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POSITIVE FORMS AND DILATIONS

WACLAW SZYMANSKI

ABSTRACT. By using the quadratic form and unbounded operator theory a
new approach to the general dilation theory is presented. The boundedness
condition is explained in terms of the Friedrichs extension of symmetric op-
erators. Unbounded dilations are introduced and discussed. Applications are
given to various problems involving positive definite functions.

1. Introduction. There are two principal conditions in general bounded dila-
tion theory: positive definiteness and the boundedness condition. While the first
one is naturally justified and generally accepted, the second one is rather compli-
cated, usually not easy to verify, and several simplifications of this condition are
known under some additional assumptions. This paper originated as an attempt
to explain and understand this boundedness condition. It occurred to us that the
positive quadratic form theory provides an appropriate framework for such an ex-
planation. However, consequences of this theory are much deeper than just an
explanation of the boundedness condition. They lead naturally to a new general
dilation theory, which deals not only with bounded but also with unbounded dila-
tions.

In §2 of this paper some known and some new results on positive quadratic
forms and unbounded operators are discussed. In §3 a general dilation theory is
presented, which contains the known bounded dilation theory as a special case. §4
deals with several applications of the previous results, in particular to *-semigroups,
x-algebras, Gramians, operator moment problems, and quantum mechanics.

The general reference to quadratic forms and unbounded operators used here
is [8]. There is an extensive literature on the bounded dilation theory. A general
treatment can be found in [6, 7, 1].

All linear spaces are assumed to be complex. If X,Y are linear spaces, then
L(X,Y) (B(X,Y), respectively) stands for the linear space of all linear (bounded
linear, if X, Y are normed, respectively) mappings from X to Y. Moreover, L(X) =
L(X,X), B(X) = B(X, X). The semigroup structure in L(X) or B(X) is always
the multiplicative one, with the composition. Ix or I denotes the identity operator
in X. A subspace of a Hilbert space H is a linear subset of H. An operator T in
H is a linear mapping from a subspace D(T') of H into H. D(T), ker T denote
the domain and the kernel of T', respectively, C°°(T') denotes the intersection of
all D(T™), n = 1,2,.... Let H,K be Hilbert spaces, let D(T') be a subspace of
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H, and let T: D(T) — K be a linear mapping. T is closable if for each sequence
z, € D(T), z,, — 0, |T(z, — Z,n)|| — O implies T'z,, — 0. T is closed if for each
sequence z,, € D(T), z,, — z, | T(zn — Tm)|| — 0 implies that = belongs to D(T)
and Tz, — Tz. N denotes the additive semigroup of all nonnegative integers. C
denotes the complex plane.

2. Positive forms. Let X be a linear space. With no risk of confusion a
mapping p: X X X — C linear in the first variable, conjugate linear in the second
one (such mappings are usually called sesquilinear or quadratic forms) and such
that p(z,z) > 0 for z € X will be called a positive form on X. If p is a positive
form on X, then the set

N, ={z € X: p(z,z) =0}

is a linear subspace of X, by the Schwarz inequality. The quotient space X /N, has
a natural inner product

(21) (x+NP’y+NP) :p(z’y)v z,yin X

The Hilbert space defined as the completion of X/N,, under the norm given by this
inner product will be denoted by X,.

Throughout this paper the symbols N, X, used in connection with a positive
form on a linear space will have the fixed meaning just described.

(2.2) LEMMA. Let X be a linear space. Let p,q be positive forms on X. If
Ny C Ny, then the mapping p~: X/Ng X X/Ng — C defined by

PN(I + Nqay + Nq) = p(a:, Y)

for z,y in X 1is a positive form on X/Ng and the Hilbert spaces X, and (X/Ng)p~
are unitarily isomorphic.

PROOF. Since Ny C Np, p~ is well defined, and since p is positive, so is p~. If
z,y € X, then

(x+Np,y+Np) = p(2,y) =0~ (4 Ng,y+Ng) = ((x+Ng) + Np~, (y+ Ng) + Np~).

Hence the mapping U: (X/Ng4)/Np~ — X/Np defined by U((z+Nq)+Np~) = z+N,
for z € X, extends to a unitary mapping from (X/N,),~ onto X,. Q.E.D.

When dealing with two forms related as in this lemma, the two unitarily isomor-
phic Hilbert spaces mentioned above will be treated as identical.

Next, positive forms on subspaces of Hilbert spaces will be considered. Let M be
a dense subspace of a Hilbert space H. A positive form p on M is called closable if
for each sequence z,, € M, z,, — 0, p(Tp — T, Tn — Tm) — 0 implies p(zy,, z,) — 0.

(2.3) PROPOSITION. Let M be a dense subspace of a Hilbert space H. Let p
be a positive form on M and let M be the completion of M under the norm || ||+
giwven by the inner product

(z,9)+ = (z,y) + p(z,y) forz,y € M.

Then there 1s a closed positive form p" on M”" that exztends p, and M, embeds
1sometrically into Mz/a\“ Moreover, p is closable if and only if M can be embedded
mgectively into H.
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PROOF. If z belongs to M”, then there is a sequence r, € M such that
|z, — z||+ — 0. By the Schwarz inequality for p,

[D(Zn, Zn) — P(Tm, Tm)| < P(Zn — Tmy Tn — Tm) 2 [D(Tn, 20) 2 + (T, Tm) V).

Since z,, converges in the norm || ||+, p(zn, zn) < ||:cn||3_, and p(Tn—Tm, Tn—Tm) <
lzn — zm||2 — 0, it follows that the sequence p(zn,zn) converges. The mapping
p\: MN x MN — C defined by p(z,z) = limp(zp,z,) for £ € M" is a closed
positive form on M” which extends p. For each z € M: ||z + N,||? = p(z,z) =
p"(z,z) = ||z + Npn||?. Hence the mapping V: M/N, — M”" /N, defined by
V(z+ Np) = z+ Npn for € M, extends to an isometry embedding M), into M.
Finally, let ©: M — H be the inclusion mapping. Since ||i(z)|| = ||z|| < ||z||+ for
z € M, it follows that if z € M” and a sequence z,, € M is such that ||z, —z||+ — 0,
then ¢(z,) converges in the norm || ||. It is a routine matter to verify that the
mapping i": M" — H defined by :"(z) = limi(z,) for £ € M" is injective if and
only if p is a closable form. Q.E.D.

This proposition, in the case when p is defined by a positive operator on M,
can be found in the proof of Theorem X.23 of [8]. It is stated and proved here,
because for farther applications it is important to distinguish between properties
coming just from positive forms, and properties, in which the presence of a positive
operator is necessary.

(2.4) PROPOSITION. Ifp is a positive form on a dense subspace M of a Hilbert
space H and z,, — 0 vmplies p(xy,,Tm) — 0 for each sequence ,, € M, then p s
closable.

PROOF. p(Tn—ZTm,Tn—Tm) = P(Tn,Zn) +DP(Tm,Zm) —2Rep(Tn,zm). Q.E.D.
The next proposition, whose proof is an application of the Riesz-Fischer theorem,
is stated for the sake of completeness.

(2.5) PROPOSITION. Let p be a positive form on a dense subspace M of a
Hilbert space H. Then the following conditions are equivalent:

(a) For each = in M there is m(zx) > 0 such that |p(z,y)| < m(z)|y|l, y€ M.

(b) There 1s a unique positive operator P: M — H such that p(z,y) = (Pz,y)
forallz,ye M.

The following theorem is the main result of this section. Some of its assertions
are known. The known ones are stated here for two reasons: to formulate properly
the new ones, and, more importantly, to gather in one place everything that is
necessary to develop the dilation theory in the next sections.

(2.6) THEOREM. Let H, K be Hilbert spaces, let M be a dense subspace of H,
let p be a positive form on M, let P: M — H, T: M — K be linear mappings.

(a) If p(z,y) = (Tx,Ty) for z,y € M, then p s closable (closed, resp.) if and
only of T 1s a closable (closed, resp.) linear mapping.

(b) If p(z,y) = (T, Ty) for z,y € M, p is a closable form, and p" is the closed
positive form on M C H extending p (cf. Proposition (2.3)), then T extends to
a closed linear mapping T": M" — K such that p"(z,y) = (T"z,T"y) for all
T,y € M".

(c) If p(z,y) = (Pz,y) for z,y € M, then p extends to a closed positive form p"
on M C H, P extends to a selfadjoint, positive operator P": D(P") — H such



764 WACLAW SZYMANSKI

that M C D(P") c M", p"(z,y) = (Pz,y), for z € D(P"), y € M", and M,
embeds 1sometrically into M;\A. Moreover,
(2.7)

p Mz, z) < p(@)|z)|®  for each z € C®(P"), where u(z) = liminf || P || .

(d) If p(z,y) = (Tz,Ty) = (Pz,y) for all z,y € M, then T" defined in (c) is
bounded and M" = H 4f and only 1f there is a dense subset G of C°(P") such that
sup{u(z): = € G} 1s finite.

PROOF. (a) is clear by the equality p(z,z) = || Tz||? for each z € M.

(b) If z € M", then there is a sequence x,, € M that converges to z in the norm
| |+ Since |Tz||? = p(z,z) < ||z||2 for z in M, it follows that the sequence Tz,
converges in the norm || ||. Put 7"z = limT'z,,. It follows from the definition of
p” that

p"(z,z) = lim P(z,,, z,) = lim(Tz,,Tz,) = (T"z,T z).

Thus p(z,y) = (T"z, T y) for all z,y € M”. Since p" is a closed form, T" is
a closed mapping, by (a). It should be mentioned that the inclusion M C H is
understood in the sense that M” is injectively embedded into H as in Proposition
(2.3).

(c) The existence of M, p”, and P” such that M C D(P") C M C H,p" isa
closed, positive form on M”, extending p, P" is a selfadjoint, positive extension of
P and p™(z,y) = (P"z,y) for all z € D(P"), y € M", follows from the Friedrichs
extension theorem (8, Theorem X.23]. Since p” extends p, M), can be isometrically
embedded into M), which is shown in the proof of Proposition (2.3). Let now
z € C*(P") Cc D(P"). Then

p(z,z) = (P z,2) < ||P"z]|||z]],
and for each n =0,1,2,...
2n 2n+1 2n+1
1PN z|? = (PN z,2) <|[PM afflz].

These two inequalities are the first and the “n = n + 1” step, respectively in the
inductive proof of the inequality

2n —n -1, .. -n
P (z,2) <[P 2] "l

which holds for each n =0,1,2,.... Now (2.7) follows.

(d) Firstly notice that if Q: M — H is a selfadjoint operator, then C*°(Q) is
dense in H, which is remarked on p. 201 of [8, vol. II] after the definition of C'*°-
vectors, and which is a consequence of Corollary 1, p. 203 of 8, vol. II]. A direct
proof of this assertion can be given using the spectral theorem as follows: Let F be
the operator-valued spectral measure of @ and let o, be the closed interval [—n,n].
Since Q|F(0,)H is a bounded operator, for each n, it can be shown that C*°(Q)
contains the union of all F(¢,)H, n =1,2,.... This union is dense in H, because
F(op)z — z for each z € H.

Now suppose that G is a dense subset of C*°(P”) such that ¢ = sup{u(z): z €
G} is finite. Then, by (b) and (2.7),

1T z||? < c|lz||?, zeG.
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Since C*°(P") is dense in H, as shown above, G is dense in H. Let now z € H.
Then there is a sequence z,, € G such that z,, — z. The crucial property of the
Friedrichs extension P” of P is that the domain D(P”") of P” is contained in the
domain M” of the extended form p”. Therefore z, € G C C*®(P") C D(P") C
M". Since |T"z||? < ¢||z||? for = € G, it follows that the sequence T z,, converges.
Since T” is a closed mapping, z € D(T") = M” and T"z,, — T z. This proves
that M~ = H and that || T"z||? < c||z||? for z € M". Hence T" is bounded.

Conversely, if M = Hand T": M — K is a bounded mapping, then (T" T"z, )
= (T"z,T"y) = (P"z,y) for each z € D(P"), y € M. Hence T" T"z = Pz
for x € D(P"). Since D(P") is dense in H, if £ € H, then there is a sequence
z, € D(P") that converges to z. By the last equality, Pz, — T T’z. Since
P” is closed, z € D(P") and P"z,, — P"z. Hence D(P") = H and P" = T\"T".
Moreover, for each z € H and n =0,1,2,...:

2" -n -n
1P~ 2] " < [Pl

Thus u(z) < ||P"|| for each z € H. Q.E.D.

The arguments at the end of the proof of (c) in this theorem prove

(2.8) If M is a dense subspace of a Hilbert space H and if P: M — H s a
positive operator, then

(Pz,z) < liminf | P?" z|| " ||z||?

for each z € C*(P).
However, positive operators may have no nonzero C'°°-vectors. The reasoning in
the middle part of the proof of (d) justifies the following.

(2.9) COROLLARY. Let M be a dense subspace of a Hilbert space H, let K be
a Hilbert space and let T: M — K be a closed linear mapping. Then M = H and
T is bounded if and only if there is a dense subset G of M and ¢ > 0 such that
ITz|| < cl|lz|| for z € G.

Finally, notice that if p is a positive form on a linear space X, then there exist a
Hilbert space K and a linear mapping T: X — K such that p(z,y) = (T'z, Ty) for
z,y € X. Simply take K = X, and let T be the quotient map from X onto X/N,,.

3. Dilations. The purpose of this section is to show that a fairly general
dilation theory, which contains the well-known bounded dilation theory, is governed
by positive forms and can be completely derived from the main theorem of the
preceding section. Besides, from the positive form standpoint it occurs to be natural
to consider not only bounded dilations, but also closed, and even arbitrary ones, as
long as the algebraic properties improve.

The basic setting of the dilation theory presented here is purely algebraic, i.e.,
no topology is involved. This has been done on purpose to exhibit the strength of
positive forms. Whether the initial functions take values in the set of bounded oper-
ators of just in the set of linear mappings, is of secondary importance. Topological
results can be obtained if an appropriate topology is introduced, when desired.

Throughout this section two linear spaces E, E’ are fixed. It will be assumed
that they are related by a fixed “duality,” i.e. a mapping < , >: E X E' — C linear
in the first variable, conjugate linear in the second one is defined. For instance, if
E is a Hilbert space, then E’ is usually taken equal E and the duality is the inner
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product in E. The linear space L(E, E’) will be denoted by L. If S is a set, then
F = F(S, E) will denote the linear space of all functions from S to E that equal
zero off a finite subset of S. A function A: S xS — L will be called positive definite
(PD) if

Z(f(t),A(s,t)f(S» >0 foreach f €F.

A positive definite function A: S x S — L defines a positive form ¢q: F x FF — C
by

(3.1) a(g, /) =D _(9(1), A(s,t)f(s)),  fig€F,

which will be called the form assoctated with A.

If s € S, z € E, then f,, stands for the function from S to E whose only
possible nonzero value is z attained at s. Clearly, fo, € F. Let A: S xS — L be
a PD function and let ¢ be the positive form associated with A. For s € S define
a linear mapping X(s): E — F/N, by

(3.2) X(s)z = fs,x + Ny, z€E.

Then for s,t € S, z,y € E

(3.3) (, A(s, t)z) = q(fey, fs,2) = (X()y, X(s)x),
and for each f € F

(3.4) Y X(s)f(s) = f+ N,

This construction proves the so-called Kernel Theorem (cf. [1, §2]) in the bounded
dilation theory. A similar theorem can be easily formulated in the general case
discussed here. Also, the minimality problem can be formulated and solved analo-
gously to the bounded dilation case.

The positive definiteness gives rise to a natural partial order in the set of all PD
functions from S x S to L. Namely, if A: S xS — L, B: S xS — L are PD,
then B <« A if A — B is PD. This partial order has been completely described in
Theorem (2.2) of [1] for the case of bounded mappings and this description can
be carried over to the present case without difficulty. Since positive forms are the
main point of interest here, three more ways of comparing PD functions become
available. This is described in the following theorem.

(3.5) THEOREM. Let A: SxS — L, B: Sx S — L be PD functions. Let q,r
be the positive forms associated with A, B, respectively. Let X: S — L(E,F/Ng)
be as defined in (3.2). Then

(a) Ng C N, if and only if there vs a Hilbert space K and a linear mapping
T: F/Ng — K such that

(y, B(s,t)z) = (TX(t)y, TX(s)z), s,teS, z,yeE.

(b) For each sequence f, € F, q(fn,fn) — 0, 7(fn — fmsfn — fm) — 0 im-
plies r(fn, fn) — 0 if and only if there is a Hilbert space K and a closed mapping
T": D(T") — K such that F/N, C D(T") C Fy and

(y,B(s,t)z) = (T"X(t)y, T"X(s)z),  s,t€S, z,y€ k.
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(¢) There is a function m: F/Ng — R such that

Ir(g, /)l <mlg+ Npa(f, /)'?,  fg€F,

if and only of there is a positive, selfadjoint operator Q: D(Q) — F, such that
F/Ny C D(Q) C Fy and

(y, B(s,t)z) = (QX(t)y, X(s)z), s,teS, r,ycE.

PROOF. (a) If Ny C N,, define K = F, and T: F/Ny — F/N, by T(f + Ng) =
f+ N,, f € F. By the assumption, T is well defined. It is plain that T is linear. If
s,t €8S, z,y € E, then, by (3.3),

<y’ B(s’ t)x> = T(ft,’y’ fS,I) = (ft,y + NT’ fS,IL‘ + ]\TT) = (TX(t)y7 TX(s)z)'
Conversely, if such K, T exist, then for f,g € F

r(9.1) = Y (9(t), B(s,)f(s)) = Y_(TX()g(t), TX(5)f(s))
= (T XW9(t), TY X()f(s)) = (Tlg + No), T(f + Ny)),

by (3.4). Thus q(f,f) =0, i.e. f+ N, =0, implies (£, f) = [|T(f + No)||* = 0,
feF.

(b) Suppose that Q(fn1 fn) - O, T(fn_fmv fn_fm) -0 iInplies T(fn, fn) — 0 for
each sequence f, € F. Taking arbitrary f € F' and the constant sequence f, = f
one sees immediately that N, C N,. Hence a positive form p: F//Ny X F/Ny; — C
is well defined by the formula p(g+ Ny, f+Ng) = (g, f), f,g € F, and p is closable
by the initial assumption. On the other hand, let K = F,, T: F/N; — K be as
defined in (a). Then for f,g € F

p(g+ Ng, f + Ng) =7(g, f) = (9 + Nr, f + Ny) = (T(g + No), T(f + Ng)).

By Theorem (2.6)(b), there is a closed linear mapping 7": D(T") — K such
that F/N, C D(T") and T" extends T. The last equality in (b) follows from
the corresponding one for T in (a). Conversely, if such K,T" exist, then, by a
calculation similar to the one at the end of the proof of (a), r(f, f) = |[T"(f+Ng)||?
for f € F. Hence (b) follows.

(c) If @ with the stated properties exists, then, again by a calculation as at the
end of the proof of (a),

r(9,f) = (Q(g+ Ng), f+ Ng),  f,g€F,

which proves the “if” part of (c). For the “only if” part take m as stated. Then
Ny C N,. If p is the positive form on F'/N, defined in the proof on (b), then

[p(g+ Ng, f + Ng)| Sm(g+ No)llf + Noll,  f,g€F.

By Proposition (2.5), there is a positive operator P: F/N; — F, such that
p(g + Nos f + Ng) = (P(g+ Ng), f + Ng), f,g € F. Taking g = fry, [ = fsz,
s,t € S, z,y € E, one gets (y, B(s,t)z) = (PX(t)y, X(s)z). An application of
Theorem (2.6)(c) finishes the proof. Q.E.D.

Until now S was an arbitrary set. From now on S will be assumed to be a
semigroup with unit. Let A: S X S — L be a function. A triple (K, n, R) will be
called a dilation of A if K is a Hilbert space, R: E — K is a linear mapping and



768 WACLAW SZYMANSKI

for each s € S an operator 7(s): D(s) — K is defined so that

(D1) =(1) = Ik.

(D2) RE is contained in each D(s), s € S.

(D3) The linear span M of {n(s)Rz: s € S, ¢ € E} is dense in K and it is
contained in D(s) for each s € S.

(D4) w(s)m(t)k = w(st)k, s,t €S, ke M.

(D5) (y, A(s, t)z) = (n(t)Ry,m(s)Rz), s,t € S, z,y € E.

A dilation (K,n,R) of A will be called closed (bounded, respectively) if n(s) is
a closed (bounded, respectively) operator for each s € S. If a dilation (K,n, R)
is bounded, then, since D(s) is dense in K, 7(s) can be extended to a bounded
linear mapping on K, for each s € S, 7 is a semigroup homomorphism, and the
above definition coincides with the one commonly used in the bounded dilation
theory. The density of M in K is assumed in (D3) for the sake of convenience.
This assumption, however, is not a restrictive one, for it will become clear that if
a dilation of a function can be found, then the attention can always be restricted
to the closure of M. In the terminology known from bounded dilations (D3) is the
minimality condition. ‘

A calculation as at the end of the proof of Theorem (3.5)(a) shows that the
linearity of R and of each 7(s), s € S, together with (D5) implies that if A has a
dilation, then A is PD. In the bounded dilation case it is known that there are PD
functions with no bounded dilation (for a complete discussion of this problem see
[1]). It will be shown that there are PD functions with no dilation at all. Necessary
and sufficient conditions for the existence of various kinds of dilations will be given
in terms of associated positive forms.

Fix a semigroup S and a PD function A: S xS — L. Let ¢ be the positive form
on F associated with A. For each u € S define a PD function A,: S X S — L by

Ay (s, t) = A(us, ut), s,te .
Let g, be the positive form on F associated with A,. For each u € S define a linear
mapping a(u): F — F by
(3.6) (@)= DY f(s), tues, feF
s: us=t

(3.7) PROPOSITION. (a) The mapping a: S — L(F) defined in (3.6) is a
semigroup homomorphism such that a(1) = Ip,

(b) qu(g, f) = q(a(u)g,a(u)f), ue S, f,g € F,

(c) For each u € S there is an tsometry i(u) from Fg, in Fy.

PROOF. (a) If u,v,t € S, f € F, then

(a(@a@)Nt) = Y (a@NE)= > ( > f(S))

t': ut'=t t': ut/'=t \s: vs=t’
= > J(s) = (aw))(®).
s: uvs=t

(b) follows by a straightforward calculation.
(c)Ifues, fe€F, then, by (b),

I + NoI? = qu(f, f) = a(a(uw)f, a(u) f) = [la(u) f + Ngl?,
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which shows that the mapping f + Ny, — a(u)f + N, extends to an isometry ¢(u)
from F,, into F. Q.E.D.
The next theorem is the principal result on the existence of dilations.

(3.8) THEOREM. Let S be a semigroup, let A: S X S — L be a PD function.
Let q, g, (u € S) be the positive forms on F associated with A, A,, respectively.
Let X be as defined in (3.2).

(a) A has a dilation if and only if Ny is contained in each Ny, , u € S.

(b) A has a closed dilation if and only of for each sequence f, € F, q(fn, fn) — 0,
Qu(fr = fms fn = fm) — 0 implies qu(fn, fn) — 0, for eachu € S.

(c) A has a bounded dilation if and only if

(i) for each w € S there is a positive operator P(u): F/Ngy — F, such that
(y, Au(s,t)z) = (P(u) X (t)y, X(s)z), s,t € S, z,y € E, and

(ii) for eachu € S there is a dense subset G, of C®°(P(u)") suth that sup{u(u,z):
z € Gy} 13 finite, where P(u)" is the Friedrichs extension of P(u) and p(u,z) =
liminf || P(u)" 227"

The proof will be preceded by some comments on bounded dilations. The first
necessary and sufficient condition for the existence of a bounded dilation was found
in case of x-semigroups by Sz.-Nagy [12]. His condition was then generalized by
several authors to an arbitrary semigroup case (see e.g. [7, 1]). Apart from PD,
the boundedness condition was introduced, which can be equivalently formulated
as follows:

(BC) There is a real function ¢ on S such that

au(f, f) < c(u)q(f, f), fEF, ues.

PD and (BC) together are known to be necessary and sufficient for the existence of
a bounded dilation (see e.g. [1, Dilation Theorem]). The conditions (i) and (ii) of
(c) in the above theorem are equivalent to (BC). There are two reasons why they are
significant. The first one is that in many cases they are easier to check separately
than (BC). The second one is that they explain what is happening behind (BC),
in terms of properties of positive forms. In case of x-semigroups, which will be
discussed in the next section, Szafraniec’s result [11] is a major simplification of
(BC).

PROOF OF THEOREM (3.8). To prove (a) suppose first that N, is contained
in each Ny, u € S. Let a be the mapping defined by (3.6). If follows from the
assumption and from (3.7)(b) that for each u € S the mapping 7(u): F/N; —
F/Ng, m(u)(f + Nq) = a(u)f + Ng, f € F, is well defined, and it is linear, because
a(u) is. By (3.4), m(u) can be written as

W(u)EX(s)f(s)=ZX(us)f(s), ue S, feF

This formula was first suggested by Masani for the proof of the existence of bounded
dilations (cf. [7, p. 296]). It is clear that 7: S — L(F/N,) is a semigroup homo-
morphism. Notice that

(3.9) 7(u) equals the composition of the mapping T from Theorem (3.5)(a) (let
B = A,, r = ¢,) and the isometry i(u) from (3.7)(c).



770 WACLAW SZYMANSKI

Let R = X(1). Then n(s)R = X(s), s € S, and (Fy, w, R) is a dilation of A. For
the converse suppose that (K, m, R) is a dilation of A. Then for f,g € F

(3.10) alg, /) = (D mORg(t), Y n(s)RS(5))
and, by (3.6) and (3.7)(b),
4u(9,f) = ala(wyg, a(w)f) = (3 m(OR(a(w)g)(®), Y 7(s)R(a(w)f)(s))
(3.11) - (Z n(ut')Rg(t'), S w(us')R f(s'))
= (n(w) Yo n()Rg (1), m(w) > w(s)RS(5))

Hence N, is contained in Ng, for each u € S.

It follows from (3.10) and (3.4) that the mapping U: F//N;, — K defined by
U(f+ Ng) = > X(s)f(s) = >m(s)Rf(s), f € F, extends to a unitary mapping
from F, onto K, by (D3). (This is the proof of the uniqueness of the minimal
dilation.)

The proof of (b) is a consequence of Theorem (3.5)(b) and of (a) above. For a
fixed u € S that theorem is applied to B = A,, r = q,. The closed operator 7(u)"
resulting from there is identified with the closure of the operator m(u) defined in
the proof of (a), by (3.9). In the “only if” part of the proof of (b), (3.11) is used.

To prove (c) firstly notice that

(3.12) The condition (i) implies that A has a closed dilation.

For, it follows from Theorem (3.5)(c) that if (i) is satisfied, then the mapping
pu(g + Ngy f + Ng) = qulg, f), f,g9 € F, is a well-defined, positive form on F/N,
for each u € S. It is plain that

Pulg+ No, f + Ng) = (P(u)(g + No), f + Ng),  f,g€F.

By (2.4), p. is a closable form. Hence for each sequence f, € F if q(fn, fn) =
| fn + Nq”2 — 0 and qu(fn = fm, fa = fm) = Pu(fr — fm + Ng, fn— fm + Nq) — 0,
then q,(frn, fn) = Pu(fn+ Ng, fn + Ng) = 0, u € S. By (b), A has a closed dilation
(K,7",R). Thus (3.12) is proved.

It follows from the definition of 7(u) in (a) and from the construction of 7(u)"
that pu(g + Ny, f + Ny) = (n(u) g + No), m(@)(f + N,)), fog € F. If (i) is
satisfied, then Theorem (2.6)(d) implies that 7(u)”" is a bounded operator on Fg,
for eachu e S.

Conversely, let (K, 7, R) be a bounded dilation of A. Let U be the unitary map-
ping from F, onto K as at the end of the proof of (a). Let P(u) = U*n(u)*m(u)U,
u € S. Then for u,s,t € S, z,y€e E

(P(u)X(t)y, X(s)x) = (n(u)m(t) Ry, m(u)m(s)Rz) = (y, Au(s, t)z),

which proves (i). The condition (ii) follows by the boundedness of P(u), as in the
proof of Theorem (2.6)(d). Q.E.D.

Notice that, by Theorem (3.5)(c), the condition (i) of (c) in the last theorem is
equivalent to the following one:

(3.13) There us a real function m on S x (F/Ng) such that

Iqu(g’f)l Sm(uvg+Nq)q(f’f)l/27 UGS, f’geF
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The substantial difference between this condition and (BC) is that the constant
m(u,g + Ng) is allowed to depend on g + Ng, g € F, whereas c(u) in (BC) must
not depend upon elements of F. This difference becomes even clearer when one
realizes that PD and (BC) imply the existence of a bounded dilation, whereas PD
and (3.13) imply merely the existence of a closed dilation, by (3.12).

(3.14) COROLLARY. Let P, be a sequence of positive, bounded operators on a
Hilbert space H, let Py = 1. Let A: N x N — B(H) be defined by A(m,m) = Pp,
forallme N, A(m,n) =0 if m,n € N, m #n. Then A s PD and

(a) A has a dilation if and only if ker P, C ker P41 for eachn=1,2,....

(b) If either each P, has a bounded inverse, or there ism € N such that P, =0,
n > m, and each P, has a bounded inverse for n < m, then A has a closed dilation.

PROOF. If fe F = F(N,H), k=0,1,2,..., then
a(f,£) =D IPYES ()2

Hence A is PD. Moreover, qx(f, f) = 0 if and only if f(n) € ker P;_/I_zk = ker P, 1
for each m. An application of Theorem (3.8)(a) proves (a). If Q is a bounded,
boundedly invertible operator and Qz,, — 0 for a sequence z,, of vectors, then
Zm — 0. Therefore (b) follows from the first equality in this proof and from
Theorem (3.8)(b). Q.E.D.

Following Theorem (3.8)(b) a necessary and sufficient condition for the existence
of a closed dilation of A defined in (3.14) can be formulated. Also, from this
corollary it is easy to construct examples of PD functions without dilations. Here
is one of them:

(3.15) EXAMPLE. Let H be at least a two-dimensional Hilbert space, let Q
be an orthogonal projection in H, Q # 0, Q # I. The function A: N x N — B(H)
defined by A(0,0) = I, A(1,1) = @, A(n,n) = I, n = 2,3,..., A(m,n) =0
elsewhere, is PD and it has no dilation, by Corollary (3.14)(a).

In the next example a function is presented such that it has a dilation but it has
no closed dilation.

(3.16) EXAMPLE. Let H be an infinite-dimensional Hilbert space, let P,Q
be bounded, positive operators on H and let A: N x N — B(H) be defined by
A(0,0) = I, A(1,1) = P, A(2,2) = Q, A(m,n) = 0 elsewhere. Assume that
ker P = {0}. By Corollary (3.14)(a), A has a dilation. If f € F, then

a(f, ) = IF @1 + P2 (W] + 1R F(2)I1%,
ai(f, ) = IP2£(0)|* + 1Q'2F (1)1,

a(f, 1) = 1Q'21(0)]?,

a(f,f)=0 ifk>2.

It follows from Theorem (3.8)(b) that A has a closed dilation if and only if P'/?z,, —
0, |QY?(zn — zm)| — O implies Q'/%z,, — 0 for each sequence z, € H (in a
sequence f, € F in Theorem (3.8)(b) take z, = f,(1)). Now positive, bounded
operators P, @ and a sequence z,, will be found so that ker P = {0}, P12z, -0,
and Q'/2z,, has a nonzero limit. The above defined function A with these P,Q
will have a dilation without having a closed one. Assume that H is separable.
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Let e1,e2,... be an orthonormal basis of H. Let z, = 2"e,, let P1/2 be given
by the diagonal matrix with the diagonal entries 272", n = 0,1,2,..., and let
Q'/? be given by the exponential Hilbert matrix whose (7,7) entry is 2~ (¢+7+1),
i,7 = 0,1,2,.... Then ker P = ker P/2 = {0}, and P'/2z,, = 2", — 0. By
[4, Problem 47], Q'/2 is a bounded, positive operator on H. Finally, Q'/?z,, is a
constant, nonzero sequence equal to 27 le; +27%ey 4 - - -.

A straightforward weak convergence argument shows that the choice of P, Q and
z, with the above properties is possible only if z,, is an unbounded sequence.

(3.17) COROLLARY. Let S be a semigroup, let H be a Hilbert space. Suppose
a function A: S xS — B(H) has a bounded dilation (K, n, R). Let M be the linear
span of {m(s)Rz: s € S, z € H}. Let P: M — K be a linear mapping. Define
Ap: Sx S — L(H) by Ap(s,t) = R*n(t)*Pm(s)R, s,t € S. Then

(a) Ap 1s PD if and only +f P 1s positive.

(b) If P 1s positive, then Ap has a closed dilation.

(¢) Ap has a bounded dilation if and only if P extends to a bounded, everywhere
defined, positive operator P" such that ﬂ(s)*PAl/zK is contained in PN'* K for all
seS.

(d) If B: S xS — B(H) is PD and B < A, then B has a closed dilation.

PROOF. It follows from the definition of Ap that
S (1), Ap(s.0)f(s) = (PY_m(ORF(®), Y 7(s)RS(s)),  f€F.

Hence (a) is proved.
Ifu,s,t €S, z,y€ H, then

(y, Ap(us,ut)z) = (w(u)*Pr(u)n(t) Ry, 7(s)Rx).

Hence (i) of Theorem (3.8)(c) is satisfied with P(u) = 7(u)*Pn(u), u € S. By
(3.12), Ap has a closed dilation, which proves (b).

The “if” part of (c) follows from Theorem (3.3) of [1]. For the “only if” part
notice that, by Theorem (3.8)(c), and Theorem (2.6)(d), the Friedrichs extension
P(u)" of P(u), u € S, is a positive, everywhere defined, bounded operator. In
particular, P(1) = P. Hence P extends to a bounded operator P(1)" on K.
The remainder of the assertion (c) follows from Theorem (3.3) of [1]. Finally, by
Theorem (2.2) of [1], if B < A, then there is a bounded, positive operator P < I
on K such that B = Ap. Now (d) follows from (b). Q.E.D.

In particular, this corollary allows one to give examples of functions which have
a closed dilation without having a bounded one. One such example, with a two-
dimensional H, is the function Cs of Example (3.11) in [1].

(3.18) COROLLARY. Let S be a semigroup. Let A: S xS — L be a PD
function. Assume that there is a function d: S — S such that

(y, A(us, ut)z) = (y, A(s, d(w)t)z),  u,s,t€S, z,yc k.

Then
(a) A has a closed dilation.
(b) A has a bounded dilation if and only if there are real function b on E x E
and ¢ on S such that
c(st) < e(s)e(t), s,te S,
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and
[y, A(s, t)z)| < b(z,y)c(s)e(t),  s,t€S, z,y€E.

PROOF. (a) It follows from the assumption that

(9, f) = q(a(d(u))g,f), w€eS, f,geF,
where a is defined by (3.6). By the Schwarz inequality for g,

lg(a(w)g, a(w) f)| = lgu(g, )| < q(a(d(u))g,a(d(w))g)" *q(f, )%,

for each u € S, f,g € F, by (3.7)(b). This inequality applied to d(u) gives for
f,geF

la(a(d(u))g, a(d(w))f)| < q(a(d(d(u))g, a(d(d(w)))9)" 2a(F, ).

This proves that the mapping P(u): F/Nq — F/Ngq, P(u)(f+Ng) = a(d(u)) f+ N,
f € F, is well defined. Clearly, P(u) is linear and

qu(9, f) = (P(u)(g+ No), f + No),  foge F.

By (3.12), A has a closed dilation.

(b) Let P(u)" be the Friedrichs extension of P(u), u € S. Since P(u) maps
F /N, into itself, F'/Ny is contained in C*°(P(u)").

Assume that the functions b, ¢ exist. The existence of a bounded dilation will be
proved by using Theorem (3.8)(c). For u € S let G, = F/N,. This set is dense in
F,, thus it is dense in C°°(P(u)"). By the definition of P(u) it follows from (3.7)
(a) that

P (f + Ng) = a(dw)")f + N,y  fE€F, n=12,....
Therefore, if f € F,n=1,2,..., then
1P@" (f + NI2 = (P (f + No), f + Ny) = qlald@)® )1, f)
=Y (f (1), Als, ) (a(d(w)*" ) f)(s))
=Y (f(1), A(d(w)*" 5, t) f(s))
< S b(f(s), £(8)e(d(w)? e(s)e(t).

Hence liminf || P(w)""" (f + NI <e(d(u)), fEF.
By Theorem (3.8)(c), A has a bounded dilation. Conversely, if (K,n, R) is a
bounded dilation of A, then for z,y € E, s,t € S

[(y, A(s, t)z)| = [(w(t) Ry, m(s) Rx)| < [Iw(&)[[[|=(s)I[[| Ryl [| R=]-

Now the functions: b(z,y) = ||Rz|||Ry||, ,y € E, and ¢(s) = ||7(s)]|, s € S, satisfy
the suitable conditions. Q.E.D.

4. Applications.

4.1. *-Semigroups. A x-semigroup is a semigroup with a mapping * from S into
itself such that (st)* =t*s*, (s*)* = s, s,t € Sand 1* = 1.

Let S be a x-semigroup, let L be as defined in the previous section and let
A: S xS — L be a function. A dilation (K, 7, R) of A will be called a *-dilation
if m(s*) C w(s)*,s€S.
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(4.1.1) PROPOSITION. Let S be a x-semigroup, let A: S X S — L be a func-

tion.
(a) A has a *-dilation of and only +f A 1s PD and

(4.1.2) (y, A(us, t)z) = (y, A(s, u*t)z), u,s,te S, r,ye E.

(b) If A has a x-dilation (K, m, R), then m(u) is a closable operator in K for each
u € S. If n(u)" denotes the closure of w(u), u € S, then (K,n",R) ts a closed
x-dilation of A.

(c) A has a bounded x-dilation if and only if A has a x-dilation and there are
functions b, ¢ that satisfy the conditions of Corollary (3.18)(b).

PROOF. (a) Suppose A is PD and (4.2) holds. Then
(y, A(us, ut)z) = (y, A(s, u*ut)z), u,8,t €8, z,y € E.

By Corollary (3.18)(a) with d(u) = u*u, u € S, A has a closed dilation. By the
construction of this dilation, the linear span M of {n(s)Rz: s € S, z € E} is dense
in K, and m(u) is the closure of w(u)|M, u € S. Now fix u € S. By (4.1.2), for
s,te S, r,yeE:

(n(t)Ry, w(u)m(s) Rz) = (m(u")m(t )Ry, ( )Rz).
Hence w(u*)|M C (mw(u)|M)*. By Theorem VIIIL.1, ) of [8], (m(u)|M)* i
closed operator, and (7(u)|M)* = 7(u)*. Therefore 71'( ) ﬂ(u)*

The converse implication is immediate.

(b) If (K, 7, R) is a *-dilation of A, then m(u*) C w(u)*, u € S. Since D(u*) is
dense in K, so is D(w(u)*), hence m(u) is closable, by Theorem VIII.1, (b) of [8].
Since m(u)* is a closed extension of 7(u*), and 7(u*)" is the least closed extension
of m(u*), it follows from Theorem VIIL1, (c) of [8], that m(u*)" C 7(u)* = 7(u)"".
Hence (K, 7", R) is a closed x-dilation of A.

(c) If A has a *-dilation (K, n, R), and b, ¢ exist, as stated in Corollary (3.18)
(b), then, by (4.1.2) and that corollary, A has a bounded dilation (K, 7", R). From
its construction it follows that w(u)” is the closure of w(u), and, by Theorem (3.8)
(¢), m(u)" is a bounded, everywhere defined operator, for each u € S. By (b),
m(u*)" C m(uw)N". Thus 7(u*)" = w(u)"", u € S. The converse implication is
clear. Q.E.D.

The last part of the proof shows that the above definition of a *-dilation coincides
with the common one in case of bounded dilations.

It may happen that if S is a x-semigroup, then a function A: S x A — L
has a bounded dilation without having a *-dilation. The following example is a
consequence of Proposition (4.3) of [1].

(4.1.3) EXAMPLE. Let S be a group. Then S is a *-semigroup with u* = u=1,
u € S. Suppose that there is a *-semigroup homomorphism 7: S — B(H), i.e.,
a unitary representation in a Hilbert space H, such that the double commutant
of 7(S) is strictly larger than the set of all scalar multiples of the identity in H.
Then there is an orthogonal projection @ that does not commute with 7(S). If
P = %(I + @), then the function B(s,t) = n(t)*Pn(s), s,t € S, has a bounded
dilation, and it has no bounded *-dilation, as shown in Proposition (4.3) of [1]. On
the other hand, if z,y € H, s,t € S, then

|(y, B(s, t))| < [[x(s) I (@I P[HIz[l |yl

It follows from Proposition (4.1.1)(c) that B has no *-dilation.
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(4.1.4) COROLLARY. Let S be a x-semigroup, let H be a Hilbert space. Sup-
pose A: S xS — B(H) has a bounded x-dilation (K, m, R). Let M, P, and Ap: S %
S — L(H) be as defined in Corollary (3.17). Then

(a) Ap has a x-dilation if and only of P s positive and n(u)P = Pr(u)|M, v € S.

(b) Ap has a bounded *-dilation if and only «f P extends to a bounded, everywhere
defined operator P" such that w(u)P" = P r(u), u € S.

PROOF. If z,y € H, u,s,t € S, then

(y, Ap(us, t)x) = (n(t)Ry, Pr(u)7(s)Rx),
(y,Ap(s,ut)x) = (n(t)Ry, 7(u)Pr(s)Rzx).

Hence (a) follows from Corollary (3.17)(a) and Proposition (4.1.1)(a). The part (b)
is a consequence of (a) and Theorem (4.1) of [1]. Q.E.D.

From this corollary examples of functions which have *-dilation and have no
bounded *-dilations can be obtained. Here is one.

(4.1.5) EXAMPLE. Let H be an infinite-dimensional Hilbert space and let
M Dbe its dense subspace. Let P: M — H be a positive, selfadjoint operator
which cannot be extended to a bounded operator on H. Let Fp be its operator-
valued spectral measure. Choose a real number k so that the orthogonal projection
Q = Fp([—k, k]) is proper (not 0 or I). Let R: QH — H be the inclusion mapping.
The semigroup N is a *-semigroup with n* = n, n € N. Let n: N — B(H) be
defined by 7(n) = Q™ = @, n € N. The function A: N x N — B(H), A(m,n) =
R*m(n)*n(m)R, m,n € N, has a bounded *-dilation (H,7,R). Since QH is a
subspace of M and PQ|M = QP, the function Ap: N x N — L(QH), Ap(m,n) =
R*m(n)*Pr(m)R, m,n € N, has a x-dilation, and it has no bounded *-dilation, by
Corollary (4.1.4).

Finally, the previous results will be interpreted for the case originally studied by
Sz.-Nagy [12].

(4.1.6) COROLLARY. Let S be a *-semigroup. Let ®: S — L be a function.
Define A: S xS — L by A(s,t) = ®(t*s), s,t € S.

(a) If A 1s PD, then A has a x-dilation.

(b) A has a bounded x-dilation if and only if A 1s PD and there are real functions b
on EXE, c on S, such that c(st) < ¢(s)e(t), s,t € S, and |(y, ®(s)z)| < b(z,y)c(s),
seS, r,y€E.

PROOF. By the definition of A, A(us,t) = A(s,u*t), u,s,t € S. Thus (4.1.2)
holds, and, by (4.1.1)(a), A has a x-dilation. Hence (a) is proved. Concerning (b),
this is a rephrasing of (4.1.1)(c) by using ®. One should notice that the inequalities
assumed in (b) imply

Iy, A(s, t)z)| < b(z,y)c(s)e(t”), s, t€S, z,y€E,

which is not exactly the second inequality in (3.18)(b). However, a look at the
proof of (3.18)(b) makes it clear that it does not matter, as far as that proof is
concerned. Q.E.D.

If E = E’ is a Hilbert space, L = B(E), and b(z,y) = a||z||||ly|l, with some
a >0, z,y € E, then part (b) of this corollary is Szafraniec’s result [11].

4.2. x-algebras. The Stinespring theorem says that each completely positive
function on a C*-algebra D has a bounded *-dilation (K,n,R) such that 7 is a
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x-representation of D (see e.g. [2] for this theorem and appropriate definitions).
This is one of the cases in which (BC) is a consequence of PD (see [6, §9, Theorem
3] for a straightforward proof). The basic reason why it happens here is that each
positive, linear functional on a C*-algebra is bounded. This, as well as a certain
converse of this, is explained in the following corollary. Let S be a *-semigroup.
Call a function h: S — C positive if h(s*s) > 0 for each s € S.

(4.2.1) COROLLARY. Let S be a x-semigroup. Consider the following condi-
tions:

(a) For each positive function h: S — C there is a real function ¢ on S and a
constant a(h) such that c(st) < c(s)c(t), s,t € S, and |h(s)| < a(h)c(s), s€ S.

(b) For each Hilbert space H, each dense subspace M of H, and each function
®: S — L(M,H) «f the function A: S x S — L(M,H), A(s,t) = ®(t*s), s,t € S,
18 PD, then A has a bounded *-dilation.

Then (a) implies (b). If S is a x-algebra, then (b) is equivalent to (a) with
h: S — C being a positive, linear functional.

PROOF. Suppose (a) holds. Let ® be as in (b). Fix z € M. Then h;: S — C,
hz(s) = (®(s)z,z), s € S, is positive. By the assumption, |(®(s)z,z)| < a(z)c(s),
s € S. By the polarization, if z,y € M, s € S, then

(@(s)z,y)| < g(a(z +y) + alz —y) + alz +1y) + alz — iy))c(s).

By Corollary (4.1.6)(b), A has a bounded #-dilation.

Suppose now that S is a *-algebra and that (b) holds. Let h: § — C be a
positive, linear functional. Then p: S x S — C defined by p(s,t) = h(t*s), s,t € S,
is a positive form on S. Let M = S/N,, H = Sp, and ®(u)(s + Np) = us + Np,
u,s € S. So far, this is the GNS construction. Now A(s,t) = ®(¢t*s), s,t € S, is PD.
By (b), A has a bounded x-dilation. By Corollary (4.6)(b), there are real functions b
on M xM, con S, such that ¢(st) < ¢(s)c(t), s,t € S, and |(t+Np, ®(u)(s+Np))| <
c(u)b(t + Np,s + Np), u,s,t € S. If s =t =1, then

[h(w)] = Ip(u, 1) = |(1 + Np, D(u)(1+ Np))|
<c(u)b(1+ Np, 1+ Np), ueS.

Thus (a) follows. Q.E.D.

If S is a C*-algebra, then (a) of this corollary is satisfied, because each positive,
linear functional on a C*-algebra is bounded. In this case the implication (a)=(b)
is the Stinespring theorem.

4.3. Gramians. Let H, K be Hilbert spaces, let S be a subset of H, let M be the
linear subspace of H spanned by S, and let h: S — K be a function. The results
of the previous sections will be applied to answer the following

QUESTION. When does there exist a linear (closed, bounded) mapping T: M —
K such that T|S=h ? ‘

If H is finite dimensional, then an obvious answer to this question is: if all
elements of S are linearly independent.

Let now H be arbitrary. Without loss of generality it can be assumed that M is
dense in H. The inner product (, ) in H is a PD, scalar-valued function on H x H.
Its restriction to S x S, which is also PD, will be denoted by A. Let F = F(S,C).
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The positive form ¢ associated with A has the form q(g, f) = >.(¢,3)g )
f,g € F. Since for each f € F

2
(43.1) 1+ Noll? =a(£.0) = ||>_ £ (s

it follows that the mapping U(f+Ng) =Y f(s)s, f € F, is an isometry form F'/N,
onto M and it extends to a unitary 1somorphlsm of Foonto H. Let B: S xS = C
be defined by B(s,t) = (h(s),h(t)), s,t € S (the inner product here is in K). Let
r denote the positive form on F associated with B, i.e.,

(4.3.2) r(g,f) = >_(h(t),h(s))g(t)f(s),  f.g€F.

The same way as U was defined above, one finds a unitary V from F, onto the
closed linear span of h(S), such that V(f + N;) =Y f(s)h(s), f € F.

(4.3.3) COROLLARY. (a) There is a linear mapping T: M — K such that
T|S = h of and only if Y f(s)s = 0 implies Y, f(s) =0 for each f € F.

(b) There us a closed linear mapping T: D(T) — K such that M C D(T) and
T|S = h if and only if q(fn, fr) = 0, r(fn— fm, fn— fm) — 0 implies r(fpn, fn) — 0
for each sequence f, € F.

(¢) The following conditions are equivalent:

(i) There is a bounded linear mapping T: H — K such that T|S = h.

(ii) There ts ¢ > 0 such that r(f, f) < cq(f,f), f€ F.

(iii) There is a positive operator P: F/N, — K such that r(g, f) = (Pg, f),
f,g9 € F, and there is a dense subset G of C®°(P") such that sup{u(z): z € G} is
finite, where P" 1is the Friedrichs extension of P, and u(z) 1s defined as in (2.7).

PROOF. The “only if” part of (a) is clear. For the “if” part, it follows from the
assumption, (4.3.1), and (4.3.2), as in the proof of Theorem (3.5)(a), that one can
define a linear mapping T7": F/Ng — F/N, by T'(f + Ng) = f+ N,, f € F. If U,V
are the unitary operators introduced before this corollary, and if T = VT'U*, then
Ts=VT'(fsq1+Nqg)=V(fs1 +N.)=h(s),s€S.

The proof of (b) is similar to the proof of Theorem (3.5)(b), with the above
unitary identification. The equivalence of (i) and (ii) in (c) is clear. The equivalence
of (ii) and (iii) is a consequence of (a), (b), and Theorem (2.6)(d). Q.E.D.

It follows from (a) in this corollary that, like in the case of a finite-dimensional
H, an answer to the question raised at the beginning for arbitrary H with linear T
is: if each finite number of vectors in S is linearly independent.

Finally, the title of this subsection will be explained. Following Halmos [4,
Solution of Problem 48], if s;,...,s, are vectors in a Hilbert space H, then the
n X n matrix whose (7, ) entry is (s;,s;) is called the Gramian of si,..., sy, and
it will be denoted by G(s1,. .., S»). The condition (ii) in (c) in the last corollary is
equivalent to

(4.3.4) There is ¢ > 0 such that G(h(sy),...,h(sn)) < c¢G(s1,...,8n), for each
n=12,...,8;,...,8, €8S.

Recently Halmos has asked [5] whether a weaker condition

(4.3.5) For each n = 1,2,..., s1,...,8, € S there is ¢(s1,..., ) > 0 such that

G(h(s1),---,h(sn)) < c(s1,-.-,80)G(S1,---,8n)
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is equivalent to the existence of a bounded operator T: H — K such that T'|S = h.
After a look at (c) of Corollary (4.3.3) and at Proposition (2.5), one may suspect
that the answer is no. To justify this answer, suppose that T: H — K is a linear
mapping. Then for each n =1,2,..., s1,...,8, € H, z = (21,...,2,) € C™,

2

2, (G(51,---,8n)T,2) = ”Zzisi

(G(T's1,...,Tsp)z,2) = HTZzisi

Hence (4.3.5) means that T is bounded on each finite-dimensional subspace of M.
This holds for any, not necessarily bounded linear mapping.

4.4. Operator moment problems. As the next application of results of §3 the
following problem will be solved: Let S be a semigroup. Let H, K be Hilbert
spaces, let X: S — L(H, K) be a function and let M be the linear subspace of K
spanned by vectors X(s)z,s€ S,z € H.

QUESTION. When can X be represented in the form X(s) = n(s)R, s € S, where
R: H — M is a linear mapping, 7 (s) is a linear mapping from a linear subspace
D(s) of K containing M into K for each s € S, and n(st)|M = n(s)n(t)| M, s,t €
57

A pair (7, R) satisfying the above conditions will be called a solution of the
moment problem for X. A solution (7, R) will be called closed (bounded, contractive,
respectively) if n(s) is closed (bounded, contractive, respectively) for each s €
S. This is a general formulation of several operator moment-like problems whose
particular cases (S = N, S = all nonnegative real numbers, H = K, and all
operators in question are bounded) were considered in [9 and 10].

For simplicity assume that M is densein K. Let F = F(S,H). Let q: FXF — C
be defined by q(g, f) = Y.(X(t)g(t), X(s)f(s)), f,g € F, and for u € S define

qu(g, f) = 2_(X(ut)g(t), X (us)f(s)), f,g € F. Since

a.0) = [ E X)) and

(4.4.1) )
W, )= | Xws)f@s)| s feF ues,

it is clear that q and ¢, u € S, are positive forms on F.

It follows from (4.4.1) that the mapping f + Nqg — Y X(s)f(s), f € F, is an
isometry from F'/N, onto M. Since M is assumed to be dense in K, this mapping
extends to a unitary isomorphism of F;, onto K. Therefore in what follows Fy will
be identified with K, and F'/N, will be identified with M.

A comparison of the definition of ¢ with (3.1) and (3.3) makes it clear that the
function X is the starting point here instead of a PD function A in §3. The reason
for which A is not explicitly stated in the form A(s,t) = X(t)*X(s), s,t € S, is to
avoid the use of the adjoint in the present case. As an immediate consequence of
Theorem (3.8) one gets the following solution of the moment problem.

(4.4.2) COROLLARY. Let S,H,K,X,M be as above.

(a) The moment problem for X has a solution if and only +f for each f € F
> X(s)f(s) =0 implies Y X(us)f(s) =0 for eachu € S.

(b) The moment problem for X has a closed solution if and only if for each
sequence fn € F q(fn, fn) — 0, and qu(fn — fm, fn = fm) — 0 implies qu(fr, fr) =
0, for eachu € S.
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c) The following conditions are equivalent:

(

(i) The moment problem for X has a bounded (contractive, respectively) solution.
(ii) For each u € S there is c(u) > 0 such that qu(f, f) < c(u)q(f, f) for each
eF
(

f (qu(f, f) < a(f,f), f € F, respectively).

iii) For each u € S there is a positive operator P(u): M — K such that
(X(ut)y, X (us)z) = (P(w)X(t)y, X(s)z),  w,s,t€S, z,y € H,

and (ii) of Theorem (3.8)(c) holds (with sup{u(z,u): z € Gy} <1 for eachu € S,
respectively).

Recall that such P(u) can be obtained by checking an appropriate inequality—cf.
Proposition (2.5).

A formal adjustment of Example (3.15) ((3.16), respectively) provides an exam-
ple of a function X for which the moment problem has no solution (has a solution,
but has no closed one, respectively).

4.5. Reconstruction of quantum mechanics.

(4.5.1) THEOREM. Let S be a semigroup, let H be a Hilbert space, let 7: S —
B(H) be a semigroup homomorphism, and let M be a subspace of H which s
wmvariant for T(u) and 7(u)*7(u), u € S. Let q be a positive form on M such that
q(r(w)z, 7(w)y) = q(z,7(w)*7(v)y), z,y € M, u € S, and q(z,z) < c||z||? for all
x € M, with some ¢ > 0.

Then there is a semigroup homomorphism n: S — B(M,) such that

() m(u)(z+ Ng) =7(u)z+ Ny, ue S, z€ M, and

(i) l7(w)] < W), ue .

PROOF. To simplify the notation in the proof fix u € S and let Z = 7(u). By
the assumed properties of ¢ and 7, and by the Schwarz inequality for q,

a(Zz,Zy) = q(z, 2" Zy) < q(z,2)"%q(Z" Zy, 2" Zy)'?,  z,ye M.

Therefore the formula T'(z + Ng) = Zz + N4, * € M, properly defines a linear
mapping T': M/Ny — M/N,. If 2,y € M, then

(T(z + No), T(y + Ny)) = q(Zz, Zy) = q(z,Z" Zy) = (z + Nq, Z" Zy + N,).

Hence the range of T is contained in D(T™), and T*T(z + Ng) = Z*Zx + Ny,
z € M. Thus P =T*T is a positive, densely defined operator in M, and

(T(z+ Ng), T(y+ Ng)) = (z+ No, Py + Np)),  z,ye M.
If P" denotes the Friedrichs extension of P, then M/N, is dense in C°°(P").
Moreover, if £ € M, then
1P (@ + NI = (PN (2 + No), P (e + Ng)? ™
= (222,22 2)" )"
<2 2T P < (2T 21

It follows from Theorem (2.6)(d) that || T(z+Ng)|| < ||Z||||z+Ng||, z € M. Hence T
extends to a bounded linear operator 7(u) on My, which satisfies (i) and (ii). Since
7 is a semigroup homomorphism, it is easy to check that the mapping u — 7(u) is
also a semigroup homomorphism. Q.E.D.
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Notice that without the assumption q(z,z) < c|[z||2, z € M, the definition of the
operator T in the above proof still makes sense. In this case, by Theorem (2.6)(b),
(¢c), T is a closable operator. Letting w(u) be the closure of T, u € S, one obtains
a mapping u — w(u) from S to the family of densely defined, closed operators in
M, such that M/N, C D(n(u)), u € S, (i) of Theorem (4.5.1) is satisfied, and
n(s)m(t)|M/Nq = m(st)|M/Ng, s,t € S. The reconstruction of quantum mechanics
from the field theory axioms—Theorem 6.1.3 of [3]—is a particular case of the
above theorem. Using the notation and terminology of Chapter 6 of [3] to obtain
this reconstruction from Theorem (4.5.1) one takes

S = the additive semigroup of all nonnegative real numbers—positive time,

H = & = Ly(D'(R?), du)—the “path space” for quantum operators,

7 = the restriction to S of the time translation subgroup T'( ),

M = £, —the positive time subspace of H,

q = the positive form on M defined by using the time reflection 8 (cf. [3, p. 91,
(6.1.11))).

Clearly, M is invariant under the positive time translation 7(u), u > 0, as well
as under 7(u)*r(u) = Iy, because 7(u) is a unitary operator, for each u € S.
Proposition 6.1.2 of [3] shows that q(z,z) < ||z||2, = € M. The other assumption
made on ¢ in Theorem (4.5.1) follows from the unitarity of 7(u), v € S. Finally,
M, = ¥—the quantum mechanical Hilbert space, and 7( ) = T'( )" is a contraction
semigroup, because ||7(u)|| = 1.
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