TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 313, Number i, May 1989

LOCAL PROPERTIES OF SECANT VARIETIES
IN SYMMETRIC PRODUCTS. PART II

TRYGVE JOHNSEN

ABSTRACT. Let V' be a linear system on a curve C. In Part I we described
a method for studying the secant varieties V; locally. The varieties V] are
contained in the d-fold symmetric product C(@) .

In this paper (Part II) we apply the methods from Part I. We give a formula
for local tangent space dimensions of the varieties I{" valid in all characteristics
(Theorem 2.4).

Assume tk ¥V = n+1 and charK = 0. In §§3 and 4 we describe in detail the
projectivized tangent cones of the varieties V,! for a large class of points. The
description is a generalization of earlier work on trisecants for a space curve.

In §5 we study the curve in C( consisting of divisors D such that 2D €
V! . We give multiplicity formulas for all points on this curve in C@ in terms
of local geometrical invariants of C . We assume charK =0.

1. INTRODUCTION

Let C be a nonsingular curve over a field K, and let V' C H® (C,L) be
a linear system on C, where L is a line bundle. Denote by CY the dth
symmetric product of C . The subschemes I{,’ of C'9 consist of those divisors
that impose at most d — r independent conditions on V. The V;’ are secant
varieties.

As an example consider the case where k¥ = 4 and V is very ample.
Then V defines an embedding of C into P’ . The sections of V are then
thought of as hyperplanes of P>. The variety V3I parametrizes those divisors
of degree 3 that consist of 3 collinear points on C in P>. Roughly speaking:
V3I parametrizes the trisecant lines of the embedded curve.

It is a well-known fact that the I{d' can be defined scheme-theoretically as

the zero schemes
d—r
Z(/\ +Ia) forr=1,...,d,

where ¢ is a canonical C'“-bundle map
0:V®0O.4—E,,
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206 TRYGVE JOHNSEN

and E; is a vector bundle of rank d on C @ obtained from L by a so-called
symmetrization process. See, for example, [ACGH, p. 340].

In Part I we constructed a computational device for studying the map o
and the varieties Vd' locally. Our main results were given in Theorem 4.2
and Proposition 4.4 of Part I. We constructed a local matrix description of o
and described the formal completion Oyd, D of the local ring of I{; at a point

(divisor) D. Such a local description is often trivial when D consists of d
distinct points. The main purpose with our results is to study the I{d’ at points

on the diagonal in C @) In Part II we will use the information from Part I to
obtain some geometrical results.

In §2 we give a formula for the tangent space dimension of the variety V;il
at a point D. The formula is valid in any characteristic.

In §3 we study a large class of points on the variety Vn1 ,where tkV =n+1.
We describe the tangent cones of VnI at such points, and in particular we give
a formula for the multiplicity of an at these points.

In §4 we find further properties of the tangent cones described in §3. We will
indicate when the projectivized tangent cones are singular. This is a generaliza-
tion of a result in [J] concerning trisecant lines for a space curve.

In §5 we study stationary bisecants for a nonsingular space curve. A stationary
bisecant is a bisecant line, where the curve tangents at the points of secancy
meet, or a tangent line at a point where the osculating plane of the curve is
hyperosculating. We define a curve in C @) that parametrizes these situations,
and we describe the local structure of this curve. We find out how the tangent
cone of the curve in C? at a secant divisor is determined by the local geometry
of C at the points of secancy. The study of stationary bisecants was proposed
to the author by Ignacio Sols. Similar results to those of our §5 have been
found independently by Miguel Gonzalez [G]. He uses bundles of principal
parts. Global properties of the varieties I{; and of the various diagonals in
C' are described in [ACGH, Chapter VIII], in the case K = C. Our paper
can be read as a local supplement of that chapter.

Remark. References to results and formulas in Part I will be marked by the
prefix I. Theorem 1.4.2. means Theorem 4.2. of Part I, equation 1.(4.1) means
equation (4.1) of Part I and so on.

| d
2. THE TANGENT SPACE DIMENSION OF V,; AT D € c'?

The varieties le are interesting since they parametrize divisors that are
“special” with respect to the linear systems V.
Let D = Ele d.P.,where D e le , and the P, are distinct pointson C. We

[

will use Theorem 1.4.2. to compute the tangent space dimension of Va,l at D.
The Brill-Noether matrix BN (see 1.(4.2)) consists of k groups of consecutive
rows, where the ith group (consisting of d; rows) corresponds to the point P,,
fori=1,...,k.
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Definition 2.1. /, is the maximal integer s € {0, ...,d, — 1} such that the
matrix consisting of all rows of BN except the (s + 1)st row in the ith group
has rank d — 1. If no such integer exists, set /, = —1.

Explanation. Assume for simplicity that V' is base-point free and thus maps
C into some P". For a chosen set of local parameters of C at the P, we can
talk about derivative vectors of C at the P;. Call the point P, itself the Oth
derivative vector of C at P,. Then /; is the maximal integer s € {0, ... ,d,—1}
such that the union of the Oth, ..., §th, ..., (d, — 1)st derivative vectors of C at
P, and the Oth, ... ,(d = 1)st derivative vectors at Pj ,for j#i,spana d -2
plane in P". If no such s exists, then /, = — '

Observation 2.2. D e I/‘12¢1i=—1 fori=1,...,k.

Definition 2.3. Assume D' € C for some d' € N. Denote by V(~D') the
linear system V NH 0(C ,L(-D')). We now give the main result of this section
(valid in any characteristic).

Theorem 2.4. The tangent space dimension of Vdl at D is

k
min(d,rkV( Zd +1+1) )+2d—n—2) , wherertkV =n+1.
i=1

Proof. It is enough to study the constant and linear parts of the matrix M
(I.(4.1)). Since tk BN < d—1, we may assume that only the d—1 first columns
of BN are nonzero. Since we will only study the linear parts of the d-minors,
we may assume that the entries in the d — 1 first columns are constant. Assume
first D = dP. We may drop the index { in M, and we have

o ... d4-20 (1)@ ay_y 484
a . Ggogy (=1 2ag_ g gs4-1 + (1) gy 44154
M= . .

Aod-1 - Ggo24-1 Gg—r1gsi+-+ (=D Nag_ 20184
(1) a, 454
('l)d_zan,dsd—l + (_l)d_lan,dﬂsd
Qg8 +o (=14 g, 50 s,
n.d->1 n,2d—19d

. . i—1 .
Here we used that the linear part of Wj(S, s s 8y) 18 (-1 5 for j =

.,d. See 1.(3.4). Let D, , be the d — 1 minor formed by the d — 1
first columns of M (or BN ) minus the jth row. We see that / is the largest
integer j such that D ,#0 if such an integer exists (see Definition 2.1).

The linear parts of the n + 2 — d relations cutting out V;,' are (up to signs):
(@ DSy = (@5 g1 Dy + a; gDy )s4 g+

!
+(=1)(a; 4, D+ +a; ;Dy)s,

for i=d-1,
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The coefficient matrix of these relations in s, ... ,s, is easily seen to have
the same rank as
Agrd - Y1 d4l
N = : :
Ad - Qg

Hence the tangent space dimension of V;' at Disd-rkN if [ >0 and d
otherwise. Assume first / > 0. Let us find

tkV(=(l+d + 1)P).

Since / > 0, Observation 2.2. gives that the matrix BN has rank exactly d -1,
and therefore a section contained in V' (—dP) must be of the form ¢,_, X, _, +
--+c, X, , where the ¢ ;€ K, and where X f is the section corresponding to the
(j+ 1)st column of M . The conditions that such a section should be contained

in V(-(/+d+1)P) are

Ay 4€qy t+ ot a, 0, =0,

Ay griCar Tt Gy 4, =0
These equations in the variables ¢, _,, ... ,c, give rise to a coefficient matrix,
which is the transpose of N .
Hence rkV(—(/+d+1)P) = n—d+2-r1k N, and we deduce that the tangent
space dimension of Vdl at D is

d-tkN=2d-n-2+rkV(-(l+d+1)P).

Since rk V(—(/+d+1)P) <tk V(-dP) = n—d+2, our tangent space dimension
is at most (2d —n—2)+(n—d+2) = d . Hence the theorem holds when D =dP,
and / >0.

When D =dP and / = —1, the tangent space dimension is d since all the
D ; are zero. On the other hand,

2d-n-2+r1kV(-(l+d+1)P)=2d —n—-2+1kV(-dP)
=(2d-n-2)+(n+1—-1kBN)>d +1
since tkBN < d —2. Hence d is the minimum of d and 2d —n -2+
tk V(—=(l +d + 1)P). Our proof is now complete in the case D = dP. The

general case follows easily using the same argument for each group of d; rows
of M.

3. A LOCAL STUDY OF Vnl WHERE tkV =n+12>4

In [J, Theorem 2.3.1], we gave a multiplicity formula for trisecant lines to a
space curve. In this section we will generalize this formula.
Let D e C"™ be a point of Vnl , where tkV =n+1>4. Assume:

(1) for each D' € """, such that D' < D, we have D' ¢ V' ;
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(2)if D=Y",nP (all n,>0),then D+P, ¢ V,
(3) charK =0 and K =K.

for i=1,...,k;

n+l ’

Proposition 3.1. Under assumptions (1), (2) and (3), we have:

(a) the tangent space dimension of an at D is tkV(-2D) + n — 2, where
tkV(-2D) is 0 or 1;

(b) dimO,,”l p=n-—2;

(c) the multiplicity of an at D is the largest integer s such that tk V(—sD) >
1 (with equality if I/;' is singular at D).
Proof. Let I, for i = 1,...,k, be the integers described in Definition 2.1.
Assumption (1) gives /[, = n, — 1 for all /. The tangent space dimension

formula in (a) is then a special case of Theorem 2.4, and it holds also when
charX > 0.

Assumption (2) gives that rk V(- 2D) is 0 or 1, because if rk V' (-2D) > 2,
then 2D € V'l+l and then D+ P, € Vn+l forall i € {1,...,k}. Hence (a)
holds.

By general facts about determinantial varieties, we have dim OV”I p2n- 2.

If rk V(-2D) = 0, then the tangent space dimension of Vnl at D is n—2 by
(a). Hence, dim OV". p < n—2,and (b) follows. Furthermore Vnl is nonsingular

at D in this case. Hence the multiplicity of V;‘ at D is 1. Since tk V' (-2D) =
0,and rkV(—1-D) > 2 > 1, the number given in (c) is also 1. Hence (c)
follows when rk V' (-2D) =

It remains to prove (b) and (c) when rk ¥ (-2D) = 1. Let V' be generated by
the sections {X,...,X,}. rkV(-D) > 2 since D € Vnl ,and rkV(-D) <2
since D ¢ V. by (1).

Hence rkV(-D) = 2, and we may assume that X, |, and X, generate
V(—D). This means that the entries in the two last columns of the BN matrix
(see 1.(4.2)) are zero.

We may assume that X, generates V' (—2D) since rk ¥ (-2D) = 1. The
matrix M of 1.(4.1) will have constant terms only in the entries of the n — 1
first columns, correspondingto X, ..., X, , (since X, ,,X, arein V(-D)).
On the other hand, each of these n--1 columns will have at least one entry with
a nonzero constant term. This implies that the ideal generated by the n-minors
of M is, in fact, generated by the two n-minors obtained by disregarding each
of the two last columns, corresponding to X, , and X, . We call these minors
R,_, and R, , respectively.

The strategy now is as follows: (1) and (2) imply that the leading form of
R, is linear in the variables Sy Sk . One uses R, to express one of the
8; j»Say S,y iy, S @ power series in the remaining s, ; modulo the ideal (R,)

in K[[s]]. Then one substitutes this power series for Si0.j0 in R, _, togeta

new relation R in the remaining s, .. Using I.(3.4) it is easy to show that
n—1 [V
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the leading form of R _, is of degree m, where m is
max{s|rk V(-sD) = 1} > 2.

It is less obvious, but still true, that the leading form of ﬁn_l is of degree m
also. The verification of this is done in detail in [Prpr] for the case D = nP.
There we also indicate how this verification can be modified to apply to the
general case D = Zf.‘:l n;P,. This gives the conclusion of our proposition.

Definition 3.2. For a variety X and a point P in X the tangent cone 7,(X)

of X at P is
Spec (@m'/m”') ,

i=0
where m is the maximal ideal of the local ring O, ,.

The projectivized tangent cone P7,(X) of X at P is

Proj (@ mi/mi+l) .
i=0

Corollary 3.3. Under (1), (2) and (3), the projectivized tangent cone P%(an)
is a hypersurface of degree m in P""% where

m = max{s|rk V(-sD) > 1}.
Proof. Corollary 3.3 follows from the proof of Proposition 3.1.

4. THE TANGENT CONE ‘70(an) , WHERE tkV =n+12>4

In this section we will not always prove our assertions. Our goal is to give
a geometrical interpretation of ‘7D(an) (or P*Z)(an)) described at the end of
§3.

In §3 we studied a point D in V,', where tk ¥ = n+ 1 > 4. Under (1), (2)
and (3) of §3 we gave a description of the dimension, embedding dimension
and multiplicity of an at D.

A question which then arises naturally is: When is the projectivized tangent
cone PZ,(VJ) singular? If » = 3 and Vn1 is a curve, then P‘Z)(an) is singular
if an does not have normal crossings at D ; we also say that an possesses a
nonordinary singularity at D in this case. In [J] we gave necessary and sufficient
local conditions on C for determining whether the trisecant curve (essentially
V;) possesses nonordinary singularities or not. We want to generalize these

conditions to apply to any Vnl , h >3, where tkV =n+ 1. In order to do this
we assume:

2 V is base-point free and D + P ¢ Vn2

+1

for any point P € C.

Assumption (2') is, of course, a strengthening of (2) of §3; but this strength-
ening is of no importance for the local geometry of VnI at D. Whatever local
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result we prove for Vnl at D under (1), (2') and (3) will also hold under As-
sumptions (1), (2) and (3). This is true because the matrix M (see 1.(4.1)) is
only dependent on the behaviour of V' at the points P, ..., P, , and because
any base point of V' is outside {P,,...,P.} by (1).

Under (2') V definesamap ¢: C — C c P". Let G=G(n—-2,n) be the
Grassmannian, which parametrizes the n — 2 planes in P".

For an n—2 plane H denote by [H] the corresponding point in G. Denote
by F the incidence variety

{({H],P) € G x P"|P € H}.
Consider the following diagram:
F

/ Ul\
%,
i o

Here p and g are the natural projection maps from F to P" and G, respec-
tively, and &, =p~'(C).

Let Sec be the subvariety of G cut out by the sheaf of O -ideals: F -l (4.0g,),
that is, the sheaf of (n — 1)st. Fitting ideals of the O;-sheaf ¢,0, . Then Sec
parametrizes n — 2 planes that are n-secant to C. This definition of Sec is
taken from [GP], where the case n = 3 is treated. Asin §3 set D =} n.P,
where Y n, =n.

Assume D € an , and that (1), (2') and (3) hold. Then D spans a unique

n—2 plane; thatis, P, ..., P, and the n,— 1 first derivative vectors of C at
P for i=1,...,k, span a unique n — 2 plane H.
We make the following claim:
1
(4.1) Ip(Vy) = Ty (Sec).
In fact, we strongly believe
(4.2) Oy1 p =~ Osec (my-

We have not made any attempts to prove (4.2), but we have proved (4.1) when
D consists of n distinct points.

To find ‘71)(an) one simply calculates the leading forms of the relations
R,_,(s) and R, (s) described in the proof of Proposition 3.1. In [J] an explicit
description of <7[ H](Sec) is given in the case where n = 3, whether D consists
of three distinct points or not.

It is easy, but a little painstaking, to generalize this explicit description to
arbitrary n > 3, when the »n points of D are distinct. Comparing the two
tangent cones one sees that they are isomorphic.

We omit the very technical calculations here. In principle the same method
should work when the n points are not distinct.
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Definition 4.1. For a curve C and a hypersurface M in P", denote by
I(P,C N M) the usual intersection number between C and M at P.

In the following we will only use (4.1) in Corollary 4.4. Assume that (1), (2')
and (3) hold for D. From Proposition 3.1(a) and from local results about Sec
we have: Sec is singular at [H] & Vnl is singular at D < There exists a unique
hyperplane # in P" with

I(P,,CnZ)>2n, fori=1,... k.

We have Sec ¢ G c P° for some large S. Making explicit calculations
analogous to those in [GP and J] one finds that the embedded (compactified)
tangent space in P to Sec at [Hlis #Z C G C PS, where # isthe n— 1
plane in G, which parametrizes the n — 2 planes in the hyperplane # c P" .

Hence the embedded tangent cone in PS5 1o Sec at [H] is a union of an
(n — 3)-dimensional family of lines in # . Each point of the projectivized
tangent cone PYIH](Sec) or PYD(V;) corresponds to one such line.

A line L in # through [H] is a nesting of a one-dimensional family of
n—2 planes in # containing a fixed n — 3 plane s, contained in H.

Hence each point of PY[H](Sec) and PYD(V,:) corresponds to an n—3 plane
h, in the n —2 plane H. Denote by [A] the point in H corresponding to
an n — 3 plane h, where H is the n — 2 plane which parametrizes the n — 3
planes in H .

By Corollary 3.3, P%(Vn') is a hypersurface of degree

m = max{s|tk V(-sD) > 1}

in P"2. From the above discussion it is clear that a natural geometrical inter-
pretation of this P2 is A, and that

P.7[ w(Sec) = {[4,]|L is a line in # through [H], such that
L is contained in the embedded tangent cone to Sec at [H]}.

Two problems now arise in a natural way:

(i) Find those n — 3 planes 4 in H such that [h] € PZH](SCC).

(ii) Find those n — 3 planes 4 in H such that [A] is a singular point of
P‘?[ )(Sec).

We state without proofs the solutions to problems (i) and (ii) (Results 4.2
and 4.3, respectively). Result 4.2 is a generalization of Theorem 2.3.2 of [J],
and Result 4.3 is a generalization of Theorem 2.3.3 in [J].

We have proved Results 4.2 and 4.3 in the case where D consists of n
distinct points, but we omit the technical details here.

Result 4.2. Under (1), (2') and (3) we have [k] € PYIH](Sec) if and only if
there exists a hypersurface M in P" such that:

(a) degM = m + 1, and M has a singularity of multiplicity at least m at
all points of 4;
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(b) I(P,,MNC)>(m+1)n, forall PLeHNC;

(c) m-HCMNXZ ,ie I(M)C (I(#Z)+I(H)"),and H ¢ Sing(M);

(d) the equation defining M in P" is equal to the equation of a cone of
degree m+1 with A contained in its vertex set, modulo the square of the ideal
defining H .

Remark. M can be taken to be a union of a one-dimensional family of n — 2
planes containing H . Thus M gives rise to a curve [ in G. The tangent line
to [ at [H] is L, where h=h, .

Result 4.3. Under (1), (2') and (3) we have: [h] is a singular point of

P.9[’ ) (Sec) if and only if there exists a hypersurface N in P” such that:
(a) N is a cone of degree m, and h is contained in the vertex set of N;
(b) I(P,,CNN)>(m+1)n, for i=1,...,k;

(c) H ¢ Sing(N).

Corollary 4.4. Assume that (1), (2), (3), and (4.1) hold for D. We have:
P ( Vn') is singular if and only if there exists a cone N and an n — 3 plane h
as described in Result 4.3(a), (b), (c).

5. STATIONARY BISECANTS FOR A SPACE CURVE

In §5 we assume charK = 0, and K = K. Let C be a nonsingular curve
in P*, and let P, and P, be points on C. The line P P, is usually called a
stationary bisecant if the tangents to C at P, and P, meet. In general there
is a one-dimensional family of stationary bisecants for a space curve. We will
define a scheme in C®, which essentially parametrizes divisors P, + P, with
P, and P, as described. Some divisors 2P may also occur as points on this
scheme in C? since tangent lines are in some sense bisecants.

Let C be mapped into P’ by evaluating sections of some linear system V
of rank 4. Consider the map:

(5.1) i:c® 5™, where i(D) = 2D
for divisors D in C?.

Definition 5.1. The scheme of stationary bisecants for C with respect to V is

it

Remark 5.2. Clearly D€ i"'(V,) @ 2D € V,'. If P, # P,, then P, + P, €
i_'(V4') < the tangent lines to C at P, and P, meet.

We also have:

2P € i"( V4') < P is a flex on C, or the osculating plane of C at P is
hyperosculating.

It will follow from the proofs of Propositions 5.3 and 5.5 that i_l(V4') is
either a curve or empty.
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We will use Theorem 1.4.2. to determine the multiplicity of i_l(V4') at an
arbitrary point D (in C(z)) in terms of the local geometry of C at the secant
points in P’. The cases D = 2P and D = P, + P, (P, # P,) will be treated
separately. As before we denote by I(Q,C N F) the intersection multiplicity
between a curve C and a surface F at a point Q in P.

The multiplicity of the curve i_l(V4') at D =P + P,. Assume P, # P,,
and let L be the line P P,. Set n, = I(P,,CNH) for i =1,2, where H
is a general member of the pencil of planes containing L. We may assume
n 2n,.

Let r be the maximal integer such that there exists a plane H with

I(P,,CNH)>2n;+r fori=1,2.
Let r, be the maximal integer such that there exists a plane H, containing L
with
I(P,,CNH,) =n,+r,.

Proposition 5.3. The multiplicity of the curve i~ (V;‘) at P+ P, is
min(n, +n, +r—2,2n,+r, - 1).

Proof. Choose coordinates X, X, X,,X; for P’ , and let ¢, be a local pa-
rameter at P, for i =1,2. Without loss of generality we choose

X, =1,
X, =t +k;,
_ j

Xy =3 @ jtis

Jj2n;

j

Xy= ) Bt

Jj2Zni+r

as local parametrizations at P, for i=1,2.

By the definitions of n,, n,, and r, we may assume that . and O
are nonzero, and that S, mar OF B, atr is nonzero.

We see that the line L = P P, has equations X, = X; = 0, and that P, =
(1,k;,0,0) for i=1,2, with k, #k,.

The unique plane (if any) that intersects C at least n, + 1 times at P, for
i=1,2, hasequation X;=0. This is also the equation of H, .

By Theorem 1.4.2, we have

Oy1 aps2p, Z KISy 1551 5557 155, 011/ (det M),

where

ky+ 51,1 Ejz,,]al,jo(Sl.hSl.z) Ejz,,l+,ﬂ1,j”"j(31,1,51,2)
1 ij,,l oy jWi—i(s1,1,51,2) 212n|+r BiiWi=1(s1,1,81,2)
ky + 52,1 E/‘zn: a2, jWj(s2,1,522) E/anw B2, jWi(s21,522)
1 Ejan ay jWi-1(s2,1,522) E,-Z,,2+, B2 jWi—1(s2,1,82,2)

O = O -
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The map i: c® - ¥ where i(D) = 2D induces a map

x| b}
L2 Ucw ap42p, = Yoo p1py
Now

Oc 2p,+2p, = Oco 2, ® Ocw »p,
> K[ls) 158558 1,51,

where the s, ; can be regarded as formal, algebraically independent, variables.
s, ; can also be regarded as the jth elementary function in two replicas

Lol of the local parameter ¢, of C at P, for [ =1,2, j=1,2.
Furthermore,

Ocer pvp, = Oc p, % Oc p, = KI[I2,, 1,]1.

Hence we regard i* as a map
K3
i KIS, 155, 55 15 511 = K, 1,11

We have Oi—l([/“l),pl_‘_pz ~ K[z, ,8,]1/ detM(i*sl,l yeee ’i*sz,z) . Clearly i*sl,j =
s,,j(t,,t,), l=1,2, j=1,2. From L.(3.5) we then obtain

PWt) = Wi(i's; 078 ,) =+ 1.
This implies that

0,'~1(V41)’p|+p2 = K[[tl s tz]]/(R) s
where R is the determinant of the matrix obtained from A by substituting
Wi(s;18,) by (j+ )y for I=1,2, j>0.

Calculation gives that the leading form of R is
(5:2) (ky =k, (my 4 1)y By oty = Py + )0ty By W 8165377
or

2ny+ry—1
(5.3) 2% B2 pyir, 2 J
or the sum of these forms.

One must check that neither of the forms vanishes identically as a polynomial
in ¢,,¢,, and that the forms do not cancel each other. Clearly (5.3) does not
vanish. (5.3) cancels (5.2) only if n, =1, but then n, =1 also, and the forms
have different degrees. Hence they do not cancel each other. For the form (5.2)
we have two cases:

(a) r =0. Then the form vanishes iff

a] ,n.BZ,nz - az,nzﬂ] ,ny = 0'
But the last expression is zero if and only if there is a plane H, with
I(P,,CNH)>n,+1 fori=1,2.

This would contradict the definition of r, so the form does not vanish.
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(b) r > 0. The form does not vanish since
(i) ky #ky,

(ii) a, , and a, , are nonzero, and
e i ‘nz .
(i1i) ﬂl,mH or BZ,n2+r is nonzero.

Hence the multiplicity of i_'(V4') at P, + P, is equal to the degree of the

leading form of R:
min(n, +n, —2+r,2n,+r, - 1).
This gives the proposition.
Corollary 5.4. If a stationary secant PTE is not a tangent to C at any of the
points P, P,, then the multiplicity of i_l(V41) at P+ P, is
r=min(I(P,,CNH),I(P,,CNH)) -1,

where H is the plane spanned by the tangent lines to C at P, and P,.

The multiplicity of i_‘(V41) at D=2P. Let L be the tangent line to C at
the point P. Set m, = max{/|/P € V,[_Z} or, equivalently, m, = I(P,CNH)
for a general member H of the pencil of planes containing L. If P is not
a flex on C, then m, = 2. Set m,; = max{/|/P € V,l‘3} or, equivalently,
my =max,~, {I(P,CNH)}. Clearly my > m,+1.

We now give our main result in the case D = 2P.

Proposition 5.5. The multiplicity of i~'(V,') at 2P is [(m,+m)/2] -2, where
[x] means the integral part of the real number x .

Proof. Let t be a local parameter for C at P. Without loss of generality we
may assume that C is parametrized locally at P as

X, =1,

X, =t,

X, = Zajtj, amzaéO,
j2my

X, = Z pjt’, B, #0.
Jj2ms

Let s,,s,,5;,5, be local parameters for C¥ at 4P, where the s, are the k th
elementary functions in ¢,,t,,¢,,1,; four replicas of ¢.

By Theorem 1.4.2, we have
= KI[[s, ,$,,5;,5,]1/(det M),

)

v, 4P

where

[

s Tl T 8w
01 LW (s v8W
00 Zjaju/j_z(ﬁ) Zjﬂju/j_z(s)
0 0 Ejaj”/j_3(§) Zjﬂju/j_g,(s)

M =
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We see that
detM = Z oW, ,(s)- ; BiW,_s(s)
j=>mj j2zm;
(5.4) !
=3 W59 Y W)
jzm; jzm;

Let S, and S, be local parameters of c? at 2P, where the S, are the
k th symmetric functions in T, T, ; two formal replicas of .
The map (5.1) induces a map

i": K[[s,,5,,85,5,01 = KIS, , S, ]I

Clearly 0,._,(,,4.),2 » = K[[S,,S,]I/(R), where R is the power series obtained
by substituting i*sk for 5, in (5.2), for k = 1,2,3,4. The multiplicity
mult,,(i~'(V,')) is the lowest value e, + e, for any term S7'S;’ occurring in
R. We will first find the i‘sk . Let 5, = 5,(¢,,1,, t;,1,); that is: Regard s, as
the & th elementary symmetric function in four replicas of ¢ for k=1, ... ,4.

We define

v (T,,T,) =s.(T,,T,,T,,T,).

Clearly y,(T,,T,) is symmetricin T,,T, for k =1, ... ,k. Hence there
are unique functions ¢, (S, ,S,) such that
¢k(S](T] s Tz) ,Sz(Tl s Tz)) = Wk(Tl s Tp_)
fori=1,...,k.
One sees that i"s,(S,,S,) = ¢,(S,,S,) forall k.
We then obtain
i*s, =28, i's,=S8l+4S,,

x K 2
i's3=2S5S,, i's,=3S5,.

We have
R= ¥ aliW,)- ¥ AW,
j2m, j2ms
(5.5) ! . .
- Z aj(l u/j_.;;)’ Z ﬂj(l I/Vj_z),
j2my jzm;

where iI"W, = W,(i*s,, ... ,i"s,) forall /.

We now must verify that the leading form of R in the variables S, and S,
is as stated in Proposition 5.5. This was done in detail in [Prpr]. We omit the
very technical calculations here.

Corollary 5.6. If P is not a flex on C, then the multiplicity of i"'(V4') at 2P
is [my/2]~ 1, where my = I(P,C N H), for the osculating plane H of C at
pP.
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Comment 5.7. Assume:

(a) No plane intersects C more than four times at any point;

(b) C has no bitangents;

(c) C has no flexes;

(d) no plane is osculating at more than one point of C;

(e) for each tangential trisecant line to C tangentto C at say P, and inter-
secting C transversally at say P,, the osculating plane at P, does not contain
the tangent to C at P,.

Then it follows from Propositions 5.3 and 5.5 that the curve i"l(V41) is
nonsingular.

A nonsingular space curve has only finitely many tangential trisecants, flexes,
bitangents, and hyperosculating or biosculating planes. Hence it follows that
the curve (scheme) i_l(V41) is always reduced.

This curve however, might, be reducible. As an example of this, take C as
the complete intersection of two quadric surfaces. Then C is contained in four
quadric cones, and each generatrix of each such cone is a stationary bisecant
line. Hence i_l(V;l) has (at least) four components in this case.

A geometrical interpretation of the tangent cone Z)(i_'(V‘,'). In Definition
3.2 we described the (projectivized) tangent cone of a variety at a point. The
tangent cone of the curve i_'(V4') at a point D is determined by the leading
form of the relation R as given in (5.5) in the case D = 2P, or as in (5.2)
and (5.3) where the leading form is given explicitly in the case D = P, + P,,
P #P,.

In both cases the tangent cone is determined by a homogeneous polynomial
of degree m in two variables, where m is the multiplicity of i_l(V41) at D.
This polynomial splits into m linear factors. It turns out that in many cases
each linear factor in the leading form corresponds to a point on the secant line
L with a certain geometrical significance. Clearly each linear factor corresponds
to a point of the projectivized tangent cone P?D(i_'(V“')) . Hence we have an
analogy to Result 4.2 in these cases. We would like to explain this more closely.

As usual we denote by /(L) the point in the Grassmannian G = G(1,3)
corresponding to a line L. Set

B = {I(L)|L satisfies (a) or (b) below}.

(a) LNC ={P,P)},and L isnot a tangent line to C.

(b) LNC = {P}, and L is a tangent, but not a flex tangent line to C at P.

By the Trisecant Lemma the closure B is a surface in G. It is a standard
fact that B is locally isomorphic to C 2 at points of B under the map that
sends the secant (tangent) line /(L) to the divisor P, + P,(2P). Moreover B
is nonsingular at points of B.

Let S be the subcurve of B corresponding to stationary bisecants in the
sense described earlier. Then S is locally isomorphic to i_'(V4') at points of
SNB.
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Consider the Pliicker embedding G C P’. It is a well-known fact (see, for
example, [GP, p. 16]) that the points of S N B are exactly those points of B
such that the embedded tangent planes to B in P’ are globally contained in
G (in fact as B-planes). For a point /(L) on SN B, this tangent plane is H,
where H is the stationary plane in P’ spanned by the divisor 2D on C.

This information implies that if C is not contained in a cone consisting of
stationary bisecant lines, then the family of stationary bisecant lines envelope
another curve % in P’.

Considering the stationary bisecants as dual lines, the same family envelopes
a curve [in P°.

The following is easily verified.

(1) C is on a cone consisting of stationary bisecant lines < 4 component
of & degenerates to a point < A4 component of [ is plane.

(2) € and [ are dual to each other, that is, [ parametrizes the osculating
planes of #, and vice versa.

(3) [ parametrizes the bitangent planes of C.

Since i_'(V4') is locally isomorphic to S at points of SN B, we can study
the tangent cone to S at /(L) instead of that of i_l(V41) at D. Since the
embedded tangent space of B at /(L) is the dual plane H, we can embed

Z( L)(S) as a union of m lines in H through the point /(L). But a line in

H c G through /(L) corresponds to a pencil of lines in H C P’ through some
point Q of L. Such points Q of L are exactly the points of LN% arising
from the local branch(es) of S. This means that the explicit calculations of
the leading forms performed earlier in §5 tell us how the points of LN% are
located in Cases a and b.

Casea. LNC ={P,P,},L isnot a tangent line. Set
r=min(/(P,,CNnH),I(P,,CNH))-1

for the stationary plane H. By (5.2) the leading form in t,t, is (up to a

constant)
r r

ap By ity oy Byt
Hence the multiplicity m is r, and we get r distinct points of LN% outside
C unless either f, a1 O By ., is zero. If, say, B ++1 = 0, which means
I(P,,CNH)>r+1,thenall r pointsof LN& collapse to one point. It turns
out that this single point is P,. See Result 5.8. below, or Remark 5.9.

Caseb. LNC ={P}, L istangentto C at P,but P is not a flex. We recall
the definition m, = I(P,CNH), where H is the osculating (stationary) plane
of C at P.

We recall that the leading form in S, , S, is ng,—s)/ 2

when m, is odd and

(S, +kSZ)S'"’/ 22 when my is even. It turns out that the factor S, corresponds
to the (secant) point P of C N L, while the factor S, + kS, corresponds to a
point outside P. “In general,” when m, = 4, we get only the last factor.
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In Cases a and b, we have another description of the points of LN% arising
from the local branch(es) of S. Denote by m the multiplicity of S at /(L).

Result 5.8. Q € L is a point of % iff there exists a cone N of degree m + 1
with vertex at Q such that Sing(N) p L and:

Casea. I(P,,CNN)>m+2 for i=1,2.
Caseb. I(P,CNN)>2m+4.

Idea of proof- Let F be the surface in p’ swept out by the stationary bisecant
lines. Let C’' be a dummy curve on F transversal to the ruling around L.
Regard L as a singular trisecant to C U C'. The point /(L) is contained in a
nonreduced component of the trisecant curve in G. Then apply Result 4.3 in
the case n = 3.

Remark 5.9. Recall the local parametrizations of C introduced in the proof of
Proposition 5.3. Referring to these parametrizations, Result 5.8 translates in
Caseato Q=(1,k,0,0) isapointon LN%Z iff

r r+1
(kz —k> _ By iy . a2+,1
k -k e

- r+
ﬂz,r+| a|’|

A similar result can be obtained in Case b.

We might return to a more detailed study of the curves #,S,[ in another
paper. With the information we have now it is easy to compute the “expected”
genera, degrees, and numbers of cusps of these curves.
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