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THE LIFTING PROBLEM FOR AFFINE STRUCTURES
IN NILPOTENT LIE GROUPS

NGUIFFO B. BOYOM

ABSTRACT. Affine manifolds occur in several situations in pure and applied
mathematics, (e.g. leaves of Lagrangian foliations, completely integrable Hamil-
tonian systems, linear representations of virtually polycyclic groups, geometric
quantization and so on). This work is devoted to left invariant affinely flat
structures in Lie groups. We are mainly concerned with the following situa-
tion. Let G and Gy be nilpotent Lie groups of dimension n + 1 and n,
respectively and let 4: G — Gy be a continuous homomorphism from G onto
Gy . Given a left invariant affinely flat structure (Gg, V) the lifting problem
is to discover whether G has a left invariant affinely flat structure (G, V) such
that 4 becomes an affine morphism. In the present work we answer positively
when (Gy, Vg) is “normal”. Therefore the existence problem for a left invari-
ant complete affinely flat structure in nilpotent Lie groups is solved by applying
the following subsequent results. Let 2f(Gy) be the set of left invariant affinely
flat structures in the nilpotent Lie group Gp, (1°) 2f(Gp) # @ implies the
existence of normal structure (Go, Vo) € Af(Gy); (2°) h: G — Gy being as
above every normal structure (Gp, V) has a normal lifted in 2f(G).

0. INTRODUCTION

Let G be a real, connected, nilpotent Lie group with the Lie algebra g. Let
V be a left invariant linear connection in the Lie group G. We assume that
the linear connection V is locally flat and complete; then the couple (G,V)
is called an affine structure in the Lie group G. Let us denote by 2f(G) the
set of all affine structures in the Lie group G. If 2f(G) is nonempty then
every (G,V) € Af(G) will give rise to the linear representation of g in itself,
p: g — gl(g) which is given by the formula

(1) PX) Y =V, Y.

Since V is locally flat we get the following identities, py(X) Y — pg(Y) -
X=[X,Y1=0, pg(X)pg(Y)-Z = pg(¥)pg(X)-Z = pg(IX,¥])- Z =0, for
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(X,Y,Z) € gxgxg. The dual representation pg:g— gl(g") of g in its dual
space g is obtained by setting

(2) (P (X)O)(Y) = ~0(pg(X) - Y).

We consider the cochain complex C o (g,9") associated to the g-module

g . Let C(G,R) be the scalar cochain complex of the Lie group G [5, 11].
Since the vector space C(G,R) is the exterior algebra Ag", we get the anti-
symmetrization operator:

9:C, (8,9) — N\o",

which maps A\’ g*®g" onto A\’*'g". The map & is coherent with the cochain
complex structures, so that we get the linear map

9" HY (g.97) — H""'(G,R).

THE LIFTING PROBLEM. Let us suppose that 20f(G) is nonempty. Can one
find (G,V) € 2f(G) such that 8'(H, (s,5")) = H*(G,R)?

At the 1984 AMS-IMS-SIAM Summer Research Conferences in the Mathe-
matical Sciences, I sketched a proof of the following result:

Theorem. The vector space HZ(G,R) is spanned by 8'(H ;V (g,8")) when (G,
V) runs over Af(G).

In the present work I will prove the following result.

The lifting problem. Let G be a connected nilpotent Lie group with the Lie
algebra g. Suppose that Af(G) is nonempty. Then there is (G,V) € AF(G)
such that 8'(H, (g.9)) = H*(G,R).

Remark. The Lifting Theorem gives an alternative proof of the existence theo-
rem for affine structures in nilpotent Lie groups, [9]. Indeed, every nilpotent Lie
group is a central extension of a nilpotent Lie group; the Lifting Theorem shows
that one obtains (by induction with respect to dim G ) the existence theorem
for affine structures in every nilpotent Lie group, (see Proposition 1.1).

1. BACKGROUND MATERIAL

1.1. Koszul-Vinberg-structure. Let g be a finite dimensional Lie algebra. Let
p be a linear representation of g in itself with the following properties: for
every (X,Y,Z) in gxgxg we have

(K)) p(X)Y —p(Y)X - [X,Y]=0;

(K,) p(X)p(Y)Z — p(Y)p(X)Z - p[X,Y]Z =0.

Definition 1.1. A Koszul-Vinberg structure in the Lie algebra g is a linear rep-
resentation p: g — gl(g) with the properties (K,) and (K,).

We denote by KV(g) the set of Koszul-Vinberg structures in g. A Koszul-
Vinberg structure p € KV(g) is complete if for every fixed Y, € g the linear
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map X — '/’YO(X ) = p(X)Y, + X is a regular linear map of g in itself. It
is known that only solvable Lie algebras can admit complete Koszul-Vinberg
structures [5].

One sees that every affine structure (G,V) gives rise to unique complete
Koszul-Vinberg structure; conversely, let g be a solvable Lie algebra with a com-
plete Koszul-Vinberg structure p; let G be the connected and simply connected
Lie group with the Lie algebra g. Then there is a unique affine representation
of G in the vector space g, s — (g(s), f(s)) € g x GL(g) such that

d(q9f)e = (lg ’p)'
In other words, let X € g and let exptX be the one parameter subgroup which
is generated by X, then for every Y € g we have
exptX)-Y-Y
lim £(&*P£X) —p(X)Y, lim
1—0 t =0

1.2. The Chevalley-Koszul cohomology spaces. In the following we deal with
cohomology space of the Lie group G with coefficients in G-modules.

= X.

q(exptX)
t

Let p be a linear representation of the Lie algebra g in the vector space V.
We denote C p(g, V) the cochain complex which is defined as follows (cf. [3,

11]):
C,(8, V) =EPHom(\ g, 7).
p

We set C)(g,V) = Hom(A” g, V”). The coboundary operator

8: Cl(g,V)— C (g, V)
is defined by setting
80Xy, ... X,) = 3 (=D p(X)p(X, ... X,y )

1
+3 DX, XXX, X).
k<j

One easily verifies that 52=0. Let
Z!(g,V) =Ker(8: C(3,V) — C*'(g,V))

and
By(3,V)=46C;" (8, ).

The pth V-valued cohomology space of g is H(g,V)=Z](s,V)/B5(s,V).
Let us consider the particular case where V is the trivial g-module R. Then
Cy(g,R) can be identified with the exterior algebra Ag" of the dual space of
g. In that case the cohomology space Hj (g, R) is denoted H”(g,R).
Let G be a connected Lie group with the Lie algebra g. Then the cohomology
space Hg (g,R) is called the pth scalar cohomology space of the Lie group G
and we set H?(G,R) = H?(g,R).
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1.3. Let us consider a connected Lie group G with the Lie algebra g. Let
(G,V) € Af(G). We define the associated Koszul-Vinberg structure in g by
setting
py(X)Y =V, Y
for every (X,Y) € g x g. The dual representation pg,: g — gl/(g") is defined
by putting
(po(X)0)(Y) = —6(pg(X)Y)
forevery (6,X,Y)eg xgxg.
Let us consider the antisymmetrization operator

p * P+l .
o: Hom(\ g,8") > A\ ¢';
it induces a cochain morphism va(g,g') — C(G,R) = Cy(g,R), so that we
get a linear map
1, 41 * 2
9':H, (3.8 — H'(G,R).

1.4. Geometrical meaning of the lifting problem. Let G be a connected nilpo-
tent Lie group with the Lie algebra g. Let H be a 1-dimensional connected
normal subgroup in G. It then follows that H is a central subgroup. Let us
assume that H is closed submanifold of G, then the factor group G = G/H
has a Lie group structure such that 1 - H — G — G — 1 is an exact sequence
of connected Lie groups.

If g is the Lie algebra of the Lie group G, the bracket operation in § is
obtained by a given 2-dimensional cocycle w € Z 2(9 ,R), so that by identifying
§ with the direct product R x g, we have

[(x,X),(y,Y)]=((X,Y),[X,Y])
for every ((x,X),(y,Y)) €gxg. Let (G,V) be a complete affine structure in
G and let [w] € HZ(G ,R) be the 2nd cohomology class of .

Definition 1.2. One says that the linear connection V has the [w]-lifting prop-
erty if [] liesin 8'(H,_ (s,8")).
If V has the [w]-lifting property, we can find ¢ € Z ;V(g,g') such that
¢ = w. In other words, ¢ being a linear map of g in g*, let us set
p(X)-Y =9p(X,Y);

the conditions d¢ = 0 and d¢ = w mean that forevery (X,Y,Z) in gxgxg
one has

9(X.,Y)-o(Y.X)=0w(X,Y),

P(X,pg(Y)Z) = o(Y,py(X)Z) - o([X,Y],Z) =0.
Therefore we define a linear map pg: § — g/(g) by setting pg(x,X)-(y,Y) =
(p(X,Y),pg(X)-T).
Proposition 1.1. The linear map p, defines a complete Koszul-Vinberg structure
in the Lie algebra §.
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Proof. Let (x,X) and (y,Y) be elements in g. We compute
(i)
Po(x,X)-(y-Y)=pg(y,Y)(x,X) - [(x,X),(y,Y)]
=(p(X,Y), pg(X)Y) = (9(Y, X), p(Y)X) - (0(X,Y),[X,Y])
=(p(X,Y)-o(Y,X) - 0(X,Y),p(X)Y - p(Y)X —[X,Y]) = (0,0).
(ii)
Po(x, X)pg(v,Y) (2,Z) - pg(y,Y)by(x,X)(z,Z)
- Py((X,Y),[X,Y])(z,Z)
=pg(x, X)(0(Y,Z),py(Y)Z) - pg(v,Y)(9(X,Z), p(X)Z)
—(p([X,Y],Z),po([X,Y])Z)
=(9(X,pg(Y)Z) - 9(Y, pgy(X)Z) - 9([X, Y], Z), po(X)py(Y)Z
= Py(V)pg(X)Z - py(lX,Y)Z)
=(0,0).

(iii) It remains to prove that j, is complete. Let (y,, Y,) be a fixed element
in g and let (x, X) be an element of § such that o (x,X)(y,, Yy +(x,X) =
(0,0). Then (x,X) is solution of the following system:

p(X,Y))+x=0, py(X)Y,+ X =0.

Since (G,V) is a complete affine structure in G, the Koszul-Vinberg structure
py is complete, so that py(X)Y, + X =0 implies X = 0. It follows that pg
is a complete Koszul-Vinberg structure in §. 0O

_ Now by virtue of Proposition 1.1, we define 1he affine structure (5,6) in
G by setting V (v, Y) = py(x,X)(y,Y). (G,V) induces the trivial affine

structure (H,0) in the subgroup H C 6, so that the exact sequence 1 —
H — G — G — 1 is an exact sequence of affine structures. Therefore, if some
(G, V) issuch that 8'(H ;V (8,9)) = HZ(G ,R), then every central extension of

the Lie group G, 1 - H — G — G — 1, has an affine structure (5 , 6) which
is projected to (G,V). This is the geometrical interpretation of the lifting
problem.

1.5. Lower central series of nilpotent Lie group and flag of ideals. Let G be a
connected nilpotent Lie group with the Lie algebra g. We consider the lower
central series of the Lie algebra g: Cy(g) = g, ... ,CpH(g) =1[g,C,(9)], ...
It is clear that every C,(g) is an ideal of the Lie algebra g; moreover, we
have the inclusion relation Cp +1(8) C Cp(g). We are concerned with flags
F(g=g>D---D 8,20 D (0) which are finer than the lower central filtration
8D>C/(g) D DCp(g) D---D(0). If F(g)=gD~--Dgp D --- 1is such a flag,
then we must have the following:

p=dimg, <dimC (g) = g, C C,(g)
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and
dim Cq(g) <p=> Cq(g) D9,

Lemma 1.1. Every nilpotent Lie algebra has a flag of ideals F(g) which is finer
than the lower central series g > C\(g) D --- D C,(8)D>C, (8D

Proof. We will carry out the proof by induction on dimg. We observe that the
lemma holds if g is commutative. Thus let us suppose that the lemma holds
for dimg<n+1. Let g be an (n + 1)-dimensional nilpotent Lie algebra with
C,(0) # (0).

Let p, be the positive integer such that G, (g) # (0) and Cp0 +1(8) = (0).
Then Cpo(g) is contained in the center of g. Let A be a 1-dimensional ideal
contained in Cpo(g) . We take the quotient Lie algebra g = g/A. Let n: g — §
be the canonical homomorphism, so that n(Cp(g)) = Cp(ﬁ) . Since dimg=n,
there is a flag of ideals F(g)=g>--- D 8y, 20 which is finer than the central

series § D C,(§) D ---. Let us set Bpi1 = n_l(gp). It is obvious that every
8p41 = n"l(go) is a (p + 1)-dimensional ideal in g, so that F(g) = n'l(F(g))
is a flag of ideals. The condition 7(C,(g)) = C,(g) shows that F(g) is finer
that the lower central series ¢ > C;(g) D ---. Q.E.D.

2. TRUNCATED LIE ALGEBRAS AND TRUNCATED AFFINE STRUCTURES
Let g be an n-dimensional nilpotent Lie algebra with the fixed flag of ideals
F(g)=¢D- - Dg,, D8 D . Letus fix the following notations:
(i) E;(g) is the set of nilpotent linear endomorphisms of the vector space g
which preserve the filtration F(g);
(ii) Py (g) is the subset of E;(g) defined by the condition that D € Z.(g)
if and only if D is derivation of the lie algebra g. That is to say

D[X,Y]=[DX,Y]+[X,DY]

forevery (X,Y)egxg.

Let us consider a pair (J,I) where I is a totally ordered finite set and J
is a subset of I with the following property: let (y,B) € J x I then g e J
whenever § < y. We deal with data

F 3
Kj,l(g) = {DC,’éaﬁ,sZﬂ/(a,ﬂ’y) € I }a
where for every triple (a,8,7) one has (D,,&,;,¢.,) € Z:(g) x g x R; more-

over (¢, T € 8) satisfies the following conditions:

g+ &5 =0, ey +ep, =0,
e, =0 if y > min(a, B).

We write #I for the cardinal of the set 1.
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Definition 2.1. The couple (g, Kf, ;(9)) is called an (n + #I)-dimensional trun-
cated Lie algebra if the following conditions hold:

(cup): [D,,Dpl=adl,, + %, EZpr’ l t t

(Caﬁr): D aéﬂr -D Béay +D 7€aﬂ - Zt(sﬂrcta - sarétﬂ + saﬂéw) =0,

(¢y ,yo)aﬂr : for every fixed y, € J, we have

t v t % t Yoy _
Y (g e — &, 815 + €4 4800) = 0.
t

Examples of truncated Lie algebras. Let g, be the k-dimensional ideal of the
flag F(g). We choose a basis (¢, ...,e,,...,e,) such that every ideal g,
is spanned by (e,,...,e.,...,e,) such that every ideal g, is spanned by
(e, ...,€,). Wedenote (,) the scalar product in g defined by setting (e, ,ej)
= 0;; (Kronecker symbol). We set I = {k+1,...,n}. It is clear that for
every a €I the linear map D, = adeawk lies in 9;(9,() , where F(g,) is the

filtration that F(g) induces in g, . We define (§,,,¢,) by putting

k

éaﬁ = Z([ea ’eﬂ] >e,)e, s

=1
82/3 = ([ea )eﬁ]’ey) ’
for (a,B,y) € I*. Let us choose a subset J C I such that (y,B)e J xI,

B <y = B € J. Then the data Kf,,(gk) = {Daéaﬂ,szﬂ} are connected by
the conditions (caﬂ), (c,p,) and (c,, ) of Definition 2.1. The truncated Lie
algebra (g,Kf,,(g)) is a Lie algebra if and only if J = I, for the condition
(caBy)u{(c, 7)a ﬂy} is the Jacobi identity.

2.1. Truncated affine structures in truncated Lie algebras. Let (g,K ,(g)) be
a truncated Lie algebra. We suppose that g has a Koszul-Vinberg structure
p: g — gl(g). We are concerned with data

F
7y 1(8) = {4,,U,,v14l(a,B,7) €I},
where (Aa,Uaﬂ,vZﬁ)eE;(g) x g x R for every (a,B,7)€I’.

Definition 2.2. The triple (g, p, nf 4(g)) is a truncated Koszul-Vinberg struc-
ture in the truncated Lie algebra (g,KJF ;(g)) if the data nf',(g) and Kf 1(8)
are connected by the following conditions:

(k,): [4,,p(X)] = p(D,X) for every (a,X) €l xg,

(k,p): (4,(45 = Dg) = (45— D,)D, = ¥, 0, 5(4, - D)) - X = p(X)-U,, for
(@,8,X) €I’ xg,

. t t
(Kopy): 4,Ug, — (4, = DU, , + Z(vﬂy U, —v,,U,)

a

3
=AgU,, —(4,-D)Up, + Z«nﬁﬂm ~ vy, U,) forevery(a,8,7)€l’,
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-//o JafBy: Z Vg, m—va/vﬂ, 8aﬂ ty) 0 forevery (7,,, ,B,y)eJxI
moreover (Caﬂ, £,5) and (U,-v.4) are connected by
_ y y y
UaB—Uﬂa—éaﬁ—O, vaﬂ—vﬂa—saﬂ—O,
vzﬂ =0 if y > min(a, B).

Remark. We already observed that (g,Kf, ;(g)) is a Lie algebra if and only

if J = I. Therefore the truncated Koszul-Vinberg (g,p,nfy,(g)) becomes
a Koszul-Vinberg structure in that Lie algebra, so that the sequence 0 — g —
ng#’ — R* — 0 isan exact sequence of Koszul-Vinberg structures. If #7 > 1,
the completeness of (g, p) will not insure the completeness of (g, p, nf 1(9))-

2.2. The D-extension property. Let us examine the particular case where
#I = 1. Then KJF’,g = {D} with D € @;(g) and the truncated Lie algebra

(g,K f 4(g)) is the (n + 1)-dimensional Lie algebra g x R with the following
bracket operation:

(X, x), (Y, »)]=(X,Y]+D(xY -yX),0).
Therefore the conditions of Definition 2.2 become
[4,p(X)] = p(DX) and (A2 +D* - 24D)- X = p(X)U
for some element U €g.

Definition 2.3. Let p € KV.(g) = {p € KV(g)|p preserves F(g)} andlet D €
9; (g). We say that p has the D-extension property if we can find (4,U) €
E;(g) x g such that the following conditions hold:

[4,p(X)] = p(DX) and (4> + D’ —24D)-X = p(X)U forevery X €g.
Let D € 9;(9). We denote by g, the Lie algebra g x R with the bracket
operation, [(X,x),(Y,y)]=([X,Y]+D(xy—-yX),0). The flag F(g) extends
to the flag of ideals F(g) =g, D>gD---Dg, DO -. Let KV.(g) be the set of
Koszul-Vinberg structures which preserve F(g).

Lemma 2.1. Let p € KV.(g) and let D € D;(g). Suppose that p has the
D-extensions property, and let A € E;(g) be such that [A,p(X)] = p(DX) for
every X € g. Then the linear map B = A—D: g — g is a 1-dimensional cocycle
with respect to the linear representation p: g — gl(g).

Proof. We have to prove that the identity p(X)B-Y — p(Y)BX - B[X,Y]=0
holds for every (X,Y) € g x g. Indeed we have p(X)BY = p(X)(A—-D)Y =
p(X)AY — p(X)DY . On the other hand we get D[X ,Y] =[DX,Y]+[X,DY],
so that B[X,Y]= A[X,Y]-[DX,Y]-[X,DY]. Since p € KV(g), we must
write [X,Y] = p(X)-Y — p(Y)X, so that

p(X)BY — p(Y)BX — B[X,Y] = p(X)AY — p(Y)AX - p(X)D + p(Y)DX

—Ap(X)Y + Ap(Y)X + p(DX)Y — p(Y)DX + p(X)D™ p(DY)X
= [p(X),A)Y = [p(Y), A]1X + p(DX)Y — p(DY)X =0. Q.E.D.
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We have the following result:

Proposition 2.1. Let p €KV (g) andlet D € 9,‘,3(9). If p has the D-extension
property, then p extends to some p;, € KV.(g,). Moreover p, is complete if
and only if p is complete.

Proof. Let (A,U) € E;(g) /g be such that the following identities hold:
[4,p(X)]= p(DX) and (4°+D*-24D)-X = p(X)U forevery X €3g.
Let us define the linear map p,,: g, — g/(g,) by setting
Pp(X,x)-(Y,y) =((p(X) +xA)Y +y((4 - D)X + xU),0).
Then we have
pD(Xax)(Y ’y) - pD(Y,y)(X,X)
=p(X)Y + xAY + y((A—- D)X + xU)
-p(Y)X +yAX +x((4-D)Y +yU)
=p(X)Y - p(Y)X + D(xY - yX)
=[(X,x),(Y,»)]
Thus it remains to prove that p, is a linear representation. We have
pD(X,x)pD(Y Y)(Z,2)
= p(X) +xA((p(Y) + yA)Z + z((A— D)Y +yU))
= (p(X)p(Y)+xAp(Y) +yp(X)A)Z
+ z(p(X) + xA)((A - D)Y +yU);
so that by antisymmetrizing with respect to the pair ((X,x),(Y,y)) we obtain
lpp(X, %), pp(Y . VZ, 2) = ([p(X), p(Y)]+[4, p(xY — yX)])Z
+z((p(X) + xA)((4 - D)Y + yU) — (p(Y) + yA)((4 — D)X + xU))
= ([p(X),p(Y)]+ p(D(xY - yX))Z
+ z(p(X)BY — p(Y)BX — p(xY —yX)U — A(A — D)(xY — yX)).
By Lemma 2.1 and Definition 2.3 we get
[pp(X,x), pp(Y , V)AZ,z) = p([X, Y]+ D(xY - yX))Z
+z(A-D)([X,Y]+ D(xY —yX))
= pp([(X,x), (Y, »)(Z, 2).

Now let us suppose that p is complete. Then every linear map p(X) is
a nilpotent endomorphism of the vector space g, [1, 10]. Since p belongs to
KV (g) we can choose a basis (e, ...,e,) in g such that every ideal g, of the
flag F(g) is spanned by (e, ...,e,). Then the matrices associated to p(X),
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to D and to A, respectively, are upper triangular i.e. they are of the following
form 0

*
0 .

0

Let us therefore fix (Y),y,) € g;, and consider the linear map Yy, 1" (X,x)
= pp(X,x)(Yy,y,) + (X, x). If (X,x) lies in the kernel of ¥y, ,, We have
the following system:

{ (p(X)+xA)Y, +y,(A-D)X +xU)+ X =0
x=0
so that (X ,x) = (X,0) and our system is reduced to the equation
p(X)Yy+y,(A-D)X+ X =0.
On the other hand p(X), D and A have the form (*«) in the basis (e, ...,
e,); therefore the linear map X — p(X)Y, +y,(4 — D)X is nilpotent, so that
the condition p(X)Y,+y,(4— D)X+ X =0 is equivalent to X = 0. This ends
the proof of Proposition 2.1. O
Examples of p with D-extension properties. (1) Let g be the commutative Lie
algebra R" and let (R",0) be the trivial Koszul-Vinberg structure in R" . Then
(R",0) has the D-extension property for every D € End(R"). Indeed it suffices
totake A=D.

(2) Let b, be the 3-dimensional Heisenberg algebra. Let (e, ,e,,e;) be a
basis of b, such that [e,,e;]=¢,, [e,,e,] =[e, ,e;] = 0. We consider the flag
F(h;) spanned by the basis (e, ,e,,e;); F(h;) is a flag of ideals. Let D be the
element of 9; (h;) whose matrix in (e, ,e,,e;) is the following:

011
0 0 1].
0 00O
We consider the linear map p: b, — E;(U;) which is given by
P(Xy, Xy, X3)(¥15¥,,¥3) = ((axy + X3)y, + 2,95, 0, 0).
The matrix of p(x,,x,,x;) in the basis (e, ,e,,e;) is
0 ax,+x, 2x2]

p(X,,%y),X3)= |0 0 0
0 0 0

We get p(x,,X,,X3)(,,Y,,V3) = PV V55 V3)(X) 5 X5 5 X3) = (X,¥3 — X3¥,,0,0)
= [(x,,Xx,,%3),(¥;»¥5,¥3)]. On the other hand one see that

p([(xl ,le,x:;) ’(yl » Vs ,y3)]) = [P(xl » Xy 3x3) ap(yl » Vs ,y3)] = 0.
Let us look for an element A € E,(h;) such that

D=

[4, p(x,,X;5,X3)] = p(D(x;,X;,X3)).
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We set
0 a B
A=10 0 vy
0 0O
so that
0 0 —y(ax,+x,)
[4,p(x,x,,x3)]=10 0 0
00 0
and
0 ax; 2x,
p(D(x)) = p(x, + X3,%,,0)= [0 0 0
0 O 0

Thus, if a # 0 thereisno 4 € E;(bs) such that [4, p(X)] = p(DX). This
proves that the element p, € KV (h,) given by

0 x, x,
Po(x,,%,,x)=10 0 0
0 0 0
does not have the D-extension property where
011
D=0 0 1].
0 0O

3 NORMAL AFFINE STRUCTURES

Let g be a nilpotent Lie algebra with the complete Koszul-Vinberg structure
p:g—gl(g). Since p is compete there is a p-preserved flag F(g) =gD--- D
g O -+, [9, 10]. The flat F(g) is not necessarily a flag of ideals. We set
n=dimg.

Definition 3.1. A complete Koszul-Vinberg structure p is called normal struc-
ture if it has the following properties:

(i) there is a p-preserved flag of ideals F(g) =g > --- D g, D --- which is
finer than the lower central series g > C,(g) D --- D> Ci(g) D -+,

(ii) if (k,l) is a pair of integers with kK </ and (k,/) e {1, ... ,n}2 , then
we have [g,,g,] = p(g))g; -
Remark 3.1. Let g be a nilpotent Lie algebra; let f(g) =g D - D g, D
g, O --- be a flag of ideals which is finer than the lower central series of g.
Let KV',',( , e the set of normal Koszul-Vinberg structures p: g — gl/(g) such
that the couple (F(g), p) satisfies (i) and (ii) of Definition 3.1. For every ideal
8;,, taken in the sequence F(g), let p, , = Plg.., ol(g;,,) and F(g, ) =
8¢s1 O 8¢ O -+ . Then the couple (F(g,,,),p,,,) satisfies conditions (i) and
(ii). Hence, p,, is also a normal Koszul-Vinberg structure in g, .
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Examples of normal structures. 1. Let g be the commutative Lie algebra R”.
By virtue of (ii), the unique normal structure in R” is a trivial one (R",p = 0).

2. Let b, be the 3-dimensional Heisenberg algebra. We take a basis (e, ,e,,
e;) in b, such that [e,,e;] = ¢, [e,,e,] = [e;,¢,] = 0. We consider the flag
F(g) which is spanned by (e, ,e,,e,); it is a flag of ideals. We construct the
linear map p: h; — gl(h,) by setting

p(x] ’xzaxj;)(yl yy2 ’y3) = (ax3y2 + (1 +a)x2y3’090)'

The matrix of p(x,,x,,x;) in (e,,€,,€5) is

0 ax; (l+a)x,
p(X;,%,,%3) =10 0 0
0 O 0

One sees that p has properties (i) and (ii) of Definition 3.1, that is p is normal
if and only if (1 + a)a # 0. Every complete normal Koszul-Vinberg structure
in b, has this form.

Remark 3.2. Let g be a nilpotent Lie algebra. We denote by KV°(g) the set of
complete Koszul-Vinberg structures (g, p). L. Auslander conjectured that for
every element (g, p) € KV(g) the linear representation p is not injective. It is
David Fried who constructed a counterexample to this conjecture. By the virtue
of Definition 3.1 every normal structure (g, p) has nontrivial translations. A
paper of H. Kim contains a complete classification of 4-dimensional complete
Koszul-Vinberg structures without nontrivial translation (H. Kim, Complete
left invariant affine structure on nilpotent Lie groups, J. Differential Geom. 24
(1986)).

Let us fix a normal Koszul-Vinberg structure in the nilpotent Lie algebra g.
We fix some flag F(g) =gD--- D g, D--- and some basis (e, ...,e,) which
satisfy the conditions of Definition 3.1. Let D € D (g). We consider the Lie
algebra g, as in Proposition 2.1 and we take the flag F(g,) =g, 29D - D

g, O . Weset g, =g,/g9, and § = g/g, , so that the following diagram is
commutative:

g] _— 91
(%%%) g 8p > R

L L

il 3p » R.

Let us suppose that p has the D-extension property. Then by virtue of
Proposition 2.1, p can be extended to some Koszul-Vinberg structure p,, in g,
such that the flag F(g,) is p,-preserved. Therefore (x++) becomes a diagram
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of Koszul-Vinberg structures
(8,,0) (8,,0)

! l

(8,p) — (GD,PD)

I I

(8,p) — (@p,Pp)
where p (resp. pj, ) is the quotient structure of p (resp. pj, ). We shall prove
the following theorem.

Theorem 3.1. Keeping the previous notations, let us suppose that p and p, are
normal and that for every n-dimensional ideal a C g, such that g, | C a,
Po = Ppja is normal. Then p has an extended structure p,, which is normal
and pp, = pp.

Proof. Since p and p, are normal, the structure p is normal also. Thus we
have to prove that the diagram

(gsp) -_— (gD’pD)

(***') ln 17r

(§9p) - (gpsp]_))
is a commutative diagram of normal structures. We begin by fixing a basis
(e,5...,e,,,) of g, suchthat (e, ... ,e,) (resp. (&,,...,e,, )= (ne,,...,
me,.,)) spans the flag F(g) (resp. F(g,)). We suppose that F(g) (resp.
F(gp)) satisfies (i) and (ii) of Definition 3.1. Let w be the 2-dimensional
scalar cocycle of §, such that the bracket in g,, is given by setting

[(x,X),(y, )] = (&(X,Y),[X,Y]).

Then p,, has the [w]-lifting property, so that we can find ¢ € C l(ﬁ p>B8p) such
that p, is given as

pD(an) (¥, Y)=(e(X, Y)’pD(X)Y)

We have to prove that the flag F(g,) = g, D F(g) has properties (i) and (ii)
of Definition 3.1 for some j,,. It is easy to see that condition (i) holds. Let us
prove that condition (ii) also holds. It is assumed that condition (ii) holds for
F(gp) and for every n-dimensional ideal a C g;, with g, _, C a, (for p, = Ppla
is normal); so that is sufficient to prove that for every ideal g, we have

(8p,8,] = Pp(8p)8,-

Let a be the n-dimensional ideal of g, spanned by e,,...,e,_,,e,.  , then

a=g, ,®Re, . By the virtue of our hypothesis one has

g, =9,8,]=p(g)s, and [a,g.]= p(a)g,.
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The above equalities imply [g,,,9,] = p,,(8,)8, - That follows from the follow-
ing lemma which will be useful in forthcoming work.

Lemma 3.1. Let us consider the normal structures in (x++'). Let (€5 evs€,py)
be the fixed basis of g,, as in the proof of Theorem 3.1. Let (,) be the scalar
product in g,, given by (e, ,e;) = daff. We set 83;}3 = (le, e4l.e,) and vzﬂ =

(ple,)eg.e,). Weidentify (e,, ... e, ) with the projected basis (e, ... e

in §,, . We suppose that the following condition holds:

n+l)

(M) azﬂ #£0=> vZﬂ(vzﬁ - 83;,3) £0
for (8y,,pp) and for every n-dimensional ideal a C g, with g,_, C a. Then
we can choose some extended structure (g, p) such that (n_ 8y) holds again.
Proof. Let us identify (e,,...,e, ) with (e,,...,e, ); thenif (a,f,7) €
{2,...,n+1} we have szﬂ #0=> (vzﬂ)(vzp - ezﬂ) # 0. On the other hand
the inclusion g, , C g implies that if (o, ) €{2, ... ,n}2 then
w(w,,e;) #0=9(e,,e;)(p(e,,e5) — wle,,e)) # 0.

Let us consider the ideal a of g, which is spanned by (e, ...,e,_,,e,, ).
It is clear that p,, induces a Koszul-Vinberg structure p_ in that ideal and that

structure is normal. Then, for every pair (a,f) € {2,...,n+ l}2 such that
(,B) # (n,n+1), one has

w(e,,ep) # 0= 0(e,.ep)(9(e,.e5) — wle,,e5)) # 0.
Finally we have to prove that by perturbing ¢ we can write
w(en ’en+l) # 0= (0(6’n ’en+l)(¢(en ’en+l) - w(en ’en+l)) 76 0.

Let A be areal number, A # 0. We define the symmetric bilinear form S : g, x
8p — R by setting
Sl(eu ’ eﬂ) = }”(aanéﬂnﬂ + aﬁnaanﬂ) ’
where (a,8)€{2,...,n+ 1}2 and J_, is the Kronecker symbol. If (o, 8,7)
€e{2,...,n+ 1}3, we compute
dﬁDSA(eﬂ ’ eﬂ ’ e,/) = S),(e(, ’ pD(eﬂ)ey) - Sl(eﬂ ’ pD(ea)ey) - SA([ea ’ eﬂ] ’ e},)'

Since p,, is normal we have p,(8,)8, = [8,,8,] C §,_, » SO that dpDS,1 =0.
We consider the map

G, (X,Y) = (X,Y)+5,(X,Y).

Then we have

9, X.Y)-¢,(Y ., X)=w(X,Y), d, ¢, =0.

If (a,B) # (n,n + 1) we have @(e{l,eﬂ) = go(e",eﬂ) and ¢,(e,,e,,,) =
¢(e,,e,, )+ 4; thus we can choose the scalar 4 such that

w(e,,e;) # 0= Gle,,¢,)(d,(e, .e5) — e, .e5)) £ 0
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for every (a,f) € {2,...,n+ l}2 . Therefore we consider Koszul-Vinberg
structure j, which is given by

pD(x , X)(y, Y) = (¢1(Xa Y) ,pD(X)Y)
We see that j,, is normal and has the following properties:
() Pp(X)Y =p(X)Y if (X,Y)€g;
(i) pp="Pp;
so that p, is the required Koszul-Vinberg structure. O

4. THE LIFTING PROBLEM FOR NORMAL STRUCTURES

We fix a n-dimensional nilpotent Lie algebra g with a fixed complete normal
structure p. Let F(g) =g D g, , D - bea p-preserved flag of ideals and
we consider a basis (e, ...,e,) which spans F(g). We assume that F(g) and
(e,,...,e,) satisfy conditions (i) and (ii) of Definition 3.1.

Let g,_, be the (n — 3)-dimensional ideal of the flag F(g). We set a, =
8/8,_3- Then a, is either the Heisenberg algebra b, or the commutative Lie
algebra R®. We identify (e,_,,e,_,,e,) with a basis (¢, ,¢,,8,) of a,.

Letusset I=(n-2,n-1,n)=(1,2,3) and let p, be the Koszul-Vinberg
structure of g, _, which is induced by p. Let (,) be the Euclidean product in
g given by (e, ,e5) =0,,. We set

D, =ad(e,),_,
n-3

= 2 ([2,.851.e)e,;

t=1
XA ANS

for (a,B,7)€{1,2, 3}3 . Then the Lie algebra g can be identified with trun-
cated Lie algebra (gn_3,K£ (8,—,)) where
F 3
Kf 1(8,_3) = {D, &0, 5l(a, B, 1) € ).
On the other hand let us set

A= PrlCg,»

n-3
Uap = Z(p(éa)é ’é[)e[’
t=1

v(}:ﬂ = <p(é(.)ép 9éy>'
Then the Koszul-Vinberg structure p is defined by the truncated structure
F
(8,-3> Py Ty ‘](9,,_3)) where

F 3
n],](gn_.:;) = {Au ) Uaﬂ ”U(}:pl(aﬂ ’Y) € I }
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In other words the data K f ;(8,_;) and n,F 1(8,_3) are connected as follows

(k,): [, po(X)] = py(D,X), X€g, ;;
(kyp: (4,(A4, = Dg) = (4 — Dy)D, - ‘;v;ﬂ(A, -D,)- X = py(X)U,,,
Xeg, 5;

(kaﬂy):AaUﬂy ( B+Z(vﬂy at aﬂ ty)

t t
= AﬂUaY - (AY - DJ’)Uﬂa + Z(vay(vayUﬂt ﬂa ty)

t
l »Yo aﬂy E(vﬂy at —va/vﬂt €ap ty) =

Y b4 B . .
Uaﬂ—Uﬂa= B’ vaﬁ—vﬂa=saﬂ, vaﬂ=0 if y > min(a, B).

If @, is some 2-dimensional ideal in a,, we set a = ﬁ-l(az) , 0 that a is
(n—1)-dimensional ideal in g such g,_, C a; 7 being the projection such that
9,_3— 9 2 a, is an exact sequence.

Let w be some 2-dimensional scalar cocycle in g; we denote g“ the Lie
algebra R x g with the bracket

[(x,X),(y, V)] = (0(X,Y),[X,Y]).

Let m be the canonical homomorphism g“ — g. Let F(g“) be the flag
n_T(F (g)) . By setting gZ’H = ﬁ_T(gk) we have the commutative diagram

w /4
8n_2 ) a3
ol
7
8,-3 g as-

Let a, be a 2-dimensional ideal in a,, we set a = ft_l(ﬁz). Thena is
(n — 1)-dimensional ideal in g such that g,_, C a. Let us put a? = n’l(a).
The following diagram commutes

w /4
8p-2 a a4
| =
i
8,-3 a a4

The structure p induces the structure p :a — gl(a). If (G, ,a’z) is a pair of
ideals in a, we have that

Popar = pa|al’la’ = pu'laﬁa"
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The restriction O)xq is denoted w again. If p_  has the [w]-lifting property
we shall denote by p:" any structure in a” such that for every X € a” we get

mop)(X)=p,(nX)omn.
Keeping these notations we will prove the following theorem.

Theorem 4.1. Let (g, p,w) be as we just defined. We suppose that the complete
normal structure has the following properties:

(i) For every ideal a, C a,, p, has the [w]-lifting property.

(ii) We can choose the p? such that given every pair (a,,d,) of ideals, p;
and p% induce the same structure p? , in a” Nd'®.

(iii) Let (a,,d,) and (8, ,d, ) be pairs of ideals in a,, then

w 'w nw naw w w
a Na =a Na = panul = paunalu-

Then p has the [w)-lifting property.
Proof. Since p is normal, its quotient structure (a,, ) is normal, so that the
sequence 0 — (g,_5,p,) — (8,p) — (a;,p) — 0 is an exact sequence of normal

structures.
Since a, is either b, or R’ we consider the two cases.

Case 1. a, is the commutative Lie algebra R’. In this case the quotient struc-
ture (a;,p) is the trivial structure for it is normal. We consider the ideals

a, = span(e, ,é,), a; = span(e, , &,), a;' = span(e,, &;).
Let a,a’ and a” be the corresponding (n — 1)-dimensional ideals in g. The
flag F(g,_,) is extended to flags '
F(g, ,)caca=F(a), F(g, ,)cd cd=F(),
F(g, ;) cid" ca’'=F(a").
One sees that F(a), F(a') and F(a”) are spanned by (e,,...,e, ;,€,_,,

e,_), (e,,....e,_5,e,_,,e,) and (e,...,e,_;,e, ,,e,) respectively. We

already saw that g is identified with the truncated Lie algebra (g,_,, K f 1(8,_3)).
Since a; = R’ we have

K[ 1(8,-3) = {D, . &,pl(e, B) € I*).

The subalgebras @, and & are nothing but (g,_,), » (g,_3) p, and (8,_3)p,
respectively, therefore, the following diagram is commutative

/ i \\*a

~ . !

0—g,;— a7 a
~MN ~ n
i —a .

Moreover we have D, € Z;(a), D, € Z;(d') and D, € D7 (a") such that

v _ o
aD3—aDI—aD2—g
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so that we have the commutative diagram

a—a

)

(k) 0—»gn3—> a a —g.

—\ a"// >§ al’/

The structure (g, p) is given by the truncated structure (g,_;, 9, , nf , 1(8,-3))»
with
F 2
nl’l(gn_g,) = (Aa , Uaﬂl(a’ B) eI}

The data Kf:,(gn_3) and {po,nlp,,(gn_3)) are connected as in Definition 2.2.

Now we consider an analogous construction in g“ by taking n! (k% %) , SO
that we get the following diagram:

(% % % * ) - n

By the virtue of hypothesis (i), the structures p_, p
lifting property. Let (a“,p%), (¢, p%) and (a e
lifted structures.

We consider (a‘”,p:", ('“’,p:f) and (a"‘",p‘a‘f,) as truncated structures

(gf‘,’_z,ﬁ,an) 8y 5,0 .7, J) and (g ,,p" .7, J) respectively. Let us set

al ? and pau have the [a)]-
,p.) be the corresponding

F ~
TyJ ={A| Ulz’Uzn’Un’Uzz}

tF ~ ~
7zlJ:{A ’UIB’ 33}
nF ~n ~ ~n
n,={4, ’A Uzs’Usz’Uzz’Uss}
Let KIF,[(gz)_z) = {5l,ﬁ2,53 ’612’813’523} be the data such that gw =
(82_,,K; ,(g2_,)) . Then we have

F
a” ﬂn 2’{D1’ 2’512} 9n 1 K; J)
w F
“/ (9n 2’{D1’D3’§|3}) 9n 2’K/ )

F
(gn 2,{D2,D3,523}—(g" 2 71)

We know that (gz’_z, [),7! ;) and K .y are connected by the relations (k ),
(k, 8)s (k, 5., and (k, 0)apy- The same assertions hold for the couples
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{(ey_. 7', xF ). K} and {(g_,.5".7]",),K}"} . By the virtue of hypoth-
esis (ii) we have

(0

0 _ 0 _ @ _ o _ @
ala‘" pa'la"’ - pa ’ pal&"" - pa“l&"" = Ps > pa']&”‘" - pa'l&"‘“ = Pan-
On the other hand, the hypothesis (ii) tells us that

w

w w
Pajge_, = Pajge_, pa"ls ,=Po>

so that we obtain

~ ~! P/ w
p=p = P =Py
These equalities imply the following
‘21 = ~1I’ ﬁl (7,11;
i ~n - fad ) fogd ]
Ay =4y =4y, Uss "U33—U33’
-~ ~n
4, =4, , Uzz = Uzz

Thus, by setting 7} ,(g5_,) = {4,, T, 4l(a,B) € {1,2,3}’} we see that if the
data (g, _,,p, ,nf ,(g,_,)) and Kf ,(g,_,) are connected by the conditions
(k,), (k, ﬂ) (k, 5, and (k, agy this is equlvalent to saying that p has
the [w]-lifting property.

Since a, is commutative the vZ ; are zero; so that it is easy to see that the
conditions (k,), (k,;) and (k, , ) hold. Let us prove that (k, s,) holds also.
We consider the 2-dimensional ideal of a, spanned by ¢, +e, and e, + e,.
Then by hypothesis (i) the Lifting Theorem holds for the n-dimensional ideal
b=g, ,®R(e, + eﬂ) ®R(e, + e;,) . By writing that the following identity holds

Py(pyle, +eg)(e, +e,))(Ale, +e;) + ule, +e,))
— pyle, +eg)p (e, +e,)(Ale, +e5) + ule, +e,))
= py(py(e, +e,)(e, +e5))(A(e, +e5) + ule, +e,))
— pyle, +e,)p,(e, +eg)(Ale, +e5) + ule, +¢;))

for all the (A,u) € R?, one obtains the following equalities
(Aa - Da)éyﬂ - AyUﬁa + Aﬂ Uya - ( ﬂ)éay a yﬂ + A}' Uaﬂ
(Ay Dy)fﬂa AgU,, +A4,Ug,.
Because of the condition, &, 5= U - Uﬂa we see that

3[(4,- D),z — A,Ug, + Aﬂ U, l=D,54, — Dﬂéay +D.&.p

By virtue of (C, py) we see that
(Ay = D,)e,5 — A,Up, + AU, =0
so that (k,, ) holds.
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Case 2. a, is the Heisenberg algebra b,. In this case the quotient structure
(h3,P) is given in the basis (¢, ,¢,,é;) by the matrix
0 ax, (a+ G)xzjl

px,. xy.x)= 0 0
0 O 0

where the scalar 8 € R is defined through

le,,e;] = fe,.
By changing ||é,|| we can take 6 = 1. Then the Lie algebra g is given by the
truncated Lie algebra (g,_, ,Kf,,(gn_3)). We have Ki,(gn_3) ={D,,D,,D,,

$12:823 ,8;3 =1}. We set v;z = a, so that the structure (g, p) is given by the
truncated structure

F
(8u_35P0> 7y 1(8,_3))
and
F 3
7[],](9,,_3) = {Aa: Uuﬁ avZﬁl(aaBay) € {l ,2,3} }

We consider the following ideals of b, :

a, = span(e, ,e,), a’2 = span(e, ,e;).
Then the ideals a = it_'(az) and o = ﬁ_'(a'z) are spanned by (¢, ... ,e,_;,
e, ,.e,_,;) and (e, ...,e, ;,e, ,,e,) respectively. We have the following
diagram:
a

By virtue of hypothesis (i), p, and p, have the [w]-lifting property. Let
(a”,p) and (a'“,p) be the corresponding lifted structure.
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We consider g“ as the truncated Lie algebra (g, ,,K ,F ;) where

F ~ = 2
K],] = {Da’éaﬂ ,823 = ll(a,ﬂ) (S {l ,2,3} }
Therefore we identify a” (resp. o'“) with the truncated Lie algebra (g, ,,
F

KfJ) (resp. (g,_,,K} ;) where

F ~ X = F ~ o~

KJ’J = {D| ,D2 ’él2}’ (resp. K;,J = {D| ,D3 ,613})-
According to our previous notations we set
~ _F ! ~ F
@, 0) = (n_2s B>, )5 (8°,00) = (8y_ps P 7y ;)

with

By virtue of hypothesis (ii) we have
w _ w .
Pajge_, = Parigy_, >

so that we have p = ' = p¢’, A, = A, and U,, = U,,’. Therefore the data

7:5 s and nf s satisfy the following system:

([A,,p5(X)] = pg(DX), (X,0) € gy, x{1,2,3};
(A,(dy = Dg) = (A5 — Dg)D,)(X) = p,°(X)U,,,

(o) { forevery X € g° | and (a,f) # (2,3);
A4,0,,-(4,-D,)U,, = 4,0, —(4,-D,)U,,,
L for every (a, 8,7) = {1,2° u{1,3}".

One easily sees that the system (6) depends only on n(f/a ﬂ) . Therefore we set
ﬁaﬂ = (um6 R Uaﬂ) € 9(:_2 =Rxg,_;

Let us examine the matrix associated to each Xa in the basis ((1,0),e,, ...,
e,_s;) of g, ,. We set
- 0 a, ~ [0 6,
i=lo %] 2-[0 )
where a, € 92_3. It is clear that the A  are those which give (g,p) =
(8,3-P0-7; ;)- Let p € C'(g,_5,8,_;) be such that p? is given by

Po (X, X)(¥,Y) = (9(X,Y), py(X)Y).

By considering g, , as the Lie algebra (gf,"_z)gl , P, has the 5l-extension

property. In other words, a ,6 and ¢ must be connected by the following

conditions:

(iv*) { ¢(D X,Y)+9(X,A4.Y)—a, (py(X)Y)=0,
a,((4,-D,)X)-(a,-0)D,X)-¢(X,U,)=0.

[¢1¢1
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These relations are direct consequence of (k) and (k, ﬂ) , respectively. We saw
that the quotient structure (h,,p) has the matrix

0 ax; (1+a)x,
p(xl,xzax3)= 0 0 0 >
0 O 0

where a is a fixed real number. Let us set (¢,,¢,,¢,) = (de, ,ue, +ve,, ue, +
ve,) with A =uv —vu # 0. Then we have

[€,.8] = (ww —vu)e, =¢,
and
P(&,)E; = p(ue, +ve,)(ue, +ve,) = vp(e,)e; + vup(e,)e,
= (a+ Nuve, +vuae, =[(a+ 1)uv +vpuale,.
Let us look for (u,v,u,v) such that
(a+ Duv +vua = §(uv —vp).

That will give
2(a+ Nuv +2vua = uv —vu
so that we get

(2a+ 1)(uv +vu) = 0.

Therefore one sees that if a # —% one can choose some (u,v,v,u) such that

uv = —vu # 0. Thus, we can always choose some basis (¢, , ... ,e,) in g such
that [¢,e,] = ¢, and the matrix of p in (e,,e,,e;) = (e,_,.€,_,,€,) is
0 -% ¥
p(x,,%,x3)=10 0 0
0 0 O

We fix such basis; we need the following lemma:

Lemma 4.1. The data (aa,Ba,Aa,Da,Uaﬂl(a,ﬂ) € {2,3}2) and ¢ are
connected by the formula a,((A; — D;)X) — (a3 — 6,)(D,X) — ¢(X,U,3) =
—-ay(A, = D)X +(a, — 0,)(D;X) + 9(X,Uy,), XE€g,_5.

Proof. We consider the ideal a, 2 Chs spanned by (€, ,4e, + ué,). Let a, .=
n_l(ﬁlﬂ) C g. The ideal a;, can be identified with (g‘:_z)gw where 51# =
/152 + u53. By virtue of hypothesis (ii) of Theorem 4.1, p(‘)" has the l~)l#-
extension property, so that if we set A4, u = AA, + pA, then there is UM such
that AD, + uD, satisfying

[4,,-p6 (X)] = pg (D, X)




AFFINE STRUCTURES IN NILPOTENT LIE GROUPS 369
and (/fiu + 5/%# -24,,D, )X = pj(X)U,, . The latter condition gives
([A4, + pA,)" + (AD, + uD,)” — 2(Ad, + pA;)(AD, + uD,))(X) = pg’(X)UM
= PS"(X)(l Uy + 1 Us,)
+ Au(Ay(4; = D,) — (A, — Dy)Dy + 44(A4, - D,) — (4, — D,)D;) - X.
But, by projecting this condition in g,_,, we can choose f]w = (uw U, #) with

U,= lgz U,+ ,u2 U,; +4u(U,; + Us,) , so that by taking the (R x 0)-component
we see that

P(X,Uy,) = (X, AUy, + u’ Usy + Ap(Upy + Uyy))
= (X, AUy, + 5 U,,) + Au(a,((4; — D;) - X) — (a; — 6,)(D,X)
+a,((4, — D,) - X) — (a, — 6,)(D;X)).
Finally we obtain the following equality:
(X, Uy + Us,) = a,((45 — Dy) - X) — (a; — 0,)(D,X)
+ a,((4, — D,) - X) — (a, — 6,)(D,X).
forevery X €g,_,. Lemma 4.1 is proved O
Now we define the linear form a; € g_, by setting
%(a; - 01)(X) = az((Ag, - D3) : X) - (a3 - 03)(D2X) - ¢(X’ U23)
= —a,((4, - D,) - X) + (a, — 6,)(D;X) + ¢(X , Us,).
This formula gives
(@, - 0,)(X) = ay(4, — Dy) - X) — a;((4, — D,)X) + (a, — 6,)(D,X)
- (a3 - 03)(D2X) + ¢(X’ U23 - 623) - ¢(X, U23)
= a,(4;X) — a3(4,X) + 05(D,X) — 0,(D3X) — 9(X ,&,5)-
We know that [1'52 s 53] = 51 +ad¢,, , which implies that
0,(DyX) — 6,(D,X) = 6,(X) + 0(&,3,, X).
We have also ¢(¢,;,X) — 9(X,¢,3) = w(¢,;, X), so that a'l is given by
a)(X) = ,(4,X) = a5(4,X) = 9(&p3, X).
We need a second lemma:

Lemma 4.2. The 1-cochain X — (D, X ,—) + ¢(—,A,X) is the coboundary of
the O-cochain a| .

Proof. We have to prove that ¢(D, X ,Y)+¢(X,4,Y) = a’1 (po(X)Y). Indeed
we have

a,(p(X)Y) = a,(4; - o(X)Y) = ay(A,00(X)Y) = 9(&33, £o(X)Y)
= a,(py(X)A;Y + py(D,X)Y) — ay(py(X)A,Y + po(D,X)Y)
=963, X1, Y) = 9(X, po(¢23)Y).
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We know that (4,,D, ,a,),a € {2,3} are connected as in (iv+). Then we
have
a; (pp(X)Y) = 9(D, X ,4;Y) + (X, 4,4,Y) + 9(D,D; X ,Y) + 9(Dy X , 4,Y)
—9(D3X,A4,Y) - 9(X,4;4,Y) - (DD, X ,Y)
= 9Dy, X, A3Y) — 9([8)3, X1, Y) — 0(X, py(&53)Y)
=¢(X,[4,,4,]Y) + o([D,,D5]1X , Y)
- ¢(p0[¢23 >X]Y) - ¢(X ’ po(ézj;)y)
= ¢(([Dy, D;] —ad&) X, Y) + 9(X, ([4,, 431 = py(&53))Y).
We know also that [D,,D,] —ad¢,; = D, and [4,,4;] — p,(&,;) = 4,. It
follows that a;(p(X)Y) =¢(D,X,Y)+¢(X,A4,Y). Lemma 4.2 is proved. O

We define the linear operator A;: g” , — g”_, be setting

- [0 all
i-lo )

The Lemma 4.2 implies that for every X € gf,”_3 ,
[, 5 (X)] = (D, X);
so that for every pair (X,Y) € gi_ ; we have

a,(po(X)Y) = d\(po(X)Y).

Let us set 6,(X) = a,(X) — a;(X). Let s = dim[g, ;,g,_5]. Then by the
condition (iii) of Theorem 4.1 (e, ...,e)span[g, ;,8, 3], and since p, is
normal we get p,(g,_;)8,_3 =[8,_3,8,_,], sothatevery 1-form n = g:_3 with
n(py(X)Y) =0 is a linear combinationof n,_,,...,n,_; where (n,,...,n,_3)
is the dual basis of (e, ...,e,_ ;).

The structure (g, p) being normal, we have also p(g)g = [g,9] = g,_,, SO
that every linear combination of e ,,...,e,_; can be written in the form
A X, + A, X, + A;X; where X, X,, X, are linear combinations of e,
e, ;-

TR
Since A4, = [4,,4,] + py(¢,5), we deduce that every linear combina-
. . ! ! ! ! .
tion qf eS.Jrl s .. ,€,_5 Can be written 4,X, + 4,X; where X, , X, are linear
combinations of e_, ,...,e,_;.
In other words we have the equality,

span(e e _.)=span(4,e
s 2

+12 " 2"n-3 x+17?

A3e

TERTY ,Aze

e3> A3€,_3)-

Therefore let n be an element of the dual space g;_3 such that n(p,(X)Y)=0
for X€g, , and Y €g,_,; then n belongs to the subspace of g;_3 spanned
by the system

(Mggrs e s My_s)
By virtue of the equality,

/1<j<n-s5-3})

span({eHj/l <j<n-s5s-3})= span({AzeHj ,Aqe

s+j
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the linear form 7 lies in the subspace spanned by the following linear forms,
0Ady, Ny 0 Ay, i sl 304y, M, 304,

In particular the linear form 6, = a, — a'l lies in span(#,,,,...,7,_;); so that
we can find n' and %" in span(n,,,, ... ,n,_;) suchthat 6, =#n'od,+n"0A;.
This means that for every X € g, _; we have

8,(X) =1'(ple,_)X) +n"(p(e,)X).
Let us return to p; and p; and (pg’)a:

Ms41

(a”,p2)
0— (gnw_z ap(‘)o) - (9::)—1 ’p:ona’)
1w

a?, p).

Then, (a”,pY) (resp. (a'“,p%)) is given by (a,p,,9,) (resp. (a',p,,0,))
such that for (X,Y)e€and we have

¢a(X’ Y) = ¢u’(X’ Y);
we recall that ana’ =g, _,. Let us change ¢, and ¢, by putting
P (X, Y) =0, (X,Y)+5(p(X)Y), §,(X,Y)=0,(X,Y)-1"(p(X)Y).

It is clear that (a“, p,,P,) (resp. (@, p,,9P,)) defines a lifted structure in
a” (resp. a’“). We have the following

6. (DX, Y)+ ¢ (X, 4,Y) = a,(p(X)Y) +1'(4,p(X)Y) if X,Y €a
and
G (DX, Y)+6,(X,A,Y) = a,(p(X)Y) — 1" (4,p(X)Y), if X,Yed.
We know that for (X,Y)€g,_, we have
1 (po(X)Y) = 1" (py(X)Y) =

so that §lg, ; =@, , =¢.Weset &,=a,+n'4, and a;=a,-1"4,, 0
that

/

a, =a,A;— a4, — 98,3, —
= a,Ay — a;4, — 9(&y5, - ) +n'A,+n"4,
=a, +0,=a,.

By virtue of this result together with Lemma 4.1 the operators

~ 0 gq ~_[0 4 ~ 0 a,
Aclo 3] o 2] wede[o g

are connected by the formulas (k,;) and (k;,):

(4y(; ~ Dy) ~ (4, - D,)D, - §(4, = D)X = pj(X) U,
(434, - D,) - (4, - B))Dy + §(4, - ) - X = oy (D),
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where X U e gn 3s U23 = (Uyy,Uy), Uy — U;, = &,;. On these fclrmu-
las the real number u,; can be chosen arbitrarily. Therefore by setting U 5=
(4,5 U,p) it remains to prove that we can choose u,, such that (g, _,, o , nf, P
defines a truncated Koszul-Vinberg structure in (g:‘,’_2 , K ,F ;) > with

1
_{A aﬂ,vB:—v;z:%}, a,f=1,2,3.
These data satisfy the conditions (k,), (k,;) and (k; ), . It remains to

prove that there are (u aﬂ), a,f =1,2,3 such that (k_ By ) holds. Since (kaﬂy)

holds for (a, B,y) €{1, 2} u{l, 3} , we have to prove that one can find (U,p)
such that the following system holds:

(Kyz3): ’Zl [723 - ‘22013 - (A~3 - 53)512 = _%Un )
(ky3p): 4, Ty, = 4,0,y = (4, - D))Ey = 4T,

(2) (kyy)): 4,03 — AUy, — (A, - D&y = U,
(kys): Ay Uy — AU ~ (A; ~ 53)§23 =10, +U,,,
(kyp): AUy, = AUy, = (4, = D)6y, = -0y, - U,

Condition (k,,,) can be written in the form (k,,,) = (k3,) — (k|,3). Indeed
we have

(ky3y) = (ky33) = — 4, 623+A< —&3) - AU, - &) + D& 3 - D&,
= - (A1 - 1)523+A2U3| _A3U2|-

It will therefore be sufficient to prove that we can choose u P such that the
system (ky,;,) = 2(k,;,) holds. This means that

AUy, — AUy = (A) — D)8y = 2(A4, Uy, — 43U, — (4, — D,y)gy5) € B2

for the subsystem {(k,,;),(k;5,)} gives (u,,,u,;). We know that the equality
(ky3;) = 2(k,5,) holds in projection gf_l LN 8,_3; thatis, m(ky,,) = 2n(k,;,).
On the other hand we observe that if we substitute for ((D,,D,,D,) the new
data (D|,D,,D,) with D| = D, + ad X, then the truncated Lie algebra g =
(gn_3,K,FJ) becomes g = (gn_3,K;5) where

'F !/ 1 .
K;;=(D\,D,,D;,8,, — D,X;,8,3 = Dy X;,8p3 — Xy, 86p5=1);

therefore if we set A'l = A, + p,(X,) , condition k,;, becomes

[4,(A, — Dy) — (45 — D;)D, — (4] — D)IX)
= [4,(4, - D;) - (4, = D,)D, — (4, - D)1(X) - {p(X)X,
= p(X)(Uy — 1X,).
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By choosing l723 = Uy, - %Xo the truncated structure (g, p) = (8,_3,Pq> nf’,)
becomes (g, p) = (g,_, ,po,nf,) where

";F,l = (A4, + po(Xy), 45,45, U}y + (4, — D)) Xy, Uy + (45 — Dy) X,
1
Uy — 3X9, 033 = 3)-

The structure (gﬁ’_ 25 p“)" ) does not change. According to the previous notations
the 1-forms a_ € g,_, as in Lemma 4.1 become

&]' =a, +¢(X,,-), a; =a, and a'3 = a,.
These new data (K; J ,n;’j ;) will satisfy all the identities (k) , (k, ) and (kaﬂy)
that are verified by (I,F, s nf ’ ;) - Therefore the proof of Theorem 3.1 is ended
by the following lemma.

Lemma 4.3. We can find X, € g,_, such that (k,y) = 2(k,3,).
Proof. Since m(k,;,) = 2mn(k,;,) it remains to solve the following system:

a,(Uy)) — a3(Uy)) = (@, — 6,)8y; = 2[a,(Uyy) — a;(U),) — (a, — 6,)(&}5)];
with a,, U, and & ; in n},UK}f we get

a,(Usy + A3X,) = a3(Uy + 4,Xy) = (a) = 0,)(&53 — Xp) — 0(Xy, 653 — Xp)
= 2[a,(Uy, + 3X0) + ¢(Xy, Uy, + 3X)) = a5(U,, = (4, — D,) X)
- (a2 - 02)(613 - D3X0)]
= 2[a|(U23) - a3(U12) - (az - 02)(613) + a3((A2 - Dz)Xo)
+(a, = 0,)(D3X,) + (X, , Us,)]
+a,(X,) + (X, X;)
= a,(Uy)) = a3(Uy) = (a) = 6,)(&53) + a,(43Xy) ~ a3(4,Uy))
—(a, - 01)(X0) - (P(Xo ’623) + ¢(Xo ’Xo)
so that by setting (x,, z,) = (a,(U;,)—a;5(U,,)—(a,-0,)(&,3),a,(U;,)—a5(U,,)—
(a, - 6,)(§,3)) we have to solve (for X,!)
Xo + a,(4;X,) — ay(4,U;)) — 0,(X;) — 9(X,,$53)
= 2[zy + ay(A4, — D)) X, + (a, — 6,)(D;X,)) + 9(X,, Us,)].
This is an equation in X, € g,_, of the form f(X,)=c€R where f € g;_3.
This ends the proof of Lemma 4.3. Therefore Theorem 4.1 is proved.
Theorem 4.1 has great importance. It leads to the Lifting Theorem. The exis-

tence theorem appears like a corollary of the Lifting Theorem. In the following
section we are concerned with the proof of these two results.

5. THE LIFTING THEOREM AND ITS CONSEQUENCES

§.1. Let g be a (n + 1)-dimensional nilpotent Lie algebra and let Z 2(g,R) be
the space of 2-dimensional scalar cocycles of g. We fix some flag of ideals
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F(g) =9D>9, D8, D which is finer than the lower central series. Let
p € KV,(g) be some complete normal Koszul-Vinberg structure in g. For
every (n+ 1)-dimensional ideal a with g, C a let p, be the normal structure
in a which is induced by p. We choose w € Z 2(g,R) , the 2-forms that w
induces in the g;f are denoted w. We consider the Lie algebra g” and take
the pull back of F(g): F(g”) = n_'(F (g)), so that we have the commutative
diagram

Bs1 g° R
l .
9, > g R.

We know that (g, ,p,) is normal. We shall prove the following theorem.

Theorem 5.1. Let (g,p), the (a,p,)” and w be as just defined. If the p°
have the [w)-lifting property, then p also has the [w]-lifting property, moreover,
if (g“, pg’ ) is some normal lifting of p,, we can choose some lifted structure
(8, p”) such that the following diagram of Koszul-Vinberg structure is commu-
tative;

(BZ)H,PSU) - (Bw,pw)

l l

(gnapo) - (gap)

Proof. We prove Theorem 5.1 by induction with respect to n.

(1) If n = 1, then (g,p) is the trivial structure, for the 2-dimensional
nilpotent Lie algebra g is commutative and p is normal. The trivial structure
has the [w]-lifting property, so that Theorem 5.1 istrue if n=1.

(2) Let us suppose that Theorem 5.1 is true if dimg < n, + 2. We consider
the problem for (g, p) with dimg = n,+2. Let us consider g as the extension

of R? by g, and let us write the diagram:

w w 2
Bng+1 & R

2
O, g R*.

Let p, be the structure that p induces in Bn, and let a, be some 1-dimensional

ideal in R?, and a the pull back of d, in g. Then a isan (n,+ 1)-dimensional
ideal in g with g,, C a. The structure (a,p,) is normal. In particular we
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consider the ideal g, , ; according to the hypothesis, (8pyt1> p,) has the [w]-
lifting property:

w w
gn0+2 g

l I

(9n0+1’p0) - (g’p)'

Let p; be some lifted structure in g, , C g”. By Theorem 3.1 we can sup-
pose that p, is normal. Then (g, ,,,p;) induces a normal structure (g, , ;)
in gfo such that the following diagram of normal structures is commutative:

w w w w
(gn0+1 ’pO) _— (gn0+2 ’p())

l !

(gno’po) — (9no+1 ’po)~

Theorem 5.1 is true for the diagram

(Bs1-P9) —  a°

I !

(gno’po) - (aa pa)
if a is an (n; + 1)-dimensional in g with 9,, C a. Hence we can choose a

normal lifted structure (a®,p.’) such that the following diagram becomes a
commutative diagram of normal structures

(gfo.'.]ap(()o) - (aw,p:))

l I

(82 P0) — (a,p,).

Now we consider g as extension of a, = 9/9n0—1 by Bno—1 therefore we
have the diagram

w w
Gno 7 g a3
gno- 1 4 g a3'

Since this result holds for every (n + 1)-dimensional ideal a C g with g, C a
we see that (g, p) satisfies the hypothesis of Theorem 4.1. Thus by Theorem
4.1, p has the [w]-lifting property. By the virtue of Theorem 3.1 we can choose
p(g®, p®) such that p” is normal. Theorem 5.1 is proved O

Let (g,p) be a complete normal Koszul-Vinberg structure; let F(g) = g D
-++ D gy be a flag of ideal such that p € KV (g). We set g =g/g,; (§,p) is
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the quotient of (g,p). Wefix De P ; (g) and we consider the Lie algebras g,
and g5 . The following diagram is commutative:

g — 9p

Lo

Keeping these notations we have

Corollary 5.2. Suppose that (g, p) is induced by some normal structure (g5, pp) -
Then (g, p) has the D-extension property.

Proof. We consider the following commutative triangle of normal structures

(8,p) — (85, Pp)-
This is exactly the situation of Theorem 5.1. Therefore, p being normal we can

find some normal extension (g, p,) of (g,p) such that the following diagram

commutes:
(9,/7) - (gD’pD)

l 1

(g > p) (g'i)' ) PB)'
This ends the proof of Corollary 5.2. 0O

5.2. The Lifting Theorem. Let g be a nilpotent Lie algebra. If w € Z 2 (g,R),
then every complete normal Koszul-Vinberg structure p € KV(g) has the [w]-
lifting property. Moreover one can choose (g”, p®) such that p® is normal.

Proof. This theorem is proved by induction with respect to n = dimg > 2.
Indeed, if n = 2, the complete normal structure (g, p) is the trivial structure
(,0) and it has the [w]-lifting property. Suppose that the theorem is true if
dimg < ny+ 1, and let us consider (g,p,w) with dimg =ny+1, ny > 1.
Since (g, p) is normal we fix some flag of ideals F(g) =g > g, O such that
p €KV, (g). Thus (g, p) induces the normal structure (g, ,p,). We consider
the following square:

w w
gno+| g

l l

8, — &

By the virtue of the “induction” hypothesis, (g, ,p,) has the [w]-lifting prop-
erty. Then Theorem 5.1 tells us that (g, p) also has the [w]-lifting property.
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But Theorem 3.1 says that we can choose (g“,p“) such p” is normal. This
ends the proof. O

5.3. Some consequences of the Lifting Theorem. We state the most important
consequence as follows.

Existence Theorem. Each nilpotent Lie group admits a complete normal affine
structure.

Proof. Let G be a connected nilpotent Lie group with the Lie algebra g. Let
F(g) be some flag of ideals which is finer than the lower central series. Let
g, be the l-dimensional ideal of F(g) =g D> ---Dg, D---Dg,. If g=
9/8, has complete normal Koszul-Vinberg structures (g, p), then by the Lifting
Theorem, g will have complete normal structures. Therefore it is sufficient to
observe that g/[g,g] has the complete normal structure (g/[g,g],0). Since
[g,g8] coincides with some g, , we deduce that g admits a complete normal
structure. O

Let us finish by pointing out a tautology contained in the previous paragraphs.

Corollary 5.4. Each normal Koszul-Vinberg structure is complete.

Proof. Let (g, p) be a normal Koszul-Vinberg structure and let F(g) be some
p-preserved flag of ideals, F(g) =gD---Dg, D---Dg, . Since g, is contained
in the center of g, we have p(g,)g = p(g)g, = (0). Thus if we set § = g/g,
and if (g, p) is the quotient of (g,p) it is sufficient to prove that (g, p) is
complete.

We iterate this remark by considering g = 8/8, = ¢/9, and (3,p) which
is normal. There is some g, such that g/g, is commutative, therefore the
quotient of p in g/g, is the trivial structure (g/g, ,0) for it must be normal.
Since (g/g,,0) is complete so must be (g,p), because g is obtained from
(8/9,) by means of central extensions. This proves Corollary 5.4. O

APPENDIX
Let (g, p,, nf ;) be some truncated Koszul-Vinberg structure in the truncated
Lie algebra (g,KJF‘,). We set
F ; 3
KJ.I = {Da’éaﬂ ’8;ﬂ/(a’ﬂ’y) el }’
F 3
= {Aa’Uap,va/(a,ﬂ,)’) er}.

Let m = #I. The canonical basis of R” is denoted (€ )aer- I J =1, we
shall give the formula which defines the Koszul-Vinberg structure (g, p,, nf 1)

in the Lie algebra (g,Kf ;). We define the linear map D: R" — 92(9) by
setting

D (E xaen> =Y xD,.

a€l

a€l
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We define also the skew symmetric bilinear map Q: R” x R” — g by putting
Q(x ) = Zxayﬂéaﬂ'
We also define the skew symmetric product in R by setting
[, ] =) el x. Ve,
afy
The condition (c,,yo)a 8y tells us that the bracket [x,y] satisfies the identity of

Jacobi, so that R” becomes Lie algebra, we denote it a. The conditions (C, ﬂ)
and (Cﬂﬂy) give the following:

[D(x),D(y)] = D([x,y]) +ad Q(x,y),
D(x)Q(y,z) - D(y)Q(x, z) + D(2)Q(x,y) — Q([x, ], 2)
+Q([x,z],¥) - Q(y,z],x) =0 if (x,y,z) e R" xR” xR".
Therefore the vector space g x R” has the following Lie algebra bracket:
[(X,x), (Y, »)]=(X,Y]1+D(x)Y - D(y)X + Q(x,y),[x,y]).
Now, we define the following maps:
p:a—gl(a) isgivenby p(x)-y= Z vgﬂxayﬂe,/.
a,B.y

We see that p(x)y — p(¥)x = 3,4, azﬂxayﬂey = [x,y]. The condition
(k, ’70)6', 5 implies that p is linear representation of a in R™, so that (a,p)

is a Koszul-Vinberg structure in a. We define the bilinear map ¢: axa — g
by putting

d(x,y) = ZxayﬁUaﬂ'
af

Then ¢(x,y)—¢(y,x)=Q(x,y). Let 4: a— E;(g) be the linear map given
by A(x)=3_x,A,.

Now we define the following product in g x a:

lp(X,x)-(Y,y) = ((p(X) + A(x))Y + (4(y) - D)X + é(x,y), P(x)y) |

The condition (k) and (kaﬂ) imply that the above product satisfies the fol-
lowing condition

P(X,x)-(Y,y) = p(Y,y)(X,x) =[(X,x),(Y,y)]

By applying (kapy) and (k, 70)01,7 one sees that the linear map p: gxa —
gl(g x a) is a linear representation of gxa, so that (gxa, p) is Koszul-Vinberg
structure and moreover, the sequence

0—(g,py) = (gxa,p)—(a,p)—0
is an exact sequence of Koszul-Vinberg structures. We observe that the condi-
tions (k ), (kaﬂ), (kuﬂy) and (kl‘,/o)aﬂy imply the conditions (na,naﬂ and so
on) that I gave in [9].
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