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A TRUNCATED GAUSS-KUZMIN LAW

DOUG HENSLEY

ABSTRACT. The transformations T, which map z € [0,1) onto 0 (if z <
1/(n + 1)), and to {1/z} otherwise, are truncated versions of the continued
fraction transformation T: z — {1/z} (but 0 — 0).

An analog to the Gauss-Kuzmin result is obtained for these Ty, and is used
to show that the Lebesgue measure of Tj; * {0} approaches 1 exponentially.
From this fact is obtained a new proof that the ratios v/k, where v denotes

any solution of ¥2 = —1 mod k, are uniformly distributed mod 1 in the sense
of Weyl.

1. Introduction. The continued fraction algorithm is based on iteration of the
transformation

T:z— {1/z} (z+#0), T:0—-0

of the unit interval [0,1). The Gauss-Kuzmin result is that for a random variable
X uniformly distributed on [0, 1], the density of T* X tends to g(t) = 1/(1+¢)log2,
0<t<L1.

The associated measure u, determined by u(a,b) = [ : (g(t) dt, is invariant with
respect to T. That is, u(T~1E) = u(E) for all measurable E C [0,1]. There is
a considerable body of knowledge about this transformation and various related
topics, such as the Jacobi-Perron algorithm. Here we mention a few of the salient
points:

(1) Uz, T7H{0} =QnJo,1).

(2) T is ergodic with respect to u.

(3) The convergence of the density ¢g*(z) is uniform and rapid, in the sense that
there exists a constant ¢, 0 < ¢ < 1, such that for all k > 1and all ¢, 0 <t <1,
lg*(t) — g(t)] < c*.

(4) The arithmetic mean of the partial quotients ax(z) := [1/T*~1z] is infinite
almost everywhere, but the geometric mean has a certain finite value a.e. These
facts are well known among specialists, and are found in most standard references.
See e.g. (7, 8].

From (4) it follows that (m denoting Lebesgue measure) m({z: ax(z) < n for all
k}) =0, so that limg_oo m({z: a;(z) <nfor 1 <j<k})=0.

One of our concerns here is to find out how rapidly this quantity approaches
zero as k — oo. Another is to determine the asymptotic conditional density of
T*X given that TX > 1/(n+1) for 0 < j < k. To this end we introduce the
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transformations T, mentioned in the abstract:

To(e) ={1/z}  (1/(n+1)<z<1),
To(z)=0 (0<z<1/(n+1)).

Let pn(k) = 1 — m(T;7%{0}) = m({z: aj(z) < nfor 1 < j < k}). We obtain these
results first:

THEOREM 1. For each n > 1 there exists A(n), 0 < A(n) < 1, and gn(t), a
continuous decreasing, positive, convezr probability density function on [0,1], such
that for all k > 1, %/‘n(k) < An)Ftt < 2pn(k), |pn(k + 1)/un(k) — AMn)| <
10(19/20)%, and un(2k + 2)/un(2k + 1) < A(n) < pn(2k + 1)/ pn(2k). Moreover,
A(n+1) > A(n) for alln > 1, and limy, oo n(1 — A(n)) = 1/log 2.

Let L,, denote the linear functional

L=k +07 (5.

k=1
This is a truncation of

Lol = 4071 ().

k=1
which gives the density of TX if X has density f. Note that Ly (g) = g.

THEOREM 2. The function g,(t) satisfies the condition A(n)gn(t) = L(gn(t)).
(Partial statement—the rest must await the introduction of further notation.) Basi-
cally, this g, (t) is a convez combination of functions (1+6)/(1+6t)% with0 < 6 < 1,
as 18 the Gauss-Kuzmin density g(t). The difference is that for g, (t) the set of 0's
involved 13 restricted to those for which ar(8) < n for all k, a set of measure zero,

while g(t) = [, [(1+8)/(1 + 6¢)?] do.

THEOREM 3. Let vn(A) = [, gn(t) dt. Then for all Lebesgue-measurable A not
containing zero, v, (T71A) = A(n)vn(A).

The final result is a weaker version of the already known fact, due to Hooley, that
(v/k) is uniformly distributed mod 1 if we average over all k < z and all solutions
vmodk of v?2 = —1mod k [2, 3, 4]. This is known for general nonsquare D in place
of —1, but the case of D = —1 serves as a paradigm for all negative values of D.

Hooley’s proof is based on the clever use of some deep results about Kloosterman
sums. The proof we sketch here has its roots in a relatively simple lemma about
the last continued fraction convergent ¢/d to a rational number a/b, other than a/b
itself. Let A(y) denote {(a,b) such that g.c.d.(a,b) = 1 and a® + b? < y?}, and let
0*(a,b) = Ve + d?/+/a? + b? where (c, d) satisfies ad — bc = 1, ¢? + d* < a? + b2,
ac+bd > 0. There are two ways to write a/b as a continued fraction: [a;,asz - - an]
or [aj,az - -an —1,1].

The next-to-last convergents, [aj,az2 - an—1] and [a;,a2---an — 1], are then
equal to (c/d) and (a — ¢)/(b — d) in one order or the other. These each give
a solution to ¥? = —1moda? +b%: v = ac +bd and v = a(a — ¢) + b(b — d).
Since (a,b) and (c,d) are nearly parallel, v/(a% + b?) and 1 — v/(a® + b?) are well
approximated by ¢*(a,b) and 1 — 0*(a,b), in one or the other order. Thus the
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question of the distribution of v/k, v? = —1modk, is related to the question of
the distribution of 0*(a, b), averaged over all pairs of relatively prime integers (a, b)
with a2 + b2 < y2, say. The key to this approach is the fact that

6
1= ;ty2 + O(t%y?) + O(y).
{(a,b)EA(y): o*(a,b)<t}

The distribution of v/k is thus seen to be, at any rate, asymptotically uniform in
a neighborhood of zero.

For t =1/(n+1) and n large, this estimate can be fed into a continued-fraction
machinery to yield estimates of the proportion of v/k between [a;,as---a;] and
[a1,a2 - --a;,n+1], still with an accuracy of about 1 part in n, provided a1, a3 - - - a;
are all less than n + 1.

Knowing, as we do, the extent to which such intervals fill up [0, 1], the rest is just
a matter of judicious balancing of various error terms. This approach also gives
estimates for the distribution of v/(a? + b%) averaged over pairs (a,b) confined to
a wedge 0; < arg(a + ib) < 02, and with a? + b? < y?; it is still uniform. But I
do not see any reason why Hooley’s approach cannot be applied to this question,
with a more accurate error bound, so the reader will be spared the details. For the
record, the result one gets with this approach is that if x denotes the characteristic
function of a statement, then

Z x(0*(a,b) € [s,t] and 0; < arg(a +ib) < 63)
(a,b)EA(2)

= 3(0; — 0,)(t — 8)z% /7% + O(z%(; — 0,)(loglog z)?/ log z) + O(z*%/?),

uniformly in 0 <s<t<1land 0<#6; <0y < 2.

From this one can deduce that uniformly over d < z!/5 and over all classes H
of the class group of Q(v/—D), the distribution of k(a)/Norm(a) is uniform when
averaged over all ideals a in H and of norm < z, as £ — oo, where k(a) denotes the
integer k, 0 < k < Norma such that £ = v/—Dmoda.

Hooley does not work out, in [2], any error term for uniformity of distribution.
But a straightforward application of the discrepancy theorem of Erdos and Turan
gives the estimate (say for D = 1),

Y x(0®(a,b) € [s,]) = (6/7)(t — 8)2 + O(z/2 exp(3+/log z)).

(a,b)€A(z)

Iwaniec gets a more general estimate which includes this as a special case, in Lemma
4 of [4].

2. Farey n-intervals. Fix n, and let V (k) = {(v1,v2,...,v¢): < v; < n for
1<j <k} ForveV(k),let I(v)={r:r=1/vi+1/va+ ...+ 1/(vk + A) for
some A, 0 < XA <1/(n+1)}. Here the notation 1/v + 1/w refers to the continued
fraction 1/(v + 1/w), and we shall abbreviate this to [v,w]. Thus I(v) = {r: r =
[v1,v2,...,vc + A] with 0 < A < (n+1)~!}. We include an empty vector for V (0),
with corresponding interval Ip := [0,1/(n + 1)]. If v € V (k) we say that the rank
of I(v) is k.

If n = 2, for instance, the intervals I(v) of rank 0, 1, and 2 are [0,1/3]; [3/4, 1],
(3/7,1/2]; and (2/3,7/10], [1/3,4/11], [2/5,6/17] and [1/2,4/7]. For any fixed n, all
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the I(v), taken over all k¥ > 0 and all v € V (k), are disjoint. The only real numbers
r,0 < r <1 not belonging to any I(v) are those with a continued fraction expansion
r = [wy, w2, w3, ...] of infinite length, such that w; < n for all 7 > 1. While there
are uncountably many such numbers, it is intuitively obvious that they make up a
set of Lebesgue measure zero. Later we shall prove that R, (k) := the complement
in [0, 1] of the union of all Farey n-intervals of rank < k, which is, for any finite &,
a union of finitely many open intervals, has Lebesgue measure pu, (k) which tends
to zero more rapidly than (1 — 1/(n + 1))* as k — oco. If we identify 0 with 1 in
the unit interval to form a circle, topologically, then the mapping T': [0,1] — [0, 1],
T(r) = {1/r} sends every interval I(v) for v € V(k), k > 1, onto an interval I(w)
forw € V(k—1). For k > 1, and v € V(k), the restriction of T to I(v) is one-to-one,
continuous and differentiable, and —(n+ 1)2 < T’(r) < —1. There are n* elements
in V(k), and the preimage of each interval I(w) for w € V(k — 1) consists of the
n intervals I((1,wy,...,wk—-1)), I((2,wy,...,wk=1)),-.., I{(n, w1, wa,...,wk—1))
We shall abbreviate (7, w1, ws,...,w;) to (jw) from now on, and take (w,7) to be
(w1, we,...,ws, 7). Extending this, we put (v, w) = (v1,vs,...,v;, w1, w,..., W)
for v € V(j) and w € V(I). Also, if v = (vy,...,v;), put v~ = (v1,v2,...,0;-1),
and v_ = (v2,vs,...,v;). Every Farey interval I(v) for v € V(k), k > 1, has either
the form
[c (n+1)c+c’] [(n+1)c+c’ c]

d(n+1)d+d (n+1d+d’d

where cd’ — ¢'d = —1 in the former case and +1 in the latter. The former case
occurs if and only if k is even. A truncated Farey n-interval I (v) will be defined
as {r:r = [v1,ve,...,0k + A] with Ay < XA < Ay}, where A; < 1/(n+1). These
intervals behave just like the I(v)’s with respect to 7.

Clearly any interval [s,¢] C [0,1] can be largely covered by Farey n-intervals
I(v) C [s,t] of rank < k, together with one or two truncated n-intervals perhaps,
and leaving an uncovered remnant of measure < u,(k).

3. The remnant: numbers r not captured in the Farey n-intervals of
small rank. Recall that R,(k) = {r: 0 < r < 1 and r does not belong to any
Farey n-interval of rank < k}. Equivalently,

(1) Rup(k)={rel0,1}: r=[v1,v2,...,0k + A]
with 1/(n4+1) <A< 1, and 1 <w; <nfor1 <7<k},

and also equivalently,

(2) Rn(k) = {Te [0’ 1]: r= [vlav2x~~'avkvvk+lap]7
withl<wv;<nfor1<i<k+1, and0<p<1}.

(Neither definition covers R,(0) = (1/(n + 1),1).) Let u,(k) be the Lebesgue
measure of R,(k), that is, the sum of the lengths of the intervals which comprise
R, (k).

An example is in order: n =4, k = 0,1, and 2. R4(0) =(1/5,1),

Ra(1) = (1/5,5/21) U (1/4,5/16) U (1/3,5/11) U (1/2,5/6),
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and

R4(2) = (6/29,2/9) U (11/49,3/13) U (16/69,4/17) U (21/89,5/21) U (6/23,2/7)
U (11/38,3/10) U (16/53,4/13) U (21/68,5/16) U (6/17,2/5)
U (11/27,3/7) U (16/37,4/9) U (21/47,5/11) U (6/11,2/3) U (11/16,3/4)
U (16/21,4/5) U (21/26,5/6).

Doing the arithmetic, one finds that (to within the implicit accuracy of the
displayed number of digits)

14(0) = .80000000, pu4(1) =.55514069, u4(2) = .40742855,
and further similar calculations yield
wua(3) =.29443213, u4(4) = 21382442, u4(5) = .15505299.

This is increasingly like a geometric sequence as k increases. The ratio of suc-
cessive pup (k) seems to tend to about 0.725. Other examples with different choices
of n give heuristic confirmation.

In this section, we develop a body of information about R, (k) and some associ-
ated functions and measures. For purposes of the application to uniform distribu-
tion, we only need the result that pu, (k) decreases exponentially for each n, with a
limiting ratio un(k +1)/un(k) — A(n) as k — oo, that A(n) is increasing in n, and
that lim, . n(1 — A(n)) = 1/log 2.

The proofs are based on an analysis of the linear functional L,, L,(f(t)) :=
Yk=1(k +t)72f(1/(k +t)), and the effects of high order iterates of L, on the
initial function which is constant at 1 for 0 <t < 1.

We begin by establishing some terminology. From now on, most of the time n will
be fixed, and will be relegated to the background. Thus if the context establishes
n, I will write L(f(¢)) = > p_;(k+t)~2f(1/(k +t)), instead of L,(---).

The (nonlinear) operator S = S,, from the set p of positive, continuous functions
on [0, 1] into the same set, is defined by

-\ —2 1 !
(1) sr0=26+07 () / [, S0
Since . L .
_ -2
/1/(n+1) f(t)dt_/o ;UﬁLt) f((k+t)>’

1
@) /Sf(t)dt:l for all f € P.

0

S is simply a renormalized version of L. That is,

3) Sf=Lf//olLf

and by iteration, .
Skf= ka// LFf.
0

The key lemma is that S¥x(o 1)(t) converges to a function g(t) = gn(t), and that
S(g(t)) = g(t). From this, we eventually obtain these theorems:
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THEOREM 1. For each n > 1 there exists A(n), 0 < A(n) < 1, and gn(t),

continuous, decreasing, positive and convez on [0,1], such that for all k > 1,
Fhn(k) S A)** < 2un(k), |un(k +1)/pn(k) — A(n)] < 10(19/20)%,

and
bn(2k + 2)/pn(2k + 1) < A(n) < pin(2k + 1)/ pn(2K).
For alln > 1, A(n+ 1) > A(n), and lim, o n(1 — A(n)) = 1/log 2.
THEOREM 2. The function gn(t) satisfies the condition A(n)gn(t) = L(gn(t)).
For all initial functions ¥3(t) := (1 + 6)/(1 + 6¢t)?, with parameter 0 < § < 1,
1Sk92(t) = gn(t)lloo < 10(19/20)%. There is a probability measure By, concentrated

on irrational numbers o € (0, 1] such that in the continued fraction ezpansion of a
as [a1,as,as,...], all a; < n, so that

11490
gn(t)=A=0mdﬂn / V3 (t) dBn ().

THEOREM 3. LetT,: [0,1] — [0,1),
To(z) ={1/z} fz>1/(n+1), elseO.

Let vn(A) = [, gn(t) dt. Then for all Lebesgue-measurable A not containing zero,

va(T7 1 (A)) = An)vn(A).

REMARK. That is, T, is a measure-decimating transformation. Since vy, (A)
differs from the Lebesgue measure of A by at most a factor of 2, larger or smaller,
this result also gives pn(k — 1) between 1A(n)¥ and 2X(n)k.

A superficially attractive speculation is that the Bernoulli shift operator

T‘(al,ag,...) = ((12,0,3,...),

which is related to T in an obvious way, glves an alternatlve description of v, by
way of, say, fixing v}, on cylinders, with v};(a; = 7) f 1/(+1) gn () dt.

As it happens, this does not work. The measure on [0, 1] corresponding to v},
on sequences (aj,as,...), is grainy, while v, has a smooth density. This other
measure does satisfy much the same recursion as does v,, which shows that the
proof of Theorem 3 will have to use some argument specific to the starting values
for iteration of S.

Now that the results are stated, we relegate n to the background. We have
already defined ¥(t) = (1 + 8)/(1 + 6t)2. Now let ¢3(¢) = 1/(1 + 6¢)2, and for
r>1let

W s0=r80, wo=swo=(40/ [ si0)ae).
Recall that V,(r) = {1,2,...,n}", (v,0) = (v1,v2,...,0,—1,0r +0) if

v= (’Ul,'Uz,...,'Ur),

and (w) is the denominator of the continued fraction (w] = 1/wy+1/wa+---+1/w;.
(Alternatively, (w) =d, if dg =1, d; = w; and d; = widi—y +di—y for 2<i<r.)



A TRUNCATED GAUSS-KUZMIN LAW 313

LEMMA 1. Forallr > 1,
$t)= Y (v,07°¢,4(t).
vGVn(f)
COROLLARY.
$ht)= Y ((v)+t@™)7%, where (v7) = (v1,v2,. .., vr—1).
veVu(')
PROOF. We verify the lemma directly for r = 1, where

®  ao=2kr8 ()

k=1

n 0 -2 n
= Z(k+t)‘2 <1+ k_+t> Z(k+0)"2¢?,(k+o)(t)
k=1 k=1

as required.
Now assume the lemma holds for . Then
(6) ép(t) = Z (v, 0)-2 ([)0,0] (t), and
vGVn(r)
o5t (1) Z (v,0)~2 Z(k+t 2¢[,, 0] (k+t)
veVn(f)
Now
(1) (v,0)"2(k +1t)~2¢0 ( - ) S— ( ! ’ (v,0)~2
’ wA\k+¢t) ~ (k+t)2 \1+[v,0)/(k+2t))
1
T (k+t+[v,0)%(v,0)2°
But
[v,8] = (vo,va,...,v +0)/{v1,v2,...,0, +0)
so that
(8) (k+t+ [v,6])(v,0) = (k(v,0) + (va,...,vr +0) + t(v,0)).

Now k(vy,ve,...,v, + 0) + (vo,...,v, +0) = (k,v1,v2,...,v, + 0), so that with
w=(k,'l)1,'02,...,1)r),

(9) (k+t+ [v,0])(v,0) = (w,0)(1 + [w,0]t).

Hence

(10) r+l E Z(k Viy.. oy Ur + 0)_2¢?k,v,,...,v,+0] (t)
vEVy(r) k=1

LEMMA 2. Forallr >0

n

Ppti(t) = Z Te(O)¥1/(k+6)(8),

k=1
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where

[0) = D oveva(r) (Vs +0)TH {1+ v1, 0, .. v, k4 0) 71
T S e Va(r) Sop (0, L+ )T {1 + 01, .. 0m L+ B) T

For r = 0, this should be interpreted as

0(9) = (k+0)"Y(k+1+06)!
T S A+0) (I +1+6)T
PROOF OF LEMMA 2. There is a constant C, > 0 such that
(11) vt =C Y Z (1, 0r K+ 0) 260, 4y )(2).
vev..(r) k=1

Now 9, 4(t) = (1+ [0,k +0])@0, 1 1q(t), SO

(12) (v1,ve,...,vr, k+ 0)_2¢?v‘k+0](t)
= (Ula ceey U,y k + 0)-1(<’U1, ceeyUp, k + 0)(1 + [’U, k + 0]))_1w?v,k+0](t)
= (v1,.. ., U, k+0) " 1 +v1,0s,...,0,, k + 0)-1¢ﬂ;,k+01(t)-

Thus
(13) vt () =C, Z Yo {vn v k0300, g (8),
k=1v€EV,(r)

where {w} := (w1,...,ws) {1 + wy,...,ws) 1. Now

(k+0)(v1,...,v, +1/(k +8)) = (v1,...,v,, k + 6),
S0

= 1

(14) ¢r+l Z k+6)” Z {'Uly---yvr+k—_'_0}"/’?vl ..... v,+1/(k+o))(t)

VEV, (T)

We rewrite the inner sum with ax = 1/(k + 0), as

(15) Z Z{U,l +ak}¢?v,l+ak](t)'

VEV,(r—1) I=1

This is a sum of the same form as in (13), but with r replaced by r — 1. On the
inductive assumption that the lemma holds for that case, the sum in (15) is equal to

(1/Cr—1)¥}5, (t), and since fol (expression (15)) dt = 3=, cy. (;—1) o1=1{0: ! + ak},
it follows that this sum is equal to C;- 11 Therefore,

(16) vati(t) Z k+6)” ( > {vﬁ}) Y1/ k+0) (B)-

’UGVn(r)
But

(v,1/(k+0))(k +0) = (v1,v2,...,v, + 1/(k+0))(k+6)
= (v1,.. ., Ur—1)(vr (K +0) + 1)+ (v1,...,vr2)(k+ 0)
= (Ury..., 0 )(k+0)+ (v1,...,0r—1) = (V1,...,0r, k + 6).



A TRUNCATED GAUSS-KUZMIN LAW 315

Hence

(17) P =Cr Y D v,k + 0] g (8)-

vEV,(r) k=1

Since fol Yyti(t)dt = 1, C;! must be Yveva(r) k=110 k + 0}. This proves
Lemma 2.

The point of Lemma 2 is that it displays the action of S on ¥j(t), as giving a
weighted average of various 97 (t)’s. If we view {¢§(t): 0 < 6 < 1} as a string,
the points of which reside in some space, we see that the recursion yields on each
iteration a new string which is contained in the convex hull of the preceding string.
This sort of averaging ought eventually to squeeze the string down to a point, and
that limit point will be our g,(¢). The trick is to find the right norm.

The functions 9§ (t) = (14 6)/(1 + 6t)? enjoy the property that ¢§ (t) > vg, (t)
if 61 > 6. That is, ¢§ majorizes 9, in the sense of Olkin and Marshall: For all
$,0<s8<1,

s s 1 1
(18) /0 f(t)dtZ/0 g(t) dt, and /0 f(t)dt:/0 g(t)dt=1.

When this holds for positive functions f and g, we say that f > g. We will also
need the discrete analog. Given sequences (a;,az,...,a,) and (b1, b2,...,b;) of
nonnegative numbers, not necessarily in decreasing order, we say

k k r T
(19) a>b ifY a;>) biforl1<k<r and » a;=) b=L
=1 =1 i=1 i=1

Clearly if f > g and g > h then f > h, and likewise for sequences. So if all the
¥ (t), for any fixed r, are comparable in this sense, we can put ¥(t) := f(; ¥g(s) ds,
and

1
(20) aistance(s, 5,) = | [ 95,0~ 5,0,

and it will be a metric for {¢§(t): 0 < 6 < 1}.

LEMMA 3. For even r, ¥5 > vp, if 61 > 02, while for odd r, ¥g < g, if
0, > 0,.

This is not easily proved, and we must work up to it with some auxiliary lemmas.

LEMMA 4. For fized r, the sequences v5(8;) satisfy 5 (01) > Y5 (02) of and only
if 0; < 0,.

LEMMA 5. Suppose 0 < c¢; <cy <:--<c¢pn and a3,az,...,an > 0. Then for
allk,1<k<n,
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PROOF.

an% Za' ZCJ“J Z‘“
J=1
n

- Y onYa-Yom 3

j=k+1 j=1 I=k+1

2 Ck+1 Zza;jal - Ckz Z a;a

k+11=1 Jj=1l=k+1

n k
= (ck+1 —¢k) Z Za,-az >0. O

j=k+11=1

Now this says that (ax)/ Y] ak > (ckak)/ X7 ckak.
To apply the lemma, we fix 0 < s <t <1, and put

(21) ax = Z {v,k+ s} = ax(s), say, and
veVn(')

¢k = Lpevar){Vk + 1}/ Xy, (n{vsk + s} = ak(t)/ax(s). To establish that
¢k L ck+1, 1 £k <n—1, we prove that

2

d
(22) d—;log ak(s) > 0.

From this it will follow that

d d
7 logax(s) < o logak(s+1),

so that
loga(t) —log ak(s) < logak+1(t) —logak+1(s),
and
ak(t)/ak(s) < ak+1(t)/ak+1(s)

But (22) is equivalent to the claim that

(23) ak(s)ag(s) > (ak(s))*.

To prove this we start with the cases r = 0 and r = 1. For r = 0, ax(t) =
(k+t)"Y(k+1+1t)7!, so logak(t) = —(log(k + t) + log(k + 1 + t)) which is thus
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concave up. For r =1,

(24)  ax i (k+t)j + 1) YW (k+t)G+1)+1)71,

=1

<.

e+t + D)2 ((k+t)G+1)+1)?!

)
>~
—

-
N

I
|
’[v]’

1

J

G+D((k+t)j+ 1) ((k+t)(t+1)+1)"2, and

n[\/]:

[

)

ax(t) = 2:‘"’((k +07+ )73 ((k+ )G+ 1)+ 1)t

j=1

+ anzj(j +1)((k+t)j+1)"H(k+t)G+1)+1)"2
j=1

+ zn: 2+ 1%((k+t)j + 1) Y ((k+ )G +1)+1)73.
7j=1

Thus with the notation ((k+t)j +1)"! =¢j, (k+t)G+1)+1)" 1 = f;,
n

(25) ax(t)ar(t) — (ak(®))? = D> 252%e3 fyefy +25(5 + Vel frerfy

Jj=1l=1
+2(7 + 1)%¢; flefi — jledel fifi — 5 (1 + 1)e2ei f; fF
— G+ Diejfief fi — (5 + 1)1+ Dejer f? fE.
By symmetry this is equal to

(26) ZZe,e,fJﬁ ( if j =1, else 1>

Jj=1l=1
722 +1%ef — (5 + 1)e; f5 + (1 + Ve fy
{ + G+ D2+ (+ D)2 S —jleje — 51+ 1)e; fi o
-+ Difja— G+ 1)1+ 1)f5h.

The complicated factor can be simplified a bit by setting E; = je;, etc., to read
E2+E2+E,F +E1F1+F2+F, — EE, - E;F, - E\F; - FF; This is

> ;E} $El + LF} + JF} + E;F; + E\F, — E;F, - E/F;
> 2(E; — R + §(B ~ F)? + EF; + By > 0.
For r > 2, we can take the approach that
(vi,v2, ..., v,k +t) = (k+t+ py){v1,v2,...,0r),
where p, = (v1,v2,...,0p-1)/(v2,v2,...,v,), while
(14 vo,v2,...,0,k+t) = (k+t+qp)(1 +v2,v2,...,v,),

with the obvious meaning for ¢,.
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Now for general r,

@27)  at)= Y, {wk+tr= Y (k+t+p)  (k+t+g) v},

vEV, (1) vEV, (1)
Ak =2 Y ((k+t+p) 2(k+t+q)™" + (k+t+p) " (k+t+g) ) {v}
VEV,(7)
and
ag =2 Z ((k+t+pv)_3(k+t+q4u).—l+(k+t+pv)_2(k+t+%})_2
vEV,(r)

+(k+t+po) " k+t+gy) 3){v}.
Thus a}/(t)ak(t) — (a}(t))? = (with P, = (k+t + g,)~! etc.)

(28) Z E {vH{w}PyQuPuQu - (3 if v=w else 1)
VEV, (1) wEV, (1)
, {P3+P£+Pva+Pwa+Q3+QEU}
—Pva_Pva_Pva_Qva ’
Again the last factor is positive, for the same reason as with the E; and Fj.

Thus we may apply Lemma 5 in (21) and conclude that for arbitrary » > 1 and
0< 01 < 02 <1,

(29) Tk (01) > 7k (62)-

This proves Lemma 4.
Now for r =0, 9§ (t) > 9§, (t) if 61 > 62. By Lemma 2,

(30) vptt(t) = Z T (0)¥1 )/ (k+6)(2)-
k=1

Thus with the notation Wj(t) := fg Yy (s) ds, we have

n

(31) o) = D k(09 (k1) ()-
k=1

Now make the inductive assumption that Lemma 3 holds out to 7 (and is in doubt
for r +1). If r is even, then e, (t) > ¥g, (t) if 8, > 6. Thus if 6; > 65, then

n n
(32) D A0 ero @) < D AR 01) T (k1ay) (B)-
k=1 k=1

The sequence ‘I’I/(k+92)(t)’ 1 < k < n, is decreasing in k because 1/(k + 63) >
1/(k+ 1+ 62). If we replace ~}(6,) with 4} (62) this shifts mass into smaller values
of k, where it will multiply larger ¥] J(k +0)(t) values. More precisely, if (ax) > (bk)
andife; > 2> > ¢, 2 0then Y p_, axck > > p_, beck. (This is easily proved
by Abel summation and is left to the reader.) Hence 5 (¢) < WjF*(¢) for 6, < 6;.

If r is odd, the inequalities are just reversed. The same sort of argument yields
ptt(t) > ¥ (t), and this completes the proof of Lemma 2.
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Now let ]
D" (61,02) = [ 195, - %, (0.
By Lemma 2, D,(6,,6;) = [T"(6;)—T"(62)|, where I'"(6): = fol 5(t) dt. Moreover,

for all r, I'"(6) is monotone (increasing or decreasing depending on the parity of r)
as a function of §. Now from (31),

(33) i) = 3 o (—
;“ (k+a)

Inspection of the definition of ~} () shows that
(34) k™2 < L(0) < k=% (uniformly in r and 6),
and that 7§, (0) < 7;(8), for 1 <k < n— 1. But now

I™+1(0) - I7+(1) = ;::17;(1)1" (kLH) = %0 <%)

n—1
= (Z('ﬁc(l) A O (,%H))

k=1

+r () -or,
= zé(k, r)I" (%) , say.

Now Y"1 6(k,r) = 0. Because of the cancellation among terms &(k,r) = (1) —
Y54+1(0) for 1 < k < n, the sum of the positive §(k, ) is less than 1, for each r. In
fact, it is less than 6/7, since both ~4](1) and ~5(0) are greater than 1/7. To see
this, we consider first

(35)

n
%0)= > (v,2)‘1(1+v1,...,v,,2)_1/ D3 L+ vy, DT
Va(r) Va(r) I=1
Now for 1 <1 < n, and any v € Vo (r), (v,1)/(v,2) <1/2. Thus
(vaz)_l<l +v1,... 9”1‘,2)_1 < (12/4)('”’ l)_l(l +v1,... 1”771)_1a

so that 45(0) > 1/ Y72, 4/12 = 6/4n% > 1/7. The fraction defining 47 (1) as in (35)
has the same numerator but a smaller denominator, since ! + 1 replaces [ in (v,1l).
Thus also 7{(1) > 1/7. Let E(r) = Y4 5x.,)>00(k,7) = 3 Xk—; |6(k,7)|. Then
since I'" () is monotone in §, 0 < § < 1,

- 1
> 6(k,r)I" (E)
k=1

(36) < |B()I7(0) - E@I (1)) < 27(0) - I (1),

that is,
(37) IT™*+1(0) — "+ (1) < (§)IT7(0) — I (1)].
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Now for r = 0, T'°(0) = fol wi(t)dt = fol tdt = 1/2, while

1 1
r°(1)=/ \II?(t)dt:/ (2—%) dt = 2(1 —log2) = .61371 (approx.).
0 0

Thus |T°(0) — I'°(1)| < 1/7, so

(38) IT7(0) = I"(1)] < (1/7)(8/7)",
or equivalently,
(39) |we, — ¥, ll1 < (1/7)(6/7)" for 6;, 0<6; <landr>1

Now some elementary calculus from (39), gives for all r > 1 and 0 < §; < 1,
0<t<1,
(40) g, (t) — g, ()] < 2(19/20)".

We begin the proof with some notation. Let F(t) = ¥} (t) — ¥, (t), and assume
|F(t)| takes a maximum value of € at t = to.

Since F(t) is a linear combination of functions of the form (1+6)t/(1+6t), with
coefficients in [—1,1], and since both the sum of the positive, and the negative,
coefficients is 1, we see that for 0 <t <1,

(41) IF'(t) <2, |F'(t)] <4.

Now F(0) = F(1) = 0, so |F(t)| > e—2(t—to)? for |t—to] < \/€/2, and the interval
about to of radius \/¢/2 lies within [0, 1]. Thus

(42) /01 |F(t)|dt > (2_?) %/2,

In view of (39), this forces € < (1/3)/(6/7)%"/3.
Now put f(t) = F'(t) = ¢, (t) — ¥, (), and suppose 1 > § = supg<e<y |f(t)] =
|f(t1)]- Then one of t; + 16 is in [0,1] (say t; + £6), so that as before,

1
/t1+25 f(t) it

ty

1
> ~62.
(43) > 26

Since |F(t)| < (1/3)(6/7)%"/3, the change from t; to t; + 36 is < (2/3)(6/7)%"/% in
F,s0 6 <2(6/7)"/3. Thus 6 < 2(19/20)7, which is equivalent to (40).

Now the sets Convex Hull{S”((1+6)/(1+6¢)?), 0 < 0 < 1} are a nested sequence
of compact sets, with diameter tending to zero. Therefore there is a function
g(t) = gn(t) such that

(44) Jim S7((1+0)/(1+66)%) = g(0)

uniformly for 0 < t < 1. We now derive some of the properties of g(t). Consider
the linear operator K: M — B, where M is the set of all functions m(z) on [0, 1]
of bounded variation, with m(0) = 0. B is the set of all continuous differentiable
functions on [0, 1], and

' (14 2)dm(z)

(45) Km) = | i3z
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We identify m which agree almost everywhere (so that really M is a set of equiva-
lence classes). Every m can be represented as c;m; — camg, where ¢; > 0, ¢ > 0,
and m; and m, are probability distribution functions (m;(0) > 0, m,(1) = 1,
continuous from the right and nondecreasing).

LEMMA 6. If m; and my are probability distribution functions and K(m,) =
K(mg) then m; = ma.

PROOF. Otherwise we should have a function
1 1
(45) b(t)=/w=/ A +2)dma(z) o o<i<,
0 0

(1 + zt)? (14 xt)?
i (1 + 2)dmy - ma)(2)
1+ z)d(m; — m2)(z
= <t<l.
/0 L+ 202 0 on0<t<1
Repeated differentiation yields
1 r
(47) o= [ ZUED jm, = ma)(a)

0 (1 + Zt)2+r

and in particular, with t = 0,
1
(48) 0= [ &1+ 2) dimy - m)(2)
0

for all r > 0. Now fol d(my = my)(z) = 0, so integrating (48) by parts repeatedly
yields

(49) /l z" d(my — mg)(z) = Zaz (14 z)(=1)""*¥*1d(m; — my)(z) = 0.
0

Taking linear combinations of appropriate instances of (49) and integrating once
more by parts gives

1
(50) /0 p(c)(m1 — m3)(z) dz = 0

for all polynomials p. But this forces m; = mg, for otherwise a sufficiently good
polynomial approximation to (m; — mz)(z) would falsify (50).

The probability distribution functions on [0,1] form a compact metric space under
the Levy metric. To each function ¢§(t) € B, associate

1+6
(51) m,(z) := 9;,00’ where ¥§(t) Zco(l ToT

With respect to this metric on M, and the L norm on B, say, K is continuous.
The inverse images m,(z) of the ¢§(t) must have at least one accumulation point
in M, since M is compact. But there cannot be two, since K would send each to
g(t). Thus there is a unique measure § = 3, and associated probability distribution
function m(z), such that K(m) = g(¢t). That is,

1
(52) ga(t) = /0 (1+6)/(1+ 61)° B (6).
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REMARK. Each of the functions (1 + 6)/(1 + 6t)? is analytic in the half-plane
Re(t) > —1, so gn(t) is also analytic in that domain. Thus

1

(gn)(®))" = / (1+0)07(—=1)7 (r + 1)!(1 + 66) 2" dBn(6)

0

for all r > 1.
From (44), S(g(t)) = g(t). That is,

(53) ( [ g(msr?gn (5 d)) onl8)= 3+ 0700 (5 )

k=1
Let
1 n 1
. -2
(54) A(n) ._/O I;(k+s) o <k+s> ds.
Then also

s =3[ ouwyiu= [ awa

k=17 1/(k+1) /(n+1)

so 0 < A(n) < 1.

We now have all of Theorem 2 except that (3, is concentrated on the set of
irrationals in [0, 1] with continued fraction expansion of the form [a;,as,...], with
all a; < n. For the proof of this, consider A, = {#: 0 < 8 < 1 and S"(x/o,1)(t))
includes (1 + )/(1 + 6t)? with a positive coefficient}. Thus Ag = {0}, a; =
{1,1/2,...,1/n}, and from (6), A, = {0 = [v1,v2,...,v]: v; Snfor1 <i<r}
Let A = {[v1,vs,...]: v; <nforalli > 1}. Aisclosed. Forany z,0 < z < 1, not of
the form [ay,a9,...], all a; < n, write z = [a1,a2,...,a;,b1,bs,...], where b; > n.
We admit the possibility that a; > 1 and b; = oo, in which case there are no further
b’s. If by = oo then consider the interval bounded by [a1, a2, ...,a;—1,1,2n+1] and
[a1,a2,...,a;,2n+1]. For all » > 1, no element of A, belongs to this interval. Were
B to assign positive measure to the inner half of this interval, the Levy distance
between the m,(z) and m(z) could not converge to zero. Thus the support of 5 is

at any rate a subset of A. Now consider £ € A. We must show that
Blz—e,xz+€)>0

for every € > 0. So fix € > 0.
There exist aj,az,...,a; < n such that |[ai,as,...,a; + s] — z| < € for all s,
0<s<1. Now for all r > 7,

1 _r -2
(55) m,(z—¢e,x+¢€)> E(/\(n)) E (v)~%.
v=[a;,a2,..,,a_,-,b1,bg,...,b,_j]
vEV,L(r)
But that is

(56) > )\(n)_jiaj(al,arz,...,aj)'2 ( Z (w)_Q) (A(n)i~7).

wEVy, (r—7)
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Now by Lemma 1, 3= ey, () (v) ™% 2 155(A(n))", since for all 6, #5(t) 2 5Lg(t)
because ¢0(t) > Lg(t) on [0,1). Thus m,(z — &,z +¢) > An)(as,...,a;) 7%,
and remains bounded away from zero as r — oo. This proves the last outstanding
claim of Theorem 2.

To prove Theorem 3, it is sufficient to work with sets of the form (0,a). Then

1/k

vn(T;71(0,a)) Z/ gn(t) dt
1

/(k+a)
= An )/ n(t)dt by Theorem 2,
0

= AMn)vp(0,a).

This leaves Theorem 1.
To see that 1A(n)* < un(k — 1) < 2X(n)¥, we note that $g,(t) < 1 < 2gn(t) for
0<t<1. Thus

1 1 1 1
(57) 3 [ s [ Dxan@ac< [ o
so that .
b< [ obwar<mam®.
0
But
1
(58) / ok (8) dt = pn(k — 1), forall k > L.
0

PROOF. For each w € V,(k), consider the open intervals J(w,7), 1 <7 < n,
bounded by [w,7] and {w,7 + 1] in one order or the other. Each open interval of
Ry (k) has the form J_, J(w,1), together with the connecting points. A simple
calculation establishes

(59) |[wa] = fw, 2+ 1]] = (w, ) 7! ((w,4) + (w)) ™

Summing (59) over all choices of w, and 1 < ¢ < n gives (58) with k+ 1 in place of
k, in view of the corollary to Lemma 1.

REMARK. Because S¥@}(t) converges exponentially to g(t), more is true: there
exists a constant ¢(n), 3 < ¢(n) < 2, such that

pn(k = 1) = c(n)(1 + O(19/20)™)A(n)*.

We now show that p,(k + 1)/un(k) alternates about A(n). First recall that we
have already seen that 97, (t) < ¥p, () if 61 < 62 and r is odd, while 7 (t) < g, (t)
if §; < 02 and r is even (Lemma 3). Now for even r, 951 (t) = Y p_; 75(0) I/k(t).
Each component of this sum majorizes 1§(t), and the coefficients are positive with a

sum of 1. So 95+ (t) = ¥5(t). If r is odd a similar argument shows that ¥t < 7.
Now

© / awaf [ o
= l,,+1,¢° dt// ¢k (t) dt = /Hl)wé(t)dt
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For k even,

1/(n+1) 1/(n+1)
/ vE(t) dt > / »I () dt,
0 0

and this is reversed for k odd. Consequently, pun(k)/pn(k — 1) alternates. Further-
more, two applications of Lemma 2 give

(61) w2 (t ZZ AN ( )'ﬁl/(m/k)()

k=1j7=1

from which it follows that ¥ < %2 < Y8 < --- < g < --- < ¥§ < ¥3 < Y.
Together with (60), this shows that un(k)/pn(k — 1) alternates about A(n).
Next, we prove that A(n + 1) > A(n) for all n > 1. We have

(62) g6 =Y ((v)+t(7)72
v€EVn (k)
and we put
g6)= D () +te)%
vGVn.H (k)

If A(n) were equal to A(n+ 1) then ¢&(t)/¢k(t) would be bounded above. We prove
it is not, with ¢t = 0.

For every v € V,,(k) consider

W, = {w € Vpq1(k) : w = v in k — 1 places, and (n + 1) in one place.}

Each w with one entry equal to n + 1 belongs to n sets W,,.

For w € W,,, (w) < 4n{v). Thus (w)~2? > (4n)~2%(v)~2, so that

Y @72 Y kTian) )

wEVn41(k) vEV, (k)
For fixed n and k — oo, this gives q~50( 0)/ ¢0( ) —
Finally, we prove that lim, e n(l - =1 / log2 We know that
n(0) = lim / W)
vev,.(k) veVn(k)

From Schweiger [8], if n = oo, then
1 3\*
M= T )0 = s (1+o(—) ) ,
veve(k) (1+1¢t)log2 4
and 3- ey k) (v) 7 ({v) + (v7)) 7! = 1 since for n = oo, fol d>(()k) (t)dt =1 for all k.

Thus for fixed k as n — oo

0n(0) = (1+0c(1)) D> (v)2=

vEV, (k)

(1+0k(1))(1+O0(3/4%))
log 2 ’

Hence limp 00 gn(0) = 1/log2. Since 1 — A(n) = 01/("+1)gn(t) dt, and since

|9 (t)] < 2, this integral is asymptotic to g,(0)/n as n — oo, and so n(1 — A(n))
tends toward 1/log 2 as claimed.

LAST REMARK. Clearly T,(z) — {1/z} if z > 1/(n + 1), else 0, tends to
scramble things before kicking them out of bounds to zero. Is there some analog to
the ergodic theorem for measure-decimating transformation?
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4. Uniform distribution of solutions to v> = —1modk. Since the result
obtained does not match Hooley’s in accuracy, we confine ourselves to a mention
of the salient steps.

The problem is converted to one of equidistribution of 0*(a), over a € A(z) as
z — oo. It is noted that o* is essentially parallel to o, and that if o = (a,b),
a* = (c,d) then o*(a) is close to (ac + bd)/(a®? + b%) = v/k, where v = ac + bd =
v/—1moda? + b2. The important steps begin with several lemmas.

LEMMA 1.
> x(o™(@) 1) = 2ty + O(y?) + O(y).
o
PROOF. We start with the identity
(1) Y X (@<= Exlﬂl/t<|ﬂ‘+kﬂl<y)
la|<y |B|<ty k=1
a€h BEA
Now k|B| < |8« + k8| < (k + 1)|8], so
(2) Yo x@ (@<t Y le/t—l<k<y/lﬁl)
la|<y |ﬁ|<tyk 1
a€Af €A
< + 1)
< = ([ -1
BEA

Similarly, the rightmost term of (2), with —1 in place of +1, provides a lower bound
for (1). Both of these bounds lie within 3 5<,.. ge4 2 of 2-\51<ty; pea(¥/181-1/1),
and we settle for the trivial estimate
(3) > 2<2((2ty+ 1) — 1) = 8%y T8ty < 8t%y% + 8y.
18|<ty
BeA
Now we must estimate ) 5<,. ge4 ! and 3 5<,. ge4 1/|8|- This requires two
subsidiary lemmas. B
LEMMA 3. 3 i51<z; pes 1/18] = 122/7 + O(1).
COROLLARY. Lemma 1 still holds if in the statement, x(o* () < t) is replaced
by any expression of the form x(o*(a) + p(a) < t), provided p(a) = O(|a|™3).

PROOF. If p(a) = O(Ja|™3) then |p(a)| < C|a|~2 for some C, and all a € A.
Now for any 6 > 0,

@ Do xe@+s<t)— Y. 1< Y x(0%(0) +pla) < t)

|a|<y lal<(C/8)1/3 |a|<y
acAh acf a€A

<Y x(@@-6<t)+ Y, L

|e|<y al<(C/8)V/?
1S/
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The corollary follows from Lemmas 1 and 2 on taking § = y~%/5.
LEMMA 4. 3500 peaX(0°(8) 2 1—t) < ty® +y.

LEMMA 5. 32, 1<z aca X(s S 0%(a) < t) < (9/8)"((t - s)z% + x), uniformly
in s, t satisfying0<s<t<landt—s>37".

REMARK. The proof of this lemma was the central difficulty in this argument.
COROLLARY. For any interval I = [s,t], with0<s <t <1,

Z x(e* (@) € I) < (t — s)"/82% + (t — 5)~V/82.
la|<z; a€A

Ift —s < 1/z, the sum here is simply < z%/8.
LEMMA 6. For everyv € V(k), and every Ay < A2 <1/(n+1),

Z x(0*(a) € Ix(v)) = SUA(U)l:EQ +0 (i—;) + 0(z%/®).
|e|<z
COROLLARY.
S X0 (@) € 1) = 222 (140 () ) 11(0)] + O="*).
= (1+o(3))

The number of Farey n-intervals I(v) corresponding to v € V(k), k < K, is

énk=nK (1+0(3)).

Given an arbitrary interval [s,t] C [0,1], we apply Lemma 6 to any Farey n-
interval I(v), with v € V(k) and k < K, which contains as an interior point either
s or t. There will be 0,1, or 2 such intervals. We apply the corollary to Lemma 6
to all the Farey n-intervals with k < K contained in [s,t]. Let I be the collection
of all these intervals. Then

(5) Yo x(et(@elst) =Y Y x(o*(a) €1)

a€h Iel a€A
|a|<z |a|<z
2
=y 5, <|1| (1 +0 (1)) + O(zg/s)#l) +0 (-’-2)
™ n n
Ier
2
_ 6 > <|1| +0 (f—> +0(29/8)#1) )
m Iel n

Now we take n = [4 log z/(loglog z)?] and k = [logn]. Then #I < exp(nlog®n) <
exp(3 log z) = /Z, so that (z%/8#]) <« z'*8. The difference between Y-/, and
(t—s)is < (1 —1/n)"1°8" < 1/n. It follows that

© X xe@eldziae-g+0(
o

z2(loglog 7)?
log z '



A TRUNCATED GAUSS-KUZMIN LAW 327

Finally, we apply (6) to [0,s] and [¢,1]. Since }-,c4; o<z 1 = 622 /7 + O(z) by
Lemma 2, the inequality in (6) also goes the other way. Therefore

2 2
(7) (Z:A X(U*(a) € [3, t]) = g(t — 3):1;2 + Ie) (%) .
|a|<z

But 0* () = s*(a) +O(|a|™3), and if & = (a, b) then ¢(a,b) = (a® +b2)s*(a). Thus
considering [s + 25/%,¢ + 276/5),

. _ 6240 Z (ogloga)®
|:|L';,X(S (o) € [s,t]) = 7r(t s)z“+ 0 ( Tog z ) ,
a€Af

as desired.
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