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A RANDOM GRAPH WITH
A SUBCRITICAL NUMBER OF EDGES

B. PITTEL

ABSTRACT. A random graph Gn(prob(edge) = p) (p =¢/n,0<c <1)on
n labelled vertices is studied. There are obtained limiting distributions of the
following characteristics: the lengths of the longest cycle and the longest path,
the total size of unicyclic components, the number of cyclic vertices, the num-
ber of distinct component sizes, and the middle terms of the component-size
order sequence. For instance, it is proved that, with probability approach-
ing (1 —¢)1/2 exp(E;=1 ¢7/25) as n — oo, the random graph does not have
a cycle of length > I. Another result is that, with probability approaching
1, the size of the vth largest component either equals an integer closest to
alog(bn/viog®/2 n), a = a(c), b = b(c), or is one less than this integer, pro-
vided that v — oo and v = o(n/log®/2 n).

1. Introduction, results, notes. In the papers (8, 9] Erdés and Rényi began
a systematic study of a random graph G(n, M). In this model, the sample space is
the set of all graphs on a vertex set V = {1,...,n} with exactly M edges, and it
is assumed that all such graphs are equally likely. There had been known another
model of a random graph in which the number of edges of a sample graph is not
fixed and a graph is assigned the probability

p’q(;)_l (g20,p>0, p+g=1),

if it has ! edges. Following the accepted notations, we denote this model G(n,p).
Thus, the random graph G(n, p) has (does not have) an edge (¢, ), 7,5 € V (¢ # j),
with probability p (¢ = 1-p), and all ('2‘) events “there is an edge (7, 7)” are mutually
independent. It was indicated in [9], however, that the asymptotic behavior of
these two models is essentially the same if p(}) = M, which means simply that the
average number of edges in G(n, p) is precisely M. Of course, it should be required,
in addition, that p depends on n in such a way that, with probability approaching 1
as n — oo—in short, almost surely (a.s.)—the random number of edges in G(n,p)
is relatively close to its expected value. In many instances, this heuristic principle
can be rigorously justified and used to get statements about G(n,M) as direct
corollaries of the results for G(n,p), Bollobés [6], Pittel [14]. For example, it was
proven in [14] that, for every set A of graphs with M edges,

P(G(n,M) € A)=0o(1) if P(G(n,p)€ A)=o[(gM)™'7?),

(p(3) = M) and gM — co.
In [9], a particular attention was paid to a case when M = an, where a is a fixed
constant. It was discovered that the asymptotic structure of the graph G(n, M)
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strongly depends on the value of a. Namely, for a < 1/2, a.s. all the vertices
belong to components which are trees, except a bounded, in probability, number of
vertices which belong to unicyclic components; furthermore the size of the largest
component is relatively close to Alogn, A = A(a). If a > 1/2, then a.s. G(n, M)
has a unique giant component whose size depends linearly on n. As for the rest of
the graph, it still consists of many tree-components with the largest one having size
~ Alogn, and it may also have a bounded, in probability, number of vertices which
comprise unicyclic components, Bollobés [6]. Furthermore, Erdés and Rényi proved
in [9] that, at a critical point a = 1/2, the largest tree-component of G(n, M) has
a.s. a size of order n?/3, which is sandwiched between logn and n, the orders of
sizes of the largest components resp. for a < 1/2 and a > 1/2. Also, according to
Bollob4s [6], the largest component is a.s. at most of order (logn)'/?n2/3, thus not
much larger than the largest tree-component.

Now, the average number of edges in the random graph G(n,p) grows as an
if p ~¢/n, ¢ = 2a. So, it should not come as a surprise that the above cited
statements have their analogues for the graph G(n,p), p = ¢/n, with the critical
value ¢ = 1.

Our goal in this paper is to obtain the limiting distributions of several character-
istics of the graph G(n,p), p = ¢/n, in a subcritical range, that is for ¢ < 1. Some
of our statements cover the supercritical range ¢ > 1 as well (Lemmas 2, 5, (2.26),
(2.27)).

Specifically, we study (1) %,, the length of the longest cycle, (by convention,
%, = 0 if there are no cycles); (2) %, the length of the longest path; (3) %,
and 7;,, respectively, the total number of vertices in the unicyclic components and
the total number of vertices forming the cycles in these components; (4) Z,, the
number of all distinct component sizes; and (5) <., the size of the vth largest
component (v — 00).

Note. Since ¢ < 1, a.s. every component of G(n, p) is either a tree or unicyclic, so
that a.s. %, is the total number of vertices which belong to the nontree components,
and 7, is the total length of all the cycles.

To formulate our results, we need a function 7(z) which is the exponential gen-
erating function of a sequence {t(k): k > 1}, where ¢(x) is the total number of
rooted trees on  labelled vertices, that is 7(z) = 3_, > z"t(x)/x!. It is well known
that t(k) = k*~1 (Cayley), that the series converges for |z| < e~! and, for those
z’s, 7(z) is a solution of a transcendental equation

(1.1) T =ze€",

(see Moon [12], who attributes this result to Dziobek (1917), Polya (1937) and Bol
(1938)). Another related function used below is 7,(z) = ), -, z"t(k, h)/x!, where
t(k, k) is the total number of rooted trees with height < h. (The height of a rooted
tree is defined as the length of the longest path in the tree which begins at the
root.) Using a recurrence relation

The1(z) = zexp[ra(z)], 70(z) = =z, h >0,

due to Riordan [18], we will prove that for every z € (0,e™ ), there exists v = (z)
such that

(12)  m(z) =7(2) = yr"(z) = [¥*7*M(2)/2(1 - 7(2)](1 + 0(1)),  h— oo
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So, let ¢ < 1. We begin with

THEOREM 1. For every fized integer | > 2,

(a)

n — 00,

(V]

l .
(1.3) P@ <l)>(1-c)/?exp | c;. ,
J=1

whence, putting |l = 2,
(b)
(1.4) P(G(n,p) does not have a cycle) — (1 — c)*/? exp(c/2 + c*/4).

Note. The relation (1.4) was stated in 9] for the random graph G(n, M); how-
ever, a brief argument intended to prove it contained a gap which is very difficult,
in our opinion, to close. Our proof uses a different approach.

Next

THEOREM 2. Given an integer d, define y by
d = (logn + y)/log(1/c).
If d - o0, as n — 00, tn such a way that y is bounded, then
P(Pn < d) — exp(—fe™Y) - 0;
here
B=7(1-c)/2% 7=r(ce™),

see (1.2).

Note. Thus, somewhat imprecisely,

P = (logn +@,)/log(1/c),

where &,, is double exponentially distributed in the limit.

We should also notice that, for ¢ > 1, the behavior of %, and &, is strikingly
different: a.s. both of them are of magnitude n (Ajtai, Komlds, Szemerédi [1],
de la Vega [21], Bollobés [4], Bollobas, Fenner, Frieze [5]). On the other hand,
according to Bollobds [6, Chapter X], the diameter of the giant component of
G(n,p), p = ¢/n, ¢ > 1, is a.s. relatively close to log, n provided that c is large
enough.

Turn now to the terms 4, v > 1, of the component-size order sequence. By a
theorem of Erdds and Rényi [9] (see also Bollobas [6, Chapter 6]), for every fixed
v2>1,

(1.5) Fnw =" logn — $loglogn] + Op(1),

where o = ¢ — 1 — logc, and O,(1) stands for a random variable bounded in
probability as n — oo.

Our next theorem characterizes the asymptotic behavior of the “middle” terms
Fw, i.e., of those with v — o0o.
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THEOREM 3. Introduce a sequence
8nw = a~ ! log(né/vlog®? n), v>1,
80 that
Sny = Sn1 — . Llogu, v>1,
where
6= (2m)" V21— em) 102,

If v — 00, v = o(n/log’’?n) (n — o0), then a.s. F, equals either (sn,) or

(snuv) — 1 ({z) denotes an integer closest to ).

Note. Comparing (1.5) and the last theorem, we can see that in both cases
A, = Sy — snu is bounded in probability. A difference is that, for v fixed,
A%, has a double exponential distribution in the limit [9], while for v — oo
the probable range of A.%;, consists of only two numbers. In fact, the argument
we use to prove this result yields also if, in addition, the fractional part of s,, is
bounded away from both 0 and 1 then a.s. %, equals [sp,], the integer part of
Snu- (<3nu) -1< [snu] < <37w)-)

Besides the individual terms of the sequence {#,,,v > 1}, one may also be
interested in its properties as a whole. One such a characteristic is &,,, the number
of all distinct component sizes. The problem of determining the asymptotic be-
havior of &, is a particular instance of a more general problem for partition-type
combinatorial schemes posed by Wilf [22]. (His paper contains solutions of the
corresponding problems for cycles of a random permutation, and summands of a
random partition of a large integer.)

To formulate our result, it is necessary to introduce &, and Z,’, which are
respectively the number of all distinct sizes of tree-components and unicyclic com-
ponents. (Since ¢ < 1, &, = D + D a.s. when n — 00.) Let us also agree to
write X, = Y, (Xn = Y), n — oo, if X,,,Y, € R* (Y € R*) are the random
vectors such that

Elexp(ivT X,,)] — E[exp(ivTY,)] = 0, Vv € R®,
(Elexp(iv” X»)] — Elexp(iv”Y))),

when n — o00. (The second relation holds, of course, iff X,, converges to Y in
distribution.)

THEOREM 4. Introduce D, and d,, respectively the integer part and the frac-
tional part of a~!log[a®/2n/c(21)1/2 10g® % n]. When n — oo,

(1.6) (D, - 20, 92,)~ (&,,&));
here o
D ey &= ZSM’
Jj=—00

e;,je{O,l}forjs—l,e € {-1,0} forj >0 €n; € {0,1}, 7 > 3, and all the
€’s are independent. More preczsely,
P(epn; = 0) = exp[—e*(®+], j < -1,

(1.7) P(e,; = —1) = exp[-e*(*D)], 5 >0,
P(epn; = 0) = exp[—u(j)(ce ) /5!], 723,
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where u(j) is the total number of connected unicyclic graphs on j labelled vertices.
(According to Katz [11] and Rény: [16],

(18) ) =5 Y@ wl) ~ @/ (G- 0))
k=3

Note. Since both &, and & are bounded in probability, it follows from this
theorem that

D, = D, + 0,(1), n — 00,
2, = 0,(1), n — 0.

Clearly, the second relation should be expected since even the total number of all
unicyclic components is Op(1). Far more interesting is the first relation; indeed, in
view of (1.5), it means that the total number of integers from 1 to 5,1 (the size of
the largest component), which are not component sizes, is bounded in probability.

(Another instance of a partition-type scheme with this property is the random
partition of an n-element set. Sachkov [19] proved that the size of the largest block
grows, in probability, as elogn when n — oo. Quite recently, answering a question
posed by Wilf [22], Odlyzko and Richmond [13] proved that in probability, and
on average, the total number of distinct block sizes in the random partition is
asymptotic to elogn, too.)

It remains to consider %, and 7, which are, as we remember, respectively the
total size of all unicyclic components and the total length of cycles in them.

THEOREM 5. %, =%, 7, = 7", where
E(Z%) = f(c)/flr(zce™®)], 2| <€,
E(E")=f(0)/f(ze), |zl <,

and

(1.9 f(z) = (1 —z)Y? exp(z/2 + 22 /4), |z] < 1.
Moreover,

(1.10) E#;) — E(#"), E(Z;")—EZ"), £21(n— o)

80, in particular,

E(%,) = c2/2(1 —¢)?, var(%,) — c3(3—c)/2(1 —c)* (n — 00),

E(Z;) — c%/2(1 —¢), var(Z,) — ¢3(3 —c—c®)/2(1 — ¢)? (n — o00).

The formula for lim,_,. E(Z;) was obtained in [9]; one can also find in [9 and
6] the infinite series-type formulae for lim E(%;,) and lim var(%,).

A final note. Presently, we are studying the limiting distributions for the critical
case when ¢ = 1, or ¢ approaches 1 as n — co. Among the results is the following:

P(G(n,1/n) has a component which is neither a tree nor unicyclic)
—1-(2/3)/2=0.183...
as n — oo. (It is worth noticing that the limiting values of the corresponding
probability for ¢ < 1 and ¢ > 1 are 0 and 1 respectively.) It shows that G(n,1/n)

is planar with probability bounded away from 0 as n — oo, which was conjectured
by Erdés and Rényi in [9] in an equivalent case of the graph G(n, M), M ~ n/2.
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2. Proofs.

PROOF OF THEOREM 1. Denote the number of all unicyclic connected graphs
on k (labelled) vertices, whose cycle has length more than [, by u(k,l) (k > [ > 2).
Clearly, u(x, 2) = u(x) which is the number of all unicyclic connected graphs on &
vertices. It is known (Wright [23]) that, for |z| < e~ !,

u r -2
(2.1) u(z) d-_e—f Z ET(_) Iog[l T(:I:)]_l/2 _ _(22)_ _ ¥;
k>3 .

here 7(z) is the exponential generating function of the sequence {t(k): k > 1},
t(k) = k*~1 being the number of all rooted trees on « vertices. Extending Wright’s
argument, we prove

LEMMA 1. Forlz|<e7},

z*u(k,l)
w(z) def Z k!
K>l

-~

=log[l — 1'(15)]_1/2 -

PROOF. First of all,

Z 2715 = )IF(,7),

Jj=l+1

where F'(k,7) is the total number of forests of j rooted trees on « vertices, because
271(5 — 1)! is the number of ways for the roots of j trees to form an unoriented
cycle. Second,

_ 2 t(’cs
s = 0 e [T 45
=1 8-
where the sum is taken over j-tuples (kq,..., K:j) such that k; > 1,...,%; > 1 and
K1+ -+ k; = k. Subsequently,

F(k,7) = (k!/5")coeffzx[r7 (z))],

or
.7
Z coeff ;« [T ]
J=l+1
)
= coeff ;« T 2(:.5) ,
> 4
and
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Next

LEMMA 2. Let ¢ # 1; introduce the random variable X, which 13 the total
number of unicyclic components of the graph G(n,p), p = ¢/n, whose cycle contains
more than | vertices. X, converges in distribution, and in terms of all moments,
to a Poisson distributed random variable with parameter A (in short, Xp = P())),
where

L5
A =log(1—7)"1/2 - Z %,
=1

and 7 1s the only root of the equation Te™™ = ce™¢ subject to restriction 7 < 1. In
particular,

I“\l.

J
7

~N

l
P&, <m)=P(X,=0)—e*=(1- 7)"/2 exp Z
j=1

Theorem 1 will follow at once since 7 = ¢ for ¢ < 1.

PROOF OF LEMMA 2. Since (Xpi)r = Xni(Xni — 1)+ (X — r + 1) is the
total number of ways to select r components in question with order and without
replacement, we have

n u . ie (19)—1 —i.)s
E[(X‘nl)f] = Z <'l1 .. 1,-) H u("sal)phq(2 J=iet(n=ta)is

(2.2) ‘ ..9..1
H q—z,1,:/2 (q =1- p)'
1<s#s8'<r
Here
n T+1
(11"'21') n/sl;llzsa r+1 ) 1 T
and the sum is taken over all tuples (z1,...,%,) such that s > (1 < s <r). Since

similar relations will appear again later, let us explain (2.2) in detail. First,

(")

is the number of ways to select (with order) r disjoint sets of vertices having cardi-
nalities ¢1,...,%,, and 7,41 is the number of the remaining vertices. Second,

T X )
IT s, 0)p'oq
s=1

is the probability that each of the first r subsets of vertices induces a unicyclic
connected subgraph of G(n,p) whose cycle is of length > [. Third,

r
H q(n—i,)i, . H q—i,i,:/Z — H qi,i,,/2
s=1 1<s#s'<r 1<s#9'<r+1

is the probability that all (r + 1) induced subgraphs are isolated.
If we show that E[(Xn)r] — A7, r 2 1, it will follow that X,,; & P()), since A"
is the rth factorial moment of P()). The argument we suggest uses some ideas of
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the proof of a theorem in [6, Chapter V, §2]. Break up the sum in (2.2) into the
sums X' and " taken over r-tuples (iy,...,7,) such that max;<s<,%s < n; and

max;<s<rts > N1 respectively; here n; = [nl/ 3]. Consider first ¥’. Denoting its
common term by C(i1,...,%,), we have

(23) C(il, e ,i,.) = l:H(ce—c)i, U(:s; l):l (1 + O(n_1/3)),

s=1 s*

because

(7)o e s/ o

qUf)=tet(n=io)is = (1 _ c/m)"s(1 + O(i2/n)) = e~(1 + O(:2/n)),

and N
[I o2 =1+06/n).

1<s#s8'<r
Hence, setting ¢ = ce™¢,

= S 24D 1ot

=1

(2.4)
= [w(@)]" =2 (n—o00).

It remains to prove that £’/ — 0 as n — 0o. According to (1.8),

(2:5) u(z,l) <u(j) =0(?)  (j — ).

Introduce

(2.6) = Y Clin,....ir),
maxis>n;

where C(-) is defined like C(-) except that each factor u(is,1) is replaced by 7. By
(2.3), it suffices to prove that ¥ — 0 when n — oo.
To this end, notice that if max ¢, = ny then (cf. (2.3))

6(i1,...,ir) = (fI 1'1’1 ) (1 +O(n—1/3))

1!
s=1 s

(2.7 ,
= Of(a™ nft /my 1) o7 ie=ma]

< bp™, p=-ece ¢ b>0.
Here p < 1 since ¢ # 1. Furthermore, for a fixed v € (1,...,7),

Clin, .. yiv+ 1,0 ,50)/Cliny sty ir)

2g) - 9/G+DIG+ 1)+ /i lpg™ ™7 [H ‘1_“}

s#v
= (L +1/i)*p(n - i)g"~*"?
< {ep(n — i) exp[—p(n = )]}(1 —¢/n)"* < (1 —¢/n)™* < (1 - 2¢/n)™".
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Combining (2.7) and (2.8) we get: if max;<s<rts > ny then

~ 2 ~(Fem)
Clir,...,ir) <bp™ ] (1--)

N n
8: 13>Nn]

< bp™ H (1——-)

r —1
2c °
< bp;“ H <1 - ;) s pE (pa 1)'
s=1

(is—m1)

Hence,

S n (MY
(2.9) < bt 3 H(l——) —bpl‘(%) -0
11,..,4r208=1
(n—>o00). O
Theorem 1 is proved.
Note. While proving Lemma 2, we showed, in particular, that for ¢ < 1

(2.10) E(Xnz) — log(1 —c¢)™Y2 — (c/2 + ¢*/4),

where X,,2 is the total number of all unicyclic components of G(n,p). On the other
hand, the expected number of all cycles in G(n,p) is clearly (cf. [9])

()= -25

(211) =
=log(1 —¢)~/2 — (¢/2 + ¢%/4) (n — o00).

Combination of (2.10) and (2.11) provides an alternative proof of a known fact
(see Introduction) that, for ¢ < 1, a.s. every component of G(n,p) is either a tree
or unicyclic. In fact, it shows also that the probability of this event is at least
1—constn™", Vw < 1.

Next,

PROOF OF THEOREM 2. First (Lemmas 3, 4), we obtain some results regarding
asymptotic enumeration of trees with given height and diameter. Second (Lemma
5), we prove that the number of the tree-components of the graph G(n,p), ¢ # 1,
whose diameter exceeds a certain value, is asymptotically Poisson distributed. In
case ¢ < 1, it implies Theorem 2.

Let tO(k,h) (t(x,h)) denote the total number of rooted trees on k vertices of
height = h (< h). Let T%(k,d) (T'(,d)) denote the total number of unrooted trees
on « vertices of diameter = d (> d). Introduce the exponential generating functions
(), (), T9(z) and Ty(z) for these four sequences.

According to Riordan [18] (see also Rényi and Szekeres [17], Moon [12]),

(2.12) Th+1(z) = zexp[ra(z)], 70(z) ==z.
Riordan also proved in [18] that
T(z) = [r(x))%/2, ifd=2h+1,

(2.13) = 19(2) = h1 ()0, (z), ifd=2h.
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The strikingly beautiful relation (2.12) follows from an observation that every
rooted tree of height < h + 1 is obtained by taking several rooted trees of height
< h and joining their roots to a new vertex. As for (2.13), its derivation is based
on the following. For d = 2h + 1, there exists an obvious one-to-one correspondence
between .7d0, the set of all trees of diameter = d, and the set of all unordered pairs
of rooted trees each of height = h. For d = 2h, there is a one-to-one correspondence
between 7% and the set of all rooted trees of height = h such that there are at
least two edges adjacent to the root which lead to vertices located at distance h
from the root.

There does not seem to exist a reasonably explicit formula for 7, (z). However,
in case z € (0,e7 1), it is possible to derive a sharp asymptotic formula for 74 (z)
(h — 00), expressed—in the main—through powers of 7(z), the exponential gener-
ating function of all rooted trees. (In [17], a much more delicate analysis is done in
case T — e~ as h — 00, in order to obtain the limiting distribution of the height
of the random tree.)

LEMMA 3. For every z € (0,e”1), there exists v = ~(z) > 0 such that
(2.14)  m(z) =7(z) = 7"(2) = [¥*r*M(2)/2(1 — 7(@))][L +o(1)],  h— oo
Note. A cruder formula
mh(z) = 7(z) — 7" (2)[1 + 0(1)]
follows directly from a general result due to Koenigs and Kneser (see Szekeres [20]).

PROOF OF LEMMA 3. Set 7, =7 — fn, h > 0; clearly fo = 7 — z € (0,7).
According to (1.1), (2.12),

fry1 =1 —zexp(r — fn) = 7 — z€” exp(—fr)
= 7[1 — exp(—fn)), h >0,
so, in particular, f, € (0,7) for all h > 0. Subsequently,
(fu/T™)1 = exp(=fu)l/fn < frsr/T"TY < fu/T

thus, by the right inequality, there exists v = ~(z) = limp_ oo fa/7" and, by the
left inequality, v > 0 because

[1—exp(=fn)l/fa =1+ O(fn) = 1+ O(e")

and 7 < 1forz < el

Set fi = 47" + gn; by definition of 7, gn = o(7") as h — oo. Using (2.15) again
(bootstrapping!), after simple manipulations we get: for every € > 0 there exists
h(e) such that, for h > h(e),

g — (VT /2)(1 4 €) < ghtr < 7gr — (PTMT1/2)(1 - €).
Therefore, by induction, for k' > h > h(e),
gn/™ = [T /2(1 = 1)1 = MR (1 +e) < g/
<gn/mh = [P /2(1 = 7))(1 = TR (1 - ).

Since gp /Thl — 0 as b’ — oo, the last double inequality implies that, for every
€ >0,

(2.16) gr = [¥2r2h/2(1 — 7)](1 + O(e)), h — oo.

(2.15)
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This finishes the proof, because
m(z) = 7(2) = 7"(z) — gn(z). O
Using the estimate (2.14), we can now prove
LEMMA 4. For every z € (0,e7!),
(2.17) Ta(z) = [¥*473(2)(1 - 7(2))/2)(1 + o(1)),  d— oo.
PROOF. (i) According to (2.13), for k£ > h,

2k+1 n k—1
Y T= Z —51—1— + Y (41 = 1) = n(n —n-1)]
j=2h+1 I=h I=h
T T
= —Th+z e M 1 +Tlc(7'x,_7';c—l)
=T, —Th + (Th_l + ‘r,f)/2 — TeTh—1}
subsequently,
2k+1 2, — 1
(2.18) Tons1 = lim Yo TW=r-m+
2
j=2h+1
Likewise,
(2.19) Ton =T —Tho1 — (TR_1 +T2)/2 + Th—1Th—2.

(ii) The relation (2.17) follows—after a straightforward computation—from Lemma
3 and (2.18), (2.19). O
Now, back to the random graph G(n, p).

LEMMA 5. Let ¢ # 1. Given an integer d, denote the total number of the tree
components of G(n,p) of diameter > d by Y,,. Define a number y by

d = (logn + y)/log(1/7),

where e~ = ce € and 7 < 1. If d — oo, when n — oo, in such a way that y is
bounded, then Y, =~ P()\,), where

=[P -7)/2e7%e™Y,  A=~(ce™).

Let us demonstrate how Theorem 2 follows from this lemma. If ¢ < 1, then
the total number of vertices which belong to the nontree components of G(n,p)
is bounded in probability. Recalling that &, is the length of the longest path in
G(n,p), we obtain then

PP 2d)=P(P,2d,Yp>0)+P(Fp >d, Y, =0)
= P(Y, > 0)+o(1)
=1—-exp(—An) +0(1), A= [F(1 —c)/2c%e?

(f=cforc<1).
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PROOF OF LEMMA 5. Similarly to (2.2),

E[(Y,),] = Z( )HT pio=1 gl == 1) +(n=i0)is
H q—z,z,:/2’

1<s#8'<r

(2.20)

where 1, > d, 1 < s < r. (A tree with 7 vertices has (i — 1) edges.) Let again
', 5" be the partial sums of the sum in (2.20) over the regions max, i, < n; and
max, ts > ny respectively. Then (cf. (2.4)) we have

n 1 . T
(2.21) =23 ’—T?’—d-) 1+0(n"?%), z=ce .
ci=d+1 v

Using Lemma 4, an obvious estimate T'(¢,d) < t(i) < 4, and also that ece™ < 1,
we write

2 5 0 @y co - 2 )

i=d+1 i>ny
=[(n/c)3*7473(1 = 7)/2](1 + 0(1)) + o(1) = An + 0(1),

whence
Y = AL(1+ o(1))).

As for ", comparing (2.2) and (2.20) yields an estimate ©" = O(n"%"), where %"
is defined by (2.6). Therefore, see (2.9),

=0(n* pt") = o(1), n — oo.

Thus,
E((Yo),] =2 +Z" = AL (1+0(1)), r>1,

which implies the statement. O

Theorem 2 is proven.

Now, contrary to the listing of the theorem in Introduction, we proceed with
the proof of Theorem 3, since—by methods used—it is closely related to the proofs
above.

Let U,, and V,,s denote the total number of unicyclic components of order = s,
and the total number of unicyclic components whose cycle is of length = s, s > 3.
Obviously,

n n

Un = Z $Uns, Zn = stmr

8=3 8=3

Erdés and Rényi [9] proved that, for ¢ € (0,00),
E((Uns)x) = u&, k>1,5>3,

where
us = (ce™Yu(s)/s!, §>3,
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which implies that U,s = P(us). (To be precise, they dealt with the random graph
G(n,M).) By computing the joint factorial moments of Ups, s > 3, Bollobés [6]
proved that actually

(Unay - - -y Unk) = (P(3),- .-, P(pe)), K23,

where the Poisson variables are independent. By a natural extension of the argu-
ment in the proof of Lemma 2, it is possible to estimate the joint factorial moments
of Vs, 8 > 3, as well. The result is that, for ¢ # 1,

(Vnay - -y Vak) = (P(v3), ..., P(vk)), K>3,

where

—c\r,,0
Ve = ug(ce'c) = Z —_(ce )run(r, s)’ s> 3,

r!
r>s

and u0(r, s) is the total number of all connected unicyclic graphs with a cycle of
length = s. Let us notice at once that, see Lemma 1,

vs = ud(ce™®) = us—1(ce™®) — us(ce™¢) = v°(ce”°)/2s, §2>3,
(cf. [9, Theorem 3a; 6, Chapter IV, Corollary 9]). Therefore,
K K
Un(k) =, ;33(1,.3 =>%(k), Zalx) = gsVns = 7 (k),

where the random variables Z (k) and 7" (k) are such that

(2.22) E(z?z(")) = exp [i (zCe—C)su(s) _ i (Ce—c)su(s)] ,

s!

s=3 =3 st
(2.23) E(z"®) = exp {i [zr(c2es-0)]s ~ i rs(;e;‘) } .
s=3 =3

Suppose that ¢ # 1. Then ce° < e~ !, and it follows from (2.1) and (2.22), (2.23)
that, for |z| < (ece=¢)~1,

(2.24) Jim E(z¥®) = f(7)/flr(2ce™)],
(2.25) Jim E(z7) = f(1)/f(zF), T =r(ce™),

see (1.9) for f(:).
We want to show that, for |2| = 1,

(2.26) lim (%) = 1(7)/flr(ce™)] = E(z¥),
(2.27) lim E(2%) = /(7)/1(z7) = E(”).

Consider (2.27), for instance. Since E(7;,) = O(1), see (2.32) in the sequel,
(2.28) P(Zn(k) # 70) S P(7n > k) S E(Z) [k =O(k™!), n2>1
Further,

[B(:") = £(7)/1(:0)] < |B(% = 2509)| + |E(75)) = B )

2.29
(2:29) +|E(z7 W) = £(7)/f(27),
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where, by (2.28),
|E(z"" = 27(9))| < 2P(Z5(k) # 77) = O(x ™),

So, given € > 0, we can choose k so large that the sum of the first and the last
terms on the right side of (2.29) is less than €. Letting n — oo, we get then

limsup |E(27) — f(7)/f(27)| <&, Ve>O0.

So (2.27) holds true.
In view of (2.26) and (2.27), we conclude that %, = %, 7, = 7.
Finally, to show that actually %, = %, Z, = 7, we need only to prove

(2.30) E#%) =0(1), E(Z*)=0(), n-—oo, k21,

and it suffices to consider the moments of %,, because %, > 7.
First of all,

(2.31) E((#n)x) = (n)xPrx,

where P, is the probability that some fixed « vertices, say 1,2,..., k, belong to the
unicyclic components of G(n,p). How to compute P,,? For a given partition #
of {1,...,«} into the disjoint subsets Ry,..., Ry, let P,(#) denote the probability
that the elements of each R;, 1 < j <, belong to the same unicyclic component;

then
Ppe=) Po(#
K4

As for Pp(#), denoting |R,| by as, 1 < s <r, we have
P (%) = Z ( n-kK ) H uld sq(?)—z‘,+(n—ia)u H g2,
jl)"')j" ISS;éS’ST
is = Js + as.

So, arguing as in the proof of Lemma 2, we get

Pa(R) = (1+0( -1/3))HZ( ) (i)p' e

s=17,>0

i (7 —as)!

— (1+O(n—l/3))n—n l:I [ (Ce.‘c)iu(i):| .
12a,

Therefore, by (2.31),

(2.32) Jim E((#a)e) = Y H [Z (C‘;_Ca“(’ ]

A 8=1 |i>a

This, of course, implies (2.30), since

K

e =Y 0(k,5)(%);,

7=0
where o(k, j) are the Stirling numbers of the second kind, Berge [3]. O
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Theorem 3 follows now from (2.26), (2.27) and (2.30), because 7 = ¢ for ¢ < 1.

Note. The relations (2.26), (2.27) could have also been obtained by algebraic
arguments directly from (2.32), and a similar formula for lim E((7,,).). Would the
reader try to do it? We have chosen the present derivation as far more transparent
probabilistically.

To prove the remaining theorems, we need a more powerful tool.

For two given sets of nonnegative integers j = {j: 1 < r < n} and k¥ =
{ks: 3 < s < n} satisfying

(2.33) Z T + Z Sks = m,
T 8

introduce the event A,(j, k) on which the graph G(n,p) has j, tree-components of
size r (1 < r < n), and ks unicyclic components of size s (3 < s < n). (On this
event, G(n,p) has obviously no components besides those listed above.) Denoting
the probability of A, (7, k) by P,(J, k), we have

(2.34)

Po(j,k) —n'H [p Dt (r /T'] /]' [p as u(S)/S'] ,/’93!
q 2/21‘-[ (" /2)1,1‘[ g /2) .

where ¢.(r) = r"~2 is the total number of unrooted trees on r vertices, and u(s) is
the total number of connected unicyclic graphs on s vertices. Indeed,

nl/ [T 5t - T (s k!

is the total number of ways to partition the set of n vertices into the blocks of two
types, so that there are j, first-type blocks of size r and k; second-type blocks of
size s (1 < r < n, 3 <s < n). Further, the product of all the remaining factors
in (2.34) is the probability that each of the correspondent subgraphs of G(n,p)
is either a tree-component, if it is induced by a first-type block, or a unicyclic
component otherwise. (Cf. the derivativon of (2.2).) Combining factors and using
(2.23), we can simplify (2.34) to

(2.35) Po(j, k) = wn H[(q/p )eu(r rl]Jr/JrlH[u (5)/81]"% /s,
where
(2.36) = nlp"qn(»=3)/2,

Note. Not too surprisingly perhaps, there is a strong semblance between (2.35)
and the counting formulae in the graph and partition-type problems, Berge [3],
Harary and Palmer [10].

Basically, two reasons make (2.35) instrumental in the arguments below. First,
for ¢ < 1—which is assumed in the rest of the paper—the components of G(n,p)
are either trees or unicyclic with probability > 1 — constn™% (Vw < 1), whence

(2.37) Y Pu(j,k)—1=0(n""), Vw<Ll.
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Second, we know the exponential generating functions u(z) of {u(s): s > 3}, see
(2.1), and 7.(z) of {t.(r): r > 1} (Moon [12]):
(2.38) Tu(z) = 7(2) — 7%(2) /2, |z] < e™?!

After these preparations, we are ready for

PROOF OF THEOREM 3.

LEMMA 6. Suppose that ¢ < 1. For a given integer m, introduce the random
variable Zy., which 13 the total number of the tree-components of order > m. Denote
E(Znm) by Anm- Ifm — 00, Apm — 00 whenn — 00, then (Znm—Anm)/ v =
where Z is normal with 0 mean and unit variance.

Notes. (1) Let Z3,, denote the total number of the tree components of or-
der = m. Erdés and Rényi [9] proved, for ¢ # 1, that Zpm =~ P(Anm), 29, ~
P(X%,.) (Anm = E(293,,)), provided that m — oo so fast that A,,,—and automat-
ically A2, —remains bounded. (This happens iff

m=oa""(logn— 3loglogn) + O(1), n— co.
Therefore, under conditions of Lemma 6,
(2.39) m<a llogn
for large enough n.)

(2) From a general theorem due to Barbour [2], it follows that, in terms of the
total variation, the distribution of Z2,, is close to that of P()%,,) provided only that
m — oo. In light of these results, we see that our assertion could be anticipated:
after all, P()) is asymptotically normal, with mean and variance both equal A when
A — oo. However, the argument we suggest below works only for ¢ < 1, and we
can only conjecture that the statement remains true for ¢ > 1 as well.

PROOF OF LEMMA 6. Let z = exp(iv//\,l,/,z), v € (—00,00). Since Zpy, =
> r_ . Jr ON the event Ay (7, k), we have (see (2.35) and (2.37))

o) =0 +“’";,Hl[(q/” (e 51 Tt s

= 0(1) + wpRpm(2),
where §(r) =0 (6(r) = 1) for r < m (r > m). Let |z| < e~!; using (2.33) we are
led to
(2.41)

1+Zx"an —1+ZZH[(1/PZ-’C5 )t (r) /) H[zu /st]n,

nzl n>1 j,k r=1

T 3 Lz

1€1(j1+K1)+2(j2+r2) <o r21 IT o1

= H exp [(Q/P)zz’?(r)t‘(,.)]

r>1

(]

= exp [h(z, 2)].

@
e
L]
fe]
el
—
8
i
® |
-~
@0
~
[S——
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By Cauchy integral formula, it follows from (2.41) that, for a positively oriented
circle of radius p < e~! in the z-plane,

Ram(z) = (270)7" [ 2 explh(a, 2)lda

(2.42) ¢

= @) / explH(z, 2)) (i)~ dz;
C

here, (see (2.38) and (2.41)),

(2.43)
H(z,2) = (p) To(z) + (2— 1) ,;nz t.(r)/r! + u(z) — nlog z
- (3)[=- f‘é‘z‘)] O T b ule) - nloga,

r>m

and log z is the principal branch of the logarithmic function.

Let us use the saddle-point method to estimate the contour integral in (2.42).
To this purpose, set p = p, = |z,| where z, is a root of the equation H,(z,2) =0
in the domain |z| < e~!. According to (1.1), (2.1),

=€ /(1-7), uz=r1%"/2(1-1)2,
so explicitly
H.(z,2) =c !(n—c)e" —n/z

lr‘r—l 2,7

+c i (n-c)(z-1) Z i +

(2.44) _
—_ 2
el r! 2(1-1)

Since z — 1 — 0, n — oo and ), z"~!r""!/r! is bounded—uniformly over
m > 1—in every closed disk |z| < p (p < e™!), it is natural to look first for a root
of an approximate equation

(2.45) cle@ g7 l=0 (jz| <e™}).

But this equation does have a root Z = ce™° because ¢ < 1! (Recall that 7(ce™¢) = ¢
for ¢ < 1.) Further,

(2.46) (c™te® — g7l | ;s #0;

so, with the help of the implicit function theorem, we get: there exists a root z,, of
(2.44) such that
zn — I =0(1), n — oo.

Since pn, = |2n| < e~! and p,, is bounded away from e~!, we can obtain from (2.44)

c—ler(z,.) - _0( 1/2 m mm 1/m|+n-—l)’
or, by (2.46),
(2.47) T, — = O(AY 2 pmm™ ! fm! + n7Y).

Some easy bootstrapping transforms (2.47) into
(2.48) Tp — = O(M;Y22™m™ ! /m! + n~1).
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To simplify the last estimate further, notice that
J—— ( )JJ 2p9- q( ) —(i=1)+35(n—7)
nm ; ]

So, acting as in the proof of Lemma 2, but with n; = [n!/®], and introducing

~ 79j0-2
(2.49) Onm = ¢ 'n Z ?7,! ,
j>m
we have
(2.50) Anm = (14+ 00" anm = anm + 0(al?) = anm + 0(AX/2),
because Ay — 00, Apm < n. Also, by Stirling’s formula,
G

anm = (1 +0(1) nZ @A

(2.51)

=(1+ o(l))n(ae"‘"‘ 5/2)~-1
a=c—1-loge, o= (2m)"2c(1—-e"%),
(cf. [9]). A combination of (2.48)—(2.51) yields

(2:52) 2 = & = O(mAY2/n) = o(n™ /2e=2m2),
or, writing In = pnew"a 011 € (_ﬂ', 7r]a
(2.53) 10n — |, |0n] = o(n~1/2e=0m/2).

Getting back to (2.42), let us substitute z = pne??, § € (-, 7], and break the
contour integral into two integrals over the arcs C; and Cs, such that |§] < n—5/12
and || > n~5/12 respectively.

(a) A direct computation based on (2.50)-(2.53) shows that

H,.(z,2) = n/z2(1 — ¢) + O(n"/1?), 6] < n=3/12,
So, for these 8’s, by (2.44),
H(z,2) = H(2n, 2) + Hy(Tn, 2)(x — 2n) + Hzz(3, 2)(z — 70)%/2
= H(zn,2) — [n/(1 = 0)}(6 — 6n)*/2 + O(n™1/4),
where = ppei?, |6] < n=5/12. Furthermore, by (2.45) and (2.52), we have
H(zn,2) = H(Z,2) + Hy(%,2)(zn — Z) + O(n|z, — Z|?)

(2.54)

(2:55) = H(%,2) + O(m*Apm/n) = H(Z,2) + o(e™*™).
Likewise,
(2.56) H(pn,z) = H(Z,2) + o(e”*™),

which will be needed later. By (2.54) and (2.55),

/ = exp[H(Z, z) + o(e™*™)]
Ch

(2.57) , / explon( - 0,)2/2(1 — ¢) + O(n~/4)| do
|6|<n—5/12

= exp[H(Z, 2)][2n(1 — ¢)/n]*?(1 + o(1)), n — oo.
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(b) Turn now to |§] > n=3/12. We have, see (2.43) and (2.56),
Re[H(z,2) — H(Z,2)] = Re[H(z,2) — H(pn,2)] + 0o(e™*™)
= (¢/p)Re[ru(z) — 70 (pn)]

+0 (nlz -1 Z p" e — ll) + o(e™*™).

r>m
Here
(a/p)Relr(z) — Tu(pn)] < (a/P)pn(cosd — 1) < —x1nb? < —x;n'/®
and (" — 1] < r|8])

f
nz—1 Y ol ”" |'9f =nlz—1]l6] Y ”"

1

r>m r>m
=0 |n| = O(mA/10]) = o(n'/2|6)).
r>m

But

nd?/n/?|0] = n'/26 > n'/1? 5 (16| > n=%/12),
S0

Re[H(z,z) — H(z,2)] < —xan'/®, X1 > x2>0.
Subsequently,
(2.58) O(| exp[H (%, z)] exp(—x2n/®)|) = 0 ( / ‘)
C

see (2.57).

In view of (2.40), (2.57) and (2.58), we arrive at
(2.59) E(2%") = 0(1) + wp (2m) "1 [21(1 — ¢)/n]*/? exp[H (Z, 2)](1 + o(1)).
In this relation, by (2.36) and Stirling’s formula for n!,
(2.60) wn = (2mn)Y/2(c/e)" exp(—cn/2 + 3¢/2 — 2 /4 + O(n™Y)).
Furthermore, by (2.1), (2.38),
(2.61) H(z,z) = (g¢/p)(c—c®/2) —nlog(ce™¢) +log(1 —c)~ /% —¢/2—c?/4+ AH,
where (z = exp(w//\l/z))

AH = ()z—-l)zzr

(2.62) = (1 — ¢/n)anmlexp(iv/AL2) — 1]
= anm[z’v//\,ll{;‘: v2 /2 nm + O(X '3/2 )] + O(anm/n)
= iw[A}2 +0(1)] — v?/2 + o(1),

(see (2.49)-(2.51)). Putting together the relations (2.59)-(2.62), we are able to
conclude, after numerous cancellations, that, for every v € (—o0, 00),

E[exp(1vZnm/AL2)] = 0(1) + exp(1wvAL2 — v?/2 + o(1)), n — 00.
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This implies that (Zpm — Anm)/ /\,1,43 converges in distribution to a standard normal
variable. O

With the help of this lemma, we can now quickly finish the proof of Theorem 3.
So, suppose v — 00, v = o(n/log®? n), and set

$ny = o~ 'log(né /v 1og®/? n), 6§ =071,

(see (2.51) for o). It is sufficient to show that .#,,, the order of the vth largest
tree-component a.s. equals either (s,,), or (sp,) — 1; recall that (s,,) is an integer
closest to sn,.

Introduce m; = (sn,) + 1, so that A = m; — 8,, > 1/2. Obviously, m; — o
and, by (2.50) and (2.51),

Anmy = (1+0(1))ve™*® < ve™®/.
Therefore,

P(Fy > m1) = P(Znm, > V) < P(Znm, > € Apm,) = 0, n — oo,
since, by Lemma 6, Zpm,/Anm, — 1 in probability. Similarly, setting ms =
(8nv) — 1, we have A =mg — 8, < —1/2; 50

Anms = (14 0(1))ve >4 > pe/3
and

P(Fy > m3) = P(Znmy 2 V) 2 P(Zpmy > €3 Apm,) =1,  n— 0.

Theorem 3 is proven. Finally,
PROOF OF THEOREM 4. We confine ourselves to proving only that

(2.63) D! —-D,~ &

ns n — oo,

since the proof of (1.6) is very much the same, albeit rather cumbersome notation-
ally.

According to (1.7), log E(2%+) is bounded as n — oo for every z € (0,00). Using
a limit theorem due to Curtiss [7], we can assert then that (2.63) will be proved if
we demonstrate that

(2.64) E(zZPr)_E(z%) >0, n— oo,

for every z € (a,a”'), where 0 < a < 1. A little reflection shows that, more
generally, it would suffice to prove (2.64) for every z € (a,b), where 0 < a < b.

LEMMA 7. For a given m, let D, denote the total number of distinct orders
< m of the tree-components of the graph G(n,p), and let

grim = Z e:;j )
j<m
see (1.7) for the precise definition of the independent binary variables €,; (—oo <

j < 00). Introduce ny = [n'/9).
For every z € (21,1), where z; = max(e~%/2,1/2) and o = ¢ — 1 —logec, we have

(2.65) E(zg'/"'l ~Dny _ E(zg':) — 0, n — oo.



A RANDOM GRAPH WITH A SUBCRITICAL NUMBER OF EDGES 71

Before proving this lemma, let us show how it implies (2.64) for every z €
1/2
(2,%,1). Define
Wa(2) = 2207 Pn Wpp, (2) = 27mm =P

and let I,, be the indicator of the event {Wy,(z) # Whnn,(2)}. Obviously, Wy, (2) >
Whn(2), and a.s. these random variables are equal, because (¢ < 1!) a.s. G(n,p) does
not have a component of order > n;. Since W2(z) = W,(22), and 2% € (23, 1), we
have

0 < EWnn, (2) = Wn(2)] < E[InWnn, (2)]
< Pl/z(In = l)El/z[ng(z)] = O(El/zlw’nnn(z2)])
= o(E'?[(22)%]) + 0(1) =0(1),  n— oco.

(We have used the fact that & is bounded in probability.)
PROOF OF LEMMA 7. Fix an integer m > 0. On the event A,(J, k), see (2.33),

Dy =Y, 9 (Gr);

r<m

here g,(I) =0 for r > m, 1 > 0, and if r < m, then ¢g,(!) =0 for l =0 and ¢,(I) =1
for I > 0. So, using again (2.35), (2.37) and also the fact that z < 1, we obtain
similarly to (2.40) and (2.41):

(2.66) E(2%wm) = O(n™%/4) + wnSpm (2),

where

Snm(2) = coeffgn [ {1+ 2lexp(fr(z)) — 1]} - exp [Z fr(z) + u(z)}

(2.67) r<m e
= coeffzn T (2, 2),

and

(2.68) fr(z) = (g/p)a"tu(r)/r!, 21,

(cf. Wilf [22, Equation 7]). Hence, for m = n,,
(2.69) E(z%1) = O(n™%/*) + wnSa(2), Sn(z) = (2mi)~! / &= DT (g, 2)das
c

here T'(z,2) = Ty, (z,2) and C is again a circle of radius p < e~!. Set z = pe'?,
6 € (—m,n] and, as in the proof of Lemma 6, break the integral in two integrals,
over C; = {z = pe'?, || < n=%/12} and over C; = C\C}.

(a) |8] < n~3/12, In this case, for every r < n; (= [n!/®]), and large enough n,

Re(z") = p" cos(rf) > p" cos(ng - n~%/1%) > p7 /2,
$0
(2.70) |exp(fr(z))| = exp(Re f,(z)) > exp(f:(p)/2] > 1.
Further, notice that
T4zl - =el1-(1-2)(1-€eT)] (i =fr(2)),
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where, by (2.70) and z > 1/2,
(2.71) (1-2)1-e')<2(1-2) <L
Subsequently, see (2.67)-(2.69),

(2.72) (27ri)_l/ g~ OT(z, 2)dz = (27r)_1/ ) exp(K (z, 2)) (¢z) " 'dz,
c fl<n-5/12

where
(2.73) K@Z%ﬁwmn(%Hd)—M%x+L( z),
(2.74) =Y logll - (1-2)(1—e )],

r<n;

and there is used the principal branch of the logarithmic function, see (2.71).
Choose p a positive real root of K;(z,2) = 0, that is (see (2.73)),

(2.75) K:(z,2) =c }(n—c)e” —n/z+uz + Ly(z,2) =0.

To prove that (2.75) has a root p which is close to Z = ce™¢, consider z € (p1, p2),
where 0 < p; < Z < pa < e~!. By (2.68), (2.71) and (2.74), rather crudely

|Ly(z,2)| < (1—2)(22-1)" Ze‘f'f, (;—df;i))

r<n,

(2.76) <(1-2)(22-1)"1p! Z re I f,

r<n1
<(1-2)(2z-1)"tple n? = O(n'/?) (fe=f <e™).

Also u; = O(1); so using (2.46) again, we obtain: there exists a root p € (p1, p2)
such that
p=7+0(Mn 3 =z+0(Mn 3.

Furthermore, arguing as in (2.76) and applying (2.70), we can easily show that for
|0| < n—5/12,

|Lzz(z,2)| = O (Z r e—f'/Qf) (fr = fr(p))

= 0(n}) = O(n'/?),
or, uz; = 0(1),
Kqo(z,2) = n/z%(1 — ¢) + O(n"/12).

Since K;(p,2) = 0, we have then (cf. (2.54)-(2.56)):

K(z,2) = K(p,2) — [n/(1 - ¢)}6%/2 + O(n™'/*),
(2.77) K(p,2) = K(z,2) + [(c ' — 1/2)n + O(n*/?)](p — ) + O(n~1/4)

= K(z,2) + O(n~ /).

Thus, see (2.67),

(2.78) (27ri)_1/ 2~ (DT (2, 2) dz = [27n/(1 — ¢)] 7Y/ exp(K (Z, 2))(1 + o(1)).
C,
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(b) 6 > n=5/12_ To estimate the integral over Cy, we need the following inter-
esting inequality (cf. [15, Equation Al]): for 2 > 1/2,

(2.79) |1+ 2(e¥ — 1)| < exp[(Rey — [y])/2][1 + 2(e! - 1)].
(We will prove it later.) Now, for 8’s in question
Re f1(z) — |f1(2)] = (a/p)p(cos b — 1) < —xnb® < —xn'/®.
According to (2.67) and (2.68), we have then
|z7"T(, 2)| < exp(—xn'/®/2)p™"T(p, 2) = exp|K (p, 2) — xn'/®/2]
< explK (3, 2) — xn'/*/3),
see (2.77). Thus, by (2.78),

(27ri)_1/ e~ (T (g, 2) de
C2

= O(explK (2,2) — xn'//3)) = 0 (

Jol)

o 1712
(_lzTn_c_).] exp(K(Z,2))(1 + o(1)).

(c) It remains to evaluate K (Z, z). Since 7(ce™¢) = ¢, by (2.1), (2.38) and (2.73),
we get

and we conclude that

(2.80) (27ri)"1/ g~ ()T (2, 2) dz=[
c

K(Z,2) =c Y(n—c)(c—c?/2) +log(l—c)~ /2
—(¢/2 + c*/4) — nlog(ce™°) + L(z, 2),
so turn now to L(Z,z). Recalling that D, = [s,], where

(2.81)

sn = o~ 'log[a®?n/c(2m)"/? 10g® % n), a=c—1-loge
(thence D, = o(n,)), we can write

L(z,z) = Y log[l — (1-2)(1—e7'")]

r<n;
SDORID DI SR R
r<Dn, Dn<r<n;

Here
Zl = D,logz + Z loglz=te ™/ + (1 —e7I7)),
r<Dy,
and, for every fixed j = D, —r,
fr=c"Hn—=c)Z tu(r)/r! ~ ¢ n(2m) V252 (ez)"
~ ¢! (2m) 720D %% exp|-a(Dn - 7))
~ [c71(27) Y 2ns %2 exp(—asy )] explo(dn + 7)) (dn = 8pn — [3n])
~ expla(dn + 7)].
So,
(282) D =Dalogz+ loglz™'pu; + (1= pny)l +0(1), n— oo,
320
Pn; = exp{— expla(dn + 5)]}.
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Similarly,
(2.83) 22 = Zlog[pnj + 2(1 = pnj)] + o(1), n — oo.
7<0
Collecting together (2.80)-(2.83), we obtain

(27rz')‘1/ (DT (g, 2) de
C

~ (2mn)~Y2(e/c)" exp[nc/2 — 3¢/2 + ¢* /4]

2P [] log[pny + 2(1 = pny)] [ ] loglz™"pns + (1 = pnj)].
3<0 j20
Thus finally, by (2.60) and (2.69),
E(z%mm) = 2P T] loglpn; + 2(1 = puy))
7<0
[T 108[z"pns + (1 = pay)I(1 + 0(1)) + O(n~%/%).
j20
This leads to (2.64), since D,, ~ o~ !logn and z > e~%/2.
Let us prove the inequality (2.79). We have

1+ 2(e¥ — 1) = 2e¥/2[e¥/? + 271 (1 — 2)e™¥/%] = 2¢¥/2 chyj,

Jj20
where L .
L=z 1 - 2))/2
=1+ 771~ o)1yl L 0P
since z > 1/2. Therefore,
|1+ 2(e¥ — 1)| < zexp(Rey/2) Zcﬂy[i
Jj=20
Rey —|y ly| :
= exp [Tll] zexp (7 ZcﬂyP

320
= exp|(Rey — [y])/2][1 + 2(¢" —1)]. O

Theorem 4 is proved.

Note. Again, our proof relies heavily on the condition ¢ < 1, but it seems

plausible that Theorem 4 holds true for ¢ > 1 as well.
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