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ELLIPTIC AND PARABOLIC BMO
AND HARNACK'’S INEQUALITY

HUGO AIMAR

ABSTRACT. We give a generalization of the John-Nirenberg lemma which can
be applied to prove A2 type conditions for small powers of positive solutions
of elliptic and parabolic, degenerate and nondegenerate operators.

One of the main tools in the original Moser proof of Harnack inequalities for
elliptic and parabolic equations is a John-Nirenberg type lemma concerning the
behavior of the distribution of a function satisfying a bounded mean oscillation
property [M;, JN and Ma]). This technique has extensively been used in different
elliptic situations. For example: in [FKS], Fabes, Kenig and Serapioni use the
John-Nirenberg lemma for BMO (wdz) (w € Ay) proved by Muckenhoupt and
Wheeden in [MW], in order to prove regularity of solutions of degenerate elliptic
operators. In [FL and FS], Franchi, Lanconelli and Serapioni apply the John-
Nirenberg type inequality proved by Burger in [Bu] on spaces of homogeneous type,
in order to extend Moser’s technique to different degenerate elliptic operators. In
the parabolic case the situation is different since Moser [M3] has obtained another
proof of Harnack’s inequality by an extension of Bombieri’s argument [B], which
does not use John-Nirenberg type lemmas. The degenerate parabolic situation
studied by Chiarenza and Serapioni [CS; and CS;] follows the pattern of [M3].

In a recent paper, [FG], Fabes and Garofalo returned to the original Moser proof
of parabolic Harnack inequality. The main point is their extension of
A. P. Calderén’s proof of the John-Nirenberg lemma [N]. In their subdivision and
selection process, the rectangular geometry of the parabolic balls and the transla-
tion nature of the time lag play an important role.

On the other hand it is well known that the usual (elliptic) selection process
can be carried over to the general setting of spaces of homogeneous type applying
Wiener type covering lemmas. See, for instance, Macfas and Segovia [MS].

The main purpose of this note is to give an extension of the John-Nirenberg
lemma to the setting of spaces of homogeneous type with general “time lags”,
in such a way that both, degenerate and nondegenerate, elliptic and parabolic
situations, become particular cases.

In §1 we state the result, and its applications and examples. In §2 a John-
Nirenberg type lemma is proved. In §3 we shall prove Theorem (1.7).

1. Statement of the result. Applications. Let X be a set, a nonnegative
symmetric function d on X x X shall be called a quasi-distance if there exists a
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constant Ko such that d(z,y) < Ko(d(z,z2) + d(z,y)) for every z,y,2z € X, and
d(z,y) = 0if and only if £ = y. Let u be a positive measure defined on a o-algebra
of subsets of X which contains the d-balls and satisfies the following inequalities
0 < u(B(z,2r)) < Au(B(z,r)) < 0o, for some constant A, every z € X and r > 0.
We shall say that (X,d, u) is a space of homogeneous type if X is a set endowed
with a quasi-distance and a measure satisfying these conditions. In this note we
shall consider a space of homogenous type for which continuous functions are dense
in L. If f is a positive measurable function on X and E is a measurable subset of
X, mg(f) means u(E)~" [, f dp.

(1.1) DEFINITION. Let B(zo, Ro) be a fixed ball in the space of homogeneous
type (X,d, u). We shall say that a function

T: B(anRO) X (Oa -RO] — X x R+; T(Z, 7') = (é, p)a
is a lag mapping if there exist three constants K;, ¢ = 1, 2, 3, such that the inequal-
ities
(1.2) d(z,€) < Kqr,

(1.3) Kazp <7 < Ksp,

hold for every z € B(zg, Rg) and r € (0, Ry].

In the definition of BMO we shall use nonnegative functions A of the real variable
t, which share the following properties with small powers of t* = (¢t + |t|)/2: h is
continuous, nonnegative, h(t) = 0 if ¢t < 0, h(t) is increasing for t > 0, h(t + s) <
h(t) + h(s) and e~¢*(*) is an integrable function on (0, 00) for every € > 0.

(1.4) DEFINITION. Let f be a real-valued measurable function on the space of
homogeneous type (X, d, u). We shall say that f satisfies a BMO condition with lag
mapping T on the ball B(zg, Rg), with respect to h, if there exists a real function
C(z,r) on B(zo, Ro) x (0, Ro] such that

(1.5) mB(a,r) (h(f = C(z,7))) < N(f),

(1.6) mp(e,p) (h(C(z,7) — f)) < N(f),
for some constant N (f) and every (z,r) € B(zo, Ro) X (0, Ro]. Let BMO(zo, Ro, T, h)

" be the class of all such functions.

The main result of this note is the following.

(1.7) THEOREM. Let T be a one-to-one lag mapping on B(zo,Ro) with the
following property:. there exists 0 < v < 1 such that for everyr < Ry

(1.8) B(zo,r) x (0,77] € T(B(zo,7) X (0,7]).

Then there exist two constants & and C depending only on K;,A,~, and a lag
mapping S on B(zo,6Ro) (S(z,7) = (¢,7)) such that if f € BMO(zo, Ro,T,h) and
u=e"7, the inequality

(1.9) (MB(z,r)(u™%)) - (Mp(,n(u)) £C

holds for some € > 0, depending only on N(f), and every (z,r) € B(zo,0Rp) X
(0,6 Rg). Moreover, the mapping S can be given explicitly in terms of T':

S(z,r) = (&(z,7/n);npe(z,7/n)),
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where € and p are the components of T and n 13 a constant depending only on K;,
1=0,1,2,3.

Roughly speaking, Theorem (1.7) asserts that if f is of bounded mean oscillation
with lag mapping T', then some positive power of e~/ belongs to an A, class with
a lag mapping closely related to T'.

In the next paragraph, examples and applications are given.

(1.10) Elliptic case: [M; and JN] Let

L9 ou
Lu= Z a—%(az’ja—%),

1,7=1

where a;;(z) is a measurable symmetric matrix satisfying the inequalities A|¢]? <
a;;(z)&:E < A€)?, X and A constants. If u is a positive solution of Lu = 0 on the
cube @, using Poincaré’s inequality, Moser proves the usual BMO property for
v =log 1/u on the cube 271Qy:

there exist a constant C = C(n, A\, A) and, for each subcube @ of
271Qy, a number C(Q) such that

|{2—|/Q|v—0(Q>|sa

This condition is clearly equivalent to (1.5) and (1.6) with h(t) = t* and T the
identity. Then, Theorem (1.7) gives the usual A, condition for u®, since S is also
the identity.

(1.11) Degenerate elliptic case I: [FKS and MW]. The coefficients a;; of L
satisfy the weaker condition Aw(z)|€|? < a;;(z)&i€; < Aw(z)|€|? with w € A;. The
weighted extension of Poincaré’s inequality gives a weighted BMO for v. Theorem
(1.7) applies to the situation X = R", du = wdz, d the euclidean distance in R™
and T the identity.

(1.12) Degenerate elliptic case II: [FL, FS and Bu]. The condition on a;; is of
the form Aw(z)A?(2)€2 < ai;(2)&:€; < Aw(z)A2(z)E?, where w € Az on the space
of homogeneous type with distance given by the vector (A1, A2, ..., A,) (see [FS]).
Theorem (1.7) applies again to obtain a weighted A; condition on balls in such a
distance.

(1.13) Parabolic case: [M2, M3 and FG]. Let u be a positive solution of du/dt =
Lu, L as in (1.10). Poincaré’s inequality gives now a “parabolic BMO with time
lag”: for every parabolic subrectangle R of the unit cube in R™*! there exists C(R)

such that )
WL+ Vw=c(R))tdzdt <C
and

IRL_I/R_ V(c(R) —v)tdzdt <C

where Rt and R~ are the upper and lower halves of R. The structure of space
of homogeneous type is (R"*!,d,)), where A is Lebesgue measure and d is the
translation invariant distance defined by

d((z,t); (0,0)) = max{|z|, \/H}a zeR" teR.
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The lag mapping T is given by
T((z,t);7) = ((z,t — 2r%); 7).
It is easy to see that (1.8) is satisfied. Since S((z,t);r) = ((z,t — 2r%/n?);r) and

n < 1, then we have the expected lag proportional to 72 in the A, condition for a
positive power of u, which takes the form

MR, (u—s) ‘MR, (ut-:) <C

needed to apply Moser’s method.

(1.14) Degenerate parabolic case. As we said in the Introduction, a class of
degenerate parabolic operators has been studied by Chiarenza and Serapioni [CS;
and CS.|. There, Harnack’s inequality is obtained when the degeneration of the
elliptic part is as in (1.11) with the weight w belonging to Muckenhoupt’s class
Ai42/n- The method used in [CS; and CS,] is that of Bombieri and Moser and
consequently avoids John-Nirenberg type lemmas. The purpose of this paragraph
is to prove that Theorem (1.7) applies in this situation.

Let us start by introducing a structure of space of homogeneous type on R"*!
associated to the R™ weight which defines the degenerate elliptic operator L. Let
w € Ap(R"),

p—1
Ap: (/ w) (/ w“l/("'l)) = |Q(z, )P
Q(z,r) Q(z,r)

Let ho(r) = (Jo(ar) w1/ (P=1))p=1 and h7! be its inverse function. Let us define

d: R™! x R**! - R* U {0},
d((z,t); (y,9) = |z — y| + bz ' (It — s]) + by (|t — s])

and p = wx A on the Borel subsets of R™*!, here ) is the one-dimensional Lebesgue
measure and w(E) = [, wdz. Condition A, can be rewritten as

Ap: p(B((z,t);7r)) =17,
where B((z,t);r) is the d-ball with center (z,t) € R**! and radius r > 0. From
this expression for Ap, the doubling property of u is clear. The quasi-triangle
inequality for d follows from the fact that w € Ae. Then (R™*1,d, ) is a space
of homogeneous type which fits the degenerate parabolic operator for p = 1+ 2/n.
The family of balls in (R"*!,d, u) is equivalent to the family of all rectangles of
the form _

B((.’l:, t);"') = Q(:c,r) X (t - %hz(r);t + %hx(r))°
Let u be a positive solution of
du = 0 0
5= 2 o (o)
2,7=1

on a cube of R"*!, where A = (a;;(z)) is a symmetric matrix of measurable

functions satisfying the structural condition studied by Chiarenza and Serapioni,

namely
n

(1.15) Mw(@)|E < Y ai(z, )66 < Aw(z)|€l,

1,7=1
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where w € Ay 4/,(R"). To apply Moser’s method [Mgz, p. 118] in order to obtain
a BMO type condition for v = log 1/u, we need the following slight modification of
the weighted Poincaré’s inequality of Fabes, Kenig and Serapioni [FKS|:

(1.16) LEMMA. Let 0 £ o < 1 be a continuous function with support in the
cube QR such that its level sets are convex sets. Then there is a positive constant
C such that the inequality

/Iv V2w < CR2/|Vv|2gow

holds for every Lipschitz function, v, defined on Qg, where V = [vp/ [ .
The function v = log 1/u satisfies the following inequality

t2 t2
/w%dzﬁj +%/ /wZVv-AVvdzdt < 2/ /Vw-Avwdzdt,
il tl

where

Y =1yY(z) = H Xv(Tv)
v=1

1 if |z, — 20 <1,
Xo(Zy) =4 0 if |z, — 29| > 2r,
linear interpolation otherwise.

Therefore, from (1.11), we have

t2
/wzvdzlif + %/ /le|2w1/12 dz dt < 2A(tg — tl)/lez,/)l2 dz.
t
Applying Lemma (1.16) and taking ¢; — t; we find that
av ¢ / 2 c'w(Q(zo,7))
—_—— e— v(z,t) = V()|*w(r)dr < —/————.
& 100 Jguon "5 VO &S S0, )

Let to € R, 7o € R™ and 0 < r < 1 be fixed; t; = o — 3Rz, (), t2 = to + hao(r)
and t € (t1,t2). From (1.17) it is clear that

ﬂ < clw(Q(z(),r)) —

dt = r2|Q(zo,7)|
Therefore V —V; :=V(t) =V (t1) < m(t —t;1) < mhyy(r). For 8 > 3mhg,(r) we set

Qs(t) = {z € Q(z0,7): v(z,t) — V1 > s}

If z € Qs(t), then v(z,t) =V > s+ V; =V > 8 —mhy,(r) > 0, consequently, from
(1.17) we get
dv (s=V -V)?
— A AL A <m.
dt +C |Q(z0,"')|"'2 w(QS(t)) - m

Integrating the above inequality from ¢; to ¢t and using our definition of u, we have

1Q(zo, 1)

u{(@.1) € B((@o, to)ir): vle,) = Va > s} S e =onm
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for every s > 3mhg,(r). Therefore
/. V(@) Vi) du(z, 1
B((zo,to);r)

By r)|r?
< (3mhyg, ()2 uw(B((zo, to); 7)) + 0%~

Since w € Aj1g/n, the first term on the right side is bounded by cu(B((zo,t0);7)),
that the same bound is also true for the second term follows from Hélder’s inequal-
ity. Now replacing t by 2t; — ¢t in the above argument, we get

/f*((zo,to-hzo(r));r)

vV (V1 = (e, 1))* du(z, 1)

< cu(B((z0, o — hao(r)); 7))
The preceding inequalities show that v belongs to BMO with h(s) = v/s* and lag
mapping satisfying (1.8), given by
T((z,t);r) = ((z,t = ha(r)); 7).

Theorem (1.7) applies to show that the solution u satisfies the following inequality

(/ u-edu) . (/ u® du) < eu(B((z,1);7))?
B((z,t)ir) B((z,7);r)

where 7 =t — hy(r/n).

2. A John-Nirenberg type lemma. The following Wiener type covering
lemma can be found in [CW] with a slightly different statement.

(2.1) COVERING LEMMA. Let (X,d,pu) be a space of homogeneous type. Let
B = {By = B(%qa,7a): @ € T} be a family of balls in X such that U,cr Ba 15
bounded. Then, there exists a sequence of disjoint balls {B;} C B such that for
every a € T there exists ¢ satisfying ro < 2r; and B, C B(z;,5K2r;).

In this section B(z1, R;) is a fixed ball in the space of homogeneous type (X, d, u),
T is a fixed lag mapping on B(z;, R;) and f is a fixed function in BMO(z,, R;,T, h)
such that N(f) = 1 and C(z;,R;) = 0. In order to further simplify notation, we
set

M = KJ[2(K;' 4+ 2K,)KsK; ' + 5KZK; + Ky + 1

and
n = [Ko(1+2MKo)]™" < [Ko(1 + 2Ko)] ™.

(2.2) Observation. For every z € B(z1,nR,) and every
re [27]K0R1, (I/Ko - ﬂ)RI] =1

we have
B(.’L’],T]Rl) c B(x,r) C B(zlaRl)‘

Since n < [Ko(2Ko + 1)]7%, I is nonempty.
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Let us consider the following modifications of T(z,r) and C(z,r):
S(z,r) =T(z,r) on [B(z1,R1) % (0,R1)] — [B(z1,nR1) x I],
=T(z1,R1) on B(z1,nR1) x I,
B(z,r) = C(z,r) on [B(z1,R1) x (0,R1)] — [B(z1,nR1) X 1],
=0 on B(z1,nR;) x I.
It is easy to see that S is a lag mapping with constants depending on 7. Moreover,
if S = (o,7) we have
d(z,o(z,7)) < K;-r
2. f 2nKoR,,
(2.3) Kyr<r< Ky 07T <2KoRs
mB(z,r)(h(f - ﬂ(za "'))) <1 ifr <2nKoRy,
Mo (h(B(z, 1) — [)) S 1 everywhere.

(2.5) LEMMA. f € BMO(z1,R;1,S,h) with norm bounded by An=10824,

(2.4)

PROOF. We only need to consider the case (z,7) € B(z;,nR;) x I. From
Observation (2.2) we get

mB(m,r)(h(f - ,B(Z, r))) = mB(a:,r)(h(f - C(xl’ Rl)))

B(z,,R

< _111(7(2(32,_7)1))) -MB(ar,m) (A(f = C(a1, R1)))
M —log, A

_u(B(Ilaan))SAn o

For a given A > 0 set Q* := {z € B(z1,nR1): B(z,r) > A for some r €
(0,(1/Ko — n)Ry]} and, for z € Q*,

R*(z) := {r € (0, (1/Ko — n)R1]: B(z,7) > A}.

(2.6) LEMMA. Let Ay > Ap_1 > - > A1 > 0 and Q% = Q*¢, then
(2.7) for every x € QF there exists r*(x) < 2nKoR; such that

B(z,r*(x)) > A\ > B(z, MrF(z)),
(2.8) if y € Okt C QF then r*¥+1(y) < r*(y).

PROOF. Let z € (", then R"(z) = R*»(z) # @. We choose r"(z) € R"(z)
such that Mr"(z) ¢ R™(z). From the definition of # we have 2M Kon = 1/Ko — 1.
We also know that r"(z) € R"(z) C (0,2KonR;], then Mr"(z) < 2KonMR; =
(1/Ko — n)R; and therefore, B(z, Mr™(z)) < A,. So (2.7) is proved for k = n.
Let us assume that r®,... ,7¥*1 k > 1, satisfy (2.7) and (2.8). Let y € QF. If
y ¢ QF*! then we can get r*(y) in the same way as we have got ™. If y € (k1
set R = R¥(y)—[0,7*¥*1(y)). Let r*(y) € R such that Mr*(y) ¢ R. Also Mr*(y) <
(1/Ko — n)Ry and Mr*(y) > r¥*+1(y), then B(y, Mr*(y)) < A. O

The preceding lemma and the Covering Lemma (2.1) can be applied together in
order to obtain the following result.

]
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(2.9) LEMMA. Let {\c}3_, be such that Agyy > Ag > 0. Then for each k =
1,2,...,n there ezists a sequence {z¥: i€ Z*} C Q% such that:
(2.10) B(S(af,r*(2f))) N B(S(a},r* () =@ if i # s

(2.11) for every z € QI there ezistst € Z such that 7(z,7*(z)) < 27(zk, rk(z¥))
and
B(S(z,7*(2))) C B(o(af, r*(c¥)); 5K37(zf, r*(zF)));

)

(2.12) Bz, r*(z%)) > M > B2k, Mr*(zF)),  for everyi e Z;
(2.13) 0F c | Blo(a¥, ¥ (zF)); Nr(ak, r* (2F))),
=1

where N depends only on K, 1 =0,1,3.
(2.14) Let j € Z™, then there exists i € Z% such that

B(S(z§*!, r¥ 1 (25 *1))) € B(a¥, Mr¥(ak)) C B(o(af,r*(af)); Pr(af, ¥ (aF))),
where P depend only on the K, ’s.

PROOF. For each z € (0¥ we have the positive number r*(z) satisfying (2.7).
Applying the lag mapping S to the pair (z,7%(z)) we get (o(z,7*(2)); 7(z,r*(z))),
which defines the ball B(o(z,*(z)); 7(z,7*(x))). In this way we have the family
of balls

B* = {B(o(z,7*(2)); 7(z,7*(2))): € O*}.
It is clear that the set defined by the union of all members of B¥ is bounded. So
that we can apply the Covering lemma in order to obtain a sequence {xf} c QF
satisfying (2.10), (2.11) and (2.12). Let us prove (2.13): let z € QF and 7 be the
positive integer associated to = by (2.11), then from (2.3) we have

d(z,0(zf,7*(2f))) < Kold(z,0(z,*(2))) + d(o(2,r*(2)); o (zf, r*(z})))]
< Ko[K1r¥(z) + 5K37(zk, r¥(zF)))
< Kol K1 Ky (2, 7*(2)) + 5K3r(2f, r*(2f))]
< Ko[2K1 K3 + 5K{) - 7(zf,r*(af)),
and (2.13) is proved. In order to prove (2.14) let us observe that, because of (2.11),
there exists ¢ € Z* such that 7(¢¥**, 7% (z5+1)) < 27(zk, r*(2F)) and
B(S(a:f"'l,rk(zf“))) C B(o(zF,r¥(z¥)); sK27(zk, ¥ (z¥))).
Let z € B(S (x;“, rk“(zf“))), we can estimate the distance from z to z¥ apply-
ing the triangle inequality to the following chain of points

z = o(zb T, rF (b)) — 2 o (2T R (25 HY) — o(af, 4 (af)) — 2f,
so that, from (2.3) and (2.8) we have
d(z,zF) < Kg[r(zf“,rk“(xf“)) + Klrk“(xf“) + Klrk(:v;?"'l)
+5K37(z¥, v (2¥)) + K1r*(2¥)]
< KS[(K5' + 2K )r*(z5th) + (K3 /K2 + K1)r* (zf)]
< Mrk(zk).

The last inclusion in (2.14) is easy. O
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(2.15) LEMMA. Let {Ax}p_, be such that Agy1 > A > 0. Then there exists a
constant @ depending only on A and the K;’s such that the inequality

(R(Ak41) — h(Ak) — 1 Zu S(ahtt, Pt (zhth))

<Q Z u(B(S(zf,r*(zf))))

i=1
holds fork=n—-1,n-2,...,1,0.

PROOF. Set B* = B(S(zk,r*(zk))). For every j € Z* we have Agy1 <
B(zk*1, rk+1(zk+1)) then, from (2.4) and the properties of A it follows that
5 j

h(Ak+1) S 1+ mgeess (R(S)),

consequently
hAks1) —I)Zu (B;*+) <Z / AT ) du).

From (2.14) we know that each B*tlis enclosed in some B(z¥, Mr¥(z})). Given
1€ Zt, set
={j: B;.k'H C B(zF, Mr¥(zF)) but B;k"'l ¢ B(zF, Mr*(zf))
for1=1,2,...,i—1}.
Then, from (2.10), (2.12), (2.5) and the second inclusion in (2.14) we get

oo
LR SACASED 3 o) I
Jj=1

i=17€J;
) ;/U s MU = B M) 4 B, Mr¥ )
: ; {/E’(z" Mrk(z¥)) h(f = B(zi, Mr® (7)) dp

+h(Mk) D u(B}"“)}

JEJ;

[ ] [ ]
< An~'982 4% " u(B(af, Mr* (2f))) + h(Ak) Y w(B* )
=1 7j=1

o] [o ]
< QY u(B¥)+h(M) D u(B*). o
i=1 Jj=1
(2.16) LEMMA. There ezist positive constants a and b depending only on A and
the K;’s such that the inequality

Zu(B(S (2,7 (2})))) < a2~V u(B(z1,nRy))

holds for every /\ > 0.
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PROOF. Let @ be the constant in Lemma (2.15). Choose n and r such that
h(A) = h(r) +n(2Q + 1) and 0 < h(r) < 2Q + 1. Let A\, = h~1(k(2Q + 1) + h(r)),
then we can apply Lemma (2.15) to the sequence A = A\, > Ay > - > Ag =T1.
Observe that h(Ak+1) — h(Ak) — 1 = 2Q. Then

. 1 .
Y uBF) < 3 Y u(Bs*),
jez+ j€Z+
by iteration
Y uBry <27y u(BO)
J J
= oh()/(2Q+1)  9—h(2)/(2Q+1) E u(B;O).

J

This finishes the proof of the lemma. 0O

(2.17) LEMMA. There exist two positive constants a and b depending only on A
and the K;’s such that the inequality

u{z € B(z1,nR1): f*(z) > A} < 27N . 4(B(z1,nRy))
holds for every A > 0.

PROOF. Let us show first that {z € B(z;,nR1): fT(z) > A} C Q% where
a = h71(h(A) — 1) for R(A) > 1. Let = € B(z1,nR;) such that = ¢ Q%, then
B(z,7) < a for every r < 2nKgR;. Observe now that

1 1
2B Joen "V WS B

by differentiation of the integral we get f*(z) < A. Now, from Lemma (2.16) and
(2.13) with « instead of A, we see that

u{z € B(z1,nR1): f¥(z) > A} < pu(Q%)
< ZM(B(U(w?,T“(w?));NT(I?,T"(z?))))

/ h(f — B(z,7)) dyu+ h(a) < h(N),
B(z,r)

< CZ#(BW) < a2t . y(B(z1,nRy)). O

1

The result of this section is summed up in the following statement.

(2.18) JOHN-NIRENBERG TYPE LEMMA. Let T be a lag mapping on the ball
B(z1, R;) of the space of homogeneous type (X,d, u). Then, there exist n(K;) > 0,
a(A,K;) > 0 and b(A,K;) > 0 such that for every f € BMO(zy, Ry, T, h), the
inequality

p{z € B(z1,nR1): [f(2) — C(z1, R1)]" > A}
S ae—bh(’\)/N(f) . u(B(zl’nrl))

holds for every A > 0.
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3. Proof of Theorem (1.7).

(3.1) LEMMA. Let T = (&,p) be a one-to-one lag mapping on B(zo, Ro) satisfy-
ing (1.8). Then there exist n(K;) > 0 and 6(v, K;) > 0 such that BMO(zo, Ro, T, h)
C BMO(z0,n6 Ro, Ty, 1), where Ty(z,7) = (&(z,7/n);np(z,r/n)) and i(s) = s*.

PROOF. Let f € BMO(zg, Ry, T, h). If z € B(zg, Ro/2Kp) and r < Ry/2Ky,
then B(z,r) C B(zg, Rg). So we can apply Lemma (2.18) in order to obtain
u{y € B(z,nr): [f(y) = C(a,n)]* > A} < ae™ " NND. y(B(z,r)),
then, from the integrability hypothesis on e~¢* we have

(3'2) mMpB(z,nr) [f - C(z, "')]+ < N/(f)

for every z € B(zo,Ro/2Ko) and r < Ro/2Ky. Let us now observe that, be-
cause of (1.8), T~! is a lag mapping on the ball B(zo,YRyp), and that —f €
BMO(zo, YRy, T~ 1, h) with constants ¢(¢,p) = —C(T~1(¢,p)) = —C(z,r). Ap-
plying again Lemma (2.18) we get

(33) mp(¢.qp)[Cla,r) — fI* < N'(f),

for every &€ € B(zo,vRo/2Ko) and p < YRo/2Ko. If we take § < vK3/2KZ[K1+1],
then the image under T of B(zg,6Rp) x (0,8 Rp) is contained in the set for which
(3-3) holds. Set s = #r in (3.2) and (3.3), we have

mp(z,9)(f — Clz,s/n))*] < N'(f)
and
MB(¢(z,5/n)mo(z,o/m) [(C (2, 8/m) = )F] < N'(f),

for every (z, s) € B(zo,ndRo) % (0,6 Ro]. This finishes the proof of the lemma. O
Applying Lemmas (3.1) and (2.18) we obtain the following result.

(3.4) LEMMA. LetT = (&, p) be a one-to-one lag mapping on B(zo, Ro) satisfy-
ing (1.8). Then, there exist n(K;) > 0, 6(v, K;) > 0, a(A, K;) > 0 and b(A, K;) >0
such that given f € BMO(zg, Ry, T, h) the inequalities

(3:5) w{y € B(z,nt): [f(y) — C(z,t)]* > A} < ae™ /N y(B(z,nt)),

(3.6) uly € B(o,ns): [C(z,t) — f(®)]T > A} < ae™ N u(B(o,n5)),
hold for every A > 0, x € B(z9,6Rp), t < 6Ry and some function c(z,t) - ((0,8) =
T’?(za t))

With these results, the proof of the theorem is now as in the euclidean case: let
€ <b/N(f), z € B(zo,0Rp) and t < § Ry, then

/ W dy < e=C@) (S0~ 1 ()* du(y)
B(o,ns) B(o,ns)

< ae_EC(”’t)e/oo ele=t/NDIX gru(B(o,ns)).
0

On the other hand

o0
/ =t dp < aesClEt)g / ele=t/NUDX gr(B(z, nt)-
B(z,nt) 0



276 HUGO AIMAR

Consequently

/ u" dp / u®dp | < cu(B(z,))?,
B(z,r) B(¢,T)

for every r < n6 Ry and z € B(zo,n6Ry), where

(,7) = S(z,7) = (&(z,v/n*);n’p(z,7/n?)).
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