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INTEGRAL REPRESENTATIONS OF POSITIVE DEFINITE
MATRIX-VALUED DISTRIBUTIONS ON CYLINDERS

JURGEN FRIEDRICH

ABSTRACT. The notion of a G-continuous matrix-valued positive definite dis-
tribution on Sy (2a) x R™ x G is introduced, where G is an abelian separable
locally compact group and where Sy(2a) is an open ball around zero in R¥
with radius 2a > 0. This notion generalizes that one of strongly continuous
positive definite operator-valued functions. For these objects, a Bochner-type
theorem gives a suitable integral representation if N = 1 or if the matrix-valued
distribution is invariant w.r.t. rotations in RY . As a consequence, appropriate
extensions to the whole group are obtained. In particular, we show that a posi-
tive definite function on a certain cylinder in a separable real Hilbert space H
may be extended to a characteristic function of a finite positive measure on H ,
if it is invariant w.r.t. rotations and continuous w.r.t. a suitable topology.

1. INTRODUCTION

In 1939 M. G. Krein [12] considered the following problem: Are there posi-
tive definite extensions of a continuous positive definite function on an interval
(—2a,2a), 0 < a< oo, tothe whole real axis? He answered this question in the
affirmative. Rudin showed in [20] that there is no positive definite extension of
a continuous positive definite function given on a square to the whole plane in
general. Various papers are related to the extendability of continuous positive
definite (also operator-valued) functions from subsets of the form (—2a,2a)xG
to the whole group R x G, where G is a suitable abelian topological group (cf.
e.g. [15,4,9, 14, 7)).

Despite the fact that there are no extensions of continuous positive definite
functions from squares to the plane in general, Rudin [21] proved that an ex-
tension is always possible, if the function in question is given on an open ball
around zero and if it is invariant w.r.t. rotations. Nussbaum extended this re-
sult to distributions [17, 18]. More precisely, he obtained a representation of
the given distribution as an integral over certain elementary positive definite
distributions. The latter ones may be extended to the whole space in an obvi-
ous way. Thus the appropriate integral representation describes an extension
of the original distribution. Conversely, the Bochner-Schwartz Theorem yields
an appropriate integral representation for each positive definite extension of the
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original distribution i.e., integral representations and positive definite extensions
are intimately related.

Generalizing the objects under consideration w.r.t. their ranges one is led
to functions taking sesquilinear forms over complex (topological) vector spaces
as values. Nevertheless, this situation is easily reduced to the case of functions
which values are bounded operators in a Hilbert space [7, Lemma 1].

The aim of this paper is to show the extendability of such positive definite
operator-valued functions F defined on a stratum or on a cylindrical subset of
an abelian topological group to the whole group. In the latter case we assume
that F is invariant w.r.t. all rotations leaving the cylinder invariant.

To prove this result we follow essentially the scheme in [17]. Especially, we
want to use the nuclear spectral theorem to obtain a suitable integral representa-
tion. To bring nuclearity into play it is more useful to consider the matrix repre-
sentation of F w.r.t. a fixed basis in the Hilbert space instead of the function F
itself. For the proof it is almost equal, whether we consider matrices of contin-
uous functions or even of distributions. Therefore we introduce G-continuous
positive definite matrix-valued distributions % on S, (2a) x RY x G, where

Sy(2a) is the open ball around zero in RY with radius 2a > 0 and where G is
a separable locally compact abelian group (Definition 3). The entries of the in-
finite matrix .# are distributions on S, (2a) x RY, depending continuously on
the additional parameter g € G. If ‘N =1 or if all entries are invariant w.r.t.
rotations in RY , we obtain a Bochner-like representation of ¥ as the Fourier
transform of some nonnegative matrix-valued measure. This representation
implies the extendability of the appropriate matrix-valued distributions to the
whole group (Theorems 1 and 2). As a consequence, we can prove the existence
of positive definite extensions of operator-valued positive definite functions on
strata or cylinders (described above) to the whole group even if the latter is not
locally compact. In particular, we show that a positive definite function on the
cylinder S, (2a) x H, in the real separable Hilbert space H = RY x H, may
be extended to a characteristic function of a finite positive Borel measure on
H, if it is invariant w.r.t. rotations in H, = R" and continuous w.r.t. to a
suitable topology. A similar result for positive definite functions on a stratum
was already obtained in [3].

The paper is organized as follows. In §§3 and 4 we consider simple facts
about positive definite operator-valued functions and matrix-valued distribu-
tions. In §5 we introduce certain auxiliary nuclear spaces and transfer positive
definiteness to positivity of certain linear functionals. In §6 we note a version
of the nuclear spectral theorem, which is used later on. Then we discuss ex-
tensions of symmetric operators commuting with unitary representations of an
abelian group and appropriate direct integral Hilbert spaces. This provides the
operator theoretic background for the extensions of positive definite functions.
§69 and 10 we deduce our main results and appropriate conclusions.
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2. NOTATIONS

The letters N(R,R_,C) denote the sets of positive integers (real numbers,
nonnegative real numbers, complex numbers). For a locally convex space FE,
E' denotes the vector space of continuous linear functionals on E . The value
of some ¢’ € E' at e € E is written ¢'(e) . The space of all matrices (e;); ,_; »
n € NU {00}, ¢, € E, is denoted by M(n;E). The spaces M(n;E),
n € N, are considered as subspaces of M(oco;E) in the usual way. The
subspace U, M(n;E) of M(oco;E) is denoted by M(w;E). If E =C,
we write simply M(n) and M(w) instead of M(n;C) and M(w;C), n €
NU({oo}. If x = (x,,...,xy) and & = ({,,...,¢y) are points in RN,
N €N, we abbreviate x-§ =x,& +- -+ xp¢y, |X| = (x -x)l/2 ,and Sy(a) =
{x e RN;le < a}, 0 <a<oo. We define R = {0}. The letter G is al-
ways used for an abelian group. Group operations are written additively and
0 denotes the natures element. If G is locally compact, G* denotes the dual
group of G. The value of y € G* at g € G is [y,g]. Note that (RV)*
is isomorphic to RY. For x € R” and S (RN ) = R" we assume that
[€,x] = exp(—i& - x). Let O(N) denote the orthogonal group of RY and dp
the Haar measure on O(N), normalized such that fo( N dp = 1. The im-
age of p € O(N) applied to x € RY is px. If F is a mapping defined on
SN(a)xRMxG,wedeﬁne pF, pe O(N),by (pF)(x,y,g) =F(p"x,y,g).
F is called N-radial, if pF = F forall p € O(N). Let Z, = 2 (Sy(a) x RM)
denote the usual Schwartz space of infinitely differentiable functions on RVtM
with compact support on S, (a) x RY , endowed with the usual LF-topology.
Some f € @‘: is called N-radial, if pf = f for all p € O(N), where pf is
defined by (pf)(p) = f (p“'q)) , p€Z,. If f isa continuous complex-valued
function S, (a) x RY x G, we define a N-radial function f# by f* (x,y,8)=
fouv) f(px,y,g)dp. If H is a Hilbert space, we write (-,-) and | -| for its
inner product and its norm, resp. (We will use the same symbols for different
spaces, since there is no danger of confusion.) By D(4), A, A", and ker(A4)
we denote the domain, closure, adjoint, and kernel of a linear operator 4 in
H . The space of all bounded operators in H is B(H).

3. POSITIVE DEFINITE FUNCTIONS

Throughout this paper we consider an abelian group G, which contains a
vector space RV*M a5 subgroup, i.e., G = RV*M « G , where G is an abelian

group. We will always have to do with subsets C of G of the form S, (a) x
RY x G , which will be called cylinders. If not necessary, we will not specify
the parameters and only use the letter C. We write briefly 2C instead of
Sy(2a) xRY x G.
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Definition 1. Let H denote a Hilbert space. A mapping F:2C — B(H) is
called positive definite (p.d.), if (F(g,.—gj));'J=l is nonnegative in B(H)® M (n)
forall g ,...,g,€C, neN.

Lemma 1. Consider a linear subspace D of H and a subgroup G, of G. Let
C,=Sy(a) x RM x G, and suppose that F: 2C, — B(H) satisfies

n

(1) Z(F(g,_gj)X,aX_,)ZO
ij=1
forallg,,...,8,€Cy, X;,...,X, €D, neN.

Then

(i) (F@®X,Y)|’ < (F(O)X,X)(F(0)Y,Y) for g€ 2C,, X,Y€D.

(i) If D = H, then F(g)" = F(-g) and |F(g)ll < |F(0), g € 2C,.
Moreover, F is p.d.

The proof of Lemma 1 is easy and therefore omitted.
Lemma 2. Suppose that G (hence G) is a topological group. If F: 2C — B(H)
is p.d. and weakly continuous at 0, then it is uniformly strongly continuous.
Proof. First consider a nonnegative (3, 3)-matrix

(ppﬁ)
A=la u vy |.
B 7 u

The nonnegativity of A implies p >0, u >0, p-u > |a|2, pu> |B|2,
u>1yl,and detA=p-u’ +afy+ap7—lof’ u—|B'u—1yp 2 0. Especially,
u =0 implies a = f =y =0. Suppose that u # 0. Then
o= B = o’ — aB — aB + |BI°

<(p-u+aBy+apy-y'pu” —ap —ap

=u" (e’ = y1*) + aB(y — 1) + a7 — 1)

<u”p(® — 9P + 201y - ul

= p((e+ 7))/ ) = 171) + 2ply — u|

<2p(u—=12)+2ply — u

<dplu—7yl
If u =0, then both sides of the inequality are zero. In each case we have
2
(2) la— BI” < dplu—7|.

Let g,,8,,8,€C, X, =X€H, X,=X;,=Y € H. Since F is p.d., the
matrix A = ((F(g; —g,)X;, X)) ,_, is nonnegative. Thus (2) yields

(3) (F(g, —8,)X,Y) - (F(g, —8,)X,Y)’
= 4(F(0)X, X)[(F(0)Y,Y) — (F(g, - 8,)Y,Y)|.
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Putting 4 = F(g, —g,) — F(g; —g,) and X = AY we obtain from (3)
I4Y | = (4747, Y)* < 4P IF O Y I'(F©0) - F(g, ~ &5))Y , Y).
Since ||4|| < 2||F(0)|| by Lemma 1, (ii), we have

I(F(g, —g,) - F(gs — )Y < 16|FO’IIYI*[((F(0) - F(g, —g,))Y,Y)],
which yields our assertion.

Definition 2. A p.d. function F:2C — B(H) is called a continuous positive
definite (c.p.d.) function, if it is weakly continuous at 0.

Note that Lemma 2 justifies the notation in Definition 2, since for p.d. func-
tions weak continuity at 0, weak continuity, strong continuity, and even ultra-
strong continuity coincide.

Lemma 3. Suppose that G, is a dense subgroup of the abelian topological group
G and that D is a dense linear subset of H . Ifthe mapping F,: 2C = S, (2a)x
RM x G, — B(H) is such that the function (g— (Fy(g)X , X)) is continuous at
0 for all X € D and if (1) is satisfied with F, in place of F, then there is a
unique c.p.d. extension F of F, to 2C.

Proof. By Lemma 1, (ii), F; is p.d. and the image of F, is uniformly bounded.
Hence the continuity assumption implies in fact weak continuity of F, at 0.
By Lemma 2, F; is uniformly weakly continuous. Since the weak closure of the
image of F is weakly compact and hence weakly complete, there is a weakly
continuous extension F of F; to 2C. It is clear that this extension is unique
and p.d.

4. POSITIVE DEFINITE MATRIX-VALUED DISTRIBUTIONS

We start with the introduction of certain matrices of test functions. For
p € DRVM), we define ¢* by ¢*(x,y) = 9(—x, —»), x eR", y eRY.
Consider matrices ® = (¢;,); jen 30d ¥ = (V)i jen in M(w; ZRYM)).
We define an involution in M(w; 2 R"*™)) by @ = (&), jen> S = 91k -
A convolution in M(w;Q(RN+M)) is defined by ® ¥ = (), jen> My =
Ej NP * Vi where x 1is the latter sum denotes the usual convolution. Let
M(w;9,,), denote the cone in M(w;Z,,), which is generated by all ele-
ments of the form @ +®, ® € M(w;Z,). Each element F = (f;)); jen €
M(oo;@z'a) defines a linear functional on M(w;%, ) by

F(®) = Z S (P0)-

k,IEN

We assume that M (oo ;92'a) carries the appropriate weak topology. Note that
the latter is Hausdorff. We say that & is positive (¥ € M(c0;2,,),) iff
F(®) 20 for ® € M(w;9,,), . It is easy to see that F is positive iff
Dok 1en T (9 * ¢;) > 0 for all finite sequences (i.e., all but finitely many @
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are zero) (¢, ), en - Writing elements of M (oo ;@Z’a) ® M(n) as block matrices,
we may identify the latter space with M (oo ;9{ 2) - Thus Moo ;92'a) ® M(n)
inherits the order structure from M (oo;@z'a) and we may speak about pos-
itive elements in the tensor product. In more detail, (( fk,’ij)k,,GN);'J.=l €

M(c0;9,,) ® M(n) is positive, if 3, o\ o1 S if (@i x 95) = 0 for all
finite sequences ((¢,,);en)iz; I0 <,

If now H is a separable Hilbert space, (e,),cn an orthonormal basis in H,
and if F:2C — B(H) is weakly continuous, we associate a continuous mapping

Fr1G38 (S kien € M(°°9@21a)

Ji1 £(9) :=/ (F(x,y,8)e,.e)p(x,y)dxdy, ¢€Z,,.
Sx(2a)xRM

Lemmad4. F isp.d. W(.?F(gi—gj))f,jzl is positive in M(oo;.@z'a)@)M(n) for
all g, ...,8,€G, neN.

Proof. Let n,m € N, ¢,,,...,9,, € <Z,,and g ,...,8, € G. Then the
following equality holds.

(4)

n m

E Z kl.gi— g, Pik (/7],)
i,j=1k,l=1

= Z / / (F(x.7.8 - g)e,.¢,)
S\(ZG)XR" RNtV

i,j=1k,l=1

X pu(x =x',y=y)g,(-x", —))dx'dy'dxdy

n

m
=33 e FEE 0 e
J=lk.I= Sy(a)xRM JSy(a)xRY ! J

x 0y (x,3)p,(x",y)dx'dy'dx dy

n
=Z/ / <F(x—x’,y—y',g,—g,-)
ij=1 Sx(a)xRM JSy(a)xRY

m
XY 04X, 0,
k=1

Z ﬂ(x ,y >dx’dy'dxdy.

Suppose now that F is p.d. Approximating the integrals on the right-hand side
of (4) by suitable (e g. equidistant) Riemann sums, we obtain its nonnegativity.
Thus (F.(g; - &; N’ is positive in M(oo;.@z'a)®M(n).

i,j=1
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Assume now that the matrix (#.(g; — gj));" =1 is positive in the tensor
product. Let X,,...,X, € D := Lh{e . ;k € N}. Fix m € N such that
a, = (X;,e,) vanishes for k > m andall i =1,...,n. Now let ¢, run
through a sequence of test functions converging (as measures) weakly to the
point measure at (x,,y;) with mass a, . Since the term remains nonnegative
and converges to Z;'FI(F(gi -8)X;,X;), 8= (x;,¥;,8,), we see that (1) is
satisfied with C, = C. By Lemma 1(ii), F is p.d.

Lemma 4 motivates the introduction of matrix-valued distributions as gener-
alizations of operator-valued functions in the following definition. The notion
depends on the decomposition of G as a direct product of course. Since there
is no danger of confusion, we will not express this dependence in notation.

Definition 3. By a G-continuous matrix-valued distribution on 2C we mean
a continuous mapping ¥ : G — M (oo;@z'a). It is called N-radial, if each
entry of ¥ (g) is N-radial. The matrix-valued distribution ¥ is called pos-
itive definite, if (¥ (g, - g,)); -, is positive in M (00;9,,) ® M(n) for all

&,---,8€G, neN.
Le., & ispd.iffforall n,meN, g,...,8,€G,and ¢,,...,9,, €Y,
the expression E:’Fl PN Igi—g, (Pt * (p;.‘,) is nonnegative.

5. NUCLEAR AUXILARY SPACES

In this chapter we construct certain nuclear spaces, which provide a basis
for later applications of the nuclear spectral theorem. For general properties of
nuclear spaces we refer to [19]. Some of the following facts were proved in a
similar form in [17] already.

Suppose that G, is a countable abelian group. In later applications G, will
be a dense subgroup of an abelian separable topological group G .

Let

E,=E(a;N,.M.G)= P E,
kEN ,g€Gy
be the topological direct sum of vector spaces E, e = Z,. Let J, g g, -
J, g(.@a) =E, ¢ € E, denote the canonical injection. Similarly we define a
vector space
&=&a;N,.M,Gp)= P &
k /EN ,g€Gy
where 8’“_ 2 is topologically and algebraically isomorphicto <, . Let %, ¢ 2,
- & 1g S 8’a denote the appropriate canonical injection. Informally speaking,
E, and & are spaces of sequences and of matrices of test functions, which
additionally depend on the parameter of g € G, .
We introduce an involution in E, and a convolution *: E, x E, — & by

(Jkgq))* = (J; ,_g¢*)’ (Jkg(”) * (J/h'//) =/¢kl.g+h(¢ *Y),

k,leN, g,heG,, ¢,y € Z,, and by linear extension of these relations to
the whole spaces.

l.g’
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Lemma 5. Involution and convolution defined above are continuous.

Proof. The continuity of the involution is obvious. To show the continuity of
the convolution it is sufficient to prove the continuity of the restricted mappings
*: Jkg(ga) x J,(Z,) - jl{[,g+h(92a) C & (cf.[6, 7.7.11]). Hence we have to
prove the continuity of the usual convolution *: &, x &, — Z, . Since I,
is a DF-space (cf. [11, §40, 2]), it suffices to show that the convolution is
separately continuous. The latter follows from a straightforward calculation
using seminorms.

Let 9: denote the subspace of all N-radial test functions in & . Moreover,

E: =1h{J,(¢);0 € 9:, k €N, g€ G} is a linear subspace of E, .

Lemma 6. E, and EZ are separable nuclear spaces.
Proof. Both spaces are countable direct sums of separable nuclear spaces Z,
resp. 9: . Thus they are also of that kind. (cf. [19, 5.2.2}).

Lemma 7. The set {(o*y/;q;,u/e.@:} is total in 92#‘1.

Proof. Functions of the form 9 @ v, ¢ € I(Sy(a)), ¥ € Q(RN) , span a
dense subspace of Z,. Since the mapping ¢ ® ¥ — (¢ ® w)t = (o# Y, is
continuous, elements of the form ¢y, ¢ € 9(SN(a))# ={p € D(Sy(a));
¢ radial}, y € @(RM), are total in 9:. Because of (¢, @ y,) * (9, ® y,) =
(9,*9,)®(y, *v,) itis sufficient to prove that {9, *¢,;¢, ,0, € 9(SN(a))#} is
total in Z(S,,(2a))* and that {y, * ¥,;v,, ¥, € Z(R™)} is total in D(RY).
The first assertion is Lemma 6.1 in [17] and the latter is clear.

Lemma 8. Every element of 9: " is the restriction to 9: of a unique N-radial
distribution of 9;.
Proof. The proof is quite similar to the case where M = 0, which was carried
out in [17, Proposition 1].

For y € R and g € G,, we define a continuous linear operator V(y,g) in
E, by V(y,8)J, 49 = Ji gin¥ where y is defined by

v(x'V)=0x' ¥ -y), 0eZ,xerR",)er".

The mapping (y,g) — V(y,g) defines a representation of RM x G, in E,.
Later on we will use V' to define a strongly continuous unitary representation
of R™ x G in a certain Hilbert space, where G is a locally compact abelian
group containing G, as a dense subgroup. The appropriate Hilbert space will
be obtained by GNS-construction. To prepare this, we have to consider suitable
positive functionals T of &, .

Definition 4. T € 2’; is called positive, if T(®*®") >0 forall P€E,.

The connection between positive definite G-continuous matrix-valued dis-
tributions and positive functionals is as follows. For a given G-continuous
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matrix-valued distribution % on 2C and a fixed countable dense subgroup G,
of G we define a functional T, € & by T4 (%, ,0) = fiy ,(9), k.l €N,
g€G,, peY,.

Lemma 9. T is positive if and only if & = (ka)k,leN is p.d.

Proof. Consider ®€E,, ® =3 ;. 00, Jy (Pres Phg €Zy- 0 #0 only
for finitely many g°’s, say g,,...,&,. Then

[o <] n
To(@*®") =T, (Z > Fut g P, * “”g"))
ki=1i,j=1
[o ] n
= Z Z fkl,gi—gj(q’kgi * ¢131)'
kJ=1i,j=1

Now the assertion is easy, since G, is dense in G and # is G-continuous.

In the following we want to show that G-continuous matrix-valued positive
definite distributions and continuous operator-valued positive definite functions
possess a certain integral representation if N =1 or if they are N-radial. This
will follow from the investigation of the appropriate functionals in g‘;’, This
integral representation will be obtained from a suitable direct integral Hilbert
space and by applying the nuclear spectral theorem. The appropriate concepts
(in a form which applies to our situation) will be developed in the next three
paragraphs.

6. THE NUCLEAR SPECTRAL THEOREM

Theorems of the following kind are well known (cf. [8, 16, 2, 17]). Here
we give a special formulation, which will be proved for completeness. For the
concept of direct integrals we refer to [5].

Proposition 10. Suppose that E is a nuclear space and H = |, f’ H(A)dv(A) a
separable direct integral Hilbert space. If J: E — H is a continuous linear
mapping, then there are continuous linear mappings J,: E — H(4) for all 1 €
A such that for each e € E the vector field (J,e;A € A) belongs to H and
(Je)(A) = Je v-ae on A.

Proof. Since J is continuous, there is an equicontinuous sequence (e‘,’,)nGN of
linear functionals on E (i.e. there is a continuous seminorm p on E such that
Ie:,(e)| < p(e) forall e € E and n € N), a bounded sequence (X,),. Of
vectors in H , and a sequence (g,),.n Of nonnegative numbers belonging to /|
(ie. X,en0, < ) such that Je = Y>> g€ (e)X, forall e € E. Suppose
that X, = [2 X (A)dv(4). Now

S o lx = X [ 01,1 dv(@)
n=1 n=1

- /A 30, IX, ()2 dv (4) < .
n=1
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Thus there is a v-null set .#° such that Z;”;l an|]Xn(,1)||§ < oo forall 4 €
A\ . Without loss of generality we may assume that X,(A) =0 if Ae /.

Thus E:’;l a"||X”(2)||§ < oo for all A € A. (From now on, the vector fields
(X,(4);4 € A) are fixed.) We define linear mappings J,: E — H(4) by Je =
Yo, 0.6 (e)X,(A), e€ E. J, is continuous. Indeed,

[o o]
1/2 1/2
Iell, < 3 lel(e)la, o, X, (),

n=1
1/2

o] 1/2 o]
<ple) (Z an) (Z a,,uxnmui) ,
n=1 n=1

which shows the continuity of J, .
Let e € E. We like to show that (Je)(4) = J,e v-a.e. Set

k
S.e= Z ane;(e)Xn , k eN.
n=1
Since the sequence (S, e),.n convergesto Je in H , there exists a subsequence
(Sy,€)men such that ((S, e)(4)),n convergesto (Je)(4) in H(4) for v-aa.
A€ A. [5, part II, Chapter 1, Proposition 5]. But, by the definition of J,, the
sequence ((Skme)(/l))mEN converges to J,e, which yields the assertion.

We want to conclude this paragraph with the description of how one obtains a
suitable Hilbert space from a positive functional 7 in é’a' . This construction is
very similar to the well-known GNS-construction. Let T denote a positive func-
tional of c%' . We define a semiscalar product on E, by (®,¥):=T(P+« ¥,
®,¥ € E,. By Lemma 5 this semiscalar product is simultaneously continuous
on E . Therefore N:={® € E_ ;(®,P) =0} is a closed subspace of E, . Let
H denote the completion of E, /N w.r.t. the norm (® + N) — ||® + N| :=
(@, o))" 2 Of course, H is a Hilbert space. Let J: E,— H denote the natu-
ral injection, i.e., J P =P+ Ne€ H, Pc E . By Lemma 5, J is a continuous
linear mapping. Hence we may apply Proposition 10 provided that H has a
direct integral structure. Suppose we are given a N-radial positive element of
ga'. Then we use the nuclear space E: to construct a Hilbert space H® ina
quite similar way.

In the following paragraphs we show that a suitable direct integral represen-
tation can be given in case of N = 1 for a Hilbert space # containing H,
and for H* in the N-radial case.

7. EXTENSIONS OF COMMUTING OPERATORS

Similar assertions as in the following proposition were proved already in [10
and 22].

Proposition 11. Let H denote a separable Hilbert space, G a topological abelian
group, G, a dense subgroup of G and A: D(A) — H a symmetric operator.
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Suppose that U: G — B(H) is a strongly continuous representation of G, which
strongly commutes with A in the following sense: U(g)D(A) C D(A) for all
g€G, and U(g)AX = AU(g)X for all g € G, and X € D(A). Then there
are

(i) a separable Hilbert space # which contains H as a closed subspace.
(ii) a selfadjoint extension &/ of A in #, and

(iii) a unitary strongly continuous representation % of G in & which co-
incides with U on H such that % (g)D(&) C D(¥) for all g € G and
% g)VZ = U (g)Z forall g € G and & € D). If A is nonnega-
tive, we may choose # = H (thus Z = U ) and & as the Friedrichs extension
of A.

Proof. 1. Since A is a symmftric_and hence closable, 4 commutes strongly
with U(g),g€G,,i.e. U(g)dC AU(g).

2. A commutes strongly with U(g), g € G. This follows from the conti-
nuity of U and the closedness of 4.

3. Let #:=HoH, A :=A®(—A) (i.e. especially D(4,) = D(d)®D(4)),
and # be given by Z(g) = U(g)® U(g), g € G. It is easy to see that 4,
is a densely defined closed symmetric operator which strongly commutes with
%(g), & € G. Consider the deficiency spaces E, = {Z € D(A’;);A’;Q” =
+iZ’} and the Cayley transform C,: (4, +i)D(4,) 3 (A, + )& + (4, - )&
€ (A, —i)D(A,) of A,. We have ((4, £ i)D(Al))l ={X,Y)e Ho H;
(X,(A+£i)z) =0 and (Y,(AFi)Z)=0 forall Z e D(4)} = E_®E, . Thus
we may define a unitary operator € in # by & | (4, +i)D(4,) = C, and
Z(X,Y)=(Y,X) for X€E, and Y € E_. Hence % is a unitary operator
mapping # onto #Z .

4. We show that ker(%Z — 1) = {0}. As it was shown in 3., we may write an
arbitrary vector .Z of # asfollows (X, +(4+i)X,,Y,+(-4+i)Y,), X, € E_,
YeE_, X,,Y,€ D(A) . Suppose that it belongs to ker(Z —1). Regarding the
first component of the resulting vector, we obtain Y, +(A-i)X ,—X, —(A+i )X, =
Y, - X, - 2iX, = 0, which implies X, = X, = Y, = 0, since E_, E_,
and D(A) are linearly independent. (These spaces are even orthogonal w.r.t.
the graph topology of A", as it is well known from the extension theory of
symmetric operators.) Similarly, ¥, = 0. Thus ker(% — 1) = {0} and we may
define a symmetric operator &/ by D(¥) = (¥ —1)# and & (% - )& =
—i(F + 1)Z,%& € # . Note that D(&/) is dense, since

(T - 17 = (ker(Z" - 1)) = (T ker(% - 1))* = #.

It is easy to see that &/ is an extension of 4, and hence of 4. Moreover, %
is selfadjoint, since its Cayley transform % is unitary.
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5. & and #(g), g € G, commute strongly, Indeed, consider an arbitrary
vector .Z of # . Suppose that it is written as in 4. Then

UQ)EZ =%(g) Y, +(A-DX,, X, + (-4 -)Y,)
=(U()Y,+(A-)U(g)X,,U(g)X, + (-4 - )U(g)Y,)
=%U(g)Z,

since U(g) strongly commutes with 4. i.e. Z(g),g € G, and € commute,
which implies that Z(g) and & commute strongly. This completes the proof
of the first part.

6. Suppose now that A is nonnegative. Then we obtain that A4 is non-
negative and commutes strongly with all U(g), g € G, according to 2. Con-
sider the *-algebra W = L.h.{U(g);g € G}. Consider a net (B,),., in W,
which strongly converges to some B € B(H). Since B,D(4) C D(A) and
AB,X = B;AX forall A€ A and X € D(A4),wehave B,X — BX and AB,X =
B,AX — BAX . Since A is closed, BX € D(4) and ABX = BAX . Thus all
operators belonging to the von Neumann algebra W" commute strongly with
A . Fix any projection P € W' . Then H can be written as orthogonal direct
sum (1-P)H®PH . Since A commutes strongly with P, we have A = 4 64, ,
A =(1-P)A| (1-P)D(A4), A, = PA | PD(A). Itis clear from the construc-
tion of the Friedrichs extensions ZF =Ap, Ajp,and A, of 4,4,,and 4,,
respectively, that A, = A . ® A4,.. Especially, 4, commutes strongly with
P. Since W" is the strong closure of the linear hull of all of its projections,
A, commutes with all operators of W" in the strong sense. Especially A
commutes strongly with all U(g), g € G, which completes the proof.

Note that the extension of A in Proposition 11 is not unique in general.

8. DIRECT INTEGRAL HILBERT SPACES

Definition 5 (cf. [1]). Let 2 denote a locally compact topological space and
H a Hilbert space. A projection-valued measure P on # is a mapping which
assigns to each Borel subset A of 2 a projection P(A) such that the following
conditions are satisfied:

(i) P(2)=0 and P(Z) is the identity of H .
(i) P(A)P(A,) = P(A; NnA,) forall Borel sets A, A,.
(iii) P is o-additive w.r.t. the weak operator topology.
(iv) P is regular, i.e.,, P(A) =inf{P(Q); Q C 2 open, AC Q}.

Proposition 12. Suppose that U is a strongly continuous unitary representation
of a locally compact abelian group G in a separable Hilbert space H and that
A is a selfadjoint operator in H , which strongly commutes with U(g), g€G.
Then there are a finite regular measure u on R x G, and a family H(t,y),
te€R, y e G", of Hilbert spaces such that

(1) H= f;ex(;‘ H(I’Y) d”(T,Y):
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(i) U(R)X = feg.[7, 81X (1,7)du(z, ), for X = [ 5. X(x,7)du(z,) €
H, geG,and

(iii) AX = foG. tX(t,y)du(z,y) for X = faxa- (t,7)du(t,y) € D(A).
If A is nonnegative, we have u((R\R,) x GH)=0
Proof. The one-parametric group ¢ — exp(—it4A) commutes with U(g), since
A strongly commutes with U(g), g € G. Thus (t,g) — exp(—itA)U(g)
defines a strongly continuous unitary representation of Rx G . According to the
SNAG-Theorem (cf. e.g. [1]) there is a projection-valued measure P on Rx G*
such that

E(-itAU@X.Y) = [ exp(-ito)ly, gl dP(x. )X, ),

teR, ge G, X,Ye H. For g=0 and X € D(A), we differentiate both
sides and obtain

(5) (AX,Y) = / T{dP(t,y)X,Y), x€D(A), Y e H.
RXG*
For ¢t =0, we obtain

6) (U(R)X,Y)= /R __IngldPrX.Y),  g€G, X.Yed.

Following [23] there is a finite regular Borel measure x on R x G" and a field
of Hilbert spaces H(t,y), t€R, y € G*, such that

@ @

H= [ HEnduy) and PO = [ 1.0, due.),
RxG* RxG*
where x, denotes the characteristic function of the Borel set A and 1 o) the

identity in H(t,y). Now the assertions (ii) and (iii) follow from (5) and (6).

9. POSITIVE DEFINITE DISTRIBUTIONS ON A STRIP

Recall that we fixed a decomposition RY*M x G of the group G. A regular

Borel measure x on R™™ x G* = G* is said to be polynomially bounded, if
the function

G* 5 (& m,y) = (L+ &+ n) 7"
is |u|-integrable for some n € N. Let .# denote the set of all such measures.
M = (u3)) jen € M(oo;.#) is said to be positive, if each of the matrices
(W (A)g ;=y» n €N, A C G measurable, is nonnegative. M € M(co;.#)
defines a G-continuous matrix-valued distribution & = (f,,), Jen DY

fus® = [ .80 (), oD@,

where

pEm = [ exp(-itx—iny)p(x.y)dxdy.
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We call F the Fourier transform of M and write % = M. If ¥ is a matrix-
valued distribution on 2C and the above equality holds for ¢ € Z,,, we
write & C M. One easily checks that M is p.d. if M is positive. For M €
M(oco;.#) we can choose a fixed positive finite measure x4 and measurable
functions a,; on G" such that Uy = 4 - 4, kI € N. We will frequently
use such a representation in the following. If M is positive, we can choose the
functions a,, such that all matrices (ak,(é,n,y))z I=1> (&,n,7) €G", neN,
are nonnegative. We are now ready to state the following resuit.

Theorem 1. Let G denote a separable locally compact abelian group and G =
RxRY xG, M eNU{0} (ie, N =1). Suppose that & = (fe)k sen IS
a G-continuous p.d. matrix-valued distribution on 2C = (—2a,2a) x RY x G,
0 < a < . Then there is a positive M € M(oco; . #) such that ¥ C M.

Proof. 1. Let G, denote a countable dense subgroup of G. Consider the
functional T = T7 associated with # (cf. Lemma 9). Since T is positive, we

can construct a Hilbert space H as in §6. We define a unitary representation
U, of RY x G, in H by

(7) Uy(y,8)J®=JV(y,g)®, yeRY, geG, ®eE,

Of course, U, is densely defined and straightforward calculation shows that the
representation operators are unitary. Since # is G-continuous, the mapping
(v,8) — (Uy(y,8g)JP,Jy) is continuous for all ®,¥ € E,. Since Uy(y,g)
is contained in the unit ball B, of B(H) and since JE, is dense in H, U,

is weakly continuous. Thus U, is uniformly weakly continuous on RY x G,.
Since B, is weakly complete, there is a unique weakly continuous extension of
U, to R xG. Obviously it has to be unitary, and we denote it by U . Hence

U becomes a strongly continuous unitary representation of R xG in H.
2. We define a linear operator 4 in H by D(4) = JE, and

.0
(8) AlJ, o=JJ, , (—laq)) \ keN, ge€G,, p€Y,.

We show that 4 is symmetric. First consider ¢,y € &, . One has

(0p/0x)*y =—¢ *(0y/[0x).
Thus

(A, 1 0, JT ) =T (Jk,g (—i;—x¢) *(J, ,hv/)*)
=T (j;,,g_h <<‘i(96_x“’> ’ W))
=T (ﬁ,,g_h (¢’ * ( ’%W) ))

=(J Jp 0,47 Ji )
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for k,leN, g,h € G, and ¢,y € I, . By linearity we obtain the desired
symmetry.

3. It is easy to see that the representation operators U(y,g), y € R R
g € G,, commute with 4 in the strong sense. By Proposition 11 we find a
larger Hilbert space # 2 H, a selfadjoint extension &/ of 4 in #, and an
extension % of the representation U which commutes strongly with &/ . Now
we use the direct integral decomposition of /# according to Proposition 12.

5]

RM+l xG*

According to Proposition 10 there are continuous linear mappings J,
E,— X (&,n,7) such that

(BN

®
JO = J

RM+1 % G*

ey ®@duE,n,y) for ®€E,.

4. Suppose that {®"; n € N} is a countable dense subset of E ,and {Y ;ne€
N} a countable dense subset of R™ . Since

®
k . k
0,800 = [ en(-in3, )7, 8V, @ duE.m.7)
+Ix -
= JV(y,,8)®",
there is a u-null set /17”l < such that

k

k .
JeanV 0,8 =exp(—=in-y,)v, &l , ,P

for (¢,7,7) € RM*! x G*)\/fi,,.,g-

Setting 4" = {4, ngs k,neN, g€ Gy}, we obtain that the latter relation
is true for all n,k €N, g€ G, and all (£,7,7) € (RY*! x G*)\#". Without
loss of generality we assume that #(&,n,y) = {0} for (£,n,y) € # . Thus the

relation is valid for all (¢,7,y) € RM*!xG" . Since the mapping y — V(y, g)P
is continuous for all ® € E,, we obtain

(ll) J(g,,,,y)V(y,g)‘D=CXP(—i'I'y)[J’,g]J(g,,,,,,fD
for all (¢,7,7) eR¥* x G*, PeE,, yeRY, and g € G,.

Changing the field of Hilbert spaces (if necessary) on a u-null set, we obtain
similarly
(12)

) .
Jen (-'—‘1’) =&, @ forall (¢,7,7)eR"' x G and P E,.

ox

(Here i(9/0x)® is defined by i(9/9x)J, 2= ,g(i(a/ax)(o), keN, ge
G,.)
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5. By [5, Proposition I1.1.1], we have the following:

(1) The set Z, of (&,n,7) € RM*! x G* such that the dimension di&,n,y)
of Z(&,n,y) is equal to p is measurable.

(i1) There exists a sequence (e,),.., of measurable vector fields possessing
the following properties:

(a) if d(&,n,7) = R, (e,(&,n,7)),en 18 an orthonormal basis of
ZE.n,7),

(b) if d = d(&,n,y) < NO,(e &,n, y)‘:=1 is an orthonormal basis of
Z&,n,7) and e,(&,n,7)=0,if n>d.

6. Now the mapping Z, > ¢ — B(¢), B(¢p) := (J(M /RUN e, (&,n,7),

defines a distribution B € 9‘: . Using (11) and (12) we compute

3} 3} .
(528) 0) =8 (550) = -itBlo) forpe,.
i.e. (0/0x)B = —i¢B (in the distributive sense). Similarly we obtain (9/dy B
=—in jB ,Jj=1,...,M. Thus B is a regular distribution given by

B(p)=a;(&,n,7) /RM“ exp(—i¢x) - exp(—in-y)o(x,y)dxdy
=a;(&,n,7)0(&,n),

where a,” (€,n,y) is a suitable constant. Hence we may comprise the result as
follows:

(13) w1 0®&nEom,)) = a7 &1, 7)P(E )

for l,neN,(&,n,y) € RM+! xG",p € Z, . Note that the function (§,7,7) —
a,"(é ,n,y) must be u-measurable since the left-hand side of (13) is u-measur-
able and since there are elements ¢ of &, such that the appropriate Fourier

transform is different from zero on arbitrarily large compact subsets of rRM*!
7. Since

J(c"l'y)V(O,g)J,’O(o J(ény =[7.8)/ (€.n.7) 10(0’
we conclude from (13)

(14) (Je i o258, 7)) = a/ (&, n,7)[7,819(E,n)
forl,neN, &,n,7)eR"' xG", geG,, pe,

Hence

Uieman?1.69>demn e n¥)

t"/]s;

(J(g,,,)-]/g(oe(é n,y) - {J; Enndkn¥-e e, (&,n,7)
1

W&y, 8 —hGE, Mw(E,n)

“ i

=a,k(é,n,y)[y,g—h](¢*w )&, ),
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where the function aq,, is defined by

(15) a(&n,7)=Y_a/ (& n,7)a &, n,7).

n=1

Since -
2, T
e i o?l =3 1af (€1, 7) (9 % 9")(E, 1) < o0,

n=1
we obtain that the sum in (15) is absolutely converging and g, is a finite
measurable function. Now we calculate for g € G,

f;d,g((o * W‘) = T((Jk’g¢) * (J[,o‘//)*) =(J Jk,g¢aJ -]1’0'//)

= /RM“)(GjJ(c,,,,y)Jk,gw,J(g,,,,,)J,,ow)du(é,n,y)

= /RMHxG_[y,g]ak,(é,n,?)(wm’)(é,n)dﬂ(é,n,y).
i.e. we have
(16) f;(l,g(w*'//‘)=/';“

forall g€ G, k,IeN, p,y€Y,.

8. Since for fixed k € N, the distribution f,, 0€ @Z'G is p.d. the representing
measure a,, - 4 must be polynomially bounded (cf. [17, p. 382 ff]. There the
assertion was proved for radial distributions. The proof in the general case is
quite similar.) It follows immediately from (15) that thus all measures a,,-u :=
Kys» k.1 €N, are polynomially bounded, i.e., M := (g,,), ten € M(c0s M),
and that M is positive. Moreover, we obtain that both sides in (16) define
elements of 92' o » Which coincide on the dense subset Lh.{p+y;0,y € Z } of
9,, and are therefore equal. Consider an arbitrary test function ¢ € 9,, in
place of (¢ * ¥*) in (16). Then the left-hand side is continuous on G, (w.rt.
the topology induced from G) by assumption, whereas the continuity of the
right hand side is easily checked. Thus this equality extends to all of G, which
completes the proof.

818 (E ) (05 )E M e n )

+ly

Corollary 1. Let G denote a locally compact abelian separable group. Suppose
that F:(-2a,2a) x G — B(H), 0 < a < oo, is a c.p.d. (operator-valued)
function. Let (e,),.n denote an orthonormal basis in the separable Hilbert
space H . Then there are

(i) a finite regular Borel measure u on R x G* and

(ii) complex-valued functions a,, € L'(RxG‘ ,1), k,l €N, with the property
that the matrix (a,/(§,7)); jen IS nonnegative forall €R, y € G* such that

(a)  (Fragee) [ exp(-iEx)ly, gla, €0 dui. )

forall x € (-2a,2a), geG, k,leN.
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Proof. Consider the G-continuous matrix-valued distribution & = S (cf.
§4). Since ¥ is G-continuous and positive definite, we obtain an integral
representation according to Theorem 1. Since the appropriate distributions
are regular and since (F(0,0)e, ,e,) = [, - 4 (&, 7)du(&,y) is finite, a,, €
L'(RxG", ) for k € N. It follows from (15) that then also a,, € L'(RxG", p)
and that the matrix (a,,(¢,7)); ;N 1s nonnegative forall €R and y € G".
The representation (17) is now clear.

Corollary 2. Suppose that the assumptions of Corollary 1 are satisfied and that,
in addition, F(0,0) is a trace class operator. Then there are

(i) a finite regular Borel measure u on R x G* and

(ii) a weakly measurable function A: R x G* — B(H) with the property that
A(&,y) is a nonnegative trace class operator and tr(A(&,y)) = 1 for p-a.a.
(&,y) €R x G*, such that

(18 (Feox.1) = [

RxG

. exP(_ié ° X)[Y s g](A(é > }’)X ’ Y) dﬂ(é s Y)

forall x € (-2a,2a), g€ G, X,Y€EH.
Proof. Since

NgE

tr(F(0,0)) = Y (F(0,0)e, ,e,)

81

/ a, (&,7)du(E,7)
1 RxG*

n

= /R > a,, (&, y)duE,y) <,

xXG*

aE,n) = Y2, a,,&,y) is finite for all (£,y) € (Rx G")\/, where
is a u-null set. Without loss of generality we assume that a,,(£,7) = 0 for
all (£,y) € # and k,l € N. All measures q,,(¢,y)du(¢,y) are absolutely
continuous w.r.t. the measure a(&,y)du(&,y), i.e. we may replace u by the
latter, i.e. we may assume in the following that a(¢,y) = 1 p-a.e. We define
a linear operator on D :=Lh.{e, ;n € N} by (4(£,n)e,,e) =a,, (&, n). One
easily checks that ||.X ||2 > (A(&,n)X,X) >0 for X € D. This implies that
A(E,y) has a unique continuous extension, i.e. defines a bounded operator in
H , which we denote by the same symbol. By construction, A(¢,7) is even a
trace class operator and tr(A4(¢,y)) = 1 u-a.e. Since A(£,y) is nonnegative
on the dense set D, it is a nonnegative operator. (18) is obviously satisfied for
X,Y € D. But because of 1 > tr(A(¢,7)) > ||4A(&,7)| and since u is finite
(u(Rx G*) =tr(F(0,0))), (18) is true forall X,Y € H.

Corollary 3. Let G denote a separable topological abelian group and H a sep-
arable Hilbert space. Then a c.p.d. function F:(—2a,2a) x G — B(H) has a
c.p.d. extension to Rx G.
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Proof. Consider a countable dense subgroup G, of G, which will be equipped
with the discrete topology for the moment. From Corollary 1, (17), we obtain
an integral representation for F, := F [ (-2a,2a) x G,. We use (17) to extend
F, to R x G,. Denote this extension by F,. Note that we define the operators
F,(x,g) only on vectors of D = Lh.{e,;n € N}. But because of Lemma 1,
(i), all these operators are really bounded. By Lemma 3 there is a unique c.p.d.
extension F, of F, to Rx G, since F, coincides on a neighborhood of (0,0)
with F, and thus is continuous. Since F; is continuous, it coincides with F
on (—2a,2a)x G, i.e. F; is the desired extension.

Corollary 4. Suppose that G is a locally compact separable abelian group, H
a separable Hilbert space, and (e,), .\ a fixed orthonormal basis in H. Let
F=(f,) k.1en denote a G-continuous positive definite matrix-valued distribution

on (-2a,2a) xR™ xG . Then there are an operator-valued c.p.d. function F: G =
RY*' x G - B(H), tr(F(0)) < oo, a sequence of nonnegative integers (r,),cn »
and a sequence of positive real numbers (C,),cn, » Such that

Ju 5(9) = C,C, /RMH(F(x,y,g)ek ,e)((1-8)“"p)(x,y)dxdy,

k,leN, g€ G, p €2,,. (Herewe abbreviated the differential term 9’ /6x2+
8/8y? +---+ 8%y}, by A.)

Proof. Let u,, = a,, - u denote the measures as in Theorem 1. Since they are
polynomially bounded, we may choose r, € N, ¢, > 0, such that

[ a1 i du, <27,
The matrix (by,), sen » Where the entries b, are functions on G”, defined by

by&.on,9) =C ' ¢ A+ 1€ D) a (&1, 7)

is nonnegative and trace class for u-a.a. arguments. As in the proof of Corollary
2, the relation

(F(x,y,8)e.€) = /RMHxGexp(—iéx)exp(—iny)[y,g]bk,(é,rm')du(é,rr,y)

defines a c.p.d. operator-valued function on R**!

from Theorem 1:

fug0)= [

RM+1
k

-C,C [ . 816, &0, 7)1 =AY p)E . m) du(E.n.7),
RM+1x G*

xG. For ¢ € &,, we obtain

e &MY b, (& n, 9)P(E ) A&, n,7)

which yields our assertion.

We conclude this chapter with the remark that Theorem 1 yields, in particu-
lar, the existence of a p.d. extension M of F to a G-continuous p.d. matrix-
valued distribution on G.
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10. N-RADIAL POSITIVE DEFINITE DISTRIBUTIONS ON A CYLINDER

Now we consider a group G = RY x RM x G, where N e N and M €
NU{0} are arbitrary. Recall that .# denotes the set of all regular polynomially
bounded measures on G*. A measure u € .# is said to be N-radial, if it is
invariant w.r.t. rotations in R” = (R")*. A matrix M € M(co;.#) is called
N-radial, if each of is entries is N-radial. By Q,:R + — R we denote the
Bessel function with Q, (|x]) = f|¢|=| exp(—i¢ - x)day(&), x € RN, where o,

is the surface measure of the unit sphere {£ € RY; |£] = 1} normalized such
that [ do,(&)=1. For p € D R"*™M) | we abbreviate

L 1)2 2 .

o omy= [ Q" Ix]) exp(—in - y)o(x,y)dx dy.

RN+M
A measure u on R, x R™ x G* is said to be polynomially bounded, if there is

some n € N such that the function (z,7,7) — (147> +|*)™" is |u/|-integrable.

Note that the following theorem does not contain Theorem 1 as a special
case. In particular, in case of N =1 it says that a symmetric (w.r.t. x — —x)
p.d. distribution possesses a symmetric p.d. extension.

Theorem 2. Let G denote a separable locally compact abelian group. Suppose
that F = (fi)x jen IS @ G-continuous N-radial p.d. matrix-valued distribution
on 2C = §,(2a) x RY x G, 0 < a < co. Then there is a positive N-radial
M e M(co;.#) such that F C M.
Proof. The proof is in large parts very similar to that of Theorem 1. So we
will not repeat all arguments but refer to appropriate steps of the proof of that
theorem.

1. Fix a countable dense subgroup G, of G and consider the N-radial
G-continuous functional 7 =T, € %Z' . Similarly as in Step 2 (Theorem 1), we
obtain that

8 . Y
7 (s () thaer) =7 (o (s (0] ))

for k,IeN, g,heG,, p,y€Y,,and j=1,...,N. Since T is positive,

() ()5

where (B/ij)d>, ® € E_, is defined by (a/axj)Jk’gq) = Jk)g(a/axj)(o,
p €, ,keN, g€ G,. Denote A = 62/6xl2 + - +82/8x12v. Thus we
fix the following:
(19) T((-A,®)x®") >0 forallPeE,.

2. Now we use the functional T and the nuclear space E: to construct a

Hilbert space H" as in §6. Similarly as in Step 1 (Theorem 1) we obtain a
strongly continuous unitary representation U of RY x G in H*.
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3. Since —A_E* C E , we may define an operator 4 in H" by D(A) = #

x~a =
and AJ® = J(—A ®). (Asbefore J is the canonical imbedding of E: in H* .
By (19), A4 is a symmetric nonnegative operator.

4. One easily checks that the unitary operators U(y,g), y € R, g€GqG,,
commute strongly with 4. By Proposition 11, the Friedrichs extension &
commutes with all U(y,g), y € RY g € G, in the strong sense. Now we use
the direct integral representation of H* according to Proposition 12:

®

(20) H = H(t,n,y)du(t,n,7).
R, XRM xG*

According to Proposition 10 there are continuous linear mappings J(T s
E: — H(t,n,y) such that

®
(21) JO =
R, XRMxG*

5. Arguing as in Step 4 (Theorem 1), we may assume without loss of gener-
ality that

(22) Jio )V (v, 8)® =exp(—in-y)lv, 8V, , ,®
forall (7,7,y) €R, x R x G, <I>€E:, yeRM, and g € G,

(T”<Dd,u(1 n,7) ford)eE

and

(23) Jp y (-2 @) =), @ forall (z,n,y)ER, xR x G and ®€ E".
6. We choose a sequence (e,),.n Of measurable vector fields as in Step 5

(Theorem 1) and conmder the continuous linear functional B on 9: given by

B(p) := (J w1 o? € e,(t,7n,7)). By Lemma 8 there is an unique N-radial

distribution B, € 9‘: whose restriction to 9: is B. Now ¢ — B(-A, p)

defines a continuous linear functional on 9: . Since —A B, is a radial distri-
bution which extends the latter and since there is only one such extension, we
obtain as in Step 6 (Theorem 1)

(24) ~A_B, =1B,.
In a similar way we obtain

0 . .
(25) WBI=_"7jBI’ j=1,...,M.

J
The only N-radial distribution B, satisfying (24) and (25) is given by
2 .
Bip)=a{€n.) [ @y xl)exp(-in-y).
o(x,y)dxdy =a}(&,n,y)é(r'"
(cf. [17, p. 367]). Hence we have

(26) (J(T,I],}')JI,O¢ ,en(T,'],}’)) = aln(‘["]9y)¢(1

,n), where a;(¢,n,7) is a suitable constant.

1/2
/,n),

I,neN,peD?, (r,n,7) €R, xR x G".
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As in Step 6 (Theorem 1) we can see that the functions (z,7,y) — a/(t,1,7)
are measurable.
7. Now we obtain from (26) as in Step 7 (Theorem 1)

(27) iem i 49 -8,(T,1,7)) = a/ (z, .. 8ot n),
I,neN, (r,n,y)eR+xRMxG*, g€G,, ¢€9:. By

(28) ay(t,n,y)=> a (t,n,y)a.(t,n,7)

n=1
we obtain measurable functions. Note that the sum in (28) converges absolutely
for all arguments. The matrix (a,,(7,7,7)), jcn 1S NONNegative by construc-
tion. For the subsequent calculation we will use the identity

29) o e =y ) ) forp,yed)
(cf. [17, (23)]). Thus we obtain for g € G, and ¢,y € 9: ,
g0 W) =T (0) % (J,g0)) = (T T 0.7 T, o)

= /RMRMX(;, (J(T"I,J’)Jk % J(r,n,y)'ll ,Ow du(t,n,7)

—~ 5
= / [, glay(t, 1, )0+ ¥ )2 )y du(z,n,7).
R, XRM xG*
Thus we may comprise the latter to

(30) fk/,g(lﬂ*v/')=/ 7. glag (1. 1.7) - (9 * w*) (T2 ) du(z . n,v)

R, XRMxG*
forall g€ G,, k,leN, qJ,y/e@:.

8. Since for fixed k € N the distribution f;, , is positive definite, the
appropriate representing measure is polynomially bounded (cf. [17, p. 382]).
Using (28) we obtain that this is true for all measures |a,,(t,n,7)|du(t,n,7).
Hence both sides in (30) define functionals belonging to . 'a , which coincide
on the subspace Lh.{¢p*xy 9,y € 9:} . Since it is dense in 92#‘1 by Lemma 7,
relation (30) holds for all ¢ € 92’: in place of (¢ * w™). Obviously we obtain
a N-radial extension of the right-hand side, if arbitrary function of &, 6 are
taken instead of (¢ * w*). But since there is only one radial extension, it has
to be equal to f, g Thus we have the equality

(31) fu,g(‘/’)=/R - G_[V,g]ak,(r,n,y)-¢(r'/2,n)du(r,n,y)

for g € Gy, k,/ €N and ¢ € &,,. For fixed ¢ € 9,,, the left-hand side
in (31) is continuous by assumption and the continuity of the right-hand side
w.r.t. the topology induced from G on G, is easy. Thus the equality is satisfied
for all g € G. Now we can rewrite (31) using a N-radial u,, € # instead of
a,, - u, which completes the proof.

The proofs for the next four corollaries of Theorem 2 are quite similar to the
proofs of the appropriate corollaries of Theorem 1 and therefore omitted.
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Corollary 5. Let G denote a locally compact abelian separable group. Suppose
that F: S\ (2a)xG — B(H), NeN, 0<a < oo, isa N-radial c.p.d. (operator-
valued) function. Let (e,),.n denote an orthonormal basis of the separable
Hilbert space H. Then there are

(i) a finite regular Borel measure u on R, x G* and

(ii) complex-valued functions a,, € LI(R L X G*,n), k,l €N, with the prop-
erty that the matrix (a,,(t,7)); jen - IS nOnnegative forall t€R_, y € G" such
that

(F(x,8)e,,e) = /R (e XD £lay (7, 7) du(z, )

+

forall g€ G, x€Sy(2a), and k,l eN.

Corollary 6. Suppose that the assumptions of Corollary 5 are satisfied and that
F(0,0) is a trace class operator. Then there are

(i) a finite regular Borel measure p on R, x G* and

(1) a weakly measurable function A: R, x G* — B(H) with the property
that A(t,y) is a nonnegative trace class operator and tr(A(z,y)) =1 for py-a.a.
(t,7) €R, x G*, such that

(Fee )X )= [ @il glA(z, DX, Y) du(z, )

Y

forall xe Sy(2a), g€G,and X,Y €H.

Corollary 7. Let G denote a separable topological abelian group and H a sepa-
rable Hilbert space. Then each c.p.d. N-radial function F: S, (2a)x G — B(H)

has a c.p.d. N-radial extension to RY x G.

Corollary 8. Let G denote a separable locally compact abelian group, H a
separable Hilbert space, and (e,),.n a fixed orthonormal basis in H . Suppose
that & = (fi)x jen IS @ G-continuous p.d. N-radial matrix-valued distribution
on S, (2a)x RY x G . Then there are an operator-valued c.p.d. N-radial function
F:RVM x G - B(H), tr(F(0,0,0)) < 0o, a sequence of nonnegative integers

(r,)nen » and a sequence of positive real numbers (C,), en > Such that

St 5(9) = C.C /RM (F(x,y,8)e,,¢)-((1-A)""p)(x,y)dxdy,

k,leN, g€ G, 9 € D,,. Hence § has a G-continuous N-radial p.d.
matrix-valued extension to R¥*™™ x G. (In this case, A is the abbreviation for
8 /ox} +---+0%/8x% + 8% /0yl +---+0°/8y%, )

We conclude our considerations with a result which is related to a theorem
of Minlos, Sazonov, and Gross. We use the terminology from [13]. Suppose
that H is a separable real Hilbert space. Let F denote the set of all finite
dimensional orthonormal projections in H. A subset E of H is called a
cylindrical set, if E = {x € H;Px € F} for some P € F and some Borel
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set F C PH. On the ring of cylindrical sets the Gaussian measure u on H
is defined by u(E) = (21)"""* [, exp(—|x||’/2)dx , where n = dim PH and
E,F,and P are as above, and dx denotes the usual Lebesgue measure on
PH . A continuous seminorm g on H is called measurable, if for each ¢ > 0
there is a Py € F such that u(q(Px) >¢) <¢ forall PeF, PPy=0. Let
7,, denote the weakest vector space topology on H such that all measurable
seminorms are continuous.

Corollary 9 (cf. [3, p. 452]). Suppose that H = H ® H,, H, finite dimensional,
and that B, is an open ball around zero in H,. If k is a positive definite
Junction on B, ® H, with the following properties:

(i) k is t,-continuous at zero,

(i) k(x, +x,) = k(x; +x,) for all x, ,x, €B,, |Ix,|l = ||x;|| ,X, € H; then
k admits a representation k(x) = [, exp(i(x,A))dp(), where p is a finite
positive Borel measure on H .

Proof. H endowed with the topology 7, is a separable topological group. By
Corollary 7 there is an extension k* of k to all of H, which is continuous
(w.rt. 7, ) and p.d. Thus it is the characteristic function of a positive finite
Borel measure p on H by the Theorem of Minlos, Sazonov, and Gross [13,
Theorem 6.7], which completes the proof.
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