indicates that w4 (D) then is
closely related to the not everywhere locally solvable operator 9/9z + 1zd/dy.

If 91 is of step 2, the above mentioned theorems yield the following three condi-
tions, each of which alone is sufficient to imply that D = X +:Y is globally regular
on every step 2 compact nilmanifold I' \ N.

1°. X and Y satisfy (P;) (Corollary 2 of §4).

2°. X has the non-Liouville supplementation property, and both ¥ and [X,Y]
are non-Liouville vectors (Theorem 4, §4).

3. All the 3 vectors X, Y and [X,Y] are non-Liouville or, in particular, both
X and Y are algebraic vectors (Corollary 1 of §4).

The relevance of the above step 2 theorems to what has been stated in our
step 2 paper [7] is as follows: Statements 1° and 2° correct Theorems (3.5) and
(3.13); statement 3° is new. To be more specific, statement 2° is precisely what is
called Case I of Theorem (3.5) there (p. 542) when Y = 0. We obtain the same
result here by different method. Case II of Theorem (3.5) when Y is central is
still statement 2° and then the assumption, necessary as Example 1 of §1 here
demonstrates, that “Y" is algebraic (or non-Liouville)” is missing there. In Case III,
X,Y ¢ [N, N the assumption of Theorems (3.5) and (3.13) there that “D € N¢
has the supplementation property” meaning [X, 9] + [V, 0] = [N, N]| requires the
additional hypothesis that X be algebraic (or non-Liouville) in case [X, 91] # [N, N]
and that Y be algebraic (or non-Liouville) too in case [Y,M] # [N, N], as can be
seen from Example 1 again. Also our proofs here correct an error in Cases II
and III of Theorem (3.5). There the exponential function in the integrand did
not behave as claimed in all cases. Thus if [X, ] # [N, N] and [V, MN] # [N, N|
we need the assumption that both X and Y are algebraic (or non-Liouville) and
then we do not need any supplementation! However, we still need [X,Y] to be
algebraic or non-Liouville (statement 3”). If, on the other hand, [X,M] = [N, N]
and [Y,M] # [N, N] (or resp. [Y,N] = [N, N] and [X,N] # [N, N]) we need Y
(or resp. X) to be non-Liouville, statement 2°, and then again we need to assume
that [X,Y] is algebraic (or non-Liouville). Finally, if both [X,91] = [N, MN] and
[Y, 7] = [N, N] we do not need either X or ¥ to be algebraic, but we still need a
stronger hypothesis to prove that D is globally regular (see Example 2 of §2). The
stronger hypothesis we assume is that X and Y satisfy (P;), and of course that
[X,Y] is non-Liouville—statement 1°.

As for the methods of proofs we use throughout the paper, roughly speaking,
the idea is this. “X having the supplementation property” implies 74 (X) = 8/0z
in a suitably chosen Schrodinger model for w5 € (I'\ N)”. This differentiation can
of course be converted into a multiplication by 7 by means of a partial Fourier
transform. “X being in the next to the last step of the lower central series of M”
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implies 74 (X) = ¢Az (again in a suitable model for 7, ), that is we embed in 9 a 3-
dim Heisenberg algebra spanned by {X1, Y1, Z;} with either X identified with X; or
with Y identified with Y7. If now D = X +14Y is a complex vector field, [X,Y] =0,
and some extra commutativity conditions on 9 hold, the two variables z of m4 (X)
and y of m4(Y) are in fact separated, i.e. a 5-dim Heisenberg algebra spanned by
{X1,X2,Y1,Y5, Z} can be embedded in N with either X identified with X; and Y
identified with Y3 (Theorem 3) or with X identified with X; and Y identified with
X5 (Theorem 1¢) or with X identified with Y; and Y identified with Y, (Theorem
2¢), and 75 (D), acting on Hy ~ L%(RP) can be viewed as a multiplication by a
polynomial in two variables. In our problems of global regularity of D we deal with
the estimates in terms of the Sobolev norms of some Schwartz functions divided
by polynomials. The way those estimates depend on A € (I' \ N) turns out to be
essential for our problem. If on the other hand [X,Y] # 0 is central, ms(D) can
be reduced to the form d/0z — Ar rather than a multiplication by a polynomial,
which again corresponds to embedding in 9t a 3-dim Heisenberg algebra spanned
by X, Y and [X,Y]. Using appropriate integral estimates adapted from [7] we can
show global regularity of D.

We are happy to thank L. Corwin, F. Greenleaf, R. Fabec and L. Baggett for
their helpful suggestions and comments on the subject of this paper. F. Greenleaf,
in particular, found a substantial error in an earlier version.

1. Real fields on n-step nilmanifolds.

THEOREM 1. Let N be any 1-connected nilpotent Lie group possessing a co-
compact discrete subgroup T' [13]. If X € N has the non-Liouville (or rational)
supplementation property (relative to T'), then D = X 1s globally regular on T\ N.

PROOF. Let m € (I'\ N)7, the set of irreducible unitary representations of N
in the spectrum of T'\ N. The proof is accomplished by establishing inductively
that, independent of global solvability questions, w(D) satisfies certain Sobolev-

type estimates for every infinite-dimensional 7 € (I'\ N)7; in a suitable concrete
model of . It is the formula for the estimates that is treated inductively, not the
global regularity. Let A be any member of the Kirillov orbit of = which is rational
on logI' and integral on the center [13]. (The theorem is already known for 2-step
groups—Case I of Theorem (3.5) of [7].) If A were trivial on the center 3, then
we could factor 3 out—it is easy to see that (D) would not be affected by such a
factoring process. So we can assume without loss of generality that A is nontrivial
on 3NMNy. Let Zy,..., Z,, be the set of non-Liouville vectors in adx N _; described
in Definition (0.2). Then there is some 1 < j < m such that A(Z;) = A; # 0. We
remark that Z; = ajey + - - - + ane, for a fixed rational basis ey, ..., e, of N, and
there are constants C' > 0 and (integer) d > 0 (independent of A) such that

(L.1) M7 =1A(Z)17 < C(Ae)? + -+ + Alen)?)*

for all (integral on M) A € (T \ N)’, A(Z;) # 0. (If D simply had rational
supplementation, we would have picked a rational basis Z,...,Z, of M rather
than the set Zi, ..., Z,, of non-Liouville vectors. Then we could replace (1.1) by

(1.1 M|7H < M,
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for some suitable constant M;, using the fact that the set {A(Z;)|ma € (T\ N)’, A
integral on 3, and A(Z;) # 0} is bounded away from 0.)

By hypothesis, there is a vector Y; in the next to the last stage of the lower
central series of M such that [X,Y;] = Z;. Let M = MN/ker(A|3) if it has 1-dim
center, or 91/20; as in the beginning of the proof of Theorem 0, §0, otherwise; so
[(X,Y,] =Z;,and M = RX®3(Y;), where 3(Y ) is the centralizer of Y ;. Without
loss of generality, we can take a maximal subordinate subalgebra 9t for A such
that M, = R?j@R?j@Ryl@- --®RX;, and 3(7]) =9y GBRXH.I ®-- -@Ryn,
where the basis vectors X1,..., X, are chosen at our convenience and fixed. Pass
one-parameter coordinate subgroups through exp Z,, expY;, exp X, and exp X,
1=1,...,n, and we may write

N =M, xexp(RX;,1) % --- xexp(RX,,) x exp(RX),

a sequence of nested semidirect products [18]. In the corresponding Schrodinger
model of 7 in L*(R"*!7*), we have n(D) = n(X) = 9/8t, n(Y,) = i\,t, and
n(Z;) = i);, where t denotes the coordinate in exp(RX). Taking the Euclidean

partial Fourier transform” with respect to the variable ¢t we have

X=#X)=i¢ and Y;=#(Y;)= —Aja%

where ¢ denotes the dual variable of ¢.

Let the component of g € C°°(T'\ N) in the gth irreducible 7-subspace (noncanon-
ical) be denoted gy, € C®(T \ N). Let §j , denote the corresponding Schwartz
function in L2(R™*1~%), and g, , the (Euclidean) partial Fourier transform of the
Schwartz function ga 4 [21]. If there is an f) o € C°°(T'\ N) such that D faq = ga,q,
or f)fmq = gA,q, then

A A

(1.2) Dfrq=Gag

and

(L.3) Fra(sa,€) = gaq(sn, €)@~

is the unique Schwartz solution of (1.2), where the (n — 7)-tuple s, denotes the
coordinates of the second kind with respect to X;,1,...,X,.

Next, observe that since fy , € S(R™"1~%) it must be that §a 4(ss,0) = 0, and
by Taylor’s formula

(14)  fag(sn 6 = ]a (5‘%) in(sn, €0)| 16711 = V5 asn E0) M)~

for some &y between 0 and &. To estimate the L2(T'\ N) norm of fy 4 or, which is
the same, the L?(R"*1~%) norm || - || of f 4 we notice that by (1.4)

R 1
(15) sl = [ dsy {/1+/15' l} Gn.q(on, €)[262 de
- >

< / 250 [¥500.0 00, A, 2 dsn + o
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)

to h(§) = f’jg}A,q(sA, €) in (1.5) and replacing 3/9¢ of (1.6) by —)\j_lf/j we obtain

Applying the R!-Sobolev inequality

(1.6) SI‘;pIh(ﬁ)l2 <2 (thl2 + H%

(1.7) Ifxall® < 72 (1Y500.00% + 2721V 900 l1%) + nal.

To get estimates on U f 4, for each U € U(IN), we begin by writing DU fA,q =
Ugn,g + [D,U]frq. Now, if it happens that [D,[D,U]] = 0, then we substitute
fA,q = GA,q/Pa in the right side above and we obtain

UfA,q = ((ng,q + [D» U]QA,q/PA)/PAa
and so

Ufag = (DUgnq + [D,Ulga,q) Py 2.
But, if (ad D)Qyjé 0, then we apply the same reasoning to [D, U]fA,q as we used
previously for U fy 4. Hence

Ufrg = (Ugng +{[D,0aaq + [D[D, Ul fa g} P )Py
If (ad D)3U = 0, then we substitute fy , = g o/Ps and obtain

Ufrg = (D?*Ugnq + DD, Vg q + [D[D, Ulga,q) Py .
Proceeding inductively, we see that, if m > 1 is such that (ad D)™U = 0, then
(1.8) Ufag = hmPi™,
where

hm = [D[D---[D,U] - |lga,g + D[D -+ [D,U] - |gaq
+-+-4+ D™ 2[D,Ulga,g + D™ 'Uga,q € CO(T\ N),

and P, = t¢£. Here the first bracket involves m — 1 D’s with the number of D’s
inside the brackets decreasing by 1 in each successive summand.

Also we notice that if Py(&y) = 0 then all the (partial) derivatives of order less
than m of the Schwartz function h,, = P{"U fp 4 vanish at . (Of course, here
Pr(&) = 0 if and only if & = 0, but later we will refer to this argument in the
context of a more general P,.) Hence all the nonzero terms in Taylor’s expansion

of hp, at & contain (partial) derivatives of hn, of order at least m and we have the
estimate

o (58, €)1 < D (@) T Dghum (54, &a)l (€ = &0)°,

|a|=m

for suitable &,.
Thus dividing the above inequality by Pf*, for Py = 1§, {§o = 0, @ = m, and
D, = —)\]-”IYJ- we get

(1.9) [Py ™ (38, €)1 < (mb) ™" sup [V om0, ) 12517
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Now we esimate the L2(R™™*) norm of h,, P{™ in exactly the same manner as we
estimated || fx 4]|? in (1.5) but using now (1.9) instead of (1.4) and we get

(1L10)  [[Ufaall® < 4(mt) A2 (YT ol + 27 21V onl|) + [l |-

(If m = 1 and U = I then hy = gy 4 and (1.10) is just (1.7).)
If X has the rational supplmentation property, (1.1’) “eliminates” the A;’s from
(1.10). If it has the non-Liouville supplementation, we apply (1.1) to get

AP R P < C(Aen)? + -+ Aen)?) ™Y |2
= éjnqll*
and
AT R |2 < O (Aer)? -+ 4 Alen)) DAY |
= C?|l$sa4l%)
where ¢; 4, and ;x4 are defined by the equations above, and where ¢; =

oaq®Prqand ¥ = 37, a4 are in C°(T'\ N). Thus, denoting by ||| - ||| the
norm in L?(T'\ N), we have (recalling the j which was fixed early in the proof)

NUAN? =D 1T faqll?
Aq

<DL D Cilldiaal® +1dsagll®) + 2lhm|?

7=1{A,q:A(Z;)#0}
<Gl + g 1112) + 2mll 12,
7

ie. f=3 ) ,faq € C®(\N)and D is globally regular.

REMARK 1. Suppose D = X + ¢Z with X € M satisfying the hypothesis of
Theorem 1 and Z € 3. Then, in the notation of Theorem 1, D = i¢ — A(Z). We
could replace (1.3) by

(1.3 Fra(58,8) = Gaq(sa, §)(E€ = A(Z)) 7,
and then (1.3') would yield the estimate |fa 4(sa,€)| < |Ga.q(sa, €)| |A(Z)|! or,
more generally, by (1.8), |Ufaq| < |hm||A(Z)|~™, provided A(Z) # 0. If now Z
were a non-Liouville vector, as in (1.1) we would have
IAZ)|7™ = [A(Z)]7™ < C™(Aler)® + -+ + Alen)?)™
=C™(AE)* + - + A(en)?)™
with some rational basis ey,...,e, of 3. Hence
(L11) [IUFII2 < C™II(A(en)® + - + Ale) )™kl P+ Y 1T fall?,
{A,q:A(Z)=0}

while the sum over those A such that A(Z) = 0, is finite by the estimates of the
proof of Theorem 1. What we have just shown can be stated as the following
slightly modified version of Theorem 1.



GLOBAL SOLVABILITY ON COMPACT NILMANIFOLDS 355

THEOREM 1’. Let N be any 1-connected nilpotent Lie group possessing a cocom-
pact discrete subgroup T'. If X € M has the non-Liouville supplementation property
and Z € 3(M) (center of M) is a non-Liouville vector then D = X + 1Z 1is globally
regular on T'\ N.

The hypothesis of Theorem 1’ that Z be a non-Liouville vector cannot be relaxed,
even if 91 is only two-step, as the following example shows.

EXAMPLE 1. Let 2 be spanned by {X,Y1,Y2,Z1,Z;}, where all nontrivial
bracket products are generated by [X,Y;] = Z;, j = 1,2. Let D = X +Z,
where Z = Z; + aZy with some fixed real number . Let N = exp91 and let T
be the discrete cocompact subgroup of N generated by exp X, expY; and exp Y>.
Let 7 € (I'\ N)  be infinite dimensional, and A € On(7) with A(Z;) = )\; € Z,
J = 1,2. Then there is a Schrodinger model of 7 in L?(R)) derived from the Mackey
induced representation space using the maximal subordinate subalgebra 9t spanned
by {Y1,Y2,Zy,Z3}. In this model n(X) = d/dt, n(Y;) = iAt, and n(Z;) = i),
J = 1,2. Taking the (Euclidean) Fourier transform "~we obtain #(X) = ¢, #(Y;) =
—X;(8/88), #(Z;) = i);, and #(D) = i§—(A1+aAz). Hence f5(&) = ga(€)(1{—A:~
az) ! is the unique Schwartz solution of #(D)f) = ga. If a is a Liouville number,
which corresponds to Z being a Liouville vector in the center 3 of 9, we can find,
for each integer p > 0, a pair (A1p, A2p) such that |A1, + adop| < (JA1p] + |A2p]) 7P
Let Ap € (I'\ N)  be such that A,(Z;) = Ajp, 7 = 1,2. Define g = > 9p Where
gp € Hap, p = 1,2,..., in such a way that §,(&) = (|A1p| + |A2p|) P/ 20(€) with
some fixed ¢ € C®°(R), ¢(£) = 1 on a neighborhood of £ = 0 and ¢(&) = 0 outside
a compact neighborhood of zero. Then g € C*°(I'\ N), but 3_ | fp(0)|? diverges.
By the Sobolev inequality (1.6)

o= /(0 < ngplfp(é)l2 <D 217+ A1 1)
< 201 + 20 A1

Thus f =3, fp ¢ C>°(T'\ N) and D is not globally regular on I'\ N.

The hypothesis of Theorem 1 (and also that of Theorem 1’) that X has the
non-Liouville supplementation property can be replaced by a number theoretic
condition, as illustrated by Example 2. The example also shows what obstructions
one encounters in attempting to prove a general theorem of this sort.

EXAMPLE 2. Let the Lie algebra 2,, be spanned by the vectors X, Y;,...,Y,_1,
Z, where Z is central. Let the only nontrivial bracket products be generated by
(X,Y;] =Yj41,1<j<n-1,and [X,Y,_1] = Z. We call N,, = expMN,, the n-step
chain group. Let I' be a cocompact discrete subgroup of N, such that X and Y;,
the generators of M, are in logT'. If M is spanned by {Y3,...,Y,_1,Z}, and if
A(Z) # 0, then 9M is a [-rational subalgebra of N,, and is maximal subordinate
to A. If we now let n = 3, and D =Y; + 8Y2 + vZ (€ M), we will show that D
is globally regular on T'\ N3 if 32/2 — ~ is not a Liouville number. (In particular,
if both 3 and v are algebraic numbers, then 3%/2 — ~ is non-Liouville.) Here
[D, 4] = {0} g RZ = Ny, and consequently D does not have any form of the
supplementation property.
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All the nonequivalent unitary irreducible representations in the spectrum of
I' \ N3 which are nontrivial on the center can be parametrized by pairs of inte-
gers (a,c) with a # 0 that correspond to integral A € 9%/ Ad N3 with A(Z) = a,
A(Y1) = ¢, A(Y2) = 0. All those representations, say 7., can be realized on L?(R)
in such a way that (cf. [4, p. 119]) 7T.e(X) = d/dz, 7ae(Y1) = 2mi(c + az?/2),
Tac(Y2) = 2miaz, and 7,.(Z) = 2mia. Thus

Tae(D) = 2mi(c 4 ax?/2) + Baz + va] = ami(z — 24 )(z — 2_),
with x4 = —8 % (8% — 2y — 2¢/a)'/?. Therefore

fac(®) = Gac(@)[mialz — 24)(z —2-)] 7

is the unique Schwartz solution of the equation 7, (D) fac = §qc and we can write

faC(x) = [mia(zy — x_)]_l[g}ac(x)(r - Z+)_1 — Gac(z)(z - 5’3—-)—1]3
if 2y —xz_ =2(8% — 2y —2c/a)'/? #0,

or
fac(®) = Gac(z)(z — B)?/mia  otherwise.

Now, if 32/2 — ~ is not a Liouville number, there exist a positive constant K and

a positive integer p such that |32 — 2y — 2¢/a| > K~2(2ra)~2(P+1) for all integers

¢ and a, a # 0. Hence

| fac(@)| < Klgac(z)(2ma)? /(€ — 4)| + K |fac(2)(27a)?/(z — z_)|
= KlngaC(z)l/lm — 4|+ Klngac(z)mz —z_|
If z, and z_ are complex roots, then for all real z,
|z — 24| > (8% — 2y — 2¢/a)'/? > K1 (2ma) P,

and we have the estimate | ZPoc(z)|/|z — 24| < K|Z*+1§4(z)| which implies the
corresponding norm estimate ||ZPg,./(z — z4)|| < K| Z%**1G,.|l. If 2, and z_
are real, we notice that §,.(z+) = 0 and we use Taylor’s expansion of ZP§ac(x) at
T = x4 to get to estimate

(1.12) |Zp§a0(17)l/|z -z < Slip |XZp§ac(w)|‘

To estimate || f,c||, as in (1.5) we break the integral [ - - - dz over R into two integrals:
one over the interval [z — 4| < 1 and the other one over its complement |z —z 4| >
1, we apply (1.12) to the integrand of the first integral and then use Sobolev’s
inequality (1.6) with h(z) = XZP§s.(x). The resulting estimate is

| fael® < 8K2(IXZ7gacl® + 1 X% 27 Gacl|®) + 2K (| 2P gac |

Next we proceed as we did in (1.8) to obtain the estimates on Ufac, U € UNs), a,
c integers, a # 0. The remaining oco-dimensional representations of N3 which are
in the spectrum of I'\ N3 correspond to integral A € 915/ Ad N3 which are 0 on the
center RZ of N3, and therefore can be viewed as representations of the quotient
group N3 = N3/expRZ isomorphic to the 3-dimensional Heisenberg group. On
this quotient group N3, D = Y + BY already has the rational supplementation
property: [D,M3] = RY,, and is thus globally regular by Theorem 1.
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Conversely, if 3% /2—+ is a Liouville number that can be rapidly approximated by
rationals from the right, i.e. if there exists an infinite sequence of rational numbers
Pn/n, (Pn,qn) = 1, such that 0 < pn/Qn_ﬁ2/2+’7 <gq," then D =Y, +8Y>+vZ
is not globally regular. (Clearly there exist such Liouville numbers; that they do
not comprise the whole set of Liouville numbers follows from the properties of
convergents of continued fractions.) To show this we may actually assume that
there is a sequence {p, /g, } of rational numbers such that 0 < p, /g, — 5%/2+~ <
(gn + |pn])™™. Let g = > 22 gn € C°(T' \ N) be such that each g, is in an
(irreducible) representation space H, C L?(I'\ N) of m,,,. and corresponds to
Gn(z) = (gn + |pn])~™?¢(x) in the L?(R) realization of H,, as described above
(Y(x) € C*°(R), Y(—B) = 1, ¥ > 0, compactly supported). We have the following
estimates on the solutions f, of Tgnpn (D) fr = Gn:

sup | f ()] = sup |gn(z)/[mign(z — 24 )(z — z_))]
2 Ig"(— )/ﬂ-qn(ﬂz -2 - 2pn/‘1n)[ > (Qn + 'pnl)n—nﬂ—l’

where £+ = —3+14(pn/gn — 3% +27+)/?, and the sup is taken over all r € R. Asin
Example 1, this shows that f =Y f,, ¢ C°(T'\ N). (Note that the right sidedness
of the Liouville number was used to insure that neither 4 nor z_ is real.)

On the chain group N,, any D without the supplementation property acts in the
representation space of 7, realized on L?(R) as a multiplication by a polynomial,
say Pjp(z). Example 2 exhibits that the crucial thing for the global regularity of
such D then is how rapidly the distances from the real line of the complex roots of
Py (z) vary with A € M35/ Ad* N3 “as A — 00”. We will finish this section with the
following

THEOREM 2. Let N be any 1-connected nilpotent Lie group possessing a co-
compact discrete subgroup I'. Let D =Y € My_,—the next to the last step of the
lower central series of M, the Lie algebra of N. Suppose Y s a non-Liouville vector
(relative to T'). Then D is globally regular on T'\ N.

PROOF. The hypothesis in Theorem 1 that X has supplementation was to
assure the existence of Y, in M,_; such that [X,Y,] = Z;, so that we could
build a Schriodinger model for the representation ma in Wthh mA(X) = 8/0x,
ma(Y;) = iA(Z;)z, and m5(Z;) = iA(Z;). We can now reverse the roles of X and
Y; in this picture. That is, we start with D =Y € M;_; and a rational basis
Z1, oooyZy of M. Then for given A, if A(Z;) # 0, either Y is in the center of 91 (a
quotient of O with one-dimensional center spanned by 7j), in which case we get
the estimates on (D) using (1.1) as we did in (1.11), with m = 1, and noting
that the passage from M to M does not affect these estimates, or else Y € My_; ~
center of M. It is in the former case that we need non-Liouville, while in the latter
case, there exists X, € M such that [X;,Y] = Z,. We again build a Schrodinger
model for 7y in Wthh A (X;) = 8/0z, mA(Y) = iA(Z;)z, and mA(Z;) = 1A(Z)).
Again, fA( ) = ga(z)[iA(Z;)z]) ! is the only Schwartz solution of ms (D )bA = g,
and we can use 7 (X;) = 8/ dz in Taylor’s formula and Sobolev’s inequality that
are needed for the estimates on Ufy, U € U(M), as in the proof of Theorem 1,
noticing that |A(Z;)|~! < M; for all integral on 90 such that A(Z;) # 0.

We mention also the followmg modification of Theorem 2.
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THEOREM 2'. Let N be any 1-connected nilpotent Lie group possessing a co-
compact discrete subgroup I'. Let D =Y +1Z withY € My_1 and Z € the center
of M. Suppose that both Y and Z are non-Liouville vectors (relative to I'). Then
D 1is globally regular on T\ N.

PROOF. Let A € (T'\N)". If, after reducing N to N with one—dlmensmnal center
3,Y € 3, then mp(D) = iA(Y) — A(2), fa = GaGGA(Y) — A(Z))~1, and we use
either the estimate |fx| < |Ga|[A(Z)|~! if A(Z) # 0, or we use |fa| < |ga] |A(Y)|™?
if A(Z) =0, and the proof goes now as in Theorem 1’ using (1.1). If, on the other
hand, Y ¢ 3, then m(D) = 1A(Z;)z — A(Z), again we proceed as in the proof of
Theorem 1’ when A(Z) # 0, while if A(Z) = 0, we are in the situation of Theorem
2; cf. the comment at the beginning of the proof of Theorem 1, §1.

2. n-step nilmanifolds—complex fields. We can “complexify” Theorem 2
as follows. Suppose D = Y; + Y5 with Y7,Y; € M, _1, both non-Liouville vectors.
If M is of step 3 or more, then [Y1,Y2] = 0. If M is of step 2, Nx_1 = N, and we
simply assume that [Y3,Y2] = 0. Let Z;,...,Z, be a fixed rational basis of My,
A € 9*, rational (as remarked after Theorem 0), A(Z;) # O for some j, be given.
After reducmg to one-dimensional center, we may assume that Y;, Yy € My_; ~
3. (Otherwise we would use the estimates from the proof of Theorem 2/, noting
that these estimates are independent of the passage from N to N.) Therefore,
there exists X; € M such that [X;,Y ] = Z;. We construct a Schrodinger model
for mp choosing X; to be the first external vector. Since Yy € _1, we have
[X;,Y2] € M C center(M) = RZj, so [X;,Y2] = o;Z; for some o; € R. If
Y, € center of 3(Y), then in our model

(2.1) (Y1) = iA(Z)e,  ma(X;) = %,

ma(Y2) = iA([X;,Y2])z, and wa(Z;) =A(Z;).

Thus 75 (D) = {iA(Z;) — A([X},Y2])}z and we can use the same estimates on fAs
unique Schwartz solution of 7rA( ) D)fr = §a, as we did in the proof of Theorem
2 (we notice that |A(Z;) — A([X,,Y2])|"! < |A(Z;)|71). If on the other hand,
Y, ¢ center of 3(Y), then there exists V; € 3(Y1) such that [V;,Y2] = Z; in
3(Y1), and we pick V; to be the second external vector in our model. In this model
7 (V1) = iA(Z)z,

(2.2) m(X) = o ma(¥a) = iA(Z)u +iA([X;, Val)e,

and

Ma(V3) = 55 +iA(X5,Vi )

provided [X;,V;| is central. Hence
mA(D) = 1A(Z;)z — {A(Z;)v + A([X;, Y2])z} = Pa(z,v),

and |Py(z, U)] = (A(z,v), (a: v)), where the real symmetric matrix A = (§?),
and a = A(Z;)? + A([X,,Y2])?, b = A(Z;)A([X;,Yz2]), and ¢ = A(Z;)?. Then the
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minimum eigenvalue of A is positive and is readily calculated to be
(2.3)  caj =2(ac—b){a+c+ ((a—c)? +4b?)1/2} !
= 2A(Z;)*{2A(Z;)* + A([X;, Ya])®
+ [A([X;, Y2DI(A((X5, Ya))? + 4A(Z;)%) /%

Then
|Pp(z,v)|* > caz(z% +v?), for all real  and v.

In order to obtain L2-estimates on fj, the unique Schwartz solution of 7z (D)fx =
gr, we proceed as in the proof of Theorem 1, with small modifications. First,
Py(z,v) = 0 iff z = v = 0 implies that ga(sx,0,0) = 0. Instead of (1.4) we now
apply Taylor’s formula on R? combined with the expressions (2.2) for the partial
derivatives /9 and 9/3v. Thus by elementary inequalities we have

(2.4)
~ ~ 2
| fa,a(sa,0,2)2 < (’z <%%) (84,v0,%0)| + v <%‘(]3> (8a,v1,21) ) - Pp(v,z) 72

< ¢y} (sup | X;da(sa,v, )| + sup |(V; + i[xj,%]?lA(Zj)_l)gA(sA,U,$)|2>

< 5} (sup 1%, |? + 2sup |V, * +2sup %, V;1¥da M3

where M; = Sup{|A(Z;)|"*:A € (T \ N),, A(Z;) # 0} as in (1.1), and all the
suprema are taken over v,z € R. We notice that for any Schwartz hy, by (2.3), we
have

FM;{2M(Z;)* + A((X;, Ya))? + 2(A((X;, Yo )A(Z) }Aa
< $M}(1Zhal? + |[X;, Valha|?).

Applying this inequality to ha equal subsequently to X JgA, f/jg}A, and [X’ ]VJI ~1§A,
we get from (2.4)

| fha(sa,0,2)|?
2
3 S o 5o ~ S e A
EM > (sup | U X;gal? + 2sup|U;xV5dal? + 2sup [Tk [ X;, V;]V1da|2M7)
k=1
with U;; = Z; and Ujs = [X;,Y2). Next, instead of [---d¢ in (1.5) we use
[f ---dvdz and then we break this double integral into two integrals, one over the
unit disk 2 4+ v? < 1 and the other one over its complement, z2 + v > 1. (Here
we are using (2.3).) And finally, instead of (1.6) we use the R2-Sobolev inequality

f*  |e2f 2)

0¢? on?
which we apply to each of the summands in (2.4). (We note that |ca;|~ 1 grows at
most polynomially in A.) For the estimates on U f g U € U(M), we proceed as
in (1.8) with the same modifications as described above. All this procedure works
fine, except that for a general N it is hard to tell whether we can actually pick X
and V; so that [X;,V;] needed in (2.1) is central. It surely is central if 9 is of step
two, and we have the following proposition.

+

sup|f(v,2)|* < C (IIfII2 + I
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PROPOSITION 1. Let N be a stmply connected step 2 milpotent Lie group, and
[ a cocompact discrete subgroup of N. If X, Y € M commute, and both are non-
Liouwille vectors, then D = X + 1Y s globally regular on T\ N.

Another natural class of groups for which [X;, V] = 0 is that of nilpotent semidi-
rect products of Abelian groups (metabelian groups). For let 9 = A x B with
2A ~ RP, B ~ R? Then, if the above constructed X; and V; are such that
X; =& +n1and V; = & + 2 with some & € A, n; € B, ¢ = 1,2, we can simply
replace them by X’ = & and V] = {. We summarize these facts as the following

THEOREM 2¢. Let N be a metabelian nilpotent Lie group with a cocompact
discrete subgroup I'. Let D = Yy + 1Yy with Y1,Ys € N1 —the next to the last
step of the lower central series of N, the Lie algebra of N. Suppose both Yy and Ys
are non-Liouville vectors (relative to T'). Then D s globally regular on T\ N. If N
1s of step less than 3 assume moreover that Y1 and Yo commute.

Of course X; and V; may commute even if 91 is not metabelian.

EXAMPLE 1. Let N be the nilpotent Lie algebra of strictly upper triangular
n X n real matrices, n > 4. Then M is of step n — 1 and the next to the last
stage of M is spanned by the two vectors Eq ,—; and Es , (Ej; denotes the matrix
which has 1 on the crossing of kth row with {th column and zeros otherwise) and
the one-dimensional center by E,,. D = Fy ,_1 +tE> , is globally regular on any
nilmanifold T\ exp M such that Ey ,_1, E2,, are non-Liouville with respect to the
I rational basis. The (commuting) external vectors X; and V; can be chosen to be
—E,_1,, and E;  respectively.

This covers (infinite-dimensional 7 corresponding to) A in general position:
A(E1,) # 0. However there are also exceptional orbits with dim7 = oco. For
these, A(E;1,) = 0 and passage to the quotient puts E; ,,_; and E5, in the center
of M, and so the required Sobolev estimates for such A are easier, and do not require
a choice of V.

We will now quote two examples of 3-step nilpotent metabelian groups which
will also be useful to illustrate our next theorems.

EXAMPLE 2. M = A x B where A = RX; ® RX;, B = R-span of {U;,Us, U2,
Y1,Y2, Z} with all nontrivial bracket products generated by [X;,U;] =Y, [X;,Y)]
= Z,and [X,;,U12] = Y3_;, j = 1,2 [17]. Here M; = N, N] = RY, 8 RY, & RZ
is the next to the last stage of the lower central series and N = exp 1.

EXAMPLE 3. M = subalgebra of 91 of Example 2 that does not contain Uj,, and
N =expN.

In each of these two examples D = Y7 + ¢Y; is globally regular, the commuting
external vectors being X; and Xo, if Y7 and Y3 are non-Liouville with respect to
some ['-rational basis.

REMARK. We notice that the model we just built to prove Theorem 2¢, shows
that for D = X; +4V}, j-fixed, [X;,V;] = 0, we can produce estimates similar to the
ones we obtained for D = Y] + 1Y,. To see this we apply the (Euclidean) Fourier
transform to (2.2) obtaining

0
5_5'3
ﬁA(YQ) = —-A( [ YQ] , and ﬁ’A(D) = ZE -n.

Ta(X;) =€, ﬁA(Yl) = —A(Z;) 7a(Vy) =,

(2.5)
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Now we can repeat the argument of Theorem 2¢ using 9/9¢ = —A(Zj)'lf’l
and 8/0n = —A(Z;)7 (Y2 — Y1[X,, Y2]A(Z;)~1)" In particular we have sufficient
L?-estimates on f for the global regularity of D = X; 44V} in Example 3, and in
Examples 4 and 5 to follow, provided A(Z) # 0 there.

Now we would like to determine the algebraic conditions on (commuting) vector
fields X,V € 91 that would guarantee the existence of a Schrodinger model for 7p
satisfying (2.1), which would in turn, as described above, imply global regularity
of D = X +1V. To make X the first external vector in our model, as in the
proof of Theorem 1, we pick Y; € 91x_;, and a non-Liouville Z; € N such that
[X,Y;] = Z; assuming therefore that X has the non-Liouville supplementation
property. Next, to use V' as a second external vector we need two things: (10) Vv
to be in the centralizer of Y in 9, and (2°) V to bracket a vector, say Y/, in the

next to the last step of the lower central series of 3(Y;), or of M in particular, onto
Z;. The following condition—a property of a pair of vectors X and V, stronger
than the requirement that both X and V have the non-Liouville supplementation
property—is sufficient for 1° and 2° above to hold (cf. also Example 4 at the end
of this section).

(2.6) Property (Py). There exists a set Z1, ..., Z, of non-Liouville vectors in 9t
such that every rational subspace V of I of codimension 1 can be supplemented
to My by some Z;, 1 < j < m, and also a set of vectors Y7,...,Y,,,Y{,..., Y, in
Mi—1 such that for each 1 < 7 < m,[X,Y;] = Z;, [V, Y]’] = Z; and either [V,Y;] =0
or [X,Y/]=0,forall j=1,...,m. (By Remark 1 of §0, Property (Py) is invariant
under rational automorphisms of 91.) There is also, in this context, a stronger
version of the rational supplementation property for the pair of vectors X and V
(which implies (P)):

() (X, M_1] =My and [V,ker(adx [Me—1)] = Nk or
£ V,Me_1] =M and  [X, ker(ady |Me_1)] = M.

Thus we have the following complex version of Theorem 1.

THEOREM 1¢. If X andV € N, an n-step nilpotent Lie algebra, commute and
have Property (Py) or (P}), k=1,...,n—1, then D = X + 1V 1is globally regular
on every compact nilmanifold T\ N, N = exp .

We notice that the pair X;,V; of Example 1 satisfies (P.,_;). Also, the pair
X1, X2 of Examples 2 and 3 satisfies (Pj). In Example 2 (P;) holds but (P{) does
not. In Example 3 neither (P;) nor (Pj) is satisfied, nevertheless D = X; + iX,
there is globally regular if X; and X, are algebraic. This is because X; and X,
both are algebraic vectors in the step 2 Lie algebra 9 = 91/RZ and we are in the
situation of Theorem 2¢. In fact, we can state the following

COROLLARY. Let N be a 3-step nilpotent Lie group possessing a cocompact dis-
crete subgroup I'. If X1, Xy € M satisfy (P2) (or (P3)), [X1,X2] = 0, and both
X, and X5 are non-Liouville vectors (with respect to logT'), then D = X1 +1X5 s
globally regular on T\ N.

We end this section with the example showing that the assumption that both X
and V have the supplementation property is not sufficient for global regularity of
D=X+iV.
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EXAMPLE 4. Let I be the 2-step nilpotent Lie algebra spanned by Xi, Xj,
Y, Z with the commutation relations generated by (X;,Y] = Z, 7 = 1,2. Let
N = expN and let T, a discrete cocompact subgroup, be such that logI' contains
X1, X2, Y, Z. Let D = X; +14(X2 + BZ), where ( is a Liouville number. Then,
clearly, both X; and X, + 87, have supplementation. However, the algebra N is
in fact a direct product of a Heisenberg algebra spanned by X;, Y, Z, and of R!
spanned by X2 — X;. Therefore the center of N is spanned by Z and Z; = X2 — X,
and the infinite-dimensional representations of N corresponding to A € 91* integral
on the center act on L?(R) with 74 (X1) = 8/0z, mA(Y) = iA(Z)z, mA(Z) = 1A(Z),
ma(Z2) = 1A(Z;). Consequently,

na(D) = (1+) 5 ~ [A(Z5) + BA(Z)],

which, after applying the Fourier transform, becomes
#a(D) = (¢ — 1)§ — [A(Z2) + BA(Z)).
As in Example 1 of §1 we can show that D is not globally regular on I' \ N.

3. 3-step nilmanifolds, [X,Y] = 0. In this section we will prove the following
“complex combination” of Theorems 1 and 2. As we needed Property (P%) in
Theorem 1c and N to be metabelian in Theorem 2c, here we also need some
additional commutation properties of 1.

THEOREM 3. Let N be a 3-step milpotent Lie group with Lie algebra N and a
cocompact discrete subgroup I'. If X, Y € M commute, X has the non-Liouville
supplementation property, Y € [M,MN] is a non-Liouville vector and moreover,
[ker(ad%),Y] = [M,Y] then D = X +iY s globally regular on the compact nil-
manifold T'\ N.

Since the proof of Theorem 3 for some A € (I'\ N) requires the estimates on
step 2 quotient groups of N, we will state and prove its stronger step 2 version first.

THEOREM 3'. Let N be a step 2 nilpotent Lie group with Lie algebra Nt and
a cocompact discrete subgroup I'. If X,Y € M commute, X has the non-Liouwville
supplementation property, and Y 1is a non-Liouville vector, then D = X + 1Y 1s
globally regular on T\ N.

PROOF OF THEOREM 3'. Let A € (['\N) and let Z,,..., Z, be a rational basis
of 3. We reduce N to an algebra M with 1-dimensional center 3 spanned by Z,
say. We may assume Y ¢ 3, otherwise we would have applied the estimates from
the proof of Theorem 1’ which are unaffected by the passage from M to M. (It is in
using Theorem 1’ that we need Y non-Liouville.) There exists X; € 9N such that
[X,,Y] = Z;. We choose X; to be the first external vector in our construction of
the Schrédinger model for 7, with a special maximal subordinate to A subalgebra
M. Clearly X € 3(Y). Two cases are now possible.

Case . X € 3(3(Y)™). Then mA(X;) = 8/8z, ma(Y) = iA(Z;)z, ma(X) =
tA([X, X))z, and 7p(D) = {tA([X, X,]) — A(Z;)}z, A(Z;) # 0. We use the same
estimates as we used in (2.1).
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Case IL. X ¢ 3(3(Y)). We choose X to be the second external vector. There
exists Y, € 3(Y)~ such that [X Y, il= Z In this model

m(X) = oo m(Y) =M, ma(¥;) = iA(X;, VDo + iA(Z,)a,

a . .
ma(X) = 92 T A((X, X;])v, and =y (D) = (;9_::: + A (X, X;]))v — A(Z;)v.
Taking the Euclidean partial Fourier transform ~with respect to the z variable, we

get
0

9’
Ta(Y;) = A([X;, Yi])v A(ZJ) and

Ta(D) = (& + A([X, X;])v) — ( 7)v = Py(€,0).

Asin (2.3), |Pa(&,v)|? > cp;(£2402) for all real € and v, where the lowest eigenvalue
ca; of the quadratic form IPA(ﬁ ,v)|? satisfies the mequahty

ca; 2 AZ)*{A(IX, X51)% + A(Z)” + 137

Now we apply the argument of §2 stated after (2.3) with 9/0v = ma(X;) and
0/0¢ = ma{—A(Z;) " (Y; +1A(Z;) 71 [X;, ViV )}

PROOF OF THEOREM 3. Let Zy,...,Z,, be the set of non-Liouville vectors in
M, described in Definition (0.2) and let A € (T'\N) be such that A(Z;) # 0 for some
1 < j < m. (Otherwise we would have applied Theorem 3’.) We may assume that
Y is not in the center of 9. (Otherwise we would use the estimates from the proof
of Theorem 1/, which are unaffected by the passage from 91 to 91.) Hence there
exists X; in 0N ~ [N, N| that brackets Y onto Z,. We choose X, (any preimage of
X; in N) in ker(ad%) to be the first external vector in our construction of a special
M,. Now X € 3(Y). By the non-Liouville supplementation property of X, there
exists Y; € [N, MN] such that [X,Y;] = Z;. We notice that Y; € 3(Y)~ since Y and
Y;, both being in [N, N] of a step 3 algebra N, commute. Also, [V ;,3(Y)~] =RZj,
the center of 3(Y)~. Thus X can be chosen to be the second external vector. Let
N =expIMy ---expRS - - - exp RX exp RX; be the parametrization of N obtained
by this construction. A has already been used in passing to the quotient algebra M.
However, by applying Ad* exptX,, we can make A(Y) = 0, and since X € 3(Y),
we will not disturb this arrangement if we use Ad* exp t’X to make A(Y3) = 0 too.
Also, A remains rational on the center. Thus we have

Ta(X;) = T (Y) = iA(Z‘)U A (X) = 1€ +1A([X, X;])v,

ma(X;) = o, ma(Y) = iA(Z)v, ma(¥y) = iA(X;, Y] +iA(Z))z,

9
ov’
and

l
mA(X) = 2t {—;—va([[Xj,X],Xj]) +o (2 A1, X)Se]) + A(LX, xm) } .
k=1

(Here we use the fact that 91, can be taken both to be special and to contain [0, 9]
simultaneously.) Taking the Euclidean partial Fourier transform with respect to the
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z-variable we obtain

o . . . . 0

ﬁ'A(Xj) = %, WA(Y) = ZA(Z]‘)’U, 7TA(YJ‘) = ’LA([XJ',Y]‘])'U - A(ZJ)B_é’

and

T (X) = {€+ v A([[X;, X]X;]) +v (Z skA([[X, X5, Skl) + A(IX, X; ]))}
k=1
Hence 9/0v = 74 (Xj), 8/0€ = 7a{—A(Z;)"1(:A(Z;) ' [X;,Y;]Y +Y;)} and 75 (D)
acts on L?(R!*2) as a multiplication by a polynomial Py;(sy, &, v).
Letting

!
A= AWw) = o[, X1, X)) + D seA (X, X1, S4]) + A(X, X))
k=1
we get,
|Paj(sa, &0)* = A(Z;)*0* + (Av+ €)* = Q(A(v), v, §).

Introducing a dummy variable v!, and letting cy j(v!) be the minimum
eigenvalue of the quadratic form Q(A(v?!),v, £) in (v, £), we have Q(A(v?),v, &) >
ca,j(v') (v +€2). Now we let v! = v, and we use (2.3) with a = A(Z7)+ A%, b= A
and ¢ = 1 to calculate ¢y ;. The radical in the resulting denominator in (2.3) is less
than A(Z;)% + A% + 1, so we have cp ; > A(Z;)%(A(Z;)? + A2 +1)" L.

We get the L2(R!+2) estimates on fj in essentially the same manner as in (2.3)
of §2, the only difference being that in (2.4), before taking the sup, instead of
M; of (1.1') we use (1.1) and we write the multiplication by A as an action of
#a(Uj) + A(Z;) 174 (V;) for some U;,V; € U(M). Since #ip(—1X) = A-v+ ¢, and
#a(X;) = 0/0v, we have

0

wa([X;, —iX]) = v A+ A

But v(9/0v)A = (v/2)A([[ X1, X], X]) so
A = 7a([X;, —iX] + 3A(Z;) 71X, XIXGY) = 74 (U;) + A(Z5) " ea (V)

because T4 ([[X;, X], X;]) = tA([[X;, X], X;]), and 7ma(Y) = iA(Z;)v.
REMARK 1. The assumption [ker(ad%),Y] = [N, Y] forces [[X, X,], X] to be 0
in the Schrodinger model we construct. Without this assumption we would have
0

7100 = 2+ { 0, X), ) + oA (X, 5}, X)

!
k=1
We were unable to get satisfactory estimates when the “zv”-term is present; nor
were we able to provide a simpler than the described above parametrization of a
3-step M.
REMARK 2. If in Example 2 of §5 we consider the operator D = X + 1Y5 the
hypothesis on ker adg( in Theorem 3 is satisfied.
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4. 3-step nilmanifolds, [X, Y] central. In this section we will prove a version
of Theorems 3 and 3’ of the previous section for [X,Y] # 0, central. We remark
that the proof of this case is quite different from that used in the case of [X,Y] = 0.
However, the case [X, Y] = 0 must be proved first, since it is an essential preliminary
to proving the case with [X, Y] # 0. The reason for this is that, even if [X,Y] # 0,
there are A € (I'\ N) such that A([X,Y]) = 0, which forces us to fall back upon the
commuting case which is already proved. Also, Part II of the proof of Theorem 4 in
the present paper corrects an oversight in part (B) of the proof of Theorem (3.13) in
[5]. The right-hand side of inequality (3.16) on p. 548 there should have contained
terms of the form |[7n U fA,q(s 4,0)|. Consequently, what we call Lemma 1 in
this section is missing there.

THEOREM 4. Let N be a step 3 or step 2 milpotent Lie group with Lie algebra
N and a cocompact discrete subgroup I'. If X, Y € N, if X has the non-Liouville
supplementation property, and Y s in the nezt to the last step of the lower central
sertes of M (which is the commutator [N, N] if N is of step 3 and N atself of N
s of step 2), then D = X + 1Y 1s globally regular on the compact nilmanifold
'\ N provided both Y and [X,Y] are non-Liouville vectors. By the assumption,
Z = [X,Y] is central. Moreover, if M is of step 3 with the center more than 1
dimensional we assume that [ker(ad%),Y] = [N, Y].

PROOF. Let A € (I'\ N) and assume ) := A(Z) # 0. Otherwise we would
have applied the estimates of Theorem 3, or 3’ to f A on the quotient group N/W,
where W = exp20 and 2U is the smallest rational subspace of M containing Z.
Since ker(A|3) is a rational subspace containing Z, it follows that 20 C ker(A|3).
Since 20 C 3, 20 is also a (rational) ideal of . Notice that in case of 3 being 1
dimensional, N/W is of step 2 and we apply Theorem 3’, while in case of dim 20 <
dim 3, N/W may still be of step 3 thus forcing us to apply Theorem 3 with its
additional assumption [ker(ad%),Y] = [N, Y], or actually with [ker(ad%),?] =
[M,Y] where M = 91/2W. We choose X to be the first external vector in our
construction of My, and thus we have

9
oz’
and (D) = 0/0x — Ar. Hence

w0 ns = e (25 ) ([Carntien (55 ) d+elon).

where ¢(sy ) is a constant depending on sy, is the general solution of 74 (D) fx = ga.
We will break the proof now into two parts, I and II, depending on whether X is
positive or negative.

PART I () > 0). We are interested in the solutions fj of the form (4.1) which are

in the Schwartz space S(R?). This, in particular, means that lim; 4o fa(s4,2) =
0, which implies

c(sp) = _/000 ga(sa,t)exp <:/2\—t2> dt = _/O_Oo

(4.0) mA(X) = ma(Y) =didz, ma(Z) =1),




366 J. M. CYGAN AND L. F. RICHARDSON
That is,

x < Az? -2
(42) frona) == [~ antsnyen A2 a

[ ..

As a rule, we will work with the first integral if z > 0 and with the second one if
z < 0. To get the estimates on the LZ(R?) norm of fj, we will need the following
estimate on gy (sa,z), which we obtain as in [7, p. 545 except that instead of &
there, which came from (1.1’), we use (1.1). In the notation of (1.1), but replacing
n by m and d by k, take the sup, and obtain, by Sobolev’s inequality, with Sobolev
constant 2,

1
(43)  1ga(sa, > < 2D (I8 + - + E2)*XUZ% + V) *G(sn, )1
=0
itk for |t > 1,
1, for |t| < 1,

where [|h(sa,")||> = [ |k(sa,t)|?dt. Of course (4.3) has nothing to do with

solvability of #(D)fy = §a, and works for any §s € S(R?); thus it is also true for
Uiy, for all U € U(M).

Now let 9t D Ny O --- D Ny D {0} be the lower central series of N: so [N, N;] =
Nit1. If U € N, define the rank of U to be k — ¢, where ¢ = Max{j|U € N,}.
Clearly rank([U,V]) < rank U for any U,V € M. Thus U € 3 if rank U = 0. If the
monomial A = Uy, ---U; € U(DN) = the universal enveloping algebra of N, define
the rank of (the factorization of) A to be Y_7" rank U;. :

If Dfp,q = ga,q, then

(44) D(Un---Uifag) = UlgAq+ZU U1 [D,UJUi—1 - - - Ui faq
=1

and
rank(Uy, - - - Up41[D, U)JU;—1 - - - Uy) < rank(U,, - - - Uy).
Observe that rank (U, ---U1) =0= U, - Uy € U(3).
Inductive hypothests. If rank(U, ---U;) < N, then, for each k =1,2,3,...,

N+1

(In) |0n e (71.fA,Q(3A,$)| < Z Min(l,z_“k“)
=1

1 1/2
D (E X7 (&2 + - + 824 (Z2 + V2)*Tpa (4, -)H?) ,
p r=0

where the sum ) is finite, and rank U, = l. (In fact, each Uy is a product of
U;’s, [D,U;]’s and [D[DU;]]’s, 1 < j < n.) The constants ¢, depend on ¢ of (1.1),
on the Sobolev constant, on k, and on Uy,...,Un, but do not depend on A.
REMARK. (Iy) implies the desired estimate on the L2(R%) norm of Uy, - - - U; fa
(= L} T \ N) norm of U, --- Uy f4) if k is sufficiently large—we just square (I)
and integrate it ds) dz over R%. We will show now that the estimates (I) hold.
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Initial case. For N =0 (Iy) reads

(TIo)  |Un---Urfa(sa, )| < Min(1, || ~4k+1)
! 1/2
2 (E X7 (& + -+ ER)H(Z% + V) Vpn(sa, -)II2) :
P r=0

which is a square root of (4.3) combined with (4.2), plus the observation that
exp[A(z? — t?)/2] < 1 under the integral sign of (4.2) and that U, - --U; commutes
with D.

Inductive step. To see that (In) = (In+1), let U = Uy, --- Uy be of rank N + 1.
By (4.3), f1 = Uf, is the unique Schwartz solution of

ma(D)f1 = Uga +Zﬁn"'[bvﬁq}"'U1fA =ha

q=1

and therefore is given by (4.2) with §, there replaced by the above hy. That is,

(45)  Ufa(sa,z) = / {0§A(3A,t) + Zﬁn"'[b7ﬁq]"'01fA(3Aat)}
oo =

-exp[A(z? — t2)/2] dt.
The first term of the above sum is estimated by an expression of the same form
as the one on the right-hand side of the inequality (Ip). For the other terms we
apply (In) to each U, ---[D,Ug]---Uifa, ¢ = 1,...,n (which are of rank < N),
and we group the terms. The integration with respect to ¢t of Min(1, [t|~2**!) in

(4.4) changes the constants ¢;, and increases [ by 1.
PART II (A < 0). Here we can pick ¢(sy) of (4.1) to be 0, so that

(4.6) Falsn,z) = /0 " Ga(sa,t) exp [M] dt.

Since we have picked a solution, we do not know a priori that the function f A de-
fined by (4.6) is Schwartz. Clearly it is in C*°(R%). We know, by the hypothesis
(cf. Definition (0.1)), that there is a function c(sy) for which the function f¢ cor-
responding to ¢(sy) under (4.1) is Schwartz. And fx defined by (4.6) differs from
f5 by exp(Az2/2)c(sp). Clearly, c(sy) = f$(sa,0) is Schwartz on R4~1. Hence
exp(Az2/2)c(sp) € S(RY), and fy must be Schwartz being a difference of two

Schwartz functions. Now (4.4) and (4.1) yield the following expression for U fj,
U=U,---Uy € UMN), rank(U) = N:

(4.5') 0fA(3A,$)=/OI {ﬁgA(SAat)+iﬁn"'[bvﬁql"'01fA(3A1t)}

-exp[\(z? — t?)/2] dt
+Ufa(sa,0) exp(Az?/2).

Taking the sup over t of each of the summands of the integrand in (4.4'), next
applying the integral estimate

T 2 _ 42
/ exp [/\(ICT”] dt‘gl—/\—l (A<0, zeR),
0
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and then the Sobolev inequality (1.6) to sup, |Uga (s, t)|, we obtain

n

U fa(sa,2) < (1- /\_I)SI:P (IUQA SA5t) Z 1D, 0] -+ ﬁlfA(%J)l)
; 2
+ U fa(sa,0) exp (%)

1 n
<(1-27Y <2Z IX"Tga(sa,)II* + Zsltlpﬂjn -+ [D, Ty - “fflfA(SA’t)l)
r=0 q=1

+ (}fA(sA,O) exp(Az?/2).

Next we return to (4.5') for each summand on the right involving f(s4,t). We
iterate this procedure until there is no fa(sa,t) on the right-hand side. Then we
obtain

NE
=

(4.7) |ﬁfA(SA,ZE)| <

—I)N—lchl
. ’ 1/2
. {(1 -7 (Z | X" Upida (54, ‘)“2) + |UplfA(5A,0)|}

N
I
<)

r=0

where the sum ZP is finite, rank Uy, = | (each Up; being a product of U;’s, (D, U;]’s
and [D[D,U;j]], 1 < 7 < n), and the constants cp; do not depend on A.

To get an L*-estimate on U fA, we add two copies of (4.7), one with Y2U in
place of U, and the other with Z2U replacing U. This gives the A2(1 + z2) factor
on the left-hand side of the following inequality (4.8):

(4.8) |02+ X%%)U fa (2, 82)| < 1220 fa sn) oo + 1V T fa - 1) lloo

< a finite linear combination (with coefficients of the form const. A~!) of the terms
of the form || X"Uypga(-,s4)l, r = 0,1, and of the form |Up f4(s4,0)].

Next, we square (4.8), divide by A%(1 + 22)2, which allows us to integrate the
right-hand side of the so transformed (4.7) dz dss over R? to get

|U fal|? < finite linear combination of ||)~(’l~fl,p§,\]|2 A2

and of / Iﬁl,,f,\(s,\,O)l2 dsp - A",
Rd-1
By (1.1), A~! can be absorbed into Up. Since Y, [|[X Ul dall2 < oo, for g €

C*°(T \ N), all we need to show to complete the proof of Theorem 4 is that
2 U fa(54,0) |72,y < oo for every fixed U € U(N).

LEMMA 1. 3, [ra i |Ufa(sa,0)2dsp < oo, for all U € U(DM).
We will reduce that proof of Lemma 1 to the following

LEMMA 2. >, [ga [Tga(sx,0)|2dss < oo, for every U € U(N) and g €
T\ N).
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PROOF OF LEMMA 2.
/lff@A(SA,O)F dsp < /Sltlp|[7£~JA(6>‘A,15)|2 dsy

1 1
< [ o3 IR Taasn, )P dss = 3 X TG
=0 =0
Since X'Ug € C=(T'\ N), the sum over A € (T'\ N)~ of the above inequality is
finite. (We notice that sup, |Uga(t,s4)| is sp-measurable.)

PROOF THAT LEMMA 2 = LEMMA 1. First we observe that any U € 0N can be
written U = aX 4 W for some a € R and W € 3(Y). Let U = Up,--- Uy € U(N)
withU; =a; X +W,,a; eR,W; €3(Y),5=1,...,m. Then

U = (amy +Wm) cee (aly + Wl)
= a (finite) linear combination of mixed products
of X’s and W’s
= a (finite) linear combination of (ordered) products

of the form V- - -VIYk with k > 0,
and some V; € 3(Y) (V; not necessarily = W;)
since 3(Y) is an ideal in 91.

Therefore it is sufficient to prove Lemma 1 for U € U(N) of the form U =
Vp-- VaViXE k>0, V]' € 3(Y), and in fact we will show that

LEMMA 3. V,--- V1 Xk fy(s4,0) = DG (sa,0) for some v € U(M), fu given by
(4.6), and V; € 3(Y), 1 <5 <p.

Step 1. X?”f,\ = a linear combination of the terms of the form Z’l;'qf,\, q <
p+ 1, and YPg,.

PROOF OF STEP 1 (INDUCTION ON p). For p = 0, it follows from (4.0) and
(4.6) that Xfy = ga — 1V f. Next we notice that XYPT! = (YX + [X,Y])Y? =
Y(XYP)+ ZY?P and we apply the inductive hypothesis to XYP.

Step 2.

(4.9 X*fy = Uga + a finite linear combination of Y?Z" fy,
for some U € U(MN).

PROOF OF STEP 2 (INDUCTION ON k). For k =1 this is just the p = 0 case of
the proof of Step 1. All we need to check now is that X (f/pZ r fA) is again of the
form (4.9), tN)ut this is just Step 1 applied to ZTfA.

Step 3. (Vp---Vifa)(sa,0) =0.

PROOF OF STEP 3. In our Schrodinger model for my, since M contains the
commutator [N, M), each V; is of the form V; = ¢,;(3/0v;)+iP;(sa, z), where 9/dv;
is a directional derivative in the sp-space, P; is a real polynomial, and ¢; = 1 if
Vi ¢ My and ¢ = 0if V; € M,. Hence

o~ o~ z 0 2 _ 42 .
Vjfa(sa, ) :/0 €5 (?9&) (sa,t) -exp [:\—(f—b—t—)} dt 4+ 1Pj(sp, x) fa(sa, ),

Uy
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and clearly Vp .- V1fa(sa,0) = 0, since fA itself is given by ~(4.5).

PROOF OF LEMMA 3. Since all the V;’s commute with Y, by Step 2, we have
= Vp .- -Vl(ﬁg}A + a linear combination of f’pZ’fA)(sA,O)
=V, ---ViUga(s4,0)

+ a linear combination of ()7”(17,, . -VlzrfA))(sA,O)

withp > 1

+ a linear combination of Vp e VlzrfA(sA,O).

Vp .. 'Vljfka(SA,O)

In the above sum the last term is zero by Step 3, and the second term is zero since
Y is just a multiplication by zAx.

COROLLARY 1. Let N be a simply connected 2-step nilpotent Lie group, I' a
cocompact, discrete subgroup of N. If XY € 0 both are algebraic (resp. non-
Liouville) vectors, then D = X + 1Y 1s globally regular on T' \ N (resp. provided
(X,Y] is a non-Liouville vector too).

PROOF. Let A € (I'\ N)™. If A([X,Y]) = 0, this is Proposition 1 of §2 applied
to N/exp 20, where 20 is the smallest rational subspace of 91 containing Z. If
A([X,Y]) # 0, after reducing M to M with 1-dimensional center spanned by Z =
[X,Y]™, either X or Y can be used as the first external vector and we obtain the
estimates now as in the proof of Theorem 4. (If X and Y are algebraic, then [X,Y]
is algebraic too.)

COROLLARY 2. Let N be a simply connected 2-step nilpotent Lie group, and T’
a cocompact, discrete subgroup of N. If XY € N satisfy (P1), then D = X +1Y
18 globally regular on T'\ N provided [X,Y] is a non-Liouuville vector.

PROOF. If A([X,Y]) =0 for A € (I'\ N), then this is Theorem 1¢ applied to
N/ exp 20, 20 being the smallest rational subspace of M containing [X,Y], as in
the beginning of the proof of Theorem 4. If A([X,Y]) # 0, we choose X to be the
first external vector and the rest of the proof is the same as that of Theorem 4.

5. Examples and further developments. In [7] we gave an example, based
on a suggestion by Corwin (cf. [4]), to show how global regularity could fail in a
3-step group for D = X + 1Y, where X and Y generate the 3-step chain group. If
the Kirillov orbits had been flat, then that parameter, summation over which yields
the counterexample, would have been eliminated. In our next example, we show
however that flattening the Kirillov orbits, by the addition of 1 to the dimension
of the group [20] does not correct this analytic failure. (This should be compared
also with Example 2 in §1.) Thus the fact that all 2-step groups have flat orbits
does not seem to be relevant to the problem of global regularity.

EXAMPLE 1. Let 91 be the Lie algebra spanned by the vectors V, W, X Y,
and Z with all nonzero bracket products generated by [W,X] =Y, W,Y] = Z,
[V,X] = Z. Thus N is of step 3 with flat Kirillov orbits and 1-dimensional center
[20]. W and X generate a step 3 subalgebra of M. Let N = expN. There is a series
of representations my € N, A € R ~ {0}, realized on L?(R?) in such a way that
mA(W) = 8/0w and m)(X) = 2miA(v + w?/3) [8]. Let T be a cocompact discrete
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subgroup of N such that Z € logT. Then 7y € (T \ N) for A = +1,42,.... Let ¢
and ¢ be C°°(R) nonnegative functions such that

1 for0<w<3,
ow) = {0 for w ¢ [—1,4],

_J1 for —n—-1<v< —n,
() = 0 forvg[-2—-n,—n+1].

Fix € > 0 and n > 0 and for each positive integer A define
ar(w,v) = p(w)pp(v)e?

and let gx, A = 1,2,3,..., be the corresponding functions in C®°(I' \ N), each in a
different primary summand of L*(I'\ N). Then g = )", g is smooth on I\ N, for

oo oo N
Y Ugsllzzewy = Y 10dallL2(r2)
A=1 A=1

NIE

< ||(differential operator with polynomial

>
Il
I

in w,v and A coefficients) ¢(w)i(v)||oe2™(=n+1)

S |(p01yn0mial in )\)'62‘")‘5(_"“‘1) < 00

8

>
I
—-

for every fixed U € U(M) and n > 1.
Let D =W ++¢X. Then

) 2
mA(D) = 5 — 2mA (v + ’%)

and

~ - (w -~ )
H(w,v) = — gx(t,v) exp 2w A —5 +o(w—t)| dt
is the only Schwartz solution of 7 (D) fr = gx. f» is indeed Schwartz, since g, is
compactly supported, and exp(2rAw3/9) — 0 as w — —o0o. On the other hand, by
a change of variables t =w+u, f 0 <w<land -1-n<v<-n

~ oo _ 3 2 2
|Fx(w,v)| = 62“5”1/)(11)/ $(w + u) exp [ 2rAlw’ + 39u Wt Suw )J e 2T duy
0

3 2 2
> sup exp [27r)\(sv _ (it 3u ;U +3uw?) vu}
> exp[27A(—€ — ne — 3+ n))

where the sup is taken over 0 < w < 1,1 <u < 2. Forn=5and € = % we thus

have |fx(w,v)| > exp 27X and || fallL2(m\ny = [[fallLzre) > exp2nA, ie. Y50, fa
does not converge in L?(I'\ N). This completes the Example 2.

Parts (a) and (b) of the next Example 2 (which in fact is an “implant” of Example
2 of §1 on the group N of Example 2 of §2) indicate how the assumptions of
Theorems 2¢ and 3, respectively, can possibly be relaxed. Part (c) of Example 2
deals with Theorem 4.
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EXAMPLE 2. Let N and T be as in the Example 2 of §2 and let A € (I'\ N)~
be such that A(Z) # 0. Then ma(X;) = 9/0z;, ma(Y;) = iA(Z)z;, ma(U;) =
iA(U;) +iA(Z)2%/2, j = 1,2, and mp(Urz) = iA(Uz) + 1A(Z)z122 [17]. Consider
now the following operators:

(a) Dy = X +i(Uz + B2Y2 + 722),

(b) Dy = (Uy + BiY1 + 1 Z) +i(Us + BoYa + 72 Z),

(C) D3 = X1 - ’iU12.

For A as above we thus have

(a) ma(D1) = 8/0z1 — A(Z)(z2 — 24 ) (22 — 72-),

(b) ma(D2) = iA(Z)[(z1 — 214 )(z1 — z1-) + t(z2 — 224 ) (z2 — z2_)] where z;4 =
—Bj + (87 — 2v; — 2M(U;)/M(2))V/2, 5 = 1,2,

(c) ﬂ'A(Dg) = (9/3(1:1 + A(Z)l‘ll‘2 + A(Uu).

The operator D; is such that X; has supplementation, and Us + B32Y2 + 722 ¢
[M,M] and does not have supplementation. Using estimates similar to those of
Example 2 of §2 one can show that D, is globally regular provided neither 32 /2 —y2
nor (9 is a Liouville number. (The requirement on 8; is needed for global regularity
of Dy on N/expRZ, which follows now from Theorem 3'.)

The operator D3 is such that neither its real nor its imaginary part have supple-
mentation, U; + 6;Y; +~;Z ¢ [M,MN], 7 = 1,2. Again, the estimates of Example 2
and of Proposition 1, both of §2, show that D5 is globally regular, provided neither
of the following four numbers, 8%/2 — ~;, ;, j = 1,2, is Liouville.

Finally, the operator D3 is such that X; has supplementation, Ujs & [, N] is
an algebraic vector, and X, U12] is not central in M. Applying to w4 (D) of (c) the
Euclidean partial Fourier transform with respect to the z, variable we obtain

(¢") #a(D3) = 0/0z1 + 1A(Z)z10/0n + A(Uy2), which (for A(Uy2) = 0) is the
nonhypoelliptic and nonlocally solvable operator of Mizohata [14, Appendix| and
Nirenberg and Treves [16]. We were unable to settle the question of global regularity
of D3. (Clearly, D3 is globally regular on N/expRZ by Theorem 4.)
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