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ON THE SECOND FUNDAMENTAL THEOREM OF NEVANLINNA

ARTURO FERNANDEZ ARIAS

ABSTRACT. It is shown that a condition on the size of the exceptional set
in the second fundamental theorem of Nevanlinna cannot be improved. The
method is based on a construction of Hayman and also makes use of a quantita-
tive version of a result of F. Nevanlinna about the growth of the characteristic
function of a meromorophic function omitting a finite number of points

1. Introduction. The second fundamental theorem of Nevanlinna about the
value distribution of meromorphic functions states that for a meromorphic function
F in |z| < r and ¢ > 2 distinct values a1, as,...,a, of the complex extended plane
we have the inequality

(1.1) (= 2)T(r,F) < Y_ N(r,a,) — N1(r) + S(r, F),

v=1

where Nj(r) is positive and S(r, F) is given by

F' L F 3q
S(r,F)-m(r,F> +m{r,u2=:lF_au}+qlog 35

+log2 +log ——

if lay —ay|26for1<pu<v<y,

1
|F(0)]
with modifications if F(0) = oo or F'(0) =0

The quantity S(r, F') will be, in general, negligible with respect to T'(r, F'). More
precisely
(1.2) S(r,F) =O0{logT(r,F)} + O{logr}

as r — oo through all values if F has finite order, and outside an exceptional set of
finite measure otherwise.

In particular (1.2) implies
(1.3) S(r,F)=o(T(r,F))

for a transcendental function F outside an exceptional set E; of finite measure.
From (1.1) and (1.3) we obtain

(1.4) (g-2)T (ZN r,au)) (1+0(1)).
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142 A. F. ARIAS

But we could still have the relation (1.4) even if (1.3) fails. We can then consider
the exceptional set E3 outside which (1.4) is true. From what we have said above
we deduce that we can choose

(1.5) E,, E; so that E; C E;.

In [1] some conditions on the size of E; were given; in particular, it was shown
that we can take E; independent of A so that

(1.8) / r*dr < oo for every A > 0.
E,

It is clear from (1.5) that we can also choose E2 independent of A so that

(1.7) / rrdr < / A dr < oo for every A > 0.
E2 E1

In this paper we show that this condition is the best that one can obtain in this
direction for the set Fs.

2. Statement of the main result. Precisely we shall prove

THEOREM 1. For any function ®(r) such that
(2.1) ®(r)/r* — 00 for every A >0,

there exists an entire function such that the corresponding exceptional set E5 satis-

fies
(2.2) / &(r)dr = o0.
E;

The proof of this result is based on a construction of Hayman [5]. The function
f shown is defined so that it approximates a sequence of polynomials with few
zeros and ?-values on a sequence of corresponding expanding circles. In this way
N(r,0), N(r,7) will not grow very quickly for the function f either.

We shall use a result due to F. Nevanlinna (see R. Nevanlinna [8]) to show that
all the auxiliary functions in [5] have characteristic growing near r = 1 quicker than

for certain constant C’s.

CIOgl—r

Using this fact we shall find precise estimates of the size of the set where
(2.3) N(r,0) + N(r,3) + N(r,00) < 3T(r, f),
and check that this set is big enough to satisfy (2.2).

3. Some preliminary results.

3.1. In the proof of Theorem 1 we shall use several auxiliary results. First of
all we shall prove the above-mentioned result of F. Nevanlinna but we shall obtain
precise quantitative values for the constants involved, whereas he only obtained a
quantitative result.
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LEMMA 3.1. Suppose that ay1,ag,...,aq—1 are distinct complex numbers such
that for a certain 6, with 1> 6 > 0,
1
(31) Ia[.t—a!/|263 auSg’ 15H<VSQ—1,
and assume that F maps the unit disc conformally onto the universal covering
surface over the Riemann sphere punctured at ai,...,0q—1,00, Satisfying
1
(3'2) IF(O)‘G,;lZ(S, |F(O)|Sga p=1...,9-1
Then
1 1 CZ(Q)
(3.3) T(r,F) > C1(q)log T 1- A (562> <r<l,
where ) )
= —— = —, d C == 2 .
Cila) =g A= 3p0 ¢ 29 =20+3
In the proof of Lemma 3.1 we shall use the magnitude a(w) defined on the
w-plane punctured at a1,a2,...,8¢—1,00 by
(34) a(w)=(1-zP)F'(2)], w=F(2).

This is a one-valued function of w. Next we consider the function

dw) = <r;1<1n lw —al,

and show that o(w) satisfies

(i) a(w) 2 d(w),

(ii) a(w) < 2d(w)(|logd(w)| + log } + T'(3)*/27?).
(i) follows from the fact that the Riemann surface contains the disc {&|[|€ — w| <
d(w)}, since by Schwarz’s Lemma applied to the inverse function of

Gls) =F <‘18: z) !

in this disc we have

1
< dw)’

1y ] 1
()= || = [Faa=mm
i.e.
a(w) = |F'(2)|(1 ~ |2[%) > d(w).
(i1) follows from Landau’s Theorem applied to
B(s) = F((s+2)/(1+2s)) —a,

ay, —ay

where a,, is the nearest omitted value and a, is any other omitted value.
By Landau’s Theorem as in [6],

(3.5) 1#'(0)] < 2/(0 )|{|log|<1> i+ TS }
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On the other hand
_IF'@O =12 a(w)

(3.6) O = =T e —al
and

_|F(2)—au| _ |d(w)]
(3.7) |®(0)] = la, —a,|  Jaw —aul

From (3.5), (3.6), and (3.7), we conclude

4
a(w) < 2|d(w)| <| log |d(w)|| + log 2y _1_ a, + F(217/r§) )
4
< 2latw)| {j1og atw)l| + og 3 + G5 .

ie. (ii).
Now we define
E, = {w||w| —a,]| < §/2}, p=12,...,9-1,

3.8
(3:8) E, = {w||w| > 2/6}, E, ;1 elsewhere.

Then if F(z) is in E,, using (i) we obtain

(3.9) log((1 — |2[*)|F'(2)]) 2 log |F(2) — ayl,
and since F(z) € E, we have |F(z) —a,| < 6 <1, and so
1 1
= — log | ————
m(r,a,) 27’/}«3 Og'F(re“’) m— do
(3.10) ] “ 1
- -
ton E, log F(ret) —a, b,

where E, = C\E, is the complementary set of E, and where the first integral is
taken over the set of values of # such that F(re*’) € E, and similarly the second
integral is taken over the set of values of 6 such that F(re®) € E},.

From (3.10) we deduce

1 0y _
oy /E“log|F(re ) —ayuldf

1
F(re¥) —a,

> -m(ra,), 1<p<g-1

(3.11) &

1
= -—m(r,a,) + 7 /E;‘ 10g+

Next let us assume w = F(z) € E,; then we have
(3.12) (1= 2*)|F'(2)] 2 31F(2)]-

In fact, in this case |F\(2) — au| > |F(z)| - |ay|, and since |a,| < 1/6 < 3|F(z)|,
we obtain

(3.13) |F(2) = au| 2 |[F(2)| = 3IF(2)| = 5|F(2)l, m=1,....q-1
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By (i), we deduce from (3.13)
(1= [P)IF'(2)] = e(w) 2 d(w) 2 3|F(2)],
i.e. (3.12). From (3.12)
(3.14) -—1—/ log((1 — r2)|F'(re'?)|) df > L log™ |F(re®)| d — log 2,
2T E, 27 E,

where the integral over E, has the same meaning as above.
On the other hand,

' 2
. < — + 10 il
(3.15) m(r, F =3 (/ /,) /qlog |F(re )|d0+log5,

and so from (3.14) and (3.15)
(3.16) —/ log((1 — r2)|F'(re®®)|) d8 > m(r, F) — log fl—
2T E, 6

In Eg41 we have by (i), (1 — |2[?)|F'(2)| > d(w) > 36, so that

; 6
— log((1 — 72)|F'(re'®)|) d6 > log -.
5= [ loB( =Pt b 2 og

Now from (3.9), (3.11), (3.16), and (3.17) and using the fact that log |F'(2)| is
harmonic we conclude

(3.17)

q+1
log{(1 ~ )| F'(0)]} = o Z/ log{(1 — r?)|F"(re'®)[} d8

(3.18) »

> m(r Zm (ryau) — log<682>

us1
Since
m(r,au) < m(r, F) —log|F(0) — a,| + log* |a,| + log 2
(see Hayman [3, p. 5]), we deduce from (3.2) and (3.18)

q—1
—(g - 2)m(r, F) < log(1 — %) +log |F'(0)| + Y _ log™ |ay|
1

8
+(¢g—1)log2+log (35> — (g —2)logé,

i.e.

1
(¢ = 2)T(r, F) 2 log m——5 ~ log|F(0) }jlog+ Jau|

—(¢g—-1)log (;—) — log (%) .

We also have, by hypotheses for u =1,2,...,q—1,

(3.19)

6 <|F(0) — au| < |F(0)] + laul <

O)Il\?
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so that
6 <d(F(0) <

Sl V]

Thus we obtain by (ii)

4
(logz + log % + F(217/r4) )

(log 3 + 3)

log |[F'(0)] < log % +log 8 + log™ log %
(3.20) .
< 2log 3 + log 48.

[F'(0)] <

o-sloo Oaldk

+ log 3 + log 2

We also have
1
(3.21) D _log* Jau| < (9= 1)log 5.
1

From (3.19), (3.20), and (3.21), we conclude

(q—2)T(rF)>log ! —210g%—10g48 (—l)log%

2 8
—(g—- l)logg — log (6_2)

> log - 1 (2q+2)log — (g + 3)log2 — log 48,
hence
(g = 2T (r, F) > ~1og -
q -2 log 1-r
if
1 1
Z log{48 - 2(at3) . s—(2a+2)
2logl_r>0g{8 }
ie. if
1 (@+3) 2042\
1—{— 273 g2et .
r> {48 }
Thus we get

which is (3.3).



THE SECOND FUNDAMENTAL THEOREM OF NEVANLINNA 147

3.2.

LEMMA 3.2. Let p be a positive integer and = a positive number. Then there
exist a; such that ex < |a;| < 10ez and a function

(3.22) F(2) = a1z +app12PTH + -

regular in |z| < 1, univalent in z < v/2 — 1, and assuming the values 1,0 no more
than once in |2| < 1.
Furthermore for £ > 2 the function F satisfies

1 1
. > —log —— < ,
(3.23) T(r,F)_lgzplogl_T, R,<r<1

where A
R,=1- —I;g(ea:)_%”

and Ao 18 a positive constant.

Let E; be the set {0, +exz,7,00} and let R be the universal covering surface over
the complement of F;. Let R;, Ry be the surfaces obtained by cutting R from ex
to +oo along the real axis and R3, R4 those obtained by cutting R from —ez to
—o00. Let Rs be the plane cut from ez to +00 and from —ex to —oo along the real
axis and finally let Rg be obtained by joining R;, R to R5 on the segment (ez, 00)
and Rs3, R4 to Rs along the segment (—o0, —ez).

The Riemann surface Rg obtained in this way contains none of the points +ez, 0o
in any sheet and contains the points 0 and ¢ exactly once, those in the sheet Rs.
Ry is simply connected and since it does not contain points over tex,00, Rg is
hyperbolic.

Therefore there is a conformal map Fp from the unit disc {z||z| < 1} onto Ry,

Fo(z)=b12+b222+"', by > 0.

By the construction of Rg and Fy we deduce that F; assumes ,0 precisely
once and that it never assumes ter,o00. This implies that Fy is subordinate to
the function G which maps {z||2z| < 1} onto the universal covering over the plane
punctured at *er, 0o satisfying

G0)=0, G'(0)>0.

This function G maps the sheet Rs onto a quadrilateral @ in the unit disc,
bounded by four quarter circles, orthogonal to the circumference {z||2| = 1}, join-
ing the points z = 1,7,—1, —¢ in the form (1,7), (¢, -1), (-1, —1?), and (—1,1).

Q contains the disc {z| |2| < v/2—1} and since Fy(z) is subordinate to G(z), Fo(2)
maps this disc onto a subset of the sheet Rs; therefore Fy(z) is univalent in
{22l < v2-1}.

By Koebe’s Theorem we have
bi(v2-1
T > Ve (\/; ) )

and since the inverse function z = ®(w) maps the disc {w||w| < ez} into the disc
{z||2| < 1}, we can apply Schwarz’s Lemma and obtain

byl = ®'(0) < (ex)™!.
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Hence we have

(3.24) ex < by < ex < 10ez.

4
V2-1

Thus we have constructed a function (3.22) in the case p = 1. When p > 1 we
proceed as follows.

If p is odd so that P # +1, we write E, = {£(ez)?,0,77,00} and define F,(z)
as above with E, instead of E; and

(3.25) F(2) = {F(")}'/.

A standard argument in the elementary theory of univalent functions shows that
F(z) has the required properties, i.e. it has an expansion (3.22) where ez < |a;| <
10ez is regular in |z| < 1, univalent in |z| < /2 — 1 and assumes the values 7,0 no
more than once in |z| < 1.

If p is even we consider the set E; = {£(ex)?,0,—**! 00} instead of E, and
the function ¢F,(—%2) instead of Fj,(2) and then define F'(z) by (3.25) again.

Finally we prove (3.23). We shall make use of Lemma 3.1.

We consider again the case p odd. The case p even follows with small modifica-
tions.

According to Lemma 3.1, any function F5 mapping conformally the unit disc onto
the universal covering surface over the Riemann sphere punctured at the points of
E, = {0,%(ex)?,i?, 00}, such that

(3.26) |F5(0) —a| > 6 for every a € E, |F5(0)| <

| =

where 6 < min{1, (ez)?, (ez)? — 1} and 1/6 > {(ex)?, 1}, i.e. such that (3.1) and
(3.2) are satisfied, has a characteristic function T'(r, F) such that

(3.27) T(r, Fs) > élog
where Ag is an absolute constant.

For z > 2, we can take § = 1/(ex)?.

First we shall consider a translate Fy, of F;, where

Frole) = F, (52 )

1—-az

1 13
1— Ao =62 < 1,
1-7’ 0(2 ) sr<i

for some a such that ja| < 1.

We choose the branch of F5 at z = 0, such that F5(0) = 1/(ex)?, so that
for z > 2 (3.26) is satisfied and then consider a translate Fp, of F, such that
Fpe(0) = 1/(ex)?. 1t is clear that we can define the function

(3.28) w(z) = F;5! o F;

in a neighborhood of z = 0, so that w{0) = 0, and by the construction of Fp,
and Fs, w can be continued without limit in the disc and since this is a simply
connected set, we can make use of the monodromy theorem to obtain a function
from the whole unit disc onto itself such that w(0) = 0.
From (3.28) we obtain
Fy(z) = Fpa(w(2)),
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i.e. we conclude that Fy is subordinate to Fp,. Hence Fp, also satisfies (3.27):

(3.29) T(r, Fpa) >

1 1 1 13
= 1—Ag | =(ezx)™?) < 1.
IOgl—r’ 0(2(622) ) <r<

6

Next, we shall prove a similar condition for F,. To do this, we shall use the
Ahlfors-Shimizu characteristic Ty instead of the Nevanlinna characteristic T. Ty
and T differ only by a bounded term so that we obtain equivalent statements.

We recall that for a meromorphic function G, Ty is defined by

To(r, G) = /Or fl%z dt,

where A(t) is the area, with due regard to multiplicity, of the image on the Riemann
sphere of {z||z| <t} by G.
If G is regular then

27
To(r,G) = / log\/1+ |G(re*)|2 dd — log /1 + G(O

Therefore, using the inequality
logt 2z <logV1+22<logtz+ 3 log2,
and the fact that for G regular
1 27T .
T(r,G) = ——/ log™ |G (re'?)| do,
27r 0
we obtain

(3.30) T(r,G) —log /14 G(0)? < To(r,G) < T(r,G) —log /1 + G(0) + 3 log 2.

First we show that

z2+a 2
3.31 - —— (1 - =r.
(3:31) Tvaz 2 Tt K=
In fact, we have
z2+a r—a
1+az| = 1-|a|r’
whence
z+a r —|a| (1=r)(1+|a]) 2
1- - = < -
1+az|~ 1—|alr 1—|alr - 1—|a|(1 )

which yields (3.31).

The function w = (2+a)/(1+az) maps the disc {z||z| < t}, t > |a|, conformally
onto a disc containing the origin, establishing also a one-to-one and continuous
correspondence between the circumference {z||z| = ¢} and the boundary of that
disc. ‘

On the other hand by (3.31)

2
>1—— — =
w2 1= o=, =t
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i.e. we can conclude that the disc contains the disc with center at the origin

fullur<1- 2a-0}.

Now since Fy,(2) = Fpq((2+a)/(14+az)), we deduce from the above considerations
that for every solution in

futwl <1- 20 -0

of Fpa(w) = ¢, there is at least one solution of F,,(2) = ¢ in {z| |2| < t} and different
solutions of the first equation give rise to different solutions of the last equation.
We now recall that (see Hayman [3, p. 13]),

Ar,(t) = [S np(6)du(s),  Ap(t) = /S nr, (t,6) du(c),

where S is the Riemann sphere, du is the normalized area element in S, and nr,, ()
and nr,(t) are the number of roots of Fp,(w) = ¢ and Fy(2) = ¢ in |w| < t,|2| < t,
respectively.

Therefore we conclude from what we have said above

2 (l—t)), t> |a|.

. > S
(3 32) Apﬂ(t) > AFpa (1 = I(ll

On the other hand F, is univalent in {z||2| < v/2— 1} and F,(0) = 0. Thus
by Koebe’s Theorem the disc {w||w| < b;(v/2 — 1)/4}, is covered by the image of
{z|]2| < V2 -1} by F,.

Therefore, since F,(—a) = F,,(0) = (ez)~?, we can find a in {2]|2| < V2 — 1}
provided that

b1(V2-1) S 1
4 (ex)?”

But, by (3.24), |b1| > (ex) > 10(ez)~?, since z > 2, so that the above condition
is satisfied.
Now, by an inequality for univalent functions (see Hayman (2, p. 4]), we obtain

) pillal_ Inlla
B ey e 7

and since |b;] > (ez)?, we also have

A, (—a)]| 4 4 1
= < =
[b1] |by|(ex)P — (ex)?? ~ €2

la| <

since z > 2.
Next we show that

2
. — = (1—t)>t4 Z<t<l.
(3.33) 1 a( ) 2> g St<



THE SECOND FUNDAMENTAL THEOREM OF NEVANLINNA 151

In fact if |a| < 1/7,and 2/3 <t < 1,

7
L S N >1 -t - (1-
1=t (- 21— (1-1)
=(1—t){1+t+t2+t3—§}
2 4 8 7 2
>(1— b= 1- .
> (1 t){1+3+9+27 3} 27(1 t)>0
From (3.30), (3.32), and {3.33) and since F,,(0) = 0 we have

.
T(r,F,) + -;—logZ > To(r, Fy) = / App(t)%
0

" 2 }dt / ot
> A 1—-——(1-¢t)p— 2 A t*)—
- /2/3 F’”{ 1- lal( ) t " Joys Fra () t

4 4
r ds _ 1 ("

(3.34) =/ Ap (s)— > = Afr, (s
(2/3)4 ey 27 1/5 2]

1 1
= Z {TO(r4ana) - TO (gana)}

1 1 1
> {T(r4,Fpa) -T (E,F,,a> - —2—10g2} :

ds
s

Now we obtain a lower bound for T'(r%, F,,;) and an upper bound for T'(1/5, Fp,).
To do the first point, we make use of (3.29) and obtain

1 1 1 1
4 > -log —— > = log ———
T(r,Fpa)_6log1_r4_6log4(1_r)
(3.35)
=1 og Lt —1og4a) > L 1o
6\ BT 8% =12% 1,
if
(3.36) rt > 1 Ag (L(ex)™%)"%,
and if
IOgl—r >2log4, ie.r>1-—¢e16

both conditions can be included in (3.36) after decreasing Ag if necessary.

Next we obtain an upper bound for T(1/5, F,,).

F, is univalent in {2||2] < v/2 — 1}, therefore by an inequality for univalent
functions (see Hayman [2, p. 4]), we get

|b1|r8|2]
(ro — [2])?’
On the other hand for |£| < 1/5,|a| < 1/7, we have

E-a I€] + |al <1/5+1/7__1

l1—az|~ 1+al€] = 1+1/35 3

(3.37) |F,(2)] < 2] <ro=v2—1.
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so that for [£| < 1/5

Fral6) = Fy (5 ) = Fola),

where |z| < 1/3. Hence since 7o = v/2 — 1 > 2/5, we conclude from (3.37)
ballel . 1/3fe

(1—1zl/r0)*> = (1-5/6)°
From (3.38), we obtain

(3.39) T(1/5, Fpq) < log{120(ez)}.
Therefore if (3.36) holds, we have by (3.34), (3.35), and (3.39)

(3.38) |Fp(2)| <

= 12|b;] < 120(ex)P.

T(r,Fp) > 1 -l—log 1 _ log{120(ex)P} — 1log2 - llog2
4 (12 1—-r 2 2

(3.40) ) .

>

256 8 T—7
if 1 3

—1 > Py 4

571087 2 log{120(ex)P} + 5 log 2,
and this will happen if
(3.41) 1>r>1-(480(ex)?)~ 24

Again we can put together (3.36) and (3.41) in

(3.42) 1>7r%>1— Ap(ex)~2?,

with a new Ag.
Now, from (3.25) and (3.40), we deduce

1 1 1
3.4 T(r,F)==T((?, F,) > —1
(3.43) (nF) = 2T(", ) 2 g log 1=
if
(3.44) 1> 7% > 1— Ag(ex) 267,
whence
1 1 1 1
F)> —1 = _
T F) 2 96p o8 p(l—r) 96p <log 1—r lng>
(3.45) )
> — log ——
= 192p B1-+
if, in addition to (3.44), we have
. 1
(3.46) logl_r > 2logp, 1.e.r21—ﬁ.

Using the fact that 4p(1 — r) > 1 — 7%, we conclude that (3.44) and (3.46) will
be satisfied if

(3.47) I1>r>1- %(ez)'%”,

with Ag an absolute constant.
We have that (3.45) holds in the range (3.47), so that we have proved (3.23).
This completes the proof of Lemma 3.2.
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3.3.

LEMMA 3.3. Suppose that ay,...,ap, are preassigned complex numbers, not all
zero, and write M =30 _ | |a,| and p > eM.
Then the function
3.48 = ==l ,
has precisely 2p zeros and no poles in the disc
(3.49) {z] 2| < exp(—-1/2p)}.

Furthermore the function w satisfies the following inequality:

(3.50) 1— 16p%(1 = |2]) < Jw(2)] < 1 — é(l —12)).

First we observe that |w(z)| =1 for |2| = 1, w has no poles in {z||z| < 1}, and
by Rouché’s Theorem w has 2p zeros in the unit disc. Next we show that these 2p
zeros are in the smaller disc (3.49).

We write r, = exp{—1/2p}. Then for r, < |2| < 1, we have

P
E a, 2’

v=1

<M< % = pry? < |uz’,

i.e. w(z) # 0 for r, < |z| < 1, and therefore if z,, 1 < v < 2p, are the zeros of w in
the unit disc, we have
|2u] < 7p, 1<v<2p.

We now consider the function

Then ®(2) = w(z)/II(2) is regular and not zero in {z| |z| < 1} and |®(z)| =1 on
|2] = 1. Thus |®(2)| =1 and

(3.51) w(z) = €PTI(z) = ¢ [ Z—2%,

where 6y is a constant such that 0 < §y < 27.
Using (3.49) we deduce that for |z| = r > r,, we have

2p 2p
r—r r+r
3.52 L < (2)| = < 2
(3.52) (172) <mei=lue < (152
We write
r—rp _rptr
1—rpr’ 1+1pr’

and obtain

1-2? =(1-z)(1+z+ -+ 2?71 < 2p(l - 2)

(3.53) _ 2p(l —r)(1+17p) < 4p

1-7).
1—rpr l—r,,( )
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On the other hand if t =1/2p, sothat 0 < ¢ < 1/2, wehave 1—e~t =te™", 0 <
7 < 1/2, hence

- _ 1 _ 1 1
1—et>te 1/2>§t, rp=¢ ’<1—§t=1—ZI;.
Thus we obtain from (3.53)
(3.54) 1-2% < N 4PT (1-7) < 16p*(1 — 7).
~Tp

Now, (3.52) and (3.54) yield the left-hand inequality of (3.50). To prove the
right-hand inequality we obtain an upper bound for y??. We have

1—r)(1=7r) _ 1 1-r
1—-y?®>1- _mn)l-rn Ly 1- :

Yy 2 y T+r,r > 2(1 rp)(1—1)> &

From this follows the right-hand inequality of (3.50).

34.

LEMMA 3.4. Suppose given the complex numbers ay,az,...,ap, not all zero,

and write M =30 _ | |a,|.
Then there exists Fp(z) regular in |z| < 1, assuming © and 0 no more than 2p
times, and with a power series development

(3.55) Fp(z) = a1z +a} + -+ a,2° + O(2P*1),

near z = 0. Furthermore

2—-1
(3.56) |Fp(2)| < 40eM  in |2| < \/—2 ,
and if M > 2, we have
1 1
. T(r,F,) > ———~ log —— ! < 1,
(3.57) (r,Fp) > 800053 IOgl—-r’ R,<r<
where

A
R, =1- Z2(16eM)1000%",
D
Let F(z) be the function whose existence is asserted in Lemma 3.2 with z = M.
Let us write a; = u, then eM < u < 10eM, and consider the function
Y L auz” + p2?
u+ Zﬁ=l G, 22P—v ’

w(z) =

as in Lemma 3.3.
Then we define

(3.58) Fy(2) = F(w(2)).
One can check that

and so
Fy(2) = pu(2) + O(z*),

whence we conclude (3.55).
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The equation w(z) = ¢ has precisely 2p roots in {z||z| < 1} for any ¢ in {¢||¢| <
1}, and since the equations F(w) = 0 and F(w) = ¢ have at most one root in the
unit disc, we deduce that the equations Fj,(2) = 0 and Fy,(2) = ¢ have at most 2p
roots in {z||z| < 1}.

Since F(z) is univalent in {z||2| < 7o = v/2—1}, we have by a classical inequality
for univalent functions

2
prol2|
'F(Z)l < (TO _()lzl)Q’ lzl < 1p.

By Schwarz’s Lemma, |w(z)| < || for |2| < 1 and so for |z| = r/2 we obtain

prdlw(z)|
|Fp(2)] < o= ()] < 4plw(z)| < 40eM|z| < 40eM,
which is (3.56).

To prove (3.57), we shall make use of (3.23) and the definition of F}, in (3.58).
We shall also use the Ahlfors-Shimizu characteristic Ty instead of the Nevanlinna
characteristic T as we did in the proof of Lemma 3.2.

First we show that

(3.59) Afp,(t) > Ap(1-16p*(1—t)),  t >, = exp{~1/2p}.

This follows from the definition of F}, in (3.58) and the fact that the number of
roots in {z| |z| < t} of any equation of the form

(3.60) Fy(z) =¢

is not less than the number of the roots in {w||w| < 1 —16p?(1 —t)} of the corre-
sponding equation

(3.61) Fw)=s.

To see this, suppose that wp is a root of (3.61) in {w||w| < 1 — 16p?(1 — ¢t)}.
Then we prove that the equation

(3.62) w(2) = wo

must have at least one solution in {z||2| < t}, say zo.

In fact, the image by w of {2||z| < t} is a domain D(¢) contained in {w||w <
1} containing the origin, since w(z) has 2p zeros in the smaller disc {z||z| <
exp(—1/2p)}, and whose boundary is contained in the image of {z||2| = t}. Then
using the left-hand inequality of (3.50) we have

(3.63) lw(2)] > 1 — 16p%(1 —t), |z| =t, t > exp{—1/2p},

so that we can conclude that D(t) contains the disc {w||w| < 1 — 16p?(1 —t)}, i.e.
the equation (3.62) admits at least one solution zg in {2||z| < t}.

Now

Fp(20) = F(w(20)) = F(wo) =,

i.e. 29 is a solution of (3.60).

Therefore for every solution of (3.61) in {w||w| < 1 — 16p?(1 —t)} there is at
least one solution of (3.60) in {z||z| < ¢t} and different solutions of (3.61) yield, in
this way, different solutions of (3.60).
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As in Lemma 3.2 we recall that (Hayman (3, p. 13])
A0 = [ nr, ) duts), Ap) = [ nelt.0dulo)

where S is the Riemann sphere, dyu is the normalized area element in S, and nr,(t),
np(t) are the number of roots of (3.60) and (3.61) respectively, in the disc of radius
t.

From all these considerations we conclude (3.59).

To prove (3.57), we shall make use of the following inequality:

(3.64) 3n(l—t)>1—13">n(1-1t), 1<t <l,n2>1
In fact, let us observe that the quotient
1 —¢3n 2 3n—1
eraiat SRR

increases with ¢, so that it is enough to consider the case t3® = 1/5 for the right-
hand inequality in (3.64). The left-hand inequality is obvious.
We write h = 1/n, a = }log5, and note that
1-1t 5 5ah  b5logd 1
= (]l —eh kb, il
TS Ty <
which proves (3.64).
Now we make use of (3.59) and apply the right-hand inequality of (3.64) with
n = 16p2. Let r' = 571/3" and observe that r' > r,. Then for r > r’ we obtain

Tg(r,Fp)—To(r',Fp)z//rApp / Ar{(1—-n 1—t)}——

T dt 1
1

L {To( " F) Ty (%F) }

Next we find an upper bound for Ty(1/5, F) and a lower bound for To(r3", F).

To obtain an upper bound for Ty(1/5, F'), we observe that F(z) is univalent in
|z| < 7o, where 7o = v/2 — 1 > 2/5. Thus for |z| = 1/5 < (1/2)ro, we have by an
inequality for univalent functions (Hayman [2, p. 4]),

|F'(0)] 2|78 , 4
F(2)| < ——2 "2 < 4| |F'(0)] < =u < 8M.
IF ()| < o2 < el IF(0)] < g
Hence
3.66 To (3, F) <T (%, F)+ Llog2 < log(8eM) + Llog2.
5 5 2 2

By (3.23) in Lemma 3.2

1 1 1 1
X 3n > > —
(3.67) T(r*", F) > 192p10g1—r3" > oz {IOgl-—r log3n}
if
A

(3.68) P> - 7"((31‘4)-?6".
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Thus by (3.65), (3.66), and (3.67) we have
(3.69)

1
T(Tv Fp) > TO(T) FP) - —2' 10g2

1 (1
>
-3n{192 {lg

in the range (3.68).
From (3.69) we obtain

- log3n} — log(8eM) — %log2} - %logZ

Jog — L
2 50005° 1=

(3.70) T(r, Fp)
if (3.68) holds, and if in addition
(3.71) r > 1— A(16eM)=10000"
We make use again of the inequality
1-r" < 3n(l—r) =48p%(1 — 1),

and conclude that (3.68) will be satisfied if
Ao -
(3.72) r>1- p—s(eM) 26p,
3.71) and (3.72) will be satisfied simultaneously if
(3.71)
A _ 4
(3.73) r>1- ;)—39(166M) 1000p%

after decreasing A if necessary.
But (3.70) and (3.73) yield (3.57) and the proof of Lemma 3.4 is complete.

4. Proof of Theorem 1. We prove Theorem 1 by showing that given an
arbitrary function ®(r) satisfying (2.1), there is an integral function f such that

(4.1) N(r,0, f) + N(r,3, f) + N(r,00, f) < 3T(r, f),
for
(4.2) pe— 0 <r<pe—, k2 ko,
where

log<I> ( r)

which tends to infinity as r tends to infinity by (2.1), {px} is a sequence which
grows to infinity very quickly, and {~x} is a sequence decreasing to zero in such a
way that

(4.4) Tk p’\(p") —0 ask — oo.

Thus increasing ko if necessary we ensure that all the intervals (4.2) belong to
E,.

We show that we can assume A(r) increasing. In fact, since A(r) — oo as r — oo
there exists 7 such that for r > ry, A(r) > N, then we define A;(r) by

A1(r) =N, N <7 <TNt1,
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and ®;(r) by the relation

log @, (37)
4, _ log® (37)
(4.5) A1(r) Tog 2r

Then it is clear that A(r) > A;(r) and therefore by (4.3) and (4.5) ®(r) > @,(r).
Hence it is enough to prove that there exists f satisfying (4.1) in a set satisfying
(2.2) with ®;(r) instead of ®(r).

We shall also assume px > po = 2 and A(pg) > 0, i.e. (1) > 1. Then

(4.6) P2 <1, o pe— M) > L
Then using (4.3), (4.4), and (4.6) we obtain

®(r) dr = /E (4 Cdr 2 37 0% (k= e = (o = 2}
2 ko

— Zp/\(ﬂk) Pk)( — p’\(Pk) ) > (1+0o(1 Z 1=

Next we proceed to construct the function f and the sequence {pk}. Once {px}

E;

has been defined, we will define v = p; ~(ee)+D) - and since pr — 00, (4.4) is
satisfied.
We define f by
[e o]
(47) fz) =Y be™,
1

and proceed to construct the coefficients b, successively.

We set by = 1. Now let {px} be a strictly increasing sequence of positive integers
such that p; = 1. We assume that we have already defined b,, for n < px and
proceed to construct b, for pr < n < pr41.

Simultaneously we shall inductively define the increasing sequence of positive
numbers {px} with po = 2 and tending rapidly to infinity and the increasing se-
quence {px}.

Let us assume that px and px4+; have already been chosen and let Fi(z) be the
function defined in Lemma 3.4 with p = py and

(4.8) ap =bppp for1<n < pg.
Then if a, are the coefficients of Fi(z) for all n, we define b, by (4.8) for
Pk <N < Piya-

Now we assume that px_; and px have already been chosen. Then we take pg
so large that the following conditions are satisfied:

1
2Pk—1 Pkt
Ao ’

(4.9) pi > 40eBy (

where

(4.10) P > ——=
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3
(411) o > TE (50Ckp)
where C = Y% | |b,|, which can be done since A(p) tends to infinity with p, and
finally
Pk
4. —_— 1)1 —log2 log —=
(4.12) 800052 (A(pk) + 1) log pi — log 2 > 8py log =,

where § is a number such that 0 < § < %, for instance we can take § = %, and
again (4.12) can be satisfied if pi is sufficiently large since A(p) tends to infinity as
p tends to infinity.

Now we show that if pj is chosen so that (4.9)-(4.12) are satisfied we can define
Pk+1 so that the inductive definition of the sequences {px}, {px} is finished and
therefore also the definition of f(z) in (4.7), and we check that f(z) constructed in
this way satisfies (4.1).

First of all we show that if pj satisfies (4.9) then

(4.13) bl < (2p6-1)7",  Pr <71 < P
In fact by (3.56) in Lemma 3.4 and Cauchy’s inequality we have
2-1Y)
(4.14) |an| < 40e M} (\/—2 ) ) Pk <N < Diy1,
where

Pk Pk
My = Z by |pk < pik ’ Z 16y ],
v=1 v=1

which is bigger than p; > 2.
Writing

\/5_1 Pk
Ao = ———, Bk=;|bu|,

we deduce from(4.8) and (4.14) for px < n < Pr+1
|bn] < 40epP* "™ A5 ™ By.
Whence we conclude (4.13) if

N—pPk 2pk—l "
pk < 40@ Bk,
Ao

i.e.

B 2k — 1 n/(n—pk)
40eB, )/ (n—px) [ 28k — -

and this will be satisfied for all n > pj if (4.9) holds since B > |b]| = 1.

From (4.13), we deduce that f(z) given by (4.7) is an integral function.
Next we show that all the roots of the equations

(4.15) Fi <pik) =0 and Fy (i) =i

Pk

are in the disc {z||z| < px — p;)‘(ﬂk)}'
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In fact, let us recall that Fi(z) = F{w(z)}, where

olz) = ZwmLleZ t pe

M+ 5';1 a,2%Pe=v’
where eM < p < 10eMj and My = Y-P% | |a,| = D0k | |bu|o%.
The equations F(w) = 0 and F(w) = ¢ have at most one root in {w||w| < 1}.
Let wp and wy, respectively, be these roots in case there are any.
The roots of (4.15) are the same as those of

(4.16) w (f—> =wp and w (i> = w.
Pk Pk

Therefore we can deal with (4.16) instead of (4.15).

The equation w(z) = ¢ has precisely 2px roots for |¢| < 1, in particular the
equations w(z) = wp and w(z) = w; have in total 4px roots. Let us write s =
max{|wo|, |w1|}; then we show that s < /2 — 1, so that it is less than a number
between zero and one independent of k. In fact wg = 0 and since F' is univalent in
|z| < V2 — 1, Koebe’s -theorem implies |w;| < V2 — 1 provided that u > 4 and
since

Pk Pk
p>eMg>Me=) la =Y |bof

v=1 v=1
it will be enough to have p; > 4, which is implied by the assumptions pg = 2
and (4.9). Therefore by the left-hand inequality of (3.50), all the roots of the two
equations above must satisfy

1 - 16p2 <1 - ink’) <s,

ie.
4 1-3s
4.17 — - —.
(417) Pk 16p}
We now make use of (4.10) and obtain
(4.18) 16p7 16p? S 16p?

> = .
P2y Ve 1-(V2-1) 1-s
From (4.18), we get

—X(pk)
1-s 1 Pk — Py

4.19 l-—<l < —5
(4.19) 16p? Pk Pk

Therefore all the roots of (4.16) are in {z| |2| < px— p,:’\(” ) }, and the same happens
for the roots of (4.15), which was what we were trying to prove.
Since the set {z|px — p,:'\(p W < |z] < pk — "k} is compact and the functions

Fi(z/pk) and Fi(z/pr) — ¢ have no zeros in it, there is e > 0 such that

% () a(5) -

Finally, we will see that px1, which has not been determined yet, can be take
so that (4.1) holds.

(4.20) > € and > ek.
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We write
z [ ]
Fy (—) =Y Bn2",
Pk o}

and note that the series is absolutely uniformly convergent in {z|px — p
|2| < pr — Yk}, so that we may choose pg4; so large that

;’\(Pk) S

o <]
(4.21) > |Ballzl™ < dex
N=Pk+1
in this set.
We also have by (4.13)
oo [e o]
Z |bn] 2| < Z 27" = 2 Pk+1
n=pr+1+1 n=pg4+1+1

for the same values of 2z, i.e. taking px1 large enough we can get that

oo
(4.22) Y lballzl® < 3ek.
n=pg+1+1
And then from (4.21) and (4.22)
(4.23) f(z) — Fx (;z;)’ = Z (b — Br)2"| < €k

Pe+1+1

in {2lpk — g ") < 2] < o — W}

With the choice of pg4+1 the inductive construction of the sequences {px} and
{pk} is complete the therefore also of the function f. Furthermore we conclude
from (4.20), (4.23), and Rouché’s Theorem that the equations

f(z)=0 and F; (i> =0
Pk
have equally many roots in {z||2| < r} for those values of 7 in
o — o) < v < ok —

and the same is true for the equations f(z) =7 and Fi(2/px) = 1.
By Lemma 3.4, the number of the roots of all these equations is at most 2py.
By (4.13) we have |b,| < 1 for all n. Thus for 0 < |z| = p < 1/2 we have

oo
1F@I<Y "< ﬁ <2<l
n=1

We also have for such p

ICEYE> YR
2| 2p=) p=p-—- = > 0.
n=2 l—p l_p

Therefore there is §, 0 < § < 1, such that the equations f(2) = 0 and f(2) = ¢
have no roots different from z = 0 in {2||2| < 6}.
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We deduce from this that for p — p;’\(” ) < ¢ < pg — Yk, we have
n(t,i) =0, t<§4, and n(t,1) < 2pg, t<r,
so that
; .
. t,
(4.24) N(r,i) = / @ dt < 2p log %,
6

and since f(z) has a simple zero at the origin and no other zeros in {2|0 < |z| < 6},
we obtain similarly

,
(4.25) N(r,0) = / Ltt,()_)_ dt +log 6 < 2pi log %
6

By Lemma 3.4 we have

z 1 1
4.26 T Fi | — > 1
(4.26) (T’ g <Pk)) ~ 8000p3 1"/

=A(px)
k

<r<pe—if

Pk — p—’\(Pk) N . Ao \
(4.27) p—k =1- p;( (Pk)+1) >1-— p_a(ISCMk)_IOOOP",
k k

inpg—p

where M is given by My = Y 0 | |a,|, and by (4.8)
Px Px
M=) la| < o2 Y |by| = Crp}*
v=1 v=1

where C depends on the b, v < pg.
Hence (4.27) is satisfied provided that

3 3
pz(l—’k)-f-l > Z_I;(Sockpzk)looozik

which is (4.11).
Therefore (4.26) holds for those 7 in
ok — g ) < < pr— e
Finally we have by (4.12)

i 1
wag =T <r’ i (LI)) ~ 1082 2 gro0,5 (A(pk) + 1) log pi — log 2

> 8px log ’:S—k

for r such that N
ok —pp P < < p — e
Thus from (4.24), (4.25), and (4.28) we conclude

N(r,0) + N(r,i) + N(r,00) < 3T(r, f)

: _ —A(px) <r< _
In px — Py ST Pk — Tk
This proves (4.1) and the proof of Theorem 1 is complete.
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