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REMARKS ON GRASSMANNIAN SUPERMANIFOLDS

OSCAR ADOLFO SANCHEZ VALENZUELA

ABSTRACT. This paper studies some aspects of a particular class of exam-
ples of supermanifolds; the supergrassmannians, introduced in [Manin]. Their
definition, in terms of local data and glueing isomorphisms, is reviewed. Ex-
plicit formulas in local coordinates are given for the Lie group action they
come equipped with. It is proved that, for those supergrassmannians whose
underlying manifold is an ordinary grassmannian, their structural sheaf can
be realized as the sheaf of sections of the exterior algebra bundle of some
canonical vector bundle. This realization holds true equivariantly for the Lie
group action in question, thus making natural in these cases the identification
given in [Batchelor]. The proof depends on the computation of the transition
functions of the supercotangent bundle as defined in a previous work [OASV
2]. Finally, it is shown that there is a natural supergroup action involved (in the
sense of [OASYV 3]) and hence, the supergrassmannians may be regarded as
examples of superhomogeneous spaces—a notion first introduced in [Kostant].
The corresponding Lie superalgebra action can be realized as superderivations
of the structural sheaf; explicit formulas are included for those supergrass-
mannians identifiable with exterior algebra vector bundles.

Introduction. There are various definitions of supermanifolds in use. Math-
ematicians define a C* (resp., holomorphic) supermanifold as a pair, (M, ),
consisting of an ordinary C* (resp., holomorphic) manifold M, together with a
sheaf &), of supercommutative superalgebras over R (resp., C) satisfying certain
conditions. The various definitions in the literature correspond to the various con-
ditions imposed on the structural sheaf. There seem to be at least two streams of
approach, which one may vaguely refer to as algebraic and differential, respectively
(see, for example, [Kostant], [Leites] and [Manin]| for the first and [Rogers],
[Boyer and Gitler] and [Jadczyk and Pilch] for the second; for a unified view
and a generalization that uses a nontrivial underlying super ring, see [Rothstein
2]).

CONVENTION. For the purposes of this paper, we shall be concrete and shall
understand the definition of supermanifold as in [Manin].

As far as the first approach is concerned, it is a theorem of Batchelor [Batch-
elor] that, in the C® case, the sheaf %) can be realized as the sheaf of sections,
I'(:, A E), of the exterior algebra bundle, A E, of some vector bundle E — M over
M. This identification is not categorical, however: it depends on choices; besides,
supermanifold morphisms are more general than vector bundle maps, a fact pointed
out in [Leites], and it is known that in the holomorphic case there are obstructions
to such an identification (see, for example, [Manin] and [Rothstein 1]).
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In the physics literature, on the other hand, one frequently finds supermanifolds
defined by the specification that the odd variables are spinors. What this means,
presumably, is the following: Let G be some group acting on the manifold M and as
bundle automorphisms of a vector bundle £ — M. Then G has an induced action
on I'(-, A E) and hence acts as a group of automorphisms of the corresponding
supermanifold. If M is a spin manifold and E — M is the spin bundle, this then
specifies the supermanifold structure as a G-space.

The case of the conformally compactified and complexified Minkowski space, M,
provides us with an important example (see [Guillemin and Sternberg]| for de-
tails): M itself can be regarded as the space G2(C*) of two-dimensional (complex)
subspaces of C*. The spin bundle then becomes identified with the tautological
bundle E — G3(C*) whose fiber at u € G5(C*?) is just the two-dimensional space
E, represented by u. The group G = GL(4, C) acts as bundle automorphisms, and
the picture is now the one of the preceding paragraph. This obviously generalizes
to M = G(V™), the Grassmannian manifold of k-planes of some m-dimensional
vector space V™, and G = GL(m) acting as bundle automorphisms of the rank &
tautological bundle E — G (V™).

In the supermanifold setting we may consider the class of supergrassmannians
introduced in [Manin|: the supergrassmannian Gy, (V™) arises as the super-
manifold associated to the set of (k, h)-dimensional supervector subspaces, u, of a
given (m,n)-dimensional supervector space V™" (= V™ @ V*); that is,

(1) ucymin, dim(unVg®) =k and dim(uNVy)=h.

It turns out that the underlying manifold of Gk|h(V'"l") is just Gi(Vg™) x Gn(V{),
and its odd dimension is h(m — k) + k(n — h). Furthermore, since the Lie group
GL(VJ") x GL(V}*) clearly operates on the set of (k,h)-dimensional supervector
subspaces of V™I one obtains a group homomorphism

(2) GL(VOm) X GL(Vln) g AutMleh(len).

On suitable open superdomains % C Gk|h(V"‘|"), this action is nothing but the
generalization of

(3) 2+ (Az+ B)(Cz+ D) (g g)eGL(VO’"),

i.e., the action of GL(V{™) on (suitable open sets of) the ordinary grassmannian
G (V™).

Just as in ordinary differential geometry, the supergrassmannians come equipped
with two canonical supervector bundles, constructed via transition functions as
in [OASV 2: Ey, = (E, %) of type (k|h) and Fp,_yn_p = (F, ) of type
(m — k|n — h). As a pleasant result, there is a canonical identification between the
supercotangent bundle ST*Gk|h(V'"|") and the supermanifold of all the supervector
bundle morphisms Fp,_kjn_n — Egn; L.,

(4) ST*Gyp(V™™) = Zare(F k-, Eipn)-

In particular, the transition functions of this supervector bundle can be used to
prove that, with respect to the GL(V{™) x GL(V*)-action on Gk|h(V’"|") above
and within the spirit of the theorem of Batchelor, the following is true.
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THEOREM. (a) Ggo(V™") = (Gk(VE™)s i (vyr)) 18 a supermanifold of di-
mension (k(m — k),nk) for which an equivariant identification

A, gy = G (Ha, ) =T \NVi @ Ev))

exists. (Here Eg — G (V") denotes the rank-k tautological vector bundle over the
grassmannian G (VJ"); VI* — G (V§") s the rank-n trivial bundle, and V* @ Eg —
Gi(V{™) is the tensor product bundle.)

REMARK. A similar result holds for the (k(m — k),nk)-dimensional super-

manifold Go(V"I™) = (Gk(V™), &g, (vm)), in which case we have &g, (vm) —
G (g, vmy) =T (-, A(Vo ® E1)), equivariantly.

(b) Gk,n(V””") = (Ge(V§"), G, (vy)) ts a supermanifold of dimension
(k(m — k),n(m — k)) for which an equivariant identification

L) — G ) =T \Vi @ F))

exists. (Here F§ — Gr(VJ") denotes the rank-(m — k) tautological vector bundle
over the grassmannian G (V§").)

REMARK. Similarly, for Gntk(V"“") = (Gk(Vlm),«%Gk(Vl'")), we have '%Gk(vl"‘)
= & (Ao, (vmy) =T (-, A(Vo ® F})), equivariantly.

In particular, these results already cover the following special cases:

(i) All the supergrassmannians whose odd dimension is 1.

(ii) All the superprojective spaces (i.e., those supergrassmannians whose under-
lying manifold is a projective space), regardless of their odd dimension.

However, as soon as one considers supergrassmannians Gk|h(Vm|") with non-
trivial underlying factors (i.e., for which neither G¢(V{"), nor G (V{*) reduce to a
single point) there is no way of identifying g, , (vmin) With & g, (ymin) in a
GL(V§™) x GL(V{*)-equivariant manner. An explicit counterexample is provided by
the supergrassmannian G ,,1(V2|2). This can be proved by means of a pedestrian
use of the formulas developed in this paper. We remark, however, that there is a
more satisfactory approach to this point due to M. Rothstein via the computation
of certain Lie algebra cohomology classes [Rothstein 3]. At any rate, this result
shows that under a Lie group action, Batchelor’s Theorem does not reduce the
theory of supermanifolds to that of vector bundles, even in the C* category.

Finally, let us note that (2) is just an ordinary Lie group action. It would be
desirable, however, to prove that the supergrassmannians are very natural exam-
ples of superhomogeneous supermanifolds (a notion already defined in [Kostant]).
Based on some of our considerations in [OASV 3] on the one hand, and on the
work of Kostant on the other, we may prove that the infinitesimal version of this
action is what it should be; more precisely,

PROPOSITION. There is a graded Lie algebra homomorphism gl(V§*|V(*) —
Der g, , (vmin) whose restriction to gl(Vg"™) @ gl(V]*) = (a1(Vg"|VT*))o coincides
with the (classical) infinitesimal action obtained from (2) above.

The Lie supergroup that acts on the supergrassmannian Gy h(V""") is

{S(EndV™im)}*,
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the subsupermanifold of S(End V™I") described in local coordinates by the condi-
tion of having a nonzero Berezinian. The underlying Lie group is just GL(V{"™) x
GL(V{") and its odd dimension is 2dim V" dimV}*, as pointed out in [OASV
3]. The computations in this work suggest there is indeed a notion of maximal
parabolic subsupergroup, 9"k|h(V"‘|"), satisfying the correct dimensionality rela-
tions; namely,

even-dim Gk|h(Vm'") = even-dim{S(End V"™")}* — even-dim @k|h(Vm|")
and
odd-dim G, (V™") = odd-dim{S(End V™™)}* — odd-dim Py, (V™).

ACKNOWLEDGMENTS. This work was made possible by the advice and guidance
of my teacher, Shlomo Sternberg, to whom I am deeply grateful; he has been a
source of continual inspiration. The results here constituted a part of the Ph.D.
thesis I submitted to the Department of Mathematics of Harvard University. I
would also like to thank V. Guillemin and J. Wolf for their reading of the original
version of this work and B. Kostant for his influence through his lectures.

1. Supergrassmannians. Let V™" = V*@V" be a given (m, n)-dimensional
supervector space over R (or C), to be kept fixed throughout this section. Let us
assume that we are given some (m — k,n — h)-dimensional supervector subspace,
say W = Wo @ Wy, of V™", This means that W, =W NV, CV, (u=0,1) and
the ordinary vector space exact sequence

(1.1) 0—-W ymn L yminw 0
takes the form
(1.2) 0—WodW, 7v0meavl" — (V5" /Wo) @ (V{"/W1) = 0

where both the injection 7 and the projection 7 are even homomorphisms (cf. [Cor-
win et al.] and [DASV 1]).

It is well known that if Zjy denotes the set of all vector subspaces of ymin
complementary to W and a choice 4 € Zjy is made, a bijection
(1.3) %y — Hom(V™" /W, W)
exists under which 4 corresponds to the zero map. Even though we can always
choose 4 to be a (k, h)-dimensional supervector subspace of V™" it is clear that
not every element of Zy has a direct sum decomposition ug @ u; with ug C VJ®
and u; C V*. However, we can detect precisely what the complementary super-

vector subspaces to W are, by just looking at the supervector space structure of
Hom(V ™" /W, W). More precisely, we have the following rather obvious fact:

1.1 PROPOSITION. If 4 s chosen to be a (k,h)-dimensional supervector
subspace of V™" then (1.3) yields a one-to-one correspondence between the set
of all (k,h)-dimensional supervector subspaces of V™™ and the even subspace
(Hom(V™I"/W,W))e. O

Now, according to the theory developed in [Kostant] and [Leites], one can
associate to the supervector space

(1.4) Hom(V™" /W, W) = (Hom(V™" /W, W))o & (Hom(V™"™ /W, W)),
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a (super-)affine supermanifold, ((Hom(V™" /W, W))o, &), by letting the sheaf &7
be given by

(15) =B omyminww))o ® \([(Hom(V™" /W, W))]*).
Note that
(Hom(V'"'"/W, W))o =~ Hom(Vg"™ /Wy, Wy) @ Hom(V* /Wy, W)

1.6
( ) >~ %Wo X ?/Wl

where Zw, (resp., Zw,) is the open subset of G (V") (resp., Gx(V{*)) consisting
of those k (resp., h) dimensional subspaces complementary to Wy (resp., W1). That
is, Zw, X %w, C Gi(Vg") x Gr(V{*) and this observation suggests to try to cover
Gi(V§™) x Gr(V{*) by open sets of the form #;, x Z;, over each of which we will
have a sheaf .9y, ;,) of supercommutative superalgebras given by (1.5) and then
provide appropriate glueing isomorphisms © (1, 1,)(Jo,s,) S0 as to end up with a
supermanifold (G (V") X Gn(V{*), &) whose underlying C* (resp., holomorphic)
manifold is precisely the space of (k, h)-dimensional supervector subspaces of V™"
namely, the product G (V") x Gr(V7*).

We are thus led to Manin’s prescription [Manin]: The indexing set for the basic
superdomains %; will now consist of pairs of disjoint ordered sequences

I = 1,05 (U := disjoint union)
of length m — k and n — h, respectively. (Note. The interpretation of such an
indexing can be given in terms of some definite choice of homogeneous (ordered)
basis {e;} of VJ" @ V{* by letting W; be the (m — k,n — h)-dimensional supervector
subspace Span{e;: ¢ € I = IyUI,}.) Then we put
(1.7) ?/] = 7/10 X ?/11
and let
(1.8) A :=F>°\ U, x %1, ® /\((Hom(VOm/WIO,WII) ® Hom(V{*/Wr1,,W1,))*).
Following [Manin] we shall arrange the coordinate functions of the superdomain
(%1,%) into a [(m — k) + (n— h)] X [m+n] matrix, pr = (p%*), where, if I¢ = ISUI{
denotes the complementary ordered sequence of length (k, h),

; sia, iel,ael,
(1'9) ptla = {z}a. iel, ae I,
and additionally,

a:}"; 1 € Iy, a € I§,

; 1 iel,a€lf
1.1 a _ y_[ 9 l 1, 1
(1.10) TN del,acel,
ki 1€ly, a€lf,

where the q:’}‘ (resp., y}“) are the standard coordinate functions on %}, (resp., Z1,)
and the ¢}* (resp., £3%) are the generators of A((Hom(V{"/Wy,,Wr,))*) [resp.,
A((Hom(V{® /W, ,Wi,))*)]. We shall also write the matrix (pi®) in the symbolic

form
_ id Tr 0 6[ }Ig
pr= (0 ¢r id yl) Hy
Iy 1§ I, If

(1.11)
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If J = JoUJ; is some other sequence, we define g;; as the submatrix of p; obtained
after deleting the columns indexed by J¢ = J§UJ¢. This yields an (m—k)+ (n—h)

square even matrix
_ (91000 9100, \ Ho
9 (gll-]o gIlJ1> }Il
Jo i
As we know from [Kostant] and [Leites], this matrix is invertible if and only if

g1,J, and gr, J, are, and this fact guarantees that the glueing of sheaves below takes
place precisely over %1, N %, x %1, N %y, = %1 N%;. So define

(1.12)

(1.13) ory: AU NU = AU N
by letting
(1.14) erizf* = ((gs) " - pa)™™

It is not difficult to check that the @ ;’s are sheaf isomorphisms with (p;;)~! =
e, err =id and pyxpr; = o1k on Z1N%; N %y, so that there exists a unique
sheaf &/ of supercommutative superalgebras on Gi(V§") x G, (V{*), such that

(1.15) G (V™) = (Gr(VS") x Gu(V]"), /)

becomes a (k(m — k) + h(n — h),h(m — k) + k(n — h))-dimensional C* (resp.,
holomorphic) supermanifold. Furthermore, it is clear from this construction that
(1.16) 2% = & [ F =EP|Ge(Vg") x Gr(V(")

where _# denotes the ideal generated by the odd elements. On the other hand, it
has been proved in [Manin] that

(1.17) Zr o ~T(, \(F1)" ® Eo] @ [(Fo)” ® Ex))

where Eq (resp., E;) denotes the total space of the rank k (resp., h) tautologi-
cal bundle over G (VJ") (resp., Gn(V{")), while (Fp)* (resp., (F1)*) denotes that
of the dual of the rank m — k (resp., n — h) tautological bundle over G (V{")
(resp., Gh(V{*)). The proof consists of using the local data in terms of which the
supergrassmannians have been defined in conjunction with the identifications
(Hom(Vg" /Wi, W1,))" =~ (W1,)" @ (V5" /Wi,),

(Hom(vln/wfx s Wfo))* = (WIO)* ® (Vln/wlx )7

although the details will be omitted here (see §3, however).

(1.18)

2. Homogeneous space structure. From the geometric interpretation given
in §1, it is clear that the group GL(m) x GL(n), acting on V™" in the usual
way, will transform (k, h)-dimensional supervector subspaces into (k, h)-dimensional
supervector subspaces, so that it is only natural to try to obtain a representation

(2.1) p: GL(m) x GL(n) — Aut&
for which

(2.2) Gr(p): GL(m) x GL(n) — Aut(Z» %)



GRASSMANNIAN SUPERMANIFOLDS 603

reduces to the usual action. The prescription for this effect goes as follows (cf.
[Manin]): given g € GL(m) x GL(n) we consider p;g~! and look for the invertible
submatrix 1, ; obtained from the columns of pyg~! indexed by I = IoUI; (one may
regard this as the definition of I). Then we set

(2.3) pri(9): X7 — H|7;

where 77 and 7} are the open subsets of %; and %; determined by the condition
of 9,7 being invertible (see below). Explicitly, if we write p; as in (11) and for
g € GL(m) x GL(n) we put

U W 0 0\ }o
2 [V z o o]
(2:4) 9 Tlo o E F |}
0 0 G HJ I
Iy I I, It
Then
1_(U+2;V WH2z,Z &G &rH
(2.5) P19 _( VvV ¢z E+yG F+yH
I IS I I

71 and 7; are now determined by the conditions det(U + z;V) # 0 and
det(E + y;G) # 0, so that

o U+zV f[G
(2:6) i = ( sV E+yzG)

is invertible. Now, writing (4,7) ™! in the form

_ . . I

2.7) )"t = <X1010 XIOI,) }~0

( Wup) Xiv1o Xin,/) }h
Iy I

and using Gauss’s decomposition on ¢, (cf. [Leftes] and §5 below), one explicitly
finds

Xiy1o = ld+(U +21V) T E1G(E + y1G) P V™I U + 2,V) 7,
Xiyr, = —(U+21V) &Gl +(E + y1G) V(U + z,V) "1 6,G)
x (E+yG)™,
Xi g = —(E+y1G) 'aVI][id+(U + z,V) ' &G(E + y1G) V]!
x (U+z;V)™!,
Xj,;, = ld+(E + y1G) V(U + z/V) 1G] 7Y (E 4+ y1G) Y

(2.8)
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and therefore p(g) is given in local coordinates by
zr - [i[d+(U + 2,V) YGE + yiG) tgVIT U + 2,V) W + 212)
+ U+ x,V)-lg,G[id +(E+y1G) V(U + z,V)~ 1G] ™!
x (E+y1G)~ e
g —(E+yiG)~ 1§1V[1d+ U+z/V)  ¢GE +y1G) V]!
X (U+z/V) YW +2,2)
+[[d+(E +y1G) 'V (U + z1V) &G HE + y1G) 11 Z,
&= [id+(U + V) GGE +yiG) VT U + 21 V) T H
— (U +z/V) T YGHd+H(E + y1G) V(U + z,V) 166G !
X (E+ 21G) Y (F + y;H),
yr— [[d+(E+y1G) 'V (U + 21V) 1,GI " (E 4+ y1G) ™ (F + yrH)
+(E4yiG) s V[id+(U + z;V) '&G(E + y1G) g V]!
x (U+zV)""¢H,
from which we deduce that Gr p(g) is given by
zr— (U+2zV)" YW +2;2) = —(Az; — B)(Cz; — D)7,
st — (E4+yG) 'alVU +z/V)" YW +2:2) - Z]
—(E+y1G)"'¢(Czy — D)1,

(2.10) & —(U+zV)™ E][G E+y;G)~ (F+y1H) — H]
= —(U+£II1V) f[(NyI — P) l,
yr — (E+y1G)"'(F +yH) = —(Lyr — M)(Ny; - P)™*,
where

(& 3) = (v 7)

u w and E F
vV Z G H
respectively.

These formulas show explicitly that Gr p(g) gives indeed the usual action on the
base G(VJ"™) x Gr(V{*) and on the odd coordinates when regarded as sections of
the corresponding tautological bundles. (We shall come back to the group action
in §5.)

3. Tautological supervector bundles. It is well known from classical dif-
ferential geometry that the ordinary grassmannian manifold of k-planes in V{",

Gk(Vg"™), can be coordinatized by means of the matrices (cf. (1.9) and assume for
the moment that I, = &; hence, I = Iy)

(3.1) pr=(6ia | 27), i€,
with a € I in the first column and a € I¢ in the second. The geometrical interpre-

tation goes as follows: py is the matrix (with respect to some fixed basis {e,} of
Vg") of the projection map

(3.2) pr: Vo' — Wi

are the inverses of
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onto the (m — k)-dimensional subspace Wy := Span{e;: i € I'} (see the note in §1).
The coordinates (z%*) appearing in (3.1) correspond to the k-dimensional subspace
Kerp;. A basis for thls subspace can be taken as

(3.3) Zx, e; — e, a€lf
el

and it is understood that Ker p; belongs to the coordinate chart
7/1 >~ Hom(Vom/WI, W[).

It is then clear that the rank-k tautological vector bundle Ej over the grassman-
nian G (V{") corresponds to the locally free sheaf of &°°|G(V{™)-modules defined
by letting T'(%1, Ex) be the #°°(%;)-module freely generated by the k linearly
independent sections (3.3).

The transition functions of this bundle are easy to obtain: if Kerp; = u €
%1 N%y, we can use the versions I and J of (3.3) to find a k x k invertible matrix,
NrJ = (fy'}f,), such that

(3.4) ol(w) =) Nwoi(w), ceJe
belc

and in fact,

bc be c

_(—z¥ -=zF\pwernJ

(35) J = ( 0 6bc ) }be IcnJe
with ¢ € J°N I in the first column and ¢ € J¢ N I€ in the second, and

be be c

-1 _ :L‘I —:BI }b G J ﬂ I

(36) Ty = ( 0 Sbe ) Ybedenle

with ¢ € J° NI in the first column and ¢ € J° N I¢ in the second. We can
similarly describe the other tautological bundle; namely, the rank-(m — k) bundle,
Fo—x — Gg(V™), whose fiber at the point u € G (V™) is given by

(3.7 F,=({V™/u)* = Hom(V™/u,R).

In this case the map p;: V™ — W yields an injection (pr)*: (Wy)* — (V™)*
whose image we identify with F,, (u = Kerpy). Explicitly, let {#%} be the dual
basis of {e,} above. Then

(3.8) Xp=(pr)*0* =0+ > _ 0°zF, i€l
a€lc

gives m—k linearly independent sections of F,,,_ over ;. The transition functions
for this bundle are also easy to obtain: this time we let B(u) = (Bji(u)) be the
matrix such that, for u € Z; N %},

(3.9) Ny (u) = Y~ Np(u)Bji(u)

i€l
Again, using (3.8) for I and J, one is led to the conclusion that B must satisfy the
matrix equation

(3.10) ps =B pr.
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In other words,

(3.11) B=(g1;)"!
where g7 is as in (1.12) (under the assumptions I; = J; = &; hence, I = I and
J= Jo)

Let us now go back to the grassmannian supermanifolds
Gin(V™™) = (Ge(VE™) x Gr(V), ).

According to the observations above, it is natural to define the tautological su-
pervector bundle Eg, (resp., Fp,_kjn—n) by means of the locally free sheaf of
& -modules, &1, (resp., Fn_k|n—+), Obtained upon the specification that &, (%7)
(resp., Fm—kin—n(#1)) is the free &7 (%;)-bundle generated by the k even sections

(312) 0'; = szaei — €q, a€ I(c)a
1€l

and the h odd sections

(3.13) — Z 2%, — e, a€lf

(resp., the m — k even sections
(3.14) MNp=0+ ) 0%, i€,
a€lc
and the n — h odd sections
(3.15) py=0'+3> 0°°, el
a€l¢

It is a straightforward matter now to verify that the transition functions for these
bundles are given by exactly the same expressions as their classical counterparts,
namely,

- — I°nJ _
(3.16) = ( SJ i(zlJ) ilc e and g;;
Jenl J°nlI¢

respectively, where z; has the meaning of (1.10) and gy, that of (1.12).

On the other hand, proceeding as in [DASV 2], one can compute the transi-
tion functions of the supercotangent bundle sheaf, 7 "/, of Gk|h(Vm|"). The
computation is tedious but straightforward and we obtain, for 7 € J = JoUJ; and
1€1]= 10011,

0

g}a(g;}m)jb
b c c
(3.17) —zzb, aeIZﬂJ,beI nJc,
= (=1)(lal+lbDal+1a) (g=1) . d = 27 acl°nd, belnle,
1730 Y g, ael‘nJe, bel°‘nJe,
0, ael°nJe, belnJe.

In particular, one obtains the following analog of the well-known classical result
(for another proof of this fact without using explicitly the transition functions of
the supercotangent bundle sheaf, see [Manin]).
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PROPOSITION. There is a natural identification 57 * o ~ Frn—kin—h®&p. O

4. Equivariant trivialization theorem. We shall now prove that some su-
pergrassmannians admit the type of global trivialization that makes their struc-
tural sheaf look as the sheaf of sections of the exterior algebra bundle of some
canonical vector bundle attached to the base manifold. Furthermore, it turns out
that for this particular source of examples, such a trivialization is equivariant for
the GL(V{") x GL(V{*)-action on Ggjn(V™") (given as in §2) and the induced
GL(V§™) x GL(V{*)-action on the space of sections of the bundle in question. Thus,
Batchelor’s theorem becomes natural for certain examples of supermanifolds (see
[Batchelor|), namely, at least those described in the statement of the following

4.1 THEOREM. (a) Gk|0(V"“") = (Gk(Vg"™): i, (vyr)) s a supermanifold of
dimension (k(m — k),nk) for which an equivariant identification

A wvpy — G (Ao vpy) =TGNV @ Er))
exists. (Here, Eg — Gi(Vg") denotes the rank-k tautological vector bundle over the

grassmannian G (V§"); V{* — G(VJ") is the rank-n trivial bundle and V{* @ Ey —
Gr(V4™) is the tensor product bundle.)

REMARK. A similar result holds true for the (k(m — k), nk)-dimensional super-
manifold Gox(V"™) = (Gk(V{™), ¥, (vm)), in which case we have &, (vm) —
G (g (vm)) =T (-, A(Vo ® E1)), equivariantly.

(b) Gy (Vmin) = (Gk(V3")s g, (vyr)) 15 a supermanifold of dimension
(k(m — k),n(m — k)) for which an equivariant identification

Aoy = G o) T \NV1 @ F))

exists. (Here, F§ — G(V{") denotes the rank-(m — k) tautological vector bundle
over the grassmannian G (V§").)

REMARK. Similarly, for G, (V™) = (Gk(V™), g, (vm)), we have g, (vm)
= (g, (vmy) ~ T (-, A(Vo ® FT)), equivariantly.

PROOF. We shall prove (a) and (b) simultaneously. The proof itself is divided
into two steps; the first consists of convincing ourselves that the sheaves % and
G+ of the supergrassmannians in question can be identified indeed. To this end,
we first use the following lemma.

4.2 LEMMA. For any supermanifold (M, /), we have
G ~T(-, \N(ST*M),)),

where (ST*M), s the odd (Whitney) summand of the underlying manifold of the
supercotangent bundle (cf. [OASV 2]).

PROOF OF THE LEMMA. This follows essentially from the definition of a super-
manifold (cf. [Manin] for details). O

We now use the transition functions (3.17) that define the supercotangent bundle
sheaf of the supergrassmannians and note that, for Gjo(V™") (resp., Gijn (V™I)),
the indexing sequences I = IoUI; of the covering {#;} have the following special
property:
(4.1a) (v1,J) L ={12,...,n}=J; and I{=Q=Jf
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(4.1b) [resp., (VI,J) L=@=J, and If={L,2,...,n}=Ji].
Therefore, the corresponding matrices py in (1.11) respectively reduce to
_(id zr 0 }
(4.22) pr = ( 0 o id) 92
Iy Iy I
and
(4.2b) pr=(>d zr &)}
Iy, I§ If
Hence, the matrices gry in (1.12) will take the form
_ [ 910Jo 0 }IO
(433.) gry = ( * ld) }Il
Jo Ji
and
(4.3b) 915 = (91040)
respectively. In particular,
-1
-1 _ (91,7 0 }JO
(4.4a) 915 = ( e’ id) 194
Iy I,
and
(4.4b) 977 = (gr5,)-

Now, we can use these expressions in conjunction with (1.10) and (3.17) to conclude
that

0z _ oz¥ : :
(4.5a) 8;—1{1=8—;%¢a610,b€J0,2611,J€J0
I 1

and
821}’ _ 83:3}7

(4.5b) o7 = o

& a € I, be Jo, iGIo,jEJo

respectively. Note right away that (3.17) and (4.4a) immediately imply that

b
orY

4.6a :
(4.62) 5

=0 because (g,‘})ﬁ =0 forallzel, j€ Jo.

On the other hand, for case (b), the only nonvacuous condition on Lemma 4.2 is
a€IfNJ§ and b € I§ N J§, in which case 855 = 0. Therefore,

3b
oz’

(4.6b) Sei

=0.
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Similarly, one notes that

o2 _ ac

4.7 L ==& aqg€ly, beJy, 1€, jE€J
(4.7a) 9zi% 9@ a€lg 0, 1€y, 1
and

b jb
(47b) aﬁ_af‘, sSa€el, bedy, t€ly, j€ Jp.

oz = o6y
For case (a) one sees from (4.4a) that
(g,_})ji =06y foriely, j€Ji.
Therefore, (3.17) implies that

agl’

4.8a) ——
(4.8a) as;°

= é;; x {Transition functions of the rank-k bundle, E; — Gk (Vg")}.

On the other hand, for case (b), the only nonvacuous condition in Lemma 4.2 is

a € IfNJf and b € If N Jf, in which case,

(4.8b)
oey
agie

= 8gp X {Transition functions of the rank-(m — k) bundle, Fy — Gi(Vg")}.

But now we are in the situation of having a covering {%Z;} for a supermanifold
(M, &) with sheaf isomorphisms & |% — &+ |% satisfying the additional prop-
erty that the transition functions

(G \UN U N Uy REEN (G AU U Uy
/

N
Ml?/] ﬂ?/,]

are already of the form Gr(p;y) for all I and J. (This is precisely the content of
equations (4.7) and (4.8) above, as no higher-order terms appear in the transition
functions for zf,b and 5{," which, in principle, should be polynomials in the odd
variables £%.) As the sheaf & used in the construction of the supergrassmannians
was uniquely determined by the transition functions s, the conclusion is then
that we have a global identification &/ = %%/ for both cases (a) and (b). In
other words, equations (4.8), together with Lemma 1, imply that

(4.9a) o ST AV @ E)
and
(4.9b) & ST A\VERFY)

hold true globally for the sheaves . that define the supergrassmannians Gk|0(V"‘|")
and G, (V™) respectively.

The second and last part of the proof consists of looking at the action of the
group G = GL(m) x GL(n) according to the representation p: G — Aut.%/ of (2.9).
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But in view of the properties (4.1) of the indexing sequences I and J, the action
by p(g) with

A B 0 Uu w o0
(4.10) g=|C D 0|, gtl=1|V Z 0
0 0 F 0 0 E-!

is reduced in each case to simply
zr— (U+z;V)" YW +12,Z) = —~(Az; — B)(Cz; — D)7},

(4.11a) _1
1 — —EQ(CI[ — D)

and

(4.11b) zr = (U+ V)" (W +21Z) = —(Az; — B)(Czr — D)7,

&= U+zV)IGE™!
respectively, which is precisely the action under Gr(p(g)). O

5. Supergroup action; infinitesimal version. We note that the group ac-
tion discussed so far is just an ordinary Lie group action. It would be desirable,
however, to prove that the supergrassmannians are natural examples of superhomo-
geneous supermanifolds (in the sense already defined in [Kostant]); that is, that
there is a supergroup action defined on them. Theorems regarding superhomoge-
neous supermanifolds in general shall be postponed for a future work. Here, we
shall restrict ourselves to the infinitesimal action for the examples at hand (the
supergrassmannians) and get some insight into what to expect in the general case.
Along these lines, we should be able to prove the following:

5.1 PROPOSITION. There s a graded Lie algebra homomorphism
p: gl (Vg™ V") — Der g, , (vmin)

whose restriction to gl(Vi™) @ gl(Vy*) = (8L (Vg™|V1*))o coincides with the (classical)
infinitesimal action obtained from §2.

The idea of the proof and the actual realization of the action p as supervector
fields (i.e., superderivations of the structural sheaf .%/') on the supergrassmannian
Gk|h(V"‘|") are based entirely on classical-like arguments. The reason why such
classical arguments work on the superhomogeneous setting follows, on the one hand,
from Kostant’s results [Kostant, §§3.9, 3.10] and, on the other, from our work in
[OASV 3] which allows classical interpretations while computing with matrices
(see, in particular, §5.3 below). We shall indicate how an explicit representation of
gl (V{™|V{*) may be obtained within a coordinate chart and shall give some formulas
for the supergrassmannians Gq,o(V2Q|"). A first step in this direction is given by
the following rather trivial

5.2 OBSERVATION. Let p: gl(Vo @ Vi) — End(Mp & M;) be a representation
of the ordinary Lie algebra gl (Vo ® V1) ~ gl(m + n) into a supervector space
M = My & M;. Suppose that

p((8t (Vo ® V1))o) C (End(Mo & M1))o

and
p((gt (Vo ® V1))1) C (End(Mo & M)y
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where

@oovie={ (4 p)|acum). Deam}

(gl(Vo®Vi)h = { (g g)

Then, p gives rise to a representation p: gl (Vo|V1) — End(Mp @ M) of the graded
Lie algebra gl (Vp|V1) into the same supervector space M = My & M;.

PROOF OF 5.2. All that is involved in this assertion is the one-to-one correspon-
dence between the representations p of gl (Vo © V1) and the representations p of its
universal enveloping algebra U(gl (Vo @ V1)). In fact, taking into account the vector
space isomorphisms

and

B € Hom(Vy,Vy), C € Hom(Vg,Vl)} .

(8l (Vo ® V1))o = gl (Vo) @ gl(V1) = (gl (Vo[V1))o,
(g[ (Vo (&) Vl))l o~ HOIII(Vl, Vo) (&) Hom(Vo, V]) ~ (g[ (Volvl))l

and the fact that under the ordinary matrix multiplication (i.e., composition of
linear maps)

@(Vo® V1)) (81 (Vo ® V1)) C (81 (Vo ® V1)) (u+v) mod (2)

we can define a degree-zero linear mapping g: gl (Vo |V1) — End(My & M;) by
letting

(Ve € gl (VolVi), homogencous)  4(z) = plz) (= p(x))
and extending it linearly. We now claim that for homogeneous z,y € gl (Vp|V1) we
have

plz -y — (=1)ly - 2) = j(2)p(y) — (1)1 ¥ 5(y) i().
Obviously, it suffices to check this equation for any two odd elements z,y €
gl (VoIV1)1 (i.e., |z| = |y| = 1). But in this case we have
plz-y+y-z) =p(x~y+y'z) p(z- y)+p(y z)
= p(y)p(z) + p([z,y]) + p(2)p(y) + p([y, 2])
= p(y)p(z) + p(z)p(y) = i(z )p(y)+ﬁ(y)ﬁ($)‘ o
5.3. Now, the classical-like argument by which we may arrive at the desired

representation p: gl (Vp|V1) — Der is very simple: choose a local coordinate
chart on the supergrassmannian so that (cf. §1)

(id z 0 ¢
“\o ¢ d y/)

Then we choose the supercoset representative

d z 0 ¢
s [0 id oo
P10 ¢ id y

0 0 0 id
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In order to see what the action of gl (Vo|V;) looks like in terms of these local coor-
dinates, we first look at the equation

a b a g 1 =z 0 ¢
c d v 6 01 00
n e e f]110 ¢ 1y
p T g h 0 0 01
1 gz 0 g-¢ Jr 0 A 0
_|0 1 0 0 c Jg v A
0 g¢ 1 gy N 0 Jyg O
0O 0 0 1 p T g Jg
where
a b a B
e d v ¢ -
g:= n o e f e GL(Vo V1) ~GL(m +n)
p 7T g h

is assumed to be close to the identity and Jg, Jr, Jg and Jy are elements of
GL(k), GL(m — k), GL(h) and GL(n — h), respectively. Thus, we find that
g-z={[{(az+b) +as] = [(ay + B) +alJ5 T} - J5' AJG'T) I,
g-c={l(nz+p)+e]—[(ey+ /) +n€lJG ' TYI - J5'AJG'T) " 5",
g-y={-Iz+p)+elJg'A+[(ey+ f) +n€l}I - JG'TI' A)"1JG",
g-&={—[(az+b) +as]Jg A+ [(ay + B) + all}(I - JG'TJg'A) " JGY,
where, furthermore,
Je=(cx+d)+~¢, T=(pz+7)+gs,
A=(yy+6)+ct,  Jo=(gy+h)+pE
Note that these calculations are valid under the assumption that g € GL(Vp & Vi)
stays close to the identity, for then we can make sense of -z, g-¢, g-yand g- €
as coordinates within the same chart. This condition is certainly fulfilled by any

smooth curve t — g; € GL(Vy @ V;) passing through the identity at ¢t = 0. In
particular, if we set
(d/dt)(gt)|t=0 =: go € gl (Vo & V1)

we can differentiate the above formulas for g; - z, ¢: - ¢, g: - y and g; - € to obtain
an expression in local coordinates for the action of the Lie algebra gl (Vo @ V1) and
hence, for the action of the Lie superalgebra gl (Vp|V1), provided that the conditions
of 5.2 are satisfied.

Let us illustrate this construction on the supergrassmannians Gk|0(V"‘|"). In
this case the coordinates {y} and {£} are nonexistent and the above formulas for
g - and g - ¢ reduce to

g-z={(az+b)(cx+d) " +ac(cx +d) ' H{I + v¢(cz +d)" 1},
g-s={(nz+p)(cz+d)™" +e(cz +d) " HI + x(cz +d)7}

whenever
a
g:= (c ) € GL(Vp ® V1) ~ GL(m + n).
n

T aac
® 22 R
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Therefore, the corresponding action of gl (Vo @ Vi) will be given by
X -z =az —zd + b — zéx + d¢ — ¢,
X ¢ =é¢—cd+ ¢ — ¥ +1is — géx

whenever .
a b a
X=|¢ d 7| eg(VodVy)=gl(m+n).
n p €

One can now read off from these equations the corresponding action in terms of
derivations (with respect to the local coordinates {z%/} and {¢*/}).

To write down some explicit formulas, let us further restrict ourselves to the case
m = 2q and k = m/2, so that the latin indices ¢, 7, ... will run through {1,2,...,q}
while the greek indices p, v, ... will run through {1,2,...,n}. Thus,

Eij 00 )
0 0 0> 27%0,u,
0 0O k
0 0 0 ‘ .
0 & 0] m-~- Z :I:k’azkj - Z ¢H'0cus
0 0 0 k "
0 0 0 . . . .
Eij 00 — - Z z"“x’kazmk - Z g“‘xjkaguk,
00 k,m k,u
0 €y 0
0 0 0] +~ 0z,
0 0 O
00 O
0.0 0 | ) ¢H*du,
0 0 ey k
00 Eip
00 0| > ¢*o,u,
00 O k
00 O . _
0 0 €| —~— Z T™HRD ik — Z il S
00 k.m k,v
0 00 '
0 0 0} > 2%,
Eui 00 k
0 0 O
0 0 O] ¥ O¢us.
0 Eui 0

Note that even (resp., odd) elements of gl(Vo @ V;) are mapped into even (resp.,
odd) derivations of the sheaf of local coordinates. Therefore, our observation 5.2
applies and the same correspondences provide us with an explicit realization of the
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superalgebra gl (Vp|V7) as superderivations of the structural sheaf of the supergrass-
mannian G o(V24I").

REFERENCES

[Batchelor] M. Batchelor, The structure of supermanifolds, Trans. Amer. Math. Soc. 253 (1979),
329.

[Boyer and Gitler] C. P. Boyer and Samuel Gitler, The theory of G® supermanifolds, Trans.
Amer. Math. Soc. 285 (1984), 241-267.

[Corwin, Ne’eman and Sternberg] L. Corwin, Y. Ne’eman and S. Sternberg, Graded Lie
algebras in mathematics and physics (Bose-Fermi symmetry), Rev. Mod. Phys. 47 (1975), 573—
604.

[Guillemin and Sternberg] V. Guillemin and S. Sternberg, Lecture notes on conformal geometry,
courses delivered by the authors at Harvard and M.I.T., 1985-1986.

[Jadezyk and Pilch] A. Z. Jadczyk and K. A. Pilch, Superspaces and supersymmetry, Comm.
Math. Phys. 78 (1980), 373.

[Kostant] B. Kostant, Graded manifolds, graded Lie theory and prequantization, Lecture Notes in
Math., vol. 570, Springer-Verlag, 1977, p. 177.

[Lertes] D. A. Leites, Introduction to the theory of supermanifolds, Russian Math. Surveys 35 (1980),
1-64.

[Manin] Yu. Manin, Holomorphic supergeometry and Yang-Mills superfields (preprint).

[Rogers] A. Rogers, A global theory of supermanifolds, J. Math. Phys. 21 (1980), 1352.

[Rothstein 1] Mitchell J. Rothstein, Deformations of complex supermanifolds, Proc. Amer. Math.
Soc. 95 (1985), 255.

[Rothstein 2] | The azioms of supermanifolds and a new structure arising from them, Trans.
Amer. Math. Soc. 297 (19886), 159.
[Rothstein 3] ____, private communication.

[OASV 1] O. A. Sanchez Valenzuela, Matriz computations in linear superalgebra, Linear Algebra
Appl. (to appear).

[OASV 2] ___, On supervector bundles (preprint).

[OASV 3] ____, Linear supergroup actions. I: On the defining properties, Trans. Amer. Math. Soc.
307 (1988), 569-595.

INSTITUTO DE INVESTIGACIONES EN MATEMATICAS APLICADAS Y SISTEMAS, UNI-
VERSIDAD NACIONAL AUTONOMA DE MEXICO, DELEGACION ALVARO OBREGON, 01000
MEXIco D.F.

Current address: Centro de Investigacién en Matematicas, Apartado Postal 402, CP 36000,
Guanajuato, Gto, Mexico



