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INFINITELY MANY PERIODIC SOLUTIONS
FOR THE EQUATION:
Ugt — Uggy = |u|p—-1u = f(z,t). II

KAZUNAGA TANAKA

ABSTRACT. Existence of forced vibrations of nonlinear wave equation:

utt — Ugg + |u|P~lu = f(z,t), (z,t) € (0,7) X R,
U(O, t) = ’ll,(7l', t) = 0) te Rv
u(z,t + 2m) = u(z,t), (z,t) € (0,7) X R,

is considered. For all p € (1,00) and f(z,t) € L(Pt1)/P_existence of infinitely
many periodic solutions is proved. This improves the results of the author [29,
30].

We use variational methods to show the existence result. Minimax argu-
ments and energy estimates for the corresponding functional play an essential
role in the proof.

0. Introduction and statement of result. The main purpose of this paper is
to show the existence of infinitely many periodic solutions of the following nonlinear
vibrating string equation:

(0.1)+ Ugt — Ugg £ [u|P " u = f(z,t), (z,t) € (0,7) x R,
(0.2) u(0,t) = u(m,t) =0, t € R,
(0.3) u(z,t + 27) = u(z, t), (z,t) € (0,7) X R.

Here, p > 1 is a constant and f(z,t) is a 2w-periodic function of ¢.

In case f s a function of z alone, the existence of nontrivial solutions of (0.1)1—
(0.3) has been established by Brezis-Coron-Nirenberg [11], Coron [13] and Rabi-
nowitz [20, 23]. See also Benci-Fortunato [7] and Sattinger [24]. But in case f
depends on t, it seems that the existence of at least one solution of (0.1)+—(0.3) is
not obtained for all p € (1,00) and the existence of infinitely many solutions for all
f has been obtained merely in the case:

(0.4) 1<p<1+v2

See Tanaka (29, 30] and Ollivry [17]. This paper is a continuation of [29, 30]
and we will show the existence of infinitely many periodic solutions for all f(z,t)
without restriction (0.4). More precisely our main result is the following.
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616 KAZUNAGA TANAKA

THEOREM 0.1. Assume that p € (1,00) and f(z,t) € LEFV/?([0,7] x R)
18 2m-periodic in t. Then (0.1)1-(0.3) possesses an unbounded sequence of weak

solutions in LY ([0,7] x R).

REMARK. (a) By a weak solution of (0.1)+—(0.3) we mean a function u(z,t)
satisfying

2m ™
/ / [u(dte — azz) £ |uP " ug — foldzdt =0
o Jo

for all smooth ¢ which satisfy (0.2) and (0.3).

(b) If p=2n+1 (n € N) and f is smooth, it is known that any corresponding
solution is smooth (cf. Brezis-Nirenberg [12]).

In case f = 0, the problem (0.1)1—(0.3) possesses a natural symmetry, that is,
the equation is equivariant under the Z; symmetry u — —u. We shall treat the case
f # 0 as a perturbation from a symmetric equation. A question for (0.1)+—(0.3) is
the effect of destroying the symmetry by adding an inhomogeneous term f(z,t) to
the right-hand side of (0.1)+.

In several recent papers, similar questions have been studied for the problems of
elliptic type and of Hamiltonian systems of ordinary differential equations. Bahri-
Berestycki [3], Struwe [28] and Rabinowitz [21] considered the following problem
of elliptic type:

(0.5) —Au = |ulP~ u + f(z), z €D,
(0.6) u=0, z€0D,
where D ¢ RY (N > 2) is a bounded domain with a smooth boundary 8D and

f(z) € L%(D). For all f(z) € L?(D), they showed the existence of infinitely many
solutions of (0.5)—(0.6) under the condition

< N+2++VON2 —4N + 4
4N -1) '

1<p

They considered the functional

F(u) = %/D|Vu|2dx—;—_}’_——l—/DluP’“dx—/Dfud:c

on H}(D) and sought for critical points of this functional. Restricted Lusternik
Schnirelman theory and energy estimates for F(u) played an essential role in their
arguments.

Very recently, Bahri-Lions [6] has improved the results of [3, 21, 28] and showed
the existence of infinitely many solutions under the condition 1 < p < N/(N —2).
To get this existence result, they used a general result giving a lower bound of the
Morse indez at critical points obtained through dual minimaz variational principles
together with a suitable estimate for the eigenvalues of the Dirichlet problem on a
bounded domain D. See also Bahri [2].

The existence of periodic solutions of the following forced Hamiltonian systems
of O.D.E. is considered by Bahri-Berestycki [4].

(0.7) dz/dt = JH'(2) + f(t),  2(0) = 2(T).
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Here,

In O

is the standard skewsymmetric matrix, z = 2(t) = (p,q): R = R?N, H: R?¥ - R
is a given Hamiltonian and f: R — R2¥ is a given T-periodic function. Under
some growth condition on H (in particular H is of superquadratic growth), they
show that (0.7) has infinitely many periodic solutions for all f(t). See also Bahri-
Berestycki [5] and Pisani-Tucci [18].

Theorem 0.1 will be proved in §§1-6 via variational methods. An outline of
this paper is as follows: In §1, we introduce new variational formulation of the
problem (0.1)+—(0.3). That is, we introduce a functional I(ut +u™~), whose critical
points and weak solutions of (0.1)4+—(0.3) possess one-to-one correspondence. Our
functional I(u* + u~) takes a form

(08)  I(ut +u7) = gllutlE - 3luIE - Qut +uT) € CH(ET @ ET,R),

where E* are Hilbert spaces and Q(u* + u~) is a convex functional such that
Q'(u* +u™) is compact. In §2, we apply the methods of Rabinowitz [21, 22, 23] to
I(u* +u~) and obtain the existence of infinitely many periodic solutions of (0.1) 1+~
(0.3) under some assumption on the growth of minimax values:

(s %]

b, = inf sup I(y(u)) asn — oo.
’7€r" u€ED,

In the second part of §2, we introduce a comparison functional K(u%t) on E*

09) Kt = 3l - St 22,
which satisfies K (u*) < I(u*) + C on E* for some constant C > 0. We deal with
K(u%) to get an estimate of b,. In §3, critical points of K (ut) are constructed in
a similar way to Bahri-Berestycki [5]; max-min value f,, which is a critical value
of K, is defined as in [5]. Using the ideas from Ambrosetti-Rabinowitz [1], we find
that 8, < b, + C. In §§4-6, we use the ideas from Bahri-Lions [6] and get an
estimate of the growth of the values 3, as n — oo; first we establish a lower bound
of the Morse indez at a critical point corresponding to 3, (§4). Next we develop an
estimate of eigenvalues of K”(u*). Here, the notion of trace ideals plays an essential
role (§5). Lastly in §6, combining the results in §§4-5, we obtain estimates from
below of the values £, and we complete the proof of Theorem 0.1.

~ Thus this paper is organized as follows:

0. Introduction and statement of result

. Variational formulation and functional frame work
. Minimax methods and existence theorem
. Critical value 3, of K € C*(E*,R) and its relation to b,
. Morse index and S,
. Estimate for eigenvalues of K" (u™)
6. Proof of Theorem 0.1

T W N =

1. Variational formulation and functional frame work.
(a) A new variational formulation. We deal with the problem (0.1);-(0.3). The
problem (0.1)_—(0.3) is treated similarly. Let Q = (0,7) x (0,27) and || = 272.
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For g € [1,00) we denote by L9 the space of 2r-periodic functions of ¢ whose gth
powers are integrable, that is,

1/q
lully = ( [ tuta. ez dt) < oo
o)
We also use the notation
(u,v) = / uv dz dt.
0

Solutions of (0.1)4+-(0.3) are obtained as critical points of
1
F — oy 2 A p+1 .
(u) /Q [2(ut wp) = Sl +fu] dz dt

The quadratic wave form and the term |u|P*! suggest a natural space in which
to treat F'(u). Any smooth function u satisfying (0.2) and (0.3) has a Fourier
expansion of the form

oo oo
_ i iz etk L
u= ajksinjre ™, Qj,—k = Qjk-

j=1lk=-o00
We define .
(u,0) = 190 D 1k? = Plajebye, ullf = (uw),
7.k

foru =3 aksinjze** and v =3 b sin jz etkt. We observe that | - || g is a norm
on the set {u;a;x =0 if j = |k|}. Set
E* =span{sinjze'*t; j < |k},
E~ =span{sinjze'**; j > |k|},
E=EtoE"
where the closures are taken under the norm || - ||g. Note that (E, (-,-)) is a Hilbert
space. Further set

N = {c(w+t) —¢(t—z); ceL”“(S’),/Ozﬂc=0}

= LP*!_closure of 5pan{sinjz eIt j e N}

with LP*1norm || - ||p41-

Then Et,E~,N are complementary subspaces of the space of functions sat-
isfying (0.2)-(0.3). Moreover the wave form is positive definite, negative defi-
nite and null on E*, E~ and N respectively. We will treat F(u) in the space
Et®E- @ N = E® N. The space E has the following property (cf. [11, 24]):

(1.1) llullg < cqllullg  for all u € E and g € [1, 00),
(1.2) the embedding E — L9 is compact for all ¢ € [1,00).
Note that
1 1, _ 1 -
(13)  Flu+o) = glutlh - 3l IE - gt + ol

+ (f,ut +u~ +v)€eC*E*®E~ ® N,R)
foru=ut+u" € E=EY®E andv € N.
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Observe that for fixed u*, u™, the functional F(u* + u~ + v) is a strictly concave
function of v € N. So there is a one-to-one correspondence between critical points
of F and those of I. Here, I: E — R is a functional defined by

I(u) = I&agl(F(u+v)
(1.4) 1 , 1 \ o
= Tt~ gl - Q) foru=ut +u” € B,

where

(1.5) Qu) = ome% e lu+ vllgi} —(f,u+v)| foruekFE.

Hence, in what follows we will seek critical points of I(u). Remark that Q(u) can
be also defined for all u € LP*! by (1.5). So we treat Q(u) as a function from LP+1
to R.

LEMMA 1.1. (i) For allue L”“'l, there ezxists a unique v(u) € N such that

(1.6) Qu) = ——llu+ @551 = (fu+v(w).

(ii) v(u): LP*! — N is continuous.
(iii) Q(u) 1s of class C* on E and
(17 (Q'(w),h) = (flu+v(w)P~(u+v(u) = f,h) for allu,h € E.

In particular, Q'(u): E — E* is compact and there are C1 = C1(||fll(p+1)/p) > 0
and Cy = C2(|| fll(p+1)/p) > O constants such that for all u € E,

(1.8) Q' (W)[le- < C1(1Q(w)|P/@+D 4+ 1),
(1.9) Q' (w),w) = (p+ DQ)| < Co(IQ(u)[Y®*Y +1).

From now on we denote by C various constants which depend on || f|(p+1)/p but
are independent of u € E.

PROOF. (i) We can easily deduce assertion (i) from the fact that

1
(1.10) v — p+1||u+v||zii —(f,u+v)
is a strictly convex, coercive functional on N.
(ii) Suppose that u; — u in LP*!. We will show that v(u;) — v(u) strongly in
N. By the definition of v(u;), we have

. s+ oI = (i + o(a)
1.11

1 +1
> o llus + v(up)lip31 — (f uj + v(uy)).

We find that {v(u;)}?2, is bounded in N (ie., in LP*!). We extract a subse-
quence—still denoted by u;—such that v(u;) converges weakly to ¥ in N. Letting
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J — oo in (1.11), we get

Cllu+o(@)p3 = (fu + v(w)

zm( 1
jmoo \p+1

2 p "u+v“p+l f1u+1_))

s + ()B4 v(um)

By the uniqueness of v(u), we observe ¥ = v(u) and lim |lu + v(uj)|lp+1 =
|lu + v(u)||p+1. Thus we obtain v(u;) — v(u) strongly in N.
(iii) By the convexity of (1.10), we find that for w € N,

(1.12) w=ov(u) iff (u+wP '(u+w)-f¢)=0 foral¢eN.

By the convexity of the function |£|[P*!/(p+ 1) — f&, we have for all u,h € E and
T>0,

Q(u+7h) — Q(u) = i - (llu+h+ vl + rh)EH — lu+ o(w)[531)
+ (fyth +v(u+7h) — v(u))

> (Ju+v(w) P~ H(u +v(u) = f,7h +v(u+ Th) — v(u)).
Since v(u + 7h) — v(u) € N, we get by (1.12)
(1.13) Qu+7h) — Qu) > 7(Ju +v(uw)|P " (u+v(u) — £, h).
Similarly we have,

Qu+7h) - Q(u)

(1.14) <71(lu+1h+v(u+7h) P (u+rh+v(u+71h)) — f,h).

Letting 7 — 0 in (1.13) and (1.14), we obtain (1.7). Thus Q(u) € C!(E,R).
Moreover from (1.2) and the continuity of v(u): LP*! — N, we deduce Q'(u): E —
E* is compact. Using (1.7), we have

Q' (wWlle- = P (Ju +v(w)P~ (u+v(w)) - £, h)

e=1

< IIhs”up . Il + v(w)P~  (w + v(w) = fllps1)/plBllp+1
E=

< epall fu+v(@)P (u +v(w) = fllp+1)/p-

By the Holder inequality and (1.6),

1
Qe <€ (Sl vl +1) < CIQEIPEH) +1)
Inequality (1.9) can be easily obtained from (1.6), (1.7) and Hoélder’s inequality.
Thus we have obtained the desired results. O
Now we can verify the Palais-Smale compactness condition (P.S.) for I(u). This
condition is required when we apply minimax methods to I(u).
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PROPOSITION 1.1. I(u) € CY(E,R) satisfies the following Palais-Smale com-
pactness condition (P.S.):

(P.S.) Whenever a sequence (u;)j2, in E satisfies for some M > 0,
(1.15) I(u;) <M for all g,
(1.16) I'(u;) >0 in E* as j — oo,

there is a subsequence of (uj)which converges in E.
PROOF. We have for u; = u;.' +uj € Et®E =E,
(I'(uj), h) = (uj —u;,h) —(Q'(u;),h) forh€E.
Setting h = u; or h = u] —u;, we get

(1.17) Hlwf I = lluy I = (Q' (w5), us)| < mllujle,

(1.18) il — Q' (wy), uf = i) < milujlle,

where m = sup ||I/(Uj)”E"
By assumption (1.15),

(1.19) s = glluf 1% - Quy) < M.
It follows from (1.17) and (1.19) that

3(Q (u)), u5) — Q(u;) < M + mllu]|&.
By (1.19), we get

(B3 - 1) @) - Cal1Quu )+ 4 1) < M + sl

Hence we have
(1.20) Q(u;) £ C(llyslle +1) for all g,

where C > 0 is independent of j.
On the other hand by (1.8), (1.20)

Q' (uy), uf — u)| < Q' (u)le- llusll e
< C(IQu)IP/ @+ 4 1)|lujl|
< C(llus 1% Y + 1)]uy |l -
By (1.18), we have
lusllE < milujlle +(Q (uy), uf —u)
< mllujlle + C(llus % P + 1)lluj] .
Thus we find that (u;) is bounded in E.

Observe that I'(u;) = u;* —u; —Q'(u;) where Q': E — E* is a compact operator

and I'(u;) —» 0 as j — oo. Hence u"‘—uJ is precompact in E, that is, u; = u++u
is precompact in E. Thus the proof is completed. 0O

REMARK. We can verify that F € C?(E & N,R) satisfies (P.S.) in a similar
way to the proof of Proposition 1.1. The reason for introducing () is as follows:
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Since Q’(u) is compact, the situation of the problem is analogous to the problem
of periodic solutions of Hamiltonian systems of O.D.E. (cf. [4, 13, 22]) and the
methods, which are used to find solutions of Hamiltonian systems, are applicable
to I(u) after a simple modification.

(b) Modified functional. Next, as in [18, 21, 29, 30], we replace I(u) by a
modified functional J(u) € C!(E,R).

Let x € C°(R,R) such that x(r) = 1 for 7 < 1, x(r) = 0 for 7 > 2 and

-2<x(r)<0,0<x(r)<1forr€R. Foru=ut+u~ € EY® E~ = E we set
®(u) =a(I(w)® +1)2, (u) = x(2(u) ' Qo(u)),
J(u) = §llu* % = 3w IE — Qolu) — ¥(w)(Q(x) — Qo(w)),

where a = max{1,12/(p — 1)} and Qo(u) € C*(E,R) is a functional defined by

(1.21) Qo(u) = min 1

+1
min T lu+olpy, foruek.

We remark that as in Lemma 1.1 there is a unique vp(u) € N such that

1
u) =
Qo(u) oy
The reason for introducing J(u) is that the first assertion of the following proposi-

tion holds for J(u) but not for I'(u).

PROPOSITION 1.2. The functional J(u) € C}(E,R) satisfies
(i) there is a constant a = o(|| f|l(p+1)/p) > O such that for u € E,

(1.22) 17 (w) = J(~w)] < a(lJ @)Y E+D 4+ 1),

(i) There is a constant My = Mo(||f|l(p+1)/p) > O such that J(u) > My and
|/ (u)||g- <1 imply that J(u) = I(u).

The proof of Proposition 1.2 is rather technical and independent of further ar-
guments, so we prove it in Appendix A. As immediate corollaries to Propositions
1.1, 1.2, we have

COROLLARY 1.1. Whenever u € E satisfy J'(u) = 0 and J(u) > My, then
I(u) = J(u) and I'(u) = 0.

COROLLARY 1.2. J(u) satisfies the Palais-Smale compactness condition (P.S.)
on Am, = {u€ E;J(u) > Mp}.

By Corollary 1.1, we see that large critical values of J(u) are also critical values
of I(u). Hence we seek large critical values of J(u) in the following sections.

1
llu + vo(w)l15 1

2. Minimax methods and existence theorem.

(a) Construction of critical points. In this section we construct critical points of
J(u) via minimax methods.

We observe that the eigenvalues of the wave operator 37 — 92 under periodic-
Dirichlet conditions (0.2)-(0.3) are {j2 — k?;5 € N,k € Z} and corresponding
eigenfunctions are sin jz cos kt and sin jzsin kt. We rearrange the negative eigen-
values in the following order, denoted by 0 > —u; > —pug > —pus > - with
repetitions according to the multiplicity of each eigenvalue and denote by e; the



SOLUTIONS FOR us — uzz % |[u|P " u = f(z,t). II 623

eigenfunctions which correspond to —u;. We assume (e;, e;) = 6;; for ¢,5 € N. We
find that
E* =span{e;;j € N}.

We define

E} = span{ej;1 < j < n}.
Note that
(2.1) lulle < pi/*llullz  for ue Ef.

For all u = ut* +u~ € E;} ® E~, we have by Lemma 1.1, (A.2) (in Appendix A)
and (2.1)

J(w) = Hlut 1% = w3 - Qo(u) — ¥ (u)(Q(x) — Qo(w))
Hut)% - Llu~ 1% - Qo(u) + C(Qo(u)V/®+Y + 1)
Hut|Z - 1Qo(u) - w3 +C
2 E ~ 2%0 2 E
Hut% 20+ 1)~ lu+vo(w)B3] - w3 +C
w1 - ellut +u™ +vo(w)|5H - w3 +C
Hut) - cllut |3 = Lu~ 1% +C

—_ 1 P
Hut % = cupy @HV2|jut |54 - Llu|1% + C.

Hence there is a constant R,, > 0 such that

IN A

]

IN IN A

(2.2) J(u) <0 for allu € Ef @ E~ with |jullg > Rn.
We may assume that R, < R, 4, for all n.
Let

Br={u€E;|ul|lg £R} for R>0,

D, =Bg, N(E} ®E™),

Iy = {7 € C(Dn, E); v satisfies (11) — (13)},
where

(1) ~is odd, i.e., v(—u) = —~(u) for all u € D,

(y2) ~(u) = u for all u € D,

(v3) for u=u* +u~ € Dy, v(u) = a(u)u + k(u) where a € C(Dy,[1,a]) is an
even functional (@ > 1 depends on 4) and « is a compact operator such
that a(u) =1 and «(u) =0 on 9D,

Moreover, set

Upn=Dpy N {u € F,; (U, 6n+1> > 0},
An = {) € C(U,, E); ) satisfies (A1)-(A3)},
where
(Al) /\IDn € F"»’
(A2) A(u) =u on AU, \Dp,,
(A3) for u=ut+u~ € Up, Mu) = &(u)u+ k(u) where & € C(Up,[1,a]) (@ >1
depends on A) and K is a compact operator such that @(u) is even on Dy,
a(u) =1, K(u) = 0 on OU,\D,,.
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Define for n € N,

2.3 b, = inf sup J(v(u)), cn = inf sup J(A(u)).

(2.3) n=nf S JO@), e = inf sup J(Aw)

The above definitions are analogous to those of Rabinowitz [21, 23] and Pisani-
Tucci [18], which are used to prove the existence of multiple critical points of
perturbed symmetric functionals. By the definitions it is clear that ¢, > b,. In
case ¢, > b, we have the following existence result for critical points of I(u).

PROPOSITION 2.1 (cf. Lemma 1.57 of Rabinowitz [21]). Suppose that ¢, >
bp > My. Let d € (0,¢p, — by) and

An(d)={r€A,; J(A) <bp+d on Dy,}.
Define

(2.4) cn(d) = ,\eiAn,.f(d) useuLI;)" J(A(W)) (= cn).

Then c,(d) s a critical value of I(u).

SKETCH OF THE PROOF. Since Corollary 1.1 holds, we shall show that ¢, (d) is
a critical value of J(u). Remark that J(u) satisfies (P.S.) condition (Corollary 1.2)
and J'(u) is an operator of the form:

J'(u) = (1+ Ti(u))(u* — u™) + (compact)

where |Ty(u)| < 4 on {u € E;J(u) > Mo} (see Lemma A.3). Hence we can use
the following Lemma 2.1. Using this lemma, we can prove Proposition 2.1 as in
[21]. O

LEMMA 2.1 (cf. Lemma 1.36 of [22], Proposition 2.33 of [23]). Sup-
pose that ¢ > My 1is a regular value of J(u), that is, J'(u) # 0 when J(u) = c.
Then for any € > 0 there exist an € € (0,€] and n € C([0,1] x E, E) such that

1° n(t,-) s odd for all t € [0,1] of f(z,t) = 0.

2° n(t,-) 1s a homeomorphism of E onto E for all t.

3° n(0,u) =u for allu € E.

4° n(t,u) =u if J(u) & [c— &, c+E].

5° J(n(l,u)) <c—-eif J(u) Lc+e.

6° Foru=ut+u" € EY®E~ =E, n(l,u) = at(u)ut + o~ (v)u™ + £(u)
where ot € C(E,[0,1]), a~ € C(E,[1,a]) (@ > 1 i3 a constant) and & 1is
a compact operator. O

Therefore, the existence of subsequence of ¢,,’s which satisfy ¢, > b, > M; guar-
antees the existence of critical values. In what follows, we will show the existence
of subsequence (n;) such that

(2.5) Cn; > bn; 2 My for jEN,

(2.8) bn, — 00 asj— oo.

Arguing indirectly, we have the following proposition.
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PROPOSITION 2.2. If ¢, = b, for all n > ng, then there is a constant C > 0
such that

(2.7 b, < CnP+1/P  for alln € N.

PROOF. Using (i) of Proposition 1.2, the proof is as in Lemma 1.64 of [21]. O
To show the existence of subsequence (n;) satisfying (2.5), (2.6), we will prove
the existence of a sequence (n;) such that for any € > 0 there is a C¢ > 0 satisfying

(2.8) bn,; > Csngp"’l)/(p_l)_e for all 7 € N,

which contradicts (2.7).
(b) Comparison functional. To verify (2.8) we need some comparison functional.
By (A.2) and the definition of Qo(u), we have foru =ut*+u~ € E=Et®E™,

T = 21wt 1%~ 2l 13 ~ Qo) — $(w)(Q(w) ~ Qo(w))
> % - 3k - 2Qo(w) — o

- 2 1
(2.9) = —Ilu+IIE - -|| I% - m min [lu* +u” +olpl1 - ay

- 1
> Lt g - Sl llE - il +uT ||§11 a1
2

1 +112 o _ 2 + p+1 —p+1
2 5llv™ e = 5llu”lE - p+1" 541 — p+1 lu™ o1 —
where ag > 0, a; > 0 are constants mdependent of u. We set
1 2 +1 2
(2.10) K(w) = 3w} - S22t 124 € 02(EY R,

Then we have

LEMMA 2.2.
(i) J(ut) > K(ut) —ay for allut € E*.
(i) K(u™) satisfies the Palais-Smale condition on E7.

PROOF. (i) By (2.9), the first assertion is obvious.

(ii) Since the embedding E* — LP*! is compact, the proof is done in the
standard way (cf. Proposition 1.1). O

In the next section, critical values 8, of K(u%) satisfying 8, < b, + a; will be
constructed and we will prove (2.8) for 3, instead of b, in §§4-6.

3. Critical value 3, of K € C?(E*,R) and its relation to b,,.

(a) Bahri-Berestycki’s maz-min value 8,. In this section, we are concerned with
the functional K(ut) € C2(E*,R). We define family of mappings and max-min
values (3, as follows. These definitions are analogous to those of Bahri-Berestycki
[4,5], which are used to prove the existence of forced oscillations for superquadratic
Hamiltonian systems. In the later sections, we state indez property of these maz-
min values, which play an important role in verifying (2.8).

For m > n, n,m € N, set

(3.1) AT ={oc € C(S™ ™ E});0(—z) = —0(z) for all z},
(3.2) [ sup min K(o(z)).

m ZGS"' n
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Some properties of these numbers G are listed in the following proposition.

PROPOSITION 3.1.
(i) 0 < B < By < oo for all m,n;
(i) for alln € N, there exist v(n) and U(n) such that

(3.3) 0<v(n)< B <v(n)<oco forallm>n+1;

(iii) moreover, v(n) — 0o as n — oo.

PROOF. Note that for any § € (0,1/(p + 1)) there exists Cy > 0 such that
(34) lullp+1 < Copgllulle  for all w € (EF)*.

Using (3.4), the proof is essentially as in Proposition 3.1 of [5]. We prove it in
Appendix B. O
As in Proposition 1.1, we can verify the following compactness conditions (P.S.).,

(P.S.)m (m € N) for K(ut).
If (um) C E7 satisfies um € Ef,, K (um) < Cand [|(K|g+) (um)ll £2)-

(P.S.). . . .
— 0 as m — oo, then (u,,) is relatively compact in Et;

If (u;) C E7, satisfies K (u;) < C and (K|g+)'(u;) — 0 as j — oo,

P.S.
(P-S)m then (u;) is relatively compact in E,.

We have the following result via standard argument. (Remark that K is an even
functional.)

PROPOSITION 3.2. Suppose that v(n) > 0. Then B is a critical value of the
restriction of K to E;}. Furthermore, the limit of any convergent subsequence of
B as m — oc is a critical value of K. 0O

By (3.3), we can choose a sequence (m;) such that m; — oo as j — oo,

(3.5) Bn = lim fn" exists for all n € N.
j—oo

We find by Proposition 3.1 that
1° B, is a critical value of K € C?(E*,R) for each n;
2° fp < Pny for all m;
3° B, — 00 as n — 00.
Next we state the relation between b, and G,.
(b) The relation between b, and 3,. The main result in this section is as follows:

PROPOSITION 3.3. For alln € N,
(3.6) bn > Bn — ay,
where a, is the number which appeared in (2.9).

To prove the above proposition, we need several lemmas. First we state a version
of the Borsuk-Ulam theorem.
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LEMMA 3.1. Leta,be N. Suppose that h € C(S%, R**®) and g € C(R®,R**?)
are continuous mappings such that

(3.7) h(—z) = — h(z) for all z € S°,
(3.8) 9(-y) = —g(y) for allyeR’,
(3.9) there is a rg > 0 such that g(y) =y for |y| > 7ro.

Then h(S%) N g(R?) # @.
PROOF. We choose R > ro such that R > maxzega |h(z)|. Write
Dt = {tz e R**}; t€[0,1], z € S%},
D*={yeR’ |y| < R}.
Define F € C(d(D**! x D%),R*?) by
F(tz,y) = th(z) — g(y)-

This is well defined and odd on 8(D®*! x D%). Remark that 3(D*t! x D?) ~ §a+?
(odd homeomorphic). Thus by the Borsuk-Ulam theorem, there is a (¢0Zo,y0) €
d(D**! x DP) such that

F(tozo,y0) =0, 1ie., toh(zo) = g(yo)-

Since 3(D**! x D?) = §® x D% U D! x 9D®, the following two cases should be
considered:

1°tg =1, o € S* and yo € DY;

2° to € [0,1), o € S® and yo € OD°.

Case 1. We have h(zo) = g(yo). So we have h(S%) N g(R?) # @. This is the
desired result.

Case 2. Since g(y) = y on dD°, we have |g(yo)| = |yo] = R. On the other
hand, by the choice of R, we get |toh(zo)| < R. These are incompatible with
toh(zo) = g(yo). So this case cannot take place. O

From the above lemma, we can deduce the following

LEMMA 3.2. Forally€T, and o € A,
(PmY)(Dn) U{u € Ef ® E7;|lullp > Ra}) No(S™7") # O,
where P,: E=E* ® E~ — E;} ® E~ s the orthogonal projection.
PROOF. We extend v to ¥ € C(E;f @ E~,E) by
A(u) =(u) if lulle < Rn,
A(u) =u if ||ullg > Ra.
Obviously, 4(u) is well defined and odd in E;} & E~ and
PnA(ES ® E7) = Pny(Dn) U{u € Ef @ E™; |lullp > Ra}.

Therefore, it suffices to prove P,3(E; @ E7) No(S™™™) # &. We rearrange
{sin jz cos kt,sin jzsin kt; j > |k|} as follows, denoted by f1, f2, f3,.... We set for
leN

E =span{f;; 1<j <1}
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and let P ;: E=EY®E- - E} & E[ be the orthogonal projection. Consider
the operators

0:S™" "> EfCEYOE, Pnv:Ef®E —EL®E .

Applying Lemma 3.1 for h = ¢ and g = P, ;4 (obviously (3.7)-(3.9) are satisfied),
we get for some z; € s™™" and w; € Ef @ E|,

(3.10) o(z1) = PrmA(w).

Since S™~" is compact, there is a subsequence z;; such that
(3.11) T, —z inS™T,

(3.12) o(zi,) > o(z) in Ef.

On the other hand, by (v3)
P iA(w) = Prgfa(w)u + £(w)] = a{u)ug + P ak(ur),

where a(u;) > 1 on E}f @ E~ and k(Ef @ E~) = k(D) is compact. Hence we
have

1 - 1
w = um,l[’Y(ut) - k(w)] = um,z[G(xz) — K(w)].
By (3.12), (w) has a convergent subsequence (u;,), that is,
(3.13) w, »u nEf®E".

Passing to the limit in (3.10), we obtain from (3.11), (3.13)
PnA(u) =o(z), ie, Pp¥(Ef®E”)No(S™ ") #02.

Thus the proof is completed. O
PROOF OF PROPOSITION 3.3. Since J(u) <0on {u € E}®E~; |lullg > R.},
we have from Lemma 3.2

min J(o(z)) < sup J(Pmy(u))
reS™ u€Dy

for all v €Ty, and o € A
By (i) of Lemma 2.2,

min K(o(z)) — a1 < sup J(Ppry(u)).
reSM—n u€D,

Hence we obtain

sup min K(o(z)) —a; £ inf sup J(Pny(u)),

oEAT rzeSm—n ~ET n u€D,
ie.,
(3.14) O —ay <7 = inf sup J(Ppy(u)).
YET R u€Dy,

Letting m = m; — oo, we get
(3.15) Brn — a1 < limsup by

m— 00

Thus, to get (3.6), it suffices to show the following lemma. O
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LEMMA 3.3. Forn €N, b, = limpy o b7.

PROOF. Since P,y = {Pny;y €Tn} C Ty, it is clear that b, < b7 for m > n.
Let us prove
bp > limsupd)® for n € N.

m—00
From the definition of b,, for any € > 0 there is a v € I', such that
(3.16) sup J(y(u)) < bn te.
u€D,

By (v3), v(u) takes a form: y(u) = a(u)u + k(u), where a(u) € C(Dn, [1,4]) and
k(Dy) is compact. Since
P,k(u) — k(u) as m — oo uniformly in D,
we have
Ppy(u) = a(u)u + Ppk(u) — a(u)u + k(u) = y(u) uniformly in D,,.
Hence

(3.17) sup J(Ppry(u)) — sup J(y(uv)) asm — oo.
u€ED, u€D,

By (3.16), (3.17), we obtain
limsup b) < limsup sup J(Pm7y(u))

m—oo m—oo u€D,

= sup J(v(u)) < b, +e.
u€D,

Since the above inequality holds for any € > 0, we get the desired result. O
Thus, combining (3.15) and Lemma 3.3, the proof of Proposition 3.3 is com-
pleted.
REMARK. In this section the idea from Ambrosetti-Rabinowitz [1] is used to get
Proposition 3.3. More precisely, let us consider

A™ = {0 € C(S™ ™ E}f @ E”);0(—z) = —0(z) for all z € S™ ™},
B,',” = sup min J(o(x)).
aejw zesSmn

This is a dual version (in the sense of [1]) of minimax value:

b = inf P, .
"= gt S0P I (Pmy(u)

(Compare with Theorem 2.8 and Theorem 2.13 of [1].) Moreover we have b* > Jeud
Since A C A7', we deduce (3.14) from (i) of Lemma 2.2.

4. Morse index and f,. In this section, some index property of max-min value
Bn is discussed. Combining the estimates of eigenvalues, which will be studied in §5,
we will get the growth estimate £, > Cen;P“)/ (P=1)=¢ for a suitable subsequence
(Bn,)- By Proposition 3.3, we obtain (2.8).

For u € E*, we define a indez of K" (u) by

index K" (u) = the number of eigenvalues of K" (u)
which are nonpositive.
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That is,
index K" (u) = max{dim H; H C E* subspace such that
(K"(u)h,h) <0 for h € H}.

This is a generalization of a Morse index (cf. Bahri-Lions [6]).
The main result in this section is the following

PROPOSITION 4.1. Suppose that B, < Bny1. Then there exists a u, € ET
such that

(4.1) K (un) < Bn,
(42) K () = 0,
(4.3) index K" (un) > n.

Since 3, is a critical value of K (u), the result without assertion (4.3) is obvious.
To get (4.3), we first consider finite dimensional case.

PROPOSITION 4.2. Suppose that B < 8%, m > n+ 1. Then there exists a
u™ € E} such that

(4.4) K(up') < B,
(4.5) (Kl|gs) (un') =0,
(4.6) index(K|g+)" (uy') = n.

To prove the above proposition, we adapt a classical theorem from Morse theory,
i.e., a result concerning the relationship between certain homotopy groups of level
sets of a functional and its critical points. Since we must treat the case where
critical points may be degenerate, we use the following approximation result due to
Marino-Prodi [16].

PROPOSITION 4.3 (Marino-Prodi [16], cf. Proposition 2.3 of Bahri-
Berestycki [5]). Let U be a C? open subset of some Hilbert space H and let
¢ € C?(U,R). Assume that ¢" is a Fredholm operator (of null indez) on the critical
set Z(¢) = {z € U; ¢'(z) = 0}. Lastly, suppose that ¢ satisfies the condition (P.S.)
and that Z(¢) is compact. Then, for any e > 0, there ezists p € C%(U,R) satisfying
(P.S.) with the following properties:

(i) ¥(z) = ¢(z) if distance {z,Z(¢)} > «;

(i) [9(z) = 8(2)], |¥'(z) = ¢'(2), 1" (z) — ¢"(2)|| < € for allz € U;

(iii) the critical points of ¢ are finite in number and nondegenerate. O

We remark that K|+ € C?(E}, R) satisfies (P.S.) and that all critical values
of K|+ are nonnegative, in fact, suppose that u € E}} is a critical point of K| o
then we have

K(w) = Ku) = 3{(Klpg) (0)0) = (5 - —7 ) aollll 2 0
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On the other hand, there is a constant R, > 0 such that K (u) < 0 for u € E}, with
|lu]|[e > Rm. Therefore Z(K| ) is compact. Applying Proposition 4.3 to K |E:
for all ¢ > 0 there exists a ¢. € C?(E;},R) satisfying (P.S.) with the following
properties:

(4.7) ¢e(u) — K(u)], ll¢e(u) — (K|gz) (W)l lI6e (w) — (K|gg)" ()| < €

for all u € Ef;

(4.8) the critical points of ¢, are finite in number and nondegenerate.

We set for m >n and € >0

B (e) = Sup, ,Jin_ ¢e(o(2)).

By (4.7)
Br —e < Bpi(e) < By +e.
Moreover, we have
LEMMA 4.1. Suppose that a. € R satisfies
Br'(e) < ae — 26 < ae < By (e).
Then
(4.9) Tm—n—1([e = aelm,p) #0 for some p € [pe > aelm,
where
[9e > aelm = {u € Ef; ¢c(u) > ac}.
PROOF. We argue by contradiction and suppose that
7rm-n—l([¢s > ae]map) =0 forallpe [¢e > ae]m~
By the definition of 87 ,(¢), there is a 0 € AT, such that o(S™""!) C
[¢e > ac]m. Since Tm—n—1([Pe > ac]m,p) = 0, there is a homotopy
(4.10) H:[0,1] x S™ "1 — [pe > ae]m
such that
H(0,z) =0(z), H(l,z)=p forallze S™ "1
Write
Smm = {(t,z);z € R™ "t € R, |z|? + 12 = 1}.
Define 6: S™™™ — E} by

p fort = 1, = 0,
H(t <

(4.11) 5(t,z) = (t,2/|z]) for 0 <t <1,
- H(=t,—z/|z]) for —1<t<0,
-p fOI'tz—l,_'L‘:O'

By (4.10), we get 6(ST"™™) C [¢pe > ae)m, where we denote ST'™ " = {(t,z) €
Sm=nit z 0}.
On the other hand, we obtain from (4.7) and evenness of K (u) that

|pe(—u) — ¢e(u)| < 2¢ foru€ E}.
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So we have 6(S™ ") C [¢e > ae — 2€]m. Thus we get 6(S™™") C [Pe > ac — 2€]m-

From the definition of 57 (¢),

Bn'(e) 2 min $e(6(z)) > ae — 2e.

Sm-n

But this contradicts with the assumption. Thus the proof is completed. O
By the property (4.8) we can apply a classical theorem from Morse theory to ¢..
Applying it, we obtain

LEMMA 4.2 (Proposition 2.2 of Bahri-Berestycki [5]). For a regular value
a € R of ¢, set

L(e;a) = max{index ¢/ (z); dc(z) < a,¢L(z) = 0}.
Then
(4.12)  m([¢e = alm,p) =0 for allp € [ > a]lm and | < m — L(;a) — 2.

PROOF. Let b € R, b < a be such that ¢, has no critical values in (—o0,b]. By
the “noncritical neck principle” (cf. Theorem 4.67 of Schwartz [25]), (e > b]m is a
deformation retract of E;},. Hence

m1([pe = blm,p) =0 for all € N and for all p.
Using Theorem 7.3 in Schwartz [25], we obtain
Ti([@e = blm, [¢e = a]m) =0 forl<m— L(e;a) — 1.
Using the homotopy exact sequence:

- 7rl+1([¢e 2> b]rm [d’s > a]m) - 77'!([¢5 > a]m,P) - 7rl([¢s > b]m»p)
- 77!([455 > b]m’ [¢e > a]m) — e
we obtain (4.12). O

PROOF OF PROPOSITION 4.2. Since f7* < 7% and (4.8) holds, there is a
sequence a; € R (0 < € < gg) such that

(4.13) ae is a regular value of ¢,
(4.14) Bt (€) < ae — 26 < ae < P44 (€),
(4.15) ae — B ase—0.

Apply Lemmas 4.1 and 4.2, compare (4.9) and (4.12), then we observe
L(gjac) > n for 0 < e < gp.

Therefore there is a u. € Ef;, such that

(4.16) de(ue) < ag,
(4.17) be(ue) =0,
(4.18) index ¢ (ue) > n.

It follows from (4.7) that (ue) satisfies

K (u) is bounded ase — 0,
(K|gs) (ue) =0 ase— 0.
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Since K| g+ satisfies (P.S.) on E},, we can choose a convergent subsequence ug; —
ul? (¢; — 0). Obviously (4.4)—(4.6) follow from (4.7), (4.15)-(4.18). O

PROOF OF PROPOSITION 4.1. Since B, < Bnt1, we have fn? < S, for
sufficiently large j. Hence thereis a un’ € E,*,‘,j satisfying (4.4)-(4.6) by Proposition
4.2. Since K € C?*(E*,R) satisfies (P.S.)., (un’) has a convergent subsequence

(u:.";). Let up = limuyn” . Then (4.1), (4.2) follow from (4.4), (4.5) easily. Let us
prove (4.3). First of all, we have

(4.19) index K" (uy') > index(K|g+)"(uy') for all m € N.

On the other hand, we observe that K" (uy) is an operator of type: K" (u,) =
id + (compact). Hence there exists an € > 0 such that for h € E*

(K"(un)h,h) <0 if and only if (K"(un)h,h) < ¢||h|%,

i.e.,
(4.20) index K" (u,) = index(K" (uy) - €).
Since K € C%(E*,R), we have for some j{,

K" (un™") = K" (un)|| <& for 5" > jg.
Thus for j/ > jj and h € ET,

(K" (un)h, ) — llBl% < (K" (un? )b, .
That is,
(4.21) index(K" (uy) — €) > index K" (un"").
Therefore (4.3) follows from (4.6), (4.19)-(4.21). Thus the proof is completed. O

5. Estimate for eigenvalues of K" (u%). The aim of this section is to get the
following estimate (5.1). Combining (5.1), (4.1)—(4.3) and (3.6), we will obtain the
desired estimate (2.8) in the next section.

PROPOSITION 5.1. For any € > 0 there i3 a constant Ce > 0 such that for
u€ ET,

(5.1) index K" (u) < CellullP- 341,

Note that for u,h € Et,
(5.2) (K" (u)h, h) = ||h||% — pao(|ulP~ "k, h).
From the definition of index K" (u), it is clear that
(6.3)  index K" (u) = max {dim H; H C E* subspace such that

pao(|ulP~th,h) > ||h||% for he H} .
We define an operator D: L2 — E* by
(5.4)  (Dv)(z,t) = E (k% = 52)"Y2q, sin jz et*t,
I<|k|

for v(z,t) = Z a,ik sin jz **t.
jEN kEZ
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It is easily seen that D is an isometry from L2 = L2-closure of span {sin jz e'¥*; j <
|k|} to ET and D = 0 on L2-closure of span{sin jz e**t;j > |k|}. Setting h = Dv
in (5.3), we get

index K”(u) = max {dim H; H C L? subspace such that
pao(|ulP~! Dv, Dv) > ||v||3 for v € H}

9.5
(5:5) = the number of the eigenvalues of D*(pao|u|?~!)D

which are greater than or equal to 1.

For the above reason, we are concerned with an operator Ty g: L? — L? defined by
(5.6) Ty ev =V (z,t) Z Oikajksingz ekt for v = Z ajksinjz ekt
3.k 3.k

where V (z,t) is a function on 2 and 6 = (8,«) is a sequence on N x Z. If we set

(5.7) V(z,t) = /payluP~1/2,

(5.8) b — { (k? =522 if j < |k|,
‘ 7o it 5 > [Kl,

then

(5.9) D*(pao|ulP~1)D = T3 Ty -

To analyze the operator Ty g, we need notion of trace ideals (cf. Simon [26, 27]).

DEFINITION. Let A: L2 — L? be a compact operator. The singular values of A,
sn(A) are the eigenvalues of |A| = vV A* A listed according to s;(A) > s2(A) > ---.
For 1 < ¢ < 00, A is said to lie in trace ideal I, if and only if

oo 1/q
lAllz, = (Z Sn(A)q) < oo forl<gq<oo.

n=1
For g = 00, we set I, =the set of bounded linear operators: L2 — L? and
1 All 1., = sup{||Aull2; ||ull2 < 1} < oco.

The following properties of trace ideals are known (cf. [26, 27]):
1° I is the Hilbert-Schmidt class on L?;
2° Let B denote the family of orthogonal sequences in L2, then

1/q
(5.10) lAll, = sup (ZI(¢n,Awn)l"> .
{¢}{v}ed \ 5

When g = 2, for any complete orthogonal sequence {t} in L?;

1/2
(5.11) IAllr, = (Z qunn%) :

3° For ¢ > 2, A€ I, if and only if A*A € I,/; and
(5.12) IAl7, = 14" Allx

q/2°
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We denote by 19 = 19(IN x Z) the space of sequences § = (6,x) which satisfy
1/q
16llie = (3,5 18617) © <00 for g € [1,00),

10110 = sup; x 105k| < oo for ¢ = oo.
The following estimate for Ty ¢ is a consequence from the interpolation theory.

PROPOSITION 5.2. Suppose that V € L? and § = (0;x) € 19 for ¢ € [2,00].
Then Ty,g € I, and there exists a constant Cq > 0, which is independent of V' and
0, such that

(5.13) ITv.6llz, < CqllVIgll6llie  for all V and 6.

PROOF. First we deal with the case ¢ = 2. Setting {¢} = {(1/7)sinjz e***} in
(5.11), we get

1 o
ITvell?, = — I Tv,e(sinjze™)|13

Ik
1 o
(5.14) =3 IV, 005 sin jz |
Jk
1 2 2 1 2 2
<D S0k VI3 = 101V 13-
5,k

Next we deal with the case ¢ = 0co. For v = " a;i sin jz e'F?,
.. ik
Ty ovll2 = ”V(z, t) Z 0;kajk sinjz €' t”z
< Voo “Z 0;ka;k sin jz e*** |2
<1V loo 161zee [[V]l2-

That is,
(5.15) 1TVl = sup [Tv,pullz < [[V]oo [16]le-

ul|2=1
Lastly, we prove (5.13) for general 2 < q < co. Fix {¢}, {¢} € B and consider the
operator: L? x [? — [? defined by (V,0) — {(¢n,Tv,e%n)}nen. By (5.14), (5.15)
we get
(@, Tv,6¥n)lliz < ITviollre < 7 IV 12 [18]li2,
1(#n; Tv,6%n)llie < I Tv,6ll100 < IV loo 18]]2ce-

By the complex interpolation (cf. [8]), we get for ¢ € (2, 00)

(@, Tv,09n)llie < CollV llq 16]lse,

where C, is a constant independent of {¢}, {/} € B. By (5.10), we get the desired
result. O

Now we can prove Proposition 5.1.

PROOF OF PROPOSITION 5.1. Since Ty gTv,e is a positive selfadjoint operator,

2/q
1Tv.6Tvell1,,, = (Z )\‘,’/2) for ¢ > 2,
n
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where A, are the eigenvalues of T{‘,‘,gTv,g. Hence we have from the definition of I,
and (5.12)
the number of the eigenvalues of Ty, 4Ty, which are

greater than or equal to 1

< IT36Tv,oll Y2 = Ty gllg, for g > 2.
Set V and 6 as in (5.7) and (5.8). Then we have from (5.5), (5.9)
(5.16) index K" (u) < [Ty 4/, for g € (2,00].
Note that for any ¢ € (2, 0]

100 = > (K2 =752 =23 (G+1)? -2

I<|k| JlEN
=23 17254172 <Yy 179272 < oo,
gl 3l

That is 6 € 19 for any q € (2,00]. We deduce from (5.13) that
index K" (u) < Ty 5ll%, < Coll8lI% IV 113

- —1)q/2
< Cyll lul #0729 < CyllullE= 13-
Since ¢ > 2 is arbitrary, we obtain the desired result. O
REMARK. The result developed in this section is a modification of the result
concerning the elliptic eigenvalue problem:

{ - Au=V(z)u inQ,
u=0 on 01,
where ! ¢ R" is a bounded smooth domain and V(z) € LV/2. The following
estimate is obtained by Birman-Solomjak [9]:

the number of eigenvalues (> 1) < CN,QHV”xﬁ.
Roughly speaking, under the condition (5.8) Proposition 5.2 deals with the eigen-
value problem for the equation:

-A0u = Py (V(z,t)?u) forue L?,
where P, : L? — L? is the orthogonal projection.

6. Proof of Theorem 0.1. Using results in previous sections, we complete the
proof of Theorem 0.1.

PROOF OF THEOREM 0.1. By Propositions 2.1 and 2.2, we see that (2.8)
ensures the existence of an unbounded sequence of critical values of I(u). That is,
there exists a sequence (u,) C E of critical points of I(u) such that

1 1, _ 1 +1
(6.1) I(un) = 5”“:”% - §”“n ”?3 - m"“n + v(un)llﬁﬂ
— (f,un +v(us)) = 00 asn — oo.
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Since I’(un) = 0, we have

(I'(un), un) = lluf s = lluz %
(6.2) = (lun +v(un) P~ (un + v(un)) = £, tn + v(un))
=0.

By (6.1), (6.2), we obtain

1 1 1
63 (537 lm+ 0l = 3m + olun)) 0 30— 0o,

We remark that the weak solution of (0.1)4—(0.3), which corresponds to uy, is
Up + v(uyn). It follows from (6.3) that

[lun + v(un)|lp+1 — 00 asn — oo.

This is the desired result. So we shall show (2.8).
By Proposition 3.3, it suffices to show the existence of a sequence (n;) with the
following property: for any € > 0 there is a C¢ > 0 such that

(6.4) B, > CenlPHD/P=D=¢ for j e N.

Since B, — 00 as n — oo, there is a sequence (n;) such that G, ; < Bn,+1. Applying
Proposition 4.1, there are u; € E* such that

(6.5) K (u;) < Bn;,
(66) K'(1;) =0,
(6.7) index K" (u;) > n; for j€N.

Next applying Proposition 5.1, we get

-1)(1
Cellu|E- D51 > ny.

Choosing € € (0,2/(p — 1)), we obtain

68)  lusllZEE > Cllugllfry) 14e) 2 CanlPHDEDTOHO™ gy je N,
On the other hand, we have by (6.6)
(6.9) (K" (u7),u3) = llusl|% — aollullpi1 = 0.

By (6.5), (6.9), we obtain

— Il

1
/an 2 K(“J) = 5"“]"2E p+1

(1 1
= §—m ao||“1||p+1

Therefore by (6.8), we conclude
B, = CenlPTV/P=D=¢ for a]l j e N.

p+1

Thus the proof of Theorem 0.1 is completed. O
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REMARK 6.1. After a slight modification, our method is applicable to more
general equation:

(6'10:t) Ugt — Ugz £ g(2, t,u) = f(I, t), (z, t) € (0,m) x R,
(6.11) u(0,t) = u(m,t) =0, teR,
(6.12) u(z,t + 27) = u(z, t), (z,t) € (0,7) x R,

where g € C([0,7] x R x R) is a 2m-periodic function of ¢.
THEOREM 6.1. Assume that g(z,t,£) satisfies
(91) g(z,t, &) is a strictly increasing function of £ €R,

(g2) there exist 4 > 2 and r > 0 such that 0 < ﬂf(f g(z,t,7)dr <
€g(z,t,€) for all (z,t) €N and |&| >,

(g5) there exist p > 1, C1,C,,C3,Cq > 0 such that C1|EP — C,
93 lg(z,t, €)| < C3|€|P + Cy4 for all (z,t) € Q and € € R,

IA

(9a)  g(z,t, &) = —g(z,t, &) for all (z,t) €N and { €R.

Then, for all f(z,t) € L(P+1/P (6.10)1 ~(6.12) possesses an unbounded sequence
of weak solutions in LPt!,

REMARK 6.2. In Theorems 0.1 and 6.1, we treat the problem (6.10)+—(6.12) as
a perturbation from a Z,-equivariant equation: uy — uzz £ g(z,t,u) = 0. In “+”
case we may act on S!-symmetry. That is, we assume that

(94) g = g(z, £) is independent of ¢,
instead of (g4) and we define S'-action on E by
(Tyu)(z,t) = u(z,t +0) foru€ E and 8 € [0,27) = S*.

Note that when f = 0 equation (6.10)—(6.12) is S'-equivariant. We treat the case
f # 0 as a perturbation from S!-symmetry and we obtain

THEOREM 6.2. Assume that g satisfies (g1), (92), (g3), (g4). Then, for all
f(z,t) € LP+V/P (6.10), (6.12) possesses an unbounded sequence of weak solu-
tions in LP*1.

The proof of the above theorem is done in a similar way to the previous sections
but we act on S!-symmetry. As to minimax arguments for a perturbation from S!-
symmetry, see Long [32] (cf. Rabinowitz [22, 23] and Pisani-Tucci [18]). Using S*-
version of Borsuk-Ulam theorem (Fadell-Husseini-Rabinowitz [14] and Nirenberg
[33]), analogous results to §3 can be obtained. As to S!-version of the result of §4,
see Bahri-Berestycki [5].
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Appendix A. The purpose of this appendix is to prove Proposition 1.2. To do
so, we need the following lemma.

LEMMA A.1. There is a constant C = C(||f|l(p+1)/p) > O such that for u € E,

(A.1) 1Q(u)] < C(Qo(u) +1),
(A.2) 1Q(u) - Qo(w)| < C(Qo(w)"/®*Y +1).
PROOF. By the definition of Q(u),
(A.3)
Q) ~ Qofw) = min [ —lfu + ol = (fu+0)| = —lhu+vo(w) 13

(f,u+vo( ) < I fllp+1y/mllw + vo(w)llp+1

<
< CQo(u)/ 1),

Similarly we have
(A4) Q(u) - Qo(u) 2 —C(IQ)|Y®*Y +1).
Obviously (A.3) implies (A.1). By (A.1), (A.4) we have

Q(u) - Qo(u) 2 —C(Qo(w)/®*Y +1).

Thus we get (A.2) from the above inequality and (A.3). O
Setting f = 0 in Lemma 1.1, we have for u,h € E,

(A.5) (Qo(w), h) = (lu + vo(w)[P~" (u+ vo(u)), h),
(A.6) 1Q6(w)lle- < C(Qo(w)?P+Y) +1),
(A7) (Qo(u),u) = (p+ 1)Qo(u)-

PROOF OF (i) OF PROPOSITION 1.2. From the definition of J(u), we have
(A8)  |J(—u) = J(u)] < ¥(u)|Q(x) — Qo(u)| + ¥(-u)|Q(-u) — Qo(—u)|.

Suppose that —u € supp®, i.e., Qo(u) < 2®(—u) = 2a(I(—u)? + 1)'/2. From the
definition of J(u),

I(—u) = J(u) + (Qo(v) — Q(—u)) — ¥(u)(Q(u) — Qo(u)).
By Lemma A.1, we get
()| < |J(u)] + C(Qo(w)V/®+V) +1)
< |J(u)| + CB(—u)Y/ (P+1),
Using Young’s inequality, we deduce that
H(—u)| < 2[J(u)| + C.
Hence we get
(A9) Qo(u) < 28(-u) = 2a(I(-w)* + 1)*/
< C|J(u)|+C for —u € supp.
Similarly we have

(A.10) Qo(u) < C|J(u)|+C for u € supp .
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From (A.2), (A.8), (A.9), (A.10) we obtain for u € E
|7 (~u) = J(u)] < C($(u) + $(—u))(Qo(u)/ P+ + 1)
< B ()] /PF) 4 1).

This is the desired result. O
To prove the second assertion of Proposition 1.2, we need the following

LEMMA A.2. There is a constant My = My (|| fl(p+1)/p) > O such that J(u) >
M; and u € supp v imply I(u) > 3J(u).

PROOF. From the definition of J(u),
J(u) = I(u) — (1 - ¥(u))(Q(u) — Qo(u))
< I(u) + C(Qo(w)V®*) 4 1)
By definition of 1, we get for u € supp ¥
J(w) < I(w) + C((u)| D + 1)
< I(u)+ 3|I(u)| + Cr.
Choosing M; = 2C1, we get the desired result. O
LEMMA A.3. Forallu=ut+u" € E=E*®E~ andh€E,
a0 =0T k) - (4 Ta(w)(Qw), b
= (¥ (u) + T1 (u)(Q'(v) — Qo(u), h),
where T1(u), T2(u) € C(E,R) are functionals satisfying
(A.12) sup{|Ti(u)|;u € E,J(u) > M3, i=1,2} -0 as My — co.
PROOF. For all u = ut +u~ € E and h € E, we have
(J'(u),h) = (™ —u™, k) — (Qo(u), h)
— (¥’ (u), A)(Q(u) — Qo(u)) — Y (u){(Q'(v) — Qo (u), k),
where
(%' (w), h) = X' (®(u) "' Qo () ®(u) 2
x [—a®I(u)(I'(v), ) Qo(u) + ®(u)* (@ (u), b)),
(I'(u), h) = (u* —u™, h) = (Qo(u), k) — (Q'(v) — Qo (u), h).
By regrouping terms, we get (A.11) for
T (u) = a®x'(-)®(w) ~*1(4)Qo()(Q(u) — Qo(w)),
Ty (u) = T1(w) + X' ()@(w) " (Q(u) — Qo(w)).
Let us prove (A.12). Suppose that u € E satisfies J(u) > M,. Using (A.2), we get
ITy(u)] < CIX'(-)@ () 7> Qo(u)(Qo(u)/*1) +1).

If u ¢ supp%, then Tj(u) = 0. Otherwise, by the definition of ¥(u), we have
Qo(u) < 2®(u). On the other hand, we get from Lemma A.2

®(u) > I(u) > LJ(u) > 1 M;.
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Hence we obtain
Ty (u)| < Cq)(u)-p/(z’+l) < C’M{p/(”“) -0 as My — oo.

Similarly we have Tp(u) — 0 as M2 — oo. Thus we get (A.12). O
PROOF OF (ii) OF PROPOSITION 1.2. It suffices to show that ¥ (u) = 1, that
is, by the definition of ¥ (u), to show that

(A.13) Qo(u) < @(u)

for u € E such that J(u) > My and ||J'(u)||g- < 1. For sufficiently large My > 0,
we can assume by (A.12) that J(u) > Mo implies |T3(u)| < &, |T2(u)| < 1 and

(p+1)(1 + To(u) p—1_
201 +T1(u2)) —1>===b
From (A.11), we obtain
I(’U,) - 2(1 +;11(U)) (J,(u)’u)
=~ QW+ g Qb))
Y(u) +Ti(u), ., /
— (AT 1) Qotw) - (@) - Qo(w)
+ 2D 0w - Qh(wu)
= (1) + (1) + (III).
By (A.2)
(A.15) |(ID)] < C(Qo(w)/®+Y +1).

Using (1.9), (A.1), (A.2), (A.7), we get

Q' (u) — Qb(u),u)| < |(p+ 1)Q(u) — (Q'(u),u)| + (p + 1)|Q(u) — Qo(u)]
< C(Qo(w)/ @) + 1),

ie.,
(A.16) (ID)] < C(Qo(w)/®+Y +1).
From (A.14), (A.15), (A.16), we deduce
1) ~ Sy )
(A17) > <(p ;(i)_(l_l;l-(ff)()u)) _ 1) QO(U) _ C(QO(U)I/(p+l) + ]_)
> bQo(u) — C.

On the other hand, letting h = u* — u~ in (A.11), we get
(J'(w),u* —u”) = (1+ Tu(w))ully — (1 + Ta(u))(Qo(u), ut —u~)

(A.18)
= (¥(u) + T1 (u){Q' (u) — Qo(w),u* —u7).
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By (A.6), we have
{Qo(w), u™ —u™)| < 1Qb (u)lle- flull e
< C(Qo(wP/®*Y 4+ 1)|ul| .
Similarly by (1.8) and (A.1),

Q' (u), u* —u™)| < C(Qo(w)”®*Y + 1)||ul -
Therefore we get from (A.18), |Ti(u)| < % and the assumption: ||J/(u)||g- < 1,

sllullE < N1 (@)|lg- llull e + C(Qo(w)P/ P+Y + 1) |Ju|l
< C(Qo(w)P/®*V + 1) ul|s,

that is,
(A.19) Julle < C(Qo(w)P/®+1) +1).

Using (A.17), (A.19), we get
1 !
I(u) 2 m“ (u),u) +b6Qo(u) —
(A.20) > =CllJ' (W)l g+ lulls + bQo(u) - C
> bQo(u) = C(Qo(w)?/®*Y + 1)
2 bQo(u)/2 = Co.
We remark that
inf{Qo(u);||J'(u)]|g- <1and J(u) > M} —» 00 as M — oo.

This follows from (A.19). In fact, J(u) — oo implies ||u||[g — oco. By (A.19), we
get Qo(u) — oo.

Now we may assume that J(u) > My implies bQo(u)/6 — Co > 0, i.e., I(u) >
bQo(u)/3. Thus

Qo(u) < al(u) < ®(u).
Thus the proof is completed. O

Appendix B. The aim of this appendix is to give a proof of Proposition 3.1.
The proof is essentially as in Proposition 3.1 of [5] or as in Proposition 3.3 of [4].
But for the sake of completeness we explain this.

PROOF OF (i) OF PROPOSITION 3.1. For any o € AT, it is clear that there
isade AP, with a(S™ ""1) C (5™ ™). Hence we have pr<pm,. O

To prove (ii) and (iii) of Proposition 3.1, we need the following lemmas.

LEMMA B.1. Forallo € AT,
(B.1) o(STTMNET £O.

PROOF. Apply Lemma 3.1 to h = 0: S™™™ — E} and g = id: E} — E,.
Then we get (B.1). O



SOLUTIONS FOR wus; — uzz % |u|P " lu = f(z,t). II 643
LEMMA B.2. Forall§ € (0,1/(p+1)), there is a Cy > 0 independent of n € N
such that
(B.2) lullp+1 < Connllulle  for u e (EF)*,
where (E;)t ={ve€ E*;(v,e;)) =0 fori=1,2,...,n}.
PROOF. We have by the definition of || - || and pp

(B.3) lullz < pr2lulle for u € (EF)*.
On the other hand, by (1.1)
(B.4) lullg £ Cqllullg  for all u € E and g € [1,0).

Using Holder’s inequality, we get for g € (p + 1, 00)

lullp+1 < flullzllullg™  for ue E¥,

2(q-p-1) ( 2 )
r=——F " (0 —).
(p+1)(g-2) p+1
It follows from (B.3), (B.4) that

lullp+1 < Cr"uy™?|lulle  for u e (E)*.

where

Thus we get the desired result. 0O
PROOF OF THE EXISTENCE OF 7(n). By Lemma B.1 we have for all 0 € AT,

(B.5) min K(o(z)) < sup K(u).
zeS™m—n UGE;I-

For u € E}, we have

ao
p+1

1 _ 1
< Slully = Cuy P2 |5

1
1 1
el < 3l - Cllullg*

1
K(u) = 5 ull} -

Thus the right-hand side of (B.5) is finite and independent of o and m. Set
(n) = sup K(u) < oo,
u€E}

then we obtain

B = sup min K(o(z)) <p(n). O
o€Am TES™ N

PROOF OF THE EXISTENCE OF v(n). We construct a special o0 € AT as
follows: Write

m
smon — {x = (zn,...,zm) GRm_"H—l;Zx? = 1}

=n

and set 0: S™ " — E}\0 by

(B.6) o(z) = ag P V||w(z)|, B P Vy(z),
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where w(z) is defined by

m
(B.7) w(z) = Z zie;.
i=n
Obviously we have o € AZ*. Since ||w(z)||g = 1 on S™™™", we have
—(1__L v ~2(p+1)/(p—1)
B8 Ko@) = (3 17) @ @I,
Since

We

w(z) € (EFf_))*, |lw(z)|g=1 forallzeS™ ™.
get from (B.2) that

(B.9) lw(@)llp+1 < Couzly for z € S™7,

where 6 € (0,1/(p + 1)) and Cy is a constant independent of n and z.
By (B.8) and (B.9)

(B.10) K(o(z)) > Cpu2l®@D/=1 {50 4l g € ™7
Remark that the right-hand side of (B.10) is independent of m. Set

v(n) = Coun 3 /7Y,

Then we have

B> min K(o(z)) > v(n) for m > n.
zeSm—n

Since u, — 00 as n — 0o, we obtain v(n) — oo as n — oo. Therefore, the proof of
(ii), (iii) of Proposition 3.1 is completed. O

10.

11.
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