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CAUCHY PROBLEM OF HYPERBOLIC CONSERVATION LAWS
IN MULTIDIMENSIONAL SPACE WITH
INTERSECTING JUMP INITIAL DATA

DENING LI

ABSTRACT. Cauchy problem of hyperbolic conservation laws in multidimen-
sional space is considered, where the initial data have several jump discontinu-
ity surfaces which develop into shock fronts intersecting at a common subman-
ifold. Local existence is proved, assuming compatible conditions and uniform
stability. For isentropic flow in 2-dimensional space, the interaction of two
shock fronts and the nonexistence of three intersecting shock fronts are dis-
cussed.

Introduction. In [1], the Cauchy problem was discussed for hyperbolic conser-
vation laws in multidimensional space with initial data which have jump discon-
tinuity on a smooth hypersurface and this initial jump develops into two or more
shock fronts in ¢ > 0. In discussing the interaction of two shock fronts, because of
the fact that at fixed time ¢t = tg, part of the bumping shock fronts remains un-
changed while the other part has already produced new shock fronts, it is necessary
to consider the Cauchy problem with initial data which have jump discontinuity on
more than one hypersurfaces that intersect with each other.

In [7], Metivier considered the interaction of two shock fronts for 2 conservation
laws in 2-dimensional space. He reduced the problem of interaction to the problem
of double shock fronts emanating from one discontinuity surface. For the stability
analysis, we can follow the similar approach to discuss the stability of interaction of
shock fronts for m conservation laws in n-dimensional space. But for the problem of
existence, the situation in the general case becomes different from the one discussed
in [7]. Certain additional conditions are necessary to get the existence result.

In this paper, the general m conservation laws in n-dimensional space will be
discussed, not only for the problem of interaction of shock fronts, but also for the
problem of other features. In particular, we discuss the isentropic hydrodynamic
equations in 2-dimensional space and get the interesting result of the interaction of
two shock fronts and that it is always impossible to have three stable shock fronts
intersecting at one common curve.

1. Problem and result. As in [1, 4, 5], we discuss the following hyperbolic
conservation laws
n
(L.1) Dy(Fo(u)) + ) Da, (Fj(w)) =0
1
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FIGURE 1

which can be written as a quasilinear symmetric hyperbolic system
n

(1.2) Diu+ Y Aj(u)Dg;u+ B(u)u = F(g,t).
1

Besides, we always assume that the linearization of (1.2) satisfies the block struc-
tural condition in [4].
We consider the Cauchy problem of (1.1) with the initial data

(1.3) u(z,0) = up(z).
Here ug(z) is a piecewise smooth function having discontinuities of the first kind
on k smooth hypersurfaces So; (¢ = 1,...,k), which intersect transversally at a

submanifold Zy of dimension (n — 2); see Flgure 1.

Denote the domain between Sp; and Sy(;41) by Go; (¢ = 1,..., k), where Sp(x41)
= Sp;. We will always assume in the following that every Gy, is diffeomorphic to
a quarter space in R™. Denote the value of ug(z) in Go; by ug:(z). We assume
ui(z) € C°°(Goi) and ug;(z) # ug(i—1) on Sos, for i =2,...,k+1.

In this paper, we are going to prove that, under certain assumptions on wug;
1= k), there exists a tg > 0, such that for 0 < ¢ < ¢y, the Cauchy problem
1. 2) (1 3) has piecewise smooth solution u(z,t) with discontinuity surfaces S;
1= , k) which intersect each other on a common submanifold Z of dimension
n-— 1) in R" x R} and Silt=0 = Soi, Z|t=0 = Zo. And on each S;, u has a shock
wave dlscon’cmulty, satisfying Rankine-Hugoniot conditions

(s
(
(¢
(

(1.4) DepilFo(w)]' +)_ Do,pil Fi(u)' =0, on S;, i=1,...,k.
1

Here [f]* denotes the jump difference of f across S;, and S; = {(z,t); pi(z,t) = 0}.

Denote the unit normal vector on Sp; by ni= (ni1y. -y nin), 2 =1,...,k. We
make the following assumptions:

On every So;, there exists a scalar function n,g, sufficiently smooth
(H1)
on Sp;, such that

(1.5) nio[Fo(’u)]i + Zn:n,-j[Fj(u)]i = 0, on S()z', 1= 1, ey k.
1
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When (H1) is satisfied, then by changing the sign of (n1,...,n,) if necessary, we
may always take n;g > 0.

(H2) On every Soi, the vector (no, N1, - . ., Nin) and the state (uo;, uo(i—1))
satisfy the uniform stability condition for shock front of Majda [4].
(H3) At Zo, k vectors (nio,Mi1, ... Min) (1 =1,...,k) lie in a common

hyperplane of dimension 2.

The assumption (H3) is in fact equivalent to the hypothesis that the hyperplanes
with normal vector (n;o,n;1,...,n,) intersect at a common affine submanifold of
dimension (n — 1), which will be denoted as Z; in the following.

Obviously, the assumptions (H1)-(H3) are necessary for the existence of the
intersecting stable shock fronts.

Another assumption we are going to make is connected with the concept of ex-
treme shock. As in the case of one dimensional space, every shock front is associated
to one genuinely nonlinear characteristic of the system (1.2), cf. e.g. J. Smoller [8].
We are here interested only in the extreme shock front which is associated to an
extreme characteristic, i.e., the characteristic of the largest or smallest eigenvalue.
In this situation, the direction (n;0,741,...,M:n) is space-like with respect to the
value ug in one and only one side of S;p. And consequently, we get n;g > 0. The
following is our fourth assumption

There is a domain Go;, such that (nio, N1, ..., Nin) and (n(i41)0,
(H4) N(i+1)1>---» N(i+1)n) are both space-like with respect to ui; and
these two vectors are both pointing outward from Go;.

REMARK. The second statement in (H4) is equivalent to the requirement that
the intersection Z; of the hyperplanes with normals (n0,ni1, . ..,Mn) and (n(i41)0,
N(i+1)1s - - - » N(i+1)n) has its projection into the space of z = (z;,...,z,) contained
in the domain Go;.

In particular, for Euler equations in gas dynamics, we could have at most two
shock fronts developing from one discontinuity, and these two shock fronts are
associated with the largest and the smallest eigenvalues respectively [4]. Since the
uniformly stable shock front in gas dynamics with convex state function must be
compressive, i.e., the pressure of the gas behind the shock front should be higher
than the pressure ahead of the shock front, it is easy to see that there is always
one and only one domain G;¢ such that the pressures in the adjacent domains are
higher than the one in G;5. So for Euler equations of gas dynamics, hypothesis
(H4) is automatically satisfied.

To fix the idea, we will always denote the domain in (H4) as Go;.

To have a piecewise sufficiently smooth solution with smooth discontinuity sur-
face, it is necessary to have compatibility conditions which are derived from equa-
tion (1.1) and Rankine-Hugoniot conditions (1.4). Hence, we make the following
assumption:

On every So;, the compatibility conditions are satisfied up to suffi-
(H5) . :
ciently high order.

REMARK. (H1) is nothing but the compatibility condition of order zero. The
high order compatibility conditions are the requirements upon ug to guarantee the
existence of compatible D{'pi, t1=1,...,k; h=1,..., L, for sufficiently large L.
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In order to get the solution with similar discontinuity picture as Figure 1 in
t > 0, we also need the higher order forms of (H3):

There exists a submanifold Z of dimension (n — 1) containing Zy
such that Z 1is tangent up to high order at Zy to every hypersur-
face S; which passes through Sy; and has the same higher order
curvatures at Zg determined by Dfpi, i=1,...,k;h=1,...,L.

(HS)

In particular, if the initial discontinuity Sp;’s are all hyperplanes and ug in every
Go; is constant state, then (H6) is automatically satisfied.

Now, we are going to make our last assumption. Since in Gp1, two directions
(10,115 ..., 1) and (ngg,n21,- .., N2, ) are both space-like with respect to ug, so
by the uniform stability assumption (H2), (ni9,...,n1n) and (ngg,...,n2,) could
not be space-like with respect to ugr and wugz, respectively. Examining the possi-
bility in the adjacent domains Ggz and Gog, we have three different cases:

(1.6)(1) (n30,-.--,n3n) and (nko, ..., Nkn) are not space-like with respect to ugy and
gk, respectively,
(i1) (nso0,...,N3n) and (nko,. .., Nkn) are both space-like with respect to uge and
Ugk, respectively;
(iii) One of (n3g,...,n3n) and (nko, ..., Nkn) s sSpace-like, another is not.
To fix the idea in case (iii), we will always take (nkg,...,nk,) being space-like
with respect to ugk, and (nsg,...,nsn) not space-like with respect to ug2.

REMARK. For the three cases cited above, the case (i) can never happen in
gas dynamics, because the stable shock front must be associated with extreme
characteristics and hence we have one and only one domain Gg; which has two
non-space-like boundaries.

Now let @0 be the subset of the domains G;:

Go = {Goi;i = 3,...,k—1or¢ =2,k and Gy, has two non-space-like boundaries}.
Let g be the number of Gg; in the set Go. We have k — 3 < qg<k-1.

On all ¢ + 1 boundaries which are adjacent to at least one domain Go; € Go, we
have the Rankine-Hugoniot conditions

(1.7)  Dypi[Fo(uit1) — Fo(us)] + Z Dy, pi[Fj(uiy1) — F;(w;)] =0, on S;.

These are m(q+ 1) relations. Besides, the (¢+1)(n+1) components of (D;p;, Dp;)
are not independent of each other. The normalizations

n
(1.8) |Dtp,'|2 + Z |Dz]p,'|2 =1, Goi € Gg or GO(i+l) € Gy

1
are (¢ + 1) relations. And as in (H3), they should lie in a common hyperplane of
dimension 2, i.e., there exist (n — 1) unit vectors ?ij in R™ x Ri, i=1,...,(n—1),
such that
(19) ((_1‘“?]:])::(5“, 1"7:1,,(”—1)
and

(1.10)  ((Dps, Dapi),az) =0, j=1,...,(n=1); Goi or Go(i+1) € Go.



CAUCHY PROBLEM OF HYPERBOLIC CONSERVATION LAWS 803

Once the intersecting submanifold Z is given, then the a,’s in (1.9), (1.10) are
determined uniquely up to orthogonal transformations within themselves, while
(1.10) is invariant for such transformations. Hence, we will have (¢ + 1)(n — 1)
relations for (D;p;, D.p;) in (1.10).

If Z is partly given, i.e., if Z is required to lie within a given surface S, then
the a,’s in (1.10) should satisfy another (n — 1) supplementary conditions

(1.11) (b,a;)=0, j=1,...,n—1,

where b is a given vector (the normal vector of S3). Eliminating part of a;’s in
(1.10) by (1.11), we get (n— 1)q relations for (D;p;, Dzp;), again denoted as (1.10),
when there is no confusion possible.

If Z is completely not given, then we will have (¢ — 1)(n — 1) relations in (1.10)
for (D¢ps, Dep;).

From the examples discussed in §§3 and 4, we will see that for n = 2, the
condition (1.10) is extremely simple. It consists of the determinant of a 3-order
matrix and the introduction of @ ’s is not necessary.

Now, we will view u; in G; with Gg; € Go and (Dtpiy Dypi)y (Depit1, Dapiv1)
as unknowns. For these ¢; = mq + (¢ + 1)(n + 1) unknowns, denoted by U in the
following, we have m(q+ 1) Rankine-Hugoniot conditions (1.7) on (¢+ 1) S;, which
is adjacent to at least one G,; € Go. Besides, we have (g+1) normalizing conditions
(1.8) and certain number of conditions in (1.10) to determine the position of every
S;. The exact number of relations in (1.10) will depend on the determination state
of Z.

Denote all the relations in (1.7), (1.8) and (1.10) as

(1.12) QU) =0.

Consider the three cases in (1.6).

In case (i), we have ¢ = k — 1. Since now all (¢ + 1) S;’s are taken unknowns,
Z is not given beforehand. So we have in fact (¢ — 1)(n — 1) relations in (1.10).
Hence for ¢; unknowns U, we have g = m(¢g— 1)+ (¢g+ 1)+ (g—-1)(n—-1) =
(m+n)(g+1)—2(n - 1) relations in (1.12).

In case (ii), we have ¢ = k — 3. Now Z is determined by S; and S;, so we have
(g + 1)(n — 1) relations in (1.10). Therefore, for q; U, we have g = m(q + 1) +
(g+1)+(g+1)(n—1) = (m+n)(qg+ 1) relations in (1.12).

In case (iii), ¢ = k — 2. Now Z is required to be on a given surface S;. So
we have in fact g(n — 1) relations in (1.10). And for ¢; unknowns U, we have
g2=m(g+1)+(¢g+1)+g(n—1)=(m+n)(g+1) — (n— 1) relations in (1.12).

For all these three cases where g takes different values, we impose the following
requirement

(HT) Jacobian DQ/DU has rank g2 att =0 and z € Zy.

COROLLARY 1. From (H7), we get at once that g2 < q;. In case (i), it means
g>m—2n+1. In case (ii), it means ¢ > m — 1. In case (iii), it means ¢ > m —n.

REMARK 2. Since only one shock front could be associated with one genuinely
nonlinear eigenvalue of the characteristic matrix of the system, we should always
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have ¢ + 1 < m. This is an absolute restriction on the number of initial disconti-
nuities. In particular, in case (ii), this implies by Corollary 1 that g =m — 1.

REMARK 3. Consider the particular problem of interaction of shock fronts
in 2-dimensional space for two hyperbolic laws considered by Metivier in [7]. It
corresponds to the case (ii) considered here, with m = 2, ¢ = 1, exactly the only
possible situation when (H7) can be satisfied.

Generally speaking, we cannot get rid of (H7) in order to get our desired result.
Nevertheless, it is only a sufficient condition. In some special cases, e.g., in the
examples of §3, where the condition in Corollary 1 is not satisfied, we still get the
existence result.

Now, the main result of this paper can be stated as follows.

THEOREM. Suppose that the Cauchy problem (1.1),(1.3) with intersecting dis-
continuity data satisfy all the conditions (H1)-(HT7). Then there ezists a tg > 0,
such that (1.1),(1.3) has a piecewise differentiable solution u in 0 < t < to, which
has jump discontinuity at differentiable surfaces S;’s, intersecting with each other
at a common submanifold Z of dimension (n — 1), and on S;, Rankine-Hugoniot
conditions (1.4) are satisfied.

2. Proof of the Theorem. The basic idea of the proof consists of two steps.
First, we try to determine the position of Z. Then, by a transformation, we reduce
the given problem to a problem of multishock fronts we discussed in [1].

First of all, by (H4), we know that the (n—1)-dimensional hyperplane Z;, perpen-
dicular to (nig,n11,-..,n1n) and (ngp,n2y, ..., n2y), has its projection in z-space
contained in Go; for t > 0. We now discuss the three cases in (1.6).

Case (i). In this case, for g; unknown variables (Dp;, ..., Dpx) and (ua,...,ux),
we have ¢o independent relations Q(U) = 0. But at t = 0, according to our
assumptions (H1) and (H3), we know Up = (n1,..., Nk, Uoz, . .., uok) satisfies all

these relations, i.e., @(Up) = 0. Thus, from (H7) and the implicit function theorem,
we know that near t = 0, z € Zp, there is a vector function U(t,z) satisfying
QU(t,z)) = 0 and U(0,z)|zez, = Up. It is worth pointing out here that the
function U(t, z) is determined uniquely only when g = ¢;. Otherwise U(t, z) may
not be unique. (Similar argument also applies to the discussion of cases (ii) and
(iii).) Now (Dpy,...,Dpj) satisfies (1.10) near t = 0, £ € Zp, and it determines a
submanifold Z of dimension (n — 1), with Z|;=¢ = Zp.

FIGURE 2
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Case (ii). In this case, (nso,...,n3,) and (nko,. .., Nkn) are both space-like with
respect to uge and ugx. We are now to follow the approach of G. Metivier. First,
we extend the hypersurface So; beyond Zp into a smooth hypersurface 801 without
boundary. 501 will divide R™ into two new domains, denoted as G’01 and G()k, with
Go1 contained in Go; and Gok in Gok. See Figure 2.

And also, we extend ug; and ugx smoothly into ém and éOk such that the
extended values 1g; and gk satisfy all Rankine-Hugoniot conditions and the uni-
form stability condition of Majda in [4]. By the result of Majda [5], we know
the following Cauchy problem

n
Dy(Fo(w)) + Y Dz, (Fj(u)) =0, int>0, z€R",
1
, z€QGo,
u(z,0) = uoi(z), = o1
uok(z), = € Gok,

(2.1)

has a local shock wave solution u(z, ¢) which is sufficiently smooth on either side of
a sufficiently smooth hypersurface S;. Denote two domains separated by .S’1 as Gy
and G, with Go; contained in Gy, and Gok in Gk. The value of u(z,t) in G, and
Gy will be denoted as i, (z,t) and i (z, t).

Similarly, we can extend hypersurface Sy across Zy into So2 which separates GOI
and Gogs. Also, we extend ug; and ugz into dg; and gz, and then solve the Cauchy
problem with initial data (#g;,%oz2), having one jump discontinuity. The resulted
shock wave solution will be denoted by i (z,t), ii2(z,t) and S; which separates G;
and GQ.

Now in the domain G; = G; N G1, we have iy (z,t) = G1(z,t). The conclusion

follows from the fact that the directions (nig,...,n1,) and (n;o, ,ngn) are both
space-like with respect to ug;. At ¢t = 0, the hypersurfaces Sy and S, have their
normal vectors equal to (ng,...,n1,) and (nzo, ., Nay), respectively. Hence, by

continuity, for small ¢, the hypersurface S, and S, would be space-hke with respect
to %, and @;. Hence the values of %; and @; in the domain G; N G, will depend
only on the initial values in Gg; where ﬂl(z 0) = 41(z,0) = up1(z). Consequently,
we have i, (z,t) = 4y(z,t) in G, = G, N G.

Together with the value u;(z,t) in G1 N Gy, we also get the values of uk(z,t)
and 4y(z,t) in Gk and Go. In particular, we get the intersecting submanifold Z of
the hypersurfaces S; and S;.

Case (iii). This is the intermediate case between case (i) and case (ii). As in case
(ii), we extend Sp; beyond Zy and extend ug;, uox into tg; and 4gk. By solving
the corresponding Cauchy problem, we get the solution #(z,t), %k(z,t) and the
separating shock front Sy, for small ¢.

By assumption (H7), as we have done in case (i), we can solve ¢q; functions
(Dpa,...,Dpk) and (uq,...,uk—) from go relations Q(U) = 0. Thus we get a
submanifold Z of dimension (n — 1) on S;.

Summing up, in all three cases in (1.6), we have constructed submanifold Z on
which are defined ¢; functions satisfying (1.7), (1.8) and (1.10). This concludes our
first step in the proof of the Theorem.
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In our next step, we begin by constructing two smooth hypersurfaces Y; and Y,
such that Z = Y7 NY; and the following conditions are satisfied:

(1) Y7,Y, are not tangent, at ¢ = 0, to any Sp; at Zo;

(2) In case (i), Y1|t=0 C Go1, Y2|t=0 C Go1 and Y7, Y, are both space-like with
respect to ug;. In fact, we will choose Y; near the direction (ngg,...,n2,) and Y,
near the direction (njg,...,n1,) in the neighborhood of Zy. Since (nag,-..,nay,)
and (nig,...,N1n) are space-like with respect to ug;, so are the hypersurfaces Y;
and Y2.

In case (ii), Y1|t=0 C Goz, Y2|t=0 C Gok- Also for Y; near (nzp,...,n3,), Y2
near (nkg,...,MNkn), they are space-like with respect to uge and ugk, respectively.

In case (iii), Y1 |t=0 C Go1, Y2|t=0 C Gok- And Y7, Y; are space-like with respect
to ug; and wugk respectively.

Having constructed the hypersurfaces Y; and Y,, we are ready to perform the
necessary transformation of variables.

First, we perform a transformation in R™ such that in new coordinates, Zy =
{z;z; = z2 = 0} and the projections of Y; and Y, onto the hyperplane z; = 0
are the domains z2 < 0 and zo > 0, respectively. Let Yo = {(¢,2);t = r(z),z2 >
0}. Extending r(z) smoothly into zo < 0, denoted by #(z), and performing the
transformation

(2.2) =1z, t' =t -7(x),

we get Yo = {(¢',2'); t' =0, z4 > 0} in new coordinates. In order to simplify the
notation, we will omit the prime in the following.

Now, the plane ¢t = 0 becomes t + 7(z) = 0. By another transformation, we can
make this hypersurface become the hyperplane z; = 0, with the original domain
t > 0 becoming z; > 0. Notice that by all these transformations, the solvability
of the problems remains equivalent and the space-like hypersurfaces remain to be
space-like.

Let Y7 = {(t,z);t = s(z),z2 < 0} in new coordinates. Let r? = t? + 73,
y = arctan(t/z2), then Y; can be written as y = K(r,z1,23,...,2,) where /2 <
y < 37/2. Now perform the transform

t' = rsin(n/K)y,
(2.3) zh = rcos(n/K)y,
!

! R —
Ty =11, T =T3,...,Tp = Inp.

Then, in the new coordinates, Y] is a half plane {t' = 0, z}, < 0}, while Y5 remains
to be {t' =0, z5 < 0}.

REMARK 1. Here we notice that transformation (2.2) has singularity at t = o =
0 when taken as a transform in the whole space, because it transforms a broken
surface into a smooth one. But it is a diffeomorphism in any domain y; < y < y2,
with yo —y1 <.

REMARK 2. If in particular, we can take Y; and Y; to be two parts of one
smooth hypersurface ¢ = r(z), as in the physical examples we discuss in §3, then
the transform changing Y- into ¢ = 0 automatically changes Y; into ¢ = 0.
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After all these transformations, we denote the resulted quasilinear hyperbolic
system as

(24) Ao(u)Deu+ A1(u)Dg,u+ Y A;(u)Dyju+ B(u)u = F(z,t),
2
inzy; >0,t>0.

Here we omit the prime in new coordinates.
On z; =0, t > 0, we have the boundary condition

(2.5) u=up(t,a).

Here ug(t,z’) is in fact part of the up in (1.3), after the transformation (2.2) and
(2.3). It is worth pointing out that the hyperplane z; = 0 is space-like in new
coordinates, though we call (2.5) a boundary condition.

On t =0, z; > 0, we impose the initial condition

(2.6) u(z,0) = wo(x)

where the value of wg(z) is determined as follows.

In fact, in all three cases of (1.6), we can always extend Sp;, Sz and ug;, uoz,
uok as we did before for the case (ii), and then construct the one shock wave solution
separately. As in the case (ii), we denote by ,(z,t) and 4k(z,t) the shock wave
solution resulted from extending Sp1, uo; and uog, denote by 44 (z,t) and 4s(z,t)
the shock wave solution resulted from extending Spsz, ug; and wugs.

As we pointed out in case (ii), @;(x,t) = 41(z,t) in their common domain of
definition, independent of the way of the extension. Also in the cases (i) and (iii),
by the same argument, we have 4;(z,t) = @;(z,t) in their common domain of
definition.

Now, we take wo(z) as follows: If Y;|;=o (or Ya|t=0) lies in Go1, wo(z) takes the
value of u(z,t) = 41(z,t) (transformed by (2.2) and (2.3)). If Y;|s=0 (Y2|t=0) lies
in Goz (Gok), wo(z) takes the transformed value of @g(z,t) (ak(z,t)).

With wo(z) thus determined, we are to consider the initial-boundary value prob-
lem (2.4)-(2.6). Here the initial data wo(z) have jump discontinuity at zo = 0, the
boundary z; = 0 is space-like and the boundary data ug(¢,z') is piecewise smooth
having jump discontinuity surfaces emitting from z; = zo = 0.

From the assumptions (H2) and (H7), we know by implicit function theorem
that for small z; > 0, there exist sufficiently smooth functions (u;, A;) on 2z = 0
such that the transformed Rankine-Hugoniot conditions (1.5) are satisfied. Here
1=2,...,k;7=1,...,k (for case (i)) or: = 3,...,(k—1); j = 3,...,k (for case
(ii))orz=2,...,(k—1); 5 =2,...,k (for case (iii)). Since the set of coefficients
for which uniform stability conditions are satisfied is open, we know that for small
z; > 0 and for these (u,, A;), the uniform stability conditions (H2) is satisfied. In
particular, at z; = 0, u;’s are equal to the boundary value ug and \; coincide with
the tangent directions of the discontinuity surfaces of ug.

The problem (2.4)-(2.6) is very much like the multishock wave problem we dis-
cussed in [1], except that we now have the boundary condition (2.5).
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As a matter of fact, for the multishock wave problem without boundary condition
on z; = 0, we proved in [1] the following:

THEOREM FOR MULTISHOCK WAVES. For the Cauchy problem of the hyperbolic
conservation laws (1.1) with initial data u® = (u%,u%) which have jump disconti-
nuity along one smooth hypersurface Sy, if

(i) there are smooth functions u?, Ajon Sp,t=2,...,k; 7=1,...,k; such that
Rankine-Hugoniot conditions are satisfied for k sets of (A;,ud,ud,,), 7 =1,...,k
with ud =u®, u) | =ul;

(ii) these k shock fronts are separately linear stable in the sense of Majda in [4];

(iii) high order compatibility conditions are satisfied;
then, there exists a positive to, such that in [0,to], there is a piecewise smooth
solution of (1.1) with k shock fronts.

Now for the problem (2.4)-(2.6), we can proceed just as in [1] in proving the
above theorem. First of all, we perform the transformation containing the un-
known shock fronts so that the original free boundary problem is reduced to a fixed
multiboundary problem with newly introduced unknown functions p;, describing
the position of the shock fronts. Second, by the compatibility hypothesis (H5), we
can construct an approximating solution (uf, p?) such that the problem is further
reduced to a problem for (v;,q;) = (u? — u;,p9 — p;), which satisfied the homoge-
neous initial and boundary conditions at ¢t = 0 and z; = 0, with the right side of
the equation having zero traces at ¢ = 0 and z; = 0 up to sufficiently high order.
Then let ' = logt, x5, = z2/t, we get a new problem without initial conditions and
all the boundaries are uncoupled. Such a problem can be treated similarly as in [1]
and the existence of the solution follows.

This concludes our proof of the theorem.

3. Interaction of isentropic shock fronts in 2-dimensional space. As
the application of our Theorem, we consider isentropic hydrodynamic equations of
polytropic gas in 2-dimensional space:

Dif + Dz, (fv1) + Dg,(fv2) =0,
(3.1) Dt(fvl)+D11(fv%+p)+Dzz(fvlv2) =0,
Dt(fv2) + Dzn (f'Ul'U2) + Dzz(fvg +p) =0.

Here vy, v are velocities of the gas in z1,z5 directions; f is the density of the gas
and p = Af" with A, r constants and r > 1.

The problem we are going to discuss comes from the interaction of two shock
fronts, as G. Metivier discussed in (7] for 2 x 2 systems in 2-dimensional space.
Here, for physical examples, (3.1) is a 3 x 3 system.

The problem of interaction of two shock fronts can be reduced to the problem
in §1 with k = 4, provided that only two shock fronts are produced after the
interaction.

First, we consider the special case of constant state. Suppose at t = 0, u =
(f,v1,v2) is piecewise constant in R™ with four discontinuity straight lines inter-
secting at z; = 2 = 0. See Figure 3.

Denote the four discontinuity straightlines by Si; and Sio, the four domains
between them by G;,G4,Gq, and the values of u in four domains by u;, us,us.
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We will restrict ourselves to the discussion of the special case where the data are
symmetric with respect to zo axis, i.e.

Si1 = {z; z2 = £ky2,},
3.2 ki,ke >0,
(3:2) { Sio = {z; 2 = koz1}, b
and
(3.3) Vi1 = —U_g, V42 =U_2 =V, U1 =U12=v1 =0, fi=f_.

Since shock fronts are not characteristic, from Rankine-Hugoniot conditions it
follows that the tangential speed to Si; in G must be equal to the tangential
speed in Gy, i.e., zero. So velocity (v+1,v+2) in G4 should satisfy

(3.4) vy1 £ kijvge =0.

Similarly, the tangential velocities on two sides of Si; being equal leads to
(3.5) VF1 & kavxa = var & kavag = Ekavas.

Let the shock front direction of Si; be (hi;,Fky,1). Taking hyy = h_y = hy
and by (3.3) and (3.4), we get from Rankine-Hugoniot condition:
(3.6) { hi(f+ = f1) + K} frv2 + frv2 =0,

—hifyve = f4v3(1+k}) = (p4+ —p-) =0.

Similarly, let the shock front direction of Sio be (hyo,+ke,1). Taking hygo =
h_2 = hy and noticing (3.3), (3.5), we get
{ [+ (h2 +v2 + k3 (vg — vaz)) — fa(ha + v22) =0,

J+(hg +va + k3(va — v22))(v2 — va2) + (p+ — p2) = 0.

The hypothesis (H3) for (hy,Fk1,1) and (hg,+ks, 1) lying in a common plane
becomes very explicit now. In 3-dimensional space, three vectors lie in a common
plane if and only if the corresponding 3 x 3 matrix is degenerate. Thus we have

(3.7)

hy ki 1 hy ki 1
det|hy —k; 1(=0, det|hy —k =0
ha ky 1 ho —ky 1
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or equivalently
(38) h1 = hg.

Here, because k; # k2, so (3.8) does not mean that S;; and S, have the same
slope with respect to t = 0.

In (3.6)-(3.8), we have five relations for nine variables (hy, h2, f+, f1, f2, v2, V22,
ki, k2). We should choose these parameters such that (3.6)-(3.8) are satisfied and
hi,ho >0, fo > fy > fi1. For the variables thus chosen, our hypotheses (H1)-(H3)
are all satisfied.

Eliminating hy, ho, k1, k2 in (3.6)—(3.8), we get

(3.9) fa(ve —v22)(Af] — AfL + frvavee) + A(fy — f3) five = 0.
Now fixing f+ =1 and f2 > 1, we denote the function on the left-hand side of
(3.9) by T(f1),
T(f1) = fa(v2 — v22)(Af] — A+ fivavas) + A(1 = f3) frve.
For voy < v < 0, we have
{ T(0) = fa(v2 — v22)(—A) <0,
T(1) = fa(v2 — va2) frvavas + A(1 = f5)vg > 0.

Consequently, there exists at least one f; € (0,1) such that (3.9) is satisfied and

0< fi</f+<fo
Now for £ << 1, we take

(3.10)

(3.11) vy = O(g?), vee = O(?), 1— fo=0(e).
Then from (3.6)-(3.8), we have
(3.12) h1>0, 1-f1=0(%, h =0(""), and

A
1+kf = -fl'@(f‘ -1(ff —1)=0(7?).

Therefore, for € << 1, we have a real positive solution for k;.
From (3.7), we have

(3.13) k3(v2 — v22) = fa(hy +v22) — (hy +v2) = (f2 — DRy + favaz — va.

Since vy —v22 > 0, (fa —1)h; > 0, (f2 — 1)h; = O(1), faves —ve = O(e?), so (3.13)
also has a real solution for k.

Thus, we can choose (hy, ha, f1, f+, f2,v2, V22, k1, k2) such that (3.6)—(3.8) are
satisfied and hy,ho > 0, fo > f+ > f1. Consequently (H1)-(H3) are satisfied.

(H4) is satisfied because f4 = f_ > f1, and so G is the required domain. (H5),
(H6) are automatically satisfied for constant initial data. For variable data, (H5),
(H6) are also satisfied if the data are C* tangent to the constant data at = = 0.

Now consider (H7). For the problem with constant initial data, (H7) is not
needed. For the general problem with variable initial data, noticing that our prob-
lem corresponds to case (ii) in (1.6), we have k = 4, ¢ = k-3 =1, m = 3.
Therefore, ¢ = 1 < 2 = m — 1, contradictory to Corollary 1 in section 1. Neverthe-
less, if we consider the special case of interaction of two symmetric shock fronts,
so the Rankine-Hugoniot conditions on Sy, are symmetric. We will have three
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unknown functions hs,vs, f2. Hence the condition in Corollary 1 is satisfied. Since
(H7) is to exclude certain submanifold of lower dimension, by suitably choosing
initial data, we can also make (H7) satisfied.

In summary, with the above chosen initial data, we get the local existence re-
sult for the problem of interaction of two symmetric isentropic shock fronts in
2-dimensional space, by the Theorem in §1.

4. An example of nonexistence. Again, we consider the isentropic hydro-
dynamic equations for polytropic gas (3.1). At t =0, u = (f,v;,vs) is piecewise
smooth in R? with three discontinuity straight lines intersecting at z; = 73 = 0.
See Figure 4.

Without loss of generality, we assume S; = {z;22 =0, z; > 0}, S = {z; z; =
keze, 29 < 0}, S3 = {z; z; = k3zq, z2 > 0}, and vy; = v12 = 0. Let (hy,0,1),
(h2,—1,k2), (hs, —1, k3) be the shock front directions on S;, S and Ss, then from
the fact that the tangential speeds on two sides of a shock front should be equal,
ie.,

(41) w31 =0,  kovar+ve =0,  vs2 =ksvor +ve2 = (k3 — k2)va1 =0
we deduce from Rankine-Hugoniot conditions
{ hi(f3 — f1) + favaz = h1(f3 — f1) + (k3 — k2)v2; = 0,
hifavss + fav3, +p3 —p1 = 0.

(43) {h2(f2"f1)—f2v21(1+k§)=0,
. ha favar — f2v3 (14 k2) — (p2 — p1) = 0.

{ h3(f3 — f2) +va1(f2 + fakaks — fakaks + f3k3) =0,
— h3favar + (1 + kaks) f203, — (p3 — p2) = 0.

In order to have three stable shock fronts intersecting on a common line, (4.2)-
(4.4) must be satisfied together with the condition for (hy,0,1), (h2,—1,k2) and
(h3,—1, k3) lying in a common plane

hy 0 1
(45) det h2 -1 k2 = hl(k2 - k3) - (hg - h3) =0.
hs —1 k3

(4.2)

(4.4)
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We are going to show that there is no set of data (v, f1, f2, f3, k2, k3, h1, ha, h3)
satisfying (4.2)-(4.5) with f3 > fa > f; for a convex state function p = p(f).
Eliminating hy, ko, hs from (4.2)-(4.5), we get
(f3v21)* (k3 = k2)® = (f3 = f1)(ps — P1),
f1f203,(L+k3) = (f2 = f1)(p2 — p1),
(4.6) faf3v3,(1+k3) = (f3 — f2)(ps — p2),
ky — k3)? 1+ k? 2
(ks —k3)®fs  (1+k3)f2  f2+ f3k3 t koks = 0
fs—nhH fa=fi 3—f2
Further eliminating v2, and kg, k3 from (4.6), we have the relation for (f1, f2, f3),
which after simplification can be written as

(4.7) fafa(p2 — p3) + f1fs(p3 — p1) — fafi(p2 —p1) =0.

Fixing f1, f2, we write the left-hand side of (4.7) as M(f3). Since M(f2) =0,
we need only to show that M'(f3) <0 for f3 > fs.

M'(f3) = fap(f2) = f1p(f1) + (f1 = f2)p(f3) + (f1 = f2) f3p' (f3)
= (f1 = f2)(fsp'(f3) + p(f3)) + (f2 = S1)(f*P'(f*) + p(f7))
where f* = fi +6(f2— f1),0< 0 < 1.

From f3 > f*, p' > 0, p” > 0, we get f*p'(f*) + p(f*) < fap'(fs) + p(f3),
consequently M’(f3) < 0. Thus we know (4.7) is never satisfied for f3 > f.
Therefore we get the conclusion that there can be no such shock fronts in R? x R,
for hydrodynamic gas equations with convex state function, which have three stable
shock fronts intersecting at a common curve.
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