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A HUREWICZ SPECTRAL SEQUENCE FOR HOMOLOGY

DAVID A. BLANC

ABSTRACT. For any connected space X and ring R, we describe a first-quad-
rant spectral sequence converging to H. (X; R) , whose E2-term depends only on
the homotopy groups of X and the action of the primary homotopy operations
on them. We show that (for simply connected X ) the EZ2-term vanishes below
a line of slope 1/2; computing part of the E2-term just above this line, we
find a certain periodicity, which shows, in particular, that this vanishing line is
best possible. We also show how the differentials in this spectral sequence can
be used to compute certain Toda brackets.

1. INTRODUCTION

1.1. A Hurewicz spectral sequence. We describe here, for any pointed con-
nected space X and ring R, a first-quadrant spectral sequence, first proposed by
H. Miller, which converges strongly to the reduced homology of X with coeffi-
cients in R.

1.1.1. The E*-term. For R=1Z , the E’-term of this spectral sequence is iso-
morphic to the derived functors of a certain “indecomposables” functor on the
homotopy algebra of X (§3.12), which takes 7 X to the graded group Q(n X),
defined to be the quotient of 7, X by the subgroup of elements which are in the
image of a “nontrivial” primary homotopy operation (see §2.2.1 below).

1.1.2. The Hurewicz homomorphism. For any space X, the Hurewicz homo-
morphism 4 : n X — H (X;Z) factors through the “indecomposables” Q(z, X);
for R = Z, the edge homomorphism of the spectral sequence, E, 2 . I?* (X;2),

may be identified with this graded homomorphism Q(n X) — ﬁ*(X;Z) from
the “indecomposables” to homology (see §2.2.3 below).

1.2. Statement of results. We prove two types of results about the Hurewicz
spectral sequence:

1.2.1 Vanishing results. We show that the E’-term of the spectral sequence
has a vanishing line of slope 1/2, which depends on the connectivity of X and
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the coefficients R ; we also calculate part of the F 2_term above these lines for
any 2-connected space X. More specifically, we show:

(i) If R is any ring and X is (r — 1)-connected for r > 3, then in the
Hurewicz spectral sequence for X with coefficients in R we have E k= 0 for

n>2k-r)+1.1f r=2, then En,k=0 for n >2k-2.

(i) If X is (r—1)-connected (r > 3), then E = Tor(n, X, R) and E =
Tor(Tor(n,X,Z/2),R) for n=2(k—-r)+12>3. Takmg R Z/2=nX,e.ug,
we see that the vanishing line of (i) is best possible.

(iti) If R € Q (the rationals) and X is (r — 1)-connected (r > 3), then
E; =0 for n>2(k—r). If r=2,then E, =0 for n>2k 3.

(iv) If RCQ and X is (r—1)-connected (r > 3), then E; = 7, X®R and
Ez’k = Tor(n, X,Z/2)® R for n=2(k —r) > 2. This shows that the vanishing

line of (iii) is also best possible.

1.2.2. Secondary operations. We also illustrate the fact that the differentials
in the spectral sequence are related to secondary homotopy information by
computing a certain Toda bracket:

For the Moore space X = X~ 'RP’ (r > 4), we have n X = Z/2 (with
generator «), and n, ,X = Z/4 (with generator ). We shall make use of
a differential in the spectral sequence for X to give a new proof of the well-
known fact that 8 is in the Toda bracket (a,2,7,) C X, where n, € S’
denotes the suspended Hopf map.

r+2 r+1

Organization. In §2 we set up the spectral sequence, and identify the edge
map with the Hurewicz homomorphism. In §3 we describe the category of
IT-algebras, recall the definition of derived functors in this context, and identify
the E’-term of the spectral sequence with the derived functors of “indecompos-
ables.” In §4 we derive the vanishing lines of 1.2(i) and (iii), by constructing a
suitable free resolution for n X, and in §5 a calculation shows that these van-
ishing lines are best possible (as in 1.2(ii) and (iv)). In §6 a differential in the
spectral sequence for Y " 'RP? is used to compute the Toda bracket of §1.2.2.
Finally, in §7 we mention two related spectral sequences.
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2. THE SPECTRAL SEQUENCE

In this section we set up the Hurewicz spectral sequence for any space X
and ring R (§2.1) and justify its name by identifying its edge map with the
Hurewicz homomorphism (§2.2).
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2.1. Setting up the spectral sequence. Let .7_ be the category of connected
pointed CW-complexes; we shall denote the objects of .7, by boldface variables
X,Y,...).

2.1.1. Resolution of a space. In [18, §2], C. Stover constructed, for any X €
7., a functorial simplicial resolution of X by wedges of spheres—that is, a
simplicial space VX, together with an augmentation d, : V,X — X, having the
following properties:

(a) Each ¥, X is a pointed CW-complex which is homotopy equivalent to a
wedge of spheres.

(b) Each degeneracy map s VX — V. X is an inclusion of CW-
complexes.

(c) For each k > 1, the homotopy groups of the simplicial group =, V.X
(obtained by applying the functor n, dimensionwise to each space in V.X)
vanish in dimensions > 1, and the augmentation induces an isomorphism
ny(m, VX) =n X.

In particular, this implies that the realization AV.X of the simplicial space
V.X (cf. [17, §1]) is homotopy equivalent to X.

2.1.2. A bisimplicial R-module. For any ring R, let RS denote the functor
which assigns to a pointed topological space X the simplicial R-module of its
singular chains with coefficients in R—that is, the free simplicial R-module
on the singular complex SX, with basepoint * = 0. Note that n (RSX) =
H,(X;R) forall k>0 [12, §2].

Applying this dimensionwise to the simplicial space V.X, we get a bisimpli-
cial R-module RSVX; its diagonal diag(RSV.X) is homotopy equivalent to
RS(AVX) and thus to the simplicial R-module RSX.

2.1.3. The spectral sequence. Now we define the Hurewicz spectral sequence
for the space X, with coefficients in R, to be the Quillen spectral sequence of
the bisimplicial R-module RSVX (see [16]); it has E. , = n'n;(RSVX) and
converges to the associated graded R-module of the homotopy of the diagonal:
7, .. (diag(RSVX)). Thus, the Hurewicz spectral sequence converges to the

reduced homology of X with coefficients in R, since x,,(diag(RSVX)) =
T, (RSX)=H,  (X;R) (by §2.1.2).

2.2. Indecomposables and the Hurewicz homomorphism. We now identify the
first column of the E’-term of this spectral sequence as a functor of n X and
relate it to the Hurewicz homomorphism:

2.2.1. Indecomposables. For any space X, the graded group n X = {m, X},f‘;l
has a graded subgroup P(m_X), generated by all elements which are in the im-
age of a nontrivial primary homotopy operation (i.e., any homotopy operation
which vanishes in homology). Thus, P(n X) is generated by:

(a) compositions ao{ €, X, for ae€n X and € nkS', k>r>1;
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(b) Whitehead products (cf. [19, Chapter X, §3])—that is
e clements of the form [a,flen X, forany a € 7 X and
BenX, p,g>1;

ptq—1

o clements of the form o° —a € nX, for a€n,X (r>1) and

¢ en X (where o denotes the result of the action of ¢ on a);
e commutators [a, ] = aﬂa_lﬁ_l en X, for o, f e X.
The quotient graded group Q(n X) = n X/P(n,X) will be called the inde-
composables of n X. Note that Q(n,X) in degree 1 is simply the Abelianization
of n X—so that Q(rn, X) is actually a graded Abelian group.

2.2.2. The column E(i*. For an n-sphere S", the graded group Q(n,S") is
isomorphic to nnS" = Z in degree n and vanishes in degrees # n. Thus, if
W has the homotopy type of a wedge of spheres, Hilton’s theorem [4, Theorem
A] implies that we have an isomorphism of graded Abelian groups: Q(n W) =
H(W;Z).

Combining this with the fact that VX is a resolution of X, in the sense
of §2.1.1, we readily see that the Oth column of the E’-term of the spectral
sequence for X with R = Z may be identified with the indecomposables of
n X.

A similar argument shows that for any ring R and space X € .7, in the
Hurewicz spectral sequence for X with coefficients in R we have an isomor-
phism of graded R-modules Ez’* = Q(n,X) ® R between the Oth column of

the E’-term and the © R-indecomposables” of 7 X.

2.2.3. The Hurewicz homomorphism. For any space X, the Hurewicz homo-
morphism (considered as a morphism of graded groups 4: 7. X — H_ (X;Z))
vanishes on P(rn X) C n_(X), so that it factors through a graded homomor-
phism #: Q(n X) — I:L(X ;Z) . It may be verified that the edge homomorphism
of the integral Hurewicz spectral sequence—that is, the composition Eg’* —

Egi> L, = I~1*(X;Z)-—is equal to this homomorphism /: o(n X) — I:i* (X3;7Z)

under the identification Eé L =0(nX).
Thus the Oth filtration on ﬁ*(X;Z) , given by Eg‘,> . » 1s precisely the image of
the Hurewicz homomorphism—the (graded) subgroup of all spherical elements.

2
3. THE E°-TERM AS DERIVED FUNCTORS

We now give a description of the E %_term of the Hurewicz spectral sequence
in terms of derived functors (§3.3), after first reviewing the definitions of the
category of Il-algebras (§3.1) and of non-Abelian derived functors (§3.2).

3.1. II-algebras. We recall the definition of the category of IT-algebras, whose
objects are modeled on the homotopy groups of a space, together with the action
of all primary homotopy operations on them:
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3.1.1. Definition. Let 407, denote the homotopy category of connected
pointed CW-complexes, and let II C ho.7, be the full subcategory whose ob-
jects are finite wedges of spheres (one for each homotopy type). A Il-algebra is
then defined to be a contravariant functor Y: II — Sets, which takes coprod-
ucts to products.

Equivalently, we can think of a IT-algebra Y as a graded group {n;Y}?:]

(where we write n;.Y for Y(S’)), together with an action of the set of primary
homotopy operations which satisfies all universal relations on such operations.
We denote the category of Il-algebras by IT-Alg.

For any Il-algebra Y welet |Y| denote the least k < oo for which n;X #0.
If |Y] >k, we say that Y is k-connected.

3.1.2. Free Il-algebras. Let m_ be the functor which assigns to a pointed con-
nected space X its homotopy Il-algebra n X—i.e., 1. X={n jX};";1 , with the
given action of the homotopy operations. The free Il-algebras are those which
are isomorphic to 7, W, for some (possibly infinite) wedge of spheres W € 7 :

More precisely, let T be a graded set {7,}7_,, and let W=V, Vier, S/,

where each Sf( is a j-sphere. Then we say that n# W is the free Il-algebra
generated by T . We shall consider each element x € T, to be an element
of n,W, by identifying it with that generator of = W which represents the

inclusion S/ — W.

3.2. Nonabelian derived functors. We now recall Quillen’s definition of derived
functors in our context—see [14, part II, §4] and [15, §2]:

3.2.1. Free simplicial -algebras. A simplicial IT-algebra A, is called free iff
for each n > 0 there is a graded set 7" C A, such that A4, is the free II-
algebra generated by 7" (§3.1.2), and each degeneracy map B A, - A,

takes 7" to T""'. The sequence T°,T", ... will be called a set of generators
for A4..

3.2.2. Free simplicial resolutions. We define a free simplicial resolution of a Il-
algebra Y to be a free simplicial IT-algebra A, together with an augmentation
d,: Ay — Y, such that for each k > 1

(a) the homotopy groups of the simplicial group n;A, vanish in dimensions
n>1;

(b) the augmentation induces an isomorphism (7, 4.) =7, Y .

3.2.3. Example. For any space X € .7, the resolution VX — X of §2.1.1
clearly gives rise to a free simplicial resolution n_V.X of the II-algebra = X.

3.2.4. Definition of derived functors. Let 2/ be an Abelian category and T : II-
Alg — &/ afunctor. The nth left derived functor of T is the functor L, (T) : II-
Alg — &/ , which assigns to a Il-algebra Y theobject L (7)Y =z, (TA.)€ ¥,
where 4, — Y is any free simplicial resolution of Y. (As usual, different
resolutions yield equivalent derived functors.)
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3.3. The E’-term. For each II-algebra Y, we have the graded Abelian group
of its indecomposables, Q(Y) = {Qk(Y)},f';l , defined as in §2.2.1. Thus for
any ring R we have a functor Q,(—)® R:II-A4lg — R-Mod for every k > 1.

As noted in §3.2.3, for any space X the free simplicial IT-algebra = VX
is a free simplicial resolution of the Il-algebra n X. On the other hand, by
§2.2.2 and §2.1.1(a), we know that nZRSV,X = H,(VX;R) is isomorphic to
the simplicial R-module Q, (7, VX)® R.

Thus, by Definitions 2.1.3 and 3.2.4, the kth row of the E’-term of the
Hurewicz spectral sequence for X with coefficients in R may be identified
with the derived functors of Q, (-) ® R, evaluated on 7 X:

E), =nn/RSVX= 1 (Q,(n,VX)®R) = L (Q,(-) ® Rz X.

4. VANISHING RESULTS

As we have just seen, each row in the E’-term of the Hurewicz spectral
sequence for a space X can be identified with certain derived functors evaluated
on the Il-algebra 7 X. In this section we show that, for 2-connected X, the
E’-term has the vanishing lines of §1.2.1(i) and (iii), by showing that the derived
functors of Q, vanish beyond a certain point:

4.1. Theorem. Let k >r >3, and let Y be an (r — 1)-connected Il-algebra,
then (L Q)Y =0 for n > 2k —r). If k >r =2, then (L ,Q,)Y =0 for
n>2k-3.

Applying the universal coefficients theorem for homology, we obtain the fol-
lowing
4.1.1. Corollary. For k > r, and Y as above, we have

(i) For any ring R,

n>2k-ry+1 ifr>3,

L @ R)Y =0 -
AR ﬁr{n>2k—2 ifr=2.

(ii) If RC Q, then

n>2k-r) ifr>3,

L )®R)Y =0 for -
GO R) / {n>2k—1 ifr=2.

Theorem 4.1 is proved in §4.2, using a certain resolution A, — Y described
in Proposition 4.2.2 below. After some remarks on constructing resolutions in
§4.3, the proof of the proposition is outlined in §4.4 and completed in §4.5.

4.2. Proof of Theorem 4.1. In order to calculate the derived functors of Q,
evaluated on Y, any free simplicial resolution 4, — Y can be used; we wish
to describe a particular one, for which we need the following definitions:

4.2.1. Basic I-algebras. Given a free simplicial IT-algebra 4. and a set of
generators TO, T',... asin §3.2.1, we define the nth basic I-algebra for
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A, , denoted An , to be the sub-free Il-algebra of A4, generated by the non-
degenerate elements in 7" .

A sequence A,, A ,..., A, ... of basic Il-algebras for a free simplicial II-
algebra A, is called a CW-basis for A, (cf. [7, §5.1]) iff for each nz 0 we
have d,|z =0 for 1 < j<n. We call the morphism d,=d o7, 1A — A4,

n+

the attaching map for A . With these definitions we have the followmg
4.2.2. Proposition. Let Y be an (r — 1)-connected 1l-algebra (r > 2) then

Y has a free simplicial resolution A, — Y , with a CW -basis A A , Such
that
(a) foreach n >0 wehave n <2-(|4,|-r)+1 if r >3, and n < 2|4,|-2
if r=2

(b) for n=2(k —r)+1,
attaching map d, : A
nkAn—-l

4.2.3. Proofof the theorem. Let Y be an (r—1)-connected Il-algebra (r > 2),
and for k >rlet N=2(k—-r)+1if r>3 (or N=2k-2if r=2).

(I) Take A, — Y to be the resolution of Proposition 4.2.2, and let B, =
Q,A.; by Definition 3.2.4 we have (L,Q,)Y = =, B . Now recall that for a
simplicial Abelian group such as B., we have the associated normalized chain-
complex {NB,,0}, where for each n >0 we let

NB,= () ker{d,:B,—B,_ |} CB,, and 0, =dy|y, ;
1<j<n
then n,B. = H (NB,) (cf. [12, §17]).

Moreover, if DB, denotes the subgroup of B, generated by the degenerate
elements, we have NB, N DB, =0 (cf. [12, Corollary 22.2]).

(II) In the free simplicial Il-algebra A, we can write each 4, as a coproduct
of Zn with the images of the Am ’s (for 0 < m < n) under various degeneracy
maps (see §4.5.1 below). However, the functor Q, , when restricted to the
subcategory of free Il-algebras, clearly preserves coproducts; also, it vanishes
on any k-connected Il-algebra. Since k < IAn| for n > N=2k—-r)+1 by
Proposition 4.2.2(a), we have B, = DB, , so that (I) implies NB, = 0, and
thus (L,Q,)Y =n B, =H (NB,)=0 for n>N.

(IIT) Note that if f: X — Y is a map between two (k — 1)-connected free
[I-algebras which is a monomorphism in degree & (k > 2), then Q,f is a
monomorphism, too (cf. §2.2.2). Now for B = Q, 4, we have B, = B&DB,
However, by 4.2.2(b) a70: AN — A,_, is a monomorphism in degree k into
the (k — 1)-connected free Il-algebra A, _, ; therefore, Q, (J0|ZN) =(0,4d,)l
is a monomorphism Thus by (I) we see that B, has no N-cycles, so that
(LyQ)Y==,B =0. O
4.3. Constructmg free simplicial resolutions. To prove Proposition 4.2.2, we
wish to construct a suitable free simplicial resolution 4, — Y. Now a free

if r >3 (respectively n =2k —2,if r=2), the

An \» in degree k., is a monomorphism into



342 D. A. BLANC

simplicial IT-algebra 4, with CW-basis :470 ,Zl , ... may be constructed by a
process analogous to that of attaching cells in building up a C W -complex:

4.3.1. Normalized cycles. For any simplicial IT-algebra A4, , we have the usual
normalization process, which yields chains and cycles (as defined in [13] for
simplicial groups): in particular, the n-cycles IT-algebra of A, is the sub-II-
algebra of A4, defined by

ZA,= () ker{d;: 4, —4,_}.
0</j<n
4.3.2. CW-construction. By analogy with CW-complexes, we can construct
a free simplicial IT-algebra by an inductive process, in which we assume we
are given an free simplicial Il-algebra A4 , and obtain a new free simplicial
II-algebra A’ by “attaching” a free IT-algebra 4 in dimension #n, by means of
an attaching map d,: 4 — A, (cf. [8, §3]).

For the simplicial identities to hold in the simplicial IT-algebra 4’ so ob-
tained, we require that d, satisfy d; o d, = 0 for 0 < j < n—that is, that
JO: A— A, factor through ZA, — A, . Note that a free simplicial Il-algebra
is completely determined by specifying a C W -basis, together with the attaching
maps.

4.3.3. Identifying resolutions. In particular, one can show that an free simpli-
cial IT-algebra 4., witha CW-basis 4,,4,,... and an augmentation A, —
Y, is a free simplicial resolution of Y (Definition 3.2.2) iff for all n > -1,
the attaching map d,: 4,,, — A, factors through an epimorphism d: 4, —~
ZA, (whereweset ZA_ =A_,=7Y).

4.3.4. N-resolutions. If condition 4.3.3 is satisfied only for 0 < n < N, we
call A, — Y an N-resolution. As in §3.2.2, this is equivalent to requiring that
for each k > 1, the simplicial group 7, A, has homotopy groups (7, 4.) = 0
for 1 < j < N, and that the augmentation induces an isomorphism no(n;(A,) =

!
Y.

1

4.4. Construction of the resolution. Given an (r — 1)-connected IlI-algebra Y
(r > 2), we now construct a free simplicial resolution 4, — Y, along with a
given CW-basis Zo ,Zl , ..., as required in Proposition 4.2.2. For simplicity
suppose first that r > 3.

4.4.1. An inductive construction. The free simplicial IT-algebra A, is con-
structed by induction on n > —1. At the nth stage we assume we have an aug-
mented free simplicial IT-algebra A" — Y, with CW-basis 4,,4,,...,4,,0,
..., satisfying the following hypotheses:
(i) A" is an n-resolution of Y (Definition 4.3.4);
(ii) for each m >0 we have m <2- (|4, |—r)+1;
(iii) for m =2(k—r)+1 < n the attaching map d,: 4, — A", in degree

k , is a monomorphism into n;\,zm_l .
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Afm is then constructed as in §4.3.2 by suitable choice of the free IT-algebra
A, and attaching map d,: 4,,, — A, . We start the induction with Z A:: =
AT} =Y and 47' =0.

Finally, set 4, = U:io A" ; the induction hypotheses clearly ensure that A,
will satisfy the requirements of Proposition 4.2.2. Note that we have 4, = A;"
for m > n; in particular, we shall write 4, for A . In fact, 4" will just be
the n-skeleton, in the usual sense, of 4. .

4.4.2. The inductive condition. By §4.3.4, all we need in order for A" so

constructed to be an (n + 1)-resolution is that the attaching map JO: Zn a7
ZA), =ZA, be an epimorphism. Thus we may choose A4,,, so that [4
1Z4,].

Therefore, in order to get an A" satisfying the requirements 4.4.1(i) and
(ii), it suffices to show that the following holds:

(1) n<2-(1Z4,) - 1)

n+1| =

(since we can then let Z" ., be the free Il-algebra on the underlying set of
Z A, , with the obvious attaching map).

Thus we are interested in the connectivity of the n-cycles IT-algebra. Now
foreach n>0,let Z4, =A,NZA, =Ker{d,: A, — A, ,}; it turns out that
these “cycles with nondegenerate support” have the following property:

4.43. Lemma. Let r > 3, and let A, be a free simplicial I1-algebra with CW -
basis Ay, A,, ..., such that for each m >0 we have m <2-(|[A, |—r)+1 (as
in 4.4.1(ii)). Then for n >2(t—r) >0 we have n,ZA, =n,ZA, .

4.4.4. The two-step construction. Given this lemma, we can now describe the
construction of A4, as required in Proposition 4.2.2, proceeding two steps at a
time:

Let n =2m — 1 and assume the augmented free simplicial IT-algebra 4" —
Y has been chosen, satisfying condition (1) for n, as well as the induction
hypotheses of §4.4.1.

(I) The first step is immediate, given (1): we can obviously choose an (m +
r — 1)-connected free Il-algebra Zn " which has an epimorphism JO: Zn g~
Z A, , asin §4.4.2—and so obtain the free simplicial Il-algebra AT satisfying
§4.4.1(1)—(1i).

(II) Note that by Definition 3.1.2, 4, | == (V] ., Vr, S’) for some graded

set T, so that n:n +an ., 1s isomorphic to the free Abelian group generated by
.1 - Using Lemma 4.4.3, we see that

T,.,. Now consider the Il-algebra Z A

/ ! - / - . . .

ZHWZA"+l =n,.,ZA4, ,Sn,.,.A4,., 15 free Abelian. This allows us to choose
A, , as follows:

Let K be a basis for the free Abelian group 7, ZA

m+r n+l°2

free Il-algebra generated by the graded set S, where S

and let B be the
=K and §;, =0

m+r
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for i #m+r (cf §3.1.2). There is an obvious map f: B — Z4,  , with
oS B—m,  ZA  anisomorphism.
Let Z' denote the (m + r)-connected Il-algebra obtained from Z A, ., by

setting nm ZA,., equal to 0; choose an (m + r)-connected free Il-algebra C
which has an epimorphism g: C - Z', as in §4.4.2.

Now let 4, , = BII C; we have a morphlsm dy:A,,, — ZA,,, induced
by f and g; this is an eplmorphlsm since 7" dO is surjective for each j >
1. Moreover, since 7t d nm A = AL is an isomorphism, we have
0= n:n+rZZn+2 = m+rZAn+2 (using Lemma 4.4.3), so that hypotheses of
84.4.1(i)~(iii) hold for n + 2, too.

4.5. Proof of Lemma 4.4.3. The remainder of this section is devoted to the proof
of Lemma 4.4.3. We first need the following

4.5.1. Explicit description. 1If A, is a free simplicial IT-algebra with C W -basis
Ay, A, ..., then each 4, can be described explicitly as a coproduct of basic
Il-algebras, as follows (compare [12, p. 95(1)]):

Foreach n >0 and 0 <A< n, let fu denote the set of all sequences of
A nonnegative integers [} < i, < - <, (i; <n), with 5, = §;, 008,08,
the corresponding A-fold degeneracy. (We allow A =0, with the corresponding
s, = id.) Then

(2) 4,2 I 1] 4,

0<i<n I€F,

where for I € <, n» the copy of A _, indexed by I is in the image of the
A-fold degeneracy S1 , in the obv1ous sense.

Thus given A4, as above, for each n > 0 we can write: A, = [[ o, X,,
where each X is in the image of some 4 -fold degeneracy (4, > 0). In this
situation we have the following

4.5.2. Lemma. Assume that ]_[;’=l X, isa subcoproduct of the above A, =
U.ck, X, which satisfies

q
(3) d(n—4,)<n.
i=
Then for some 0 < j < n, each X, (1<i<q)isin the image of s;

4.5.3. Proof. Let M = (mij) be the ¢ x n matrix with
{ 0 if X, isin the image of 5,

m,. = )
/ 1 otherwise.

Then each X, is in the image of at least Ay of the n possible degeneracy
maps s,: 4, | — A4, ,s0 there are at most (n -)'u,) entries of 1 in the ith row
of M . But then condition (3) implies there is some column of 0’s in M—i.e.,
that all the X, ’s have some common direction of degeneracy. O
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4.5.4. Completion of proof. We now apply Lemma 4.5.2 to prove Lemma
4.4.3:

One can use (2) of §4.5.1 to write 4, as a coproduct of copies of the first
n + 1 basic Il-algebras of 4.: 4, = H0</1<n Hle.ﬁn -

By hypothesis 4.4.1(i1), for each A we have

(4) (n=A)+2r—1<2-14,_,].

Using Hilton’s theorem [4, Theorem A] applied to the coproduct (2), we have
a direct-sum decomposition of 7,4, , so that any y € n,ZA, C 7,4, can be
written as a sum y = 3"y, , with each y, an element of some summand in this
decomposition:

Thatis, y, €n (A PRAEE I_IA ) where each A _,, 1s one of the coprod-
uct-summands of (2) and thus is in the image of some /1 “fold degeneracy (4, >
0). Moreover, we know that

q
(5) Y (4, |-1)<t—1, where2r<n+2r.
i=1

Combining (4) and (5), we find that if g > 2 we have

q
dYn-i)<n
i=1

(since r > 3), so that by Lemma 4.5.3, y, is degenerate Therefore, every
nondegenerate y, —for which necessarily ¢ = 1—is in =, A , and so is itself
an n-chain (by the definition of a CW-basis—§4.2.1). Smce yeZ n:An is in
particular an n-chain, this implies that the sum of the degenerate 7, ’s is also
an n-chain.

However, t > r > 2, so that B, = n:A, is a simplicial Abelian group and
NB, NDB, =0 (see 4.2.3(I)). Thus the sum of the degenerate y, ’s must vanish,
and we can assume g = 1, 4, = 0 for each summand y, in y. This implies
that y € 7,4, , as required. O

With the obvious modifications in Lemma 4.4.3 for the case r = 2, this
completes the proof of Proposition 4.2.2.

5. A CALCULATION

In this section we calculate the derived functors of the functors Q, of §3.3
just above the vanishing lines of Theorem 4.1, to show:

5.1. Theorem. For r > 3, let Y be an (r — 1)-connected 1l-algebra. Then
(L,Q,)Y =nY, and for n =2(k—r) > 2 we have (L,Q,)Y = Tor(nY ,Z/2).
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Again, by the universal coefficients theorem we have the following:

5.1.1. Corollary. Let r and Y be as above; then
(i) for any ring R, we have L (Q,.(-)® R)Y = Tor(n:Y,R), and if n =
2(k —=r)+ 1> 3, we have

L,(Q,(-)® R)Y = Tor(Tor(n.Y ,Z/2),R).

(i) If RC Q, we have Ly(Q,(-)®R)Y =nY®R, and if n=2(k —r) > 2,
we have
L,(Q,(-)®R)Y =Tor(nY,Z/2)®R.

This shows that the vanishing results of Corollary 4.1.1 are the best possible
for these rings—at least for 2-connected IT-algebras—as claimed in §1.2(ii) and
(iv). (Note also that part (i) of the corollary, together with 4.1.1(i), implies
4.1.1(i1) for r > 3.)

The theorem is proved in §5.2, using an explicit construction of a free sim-
plicial resolution in §5.3.

5.2. Proof of Theorem 5.1. In order to calculate the derived functors, we need
the following partial description of a specific resolution for Y :

5.2.1.  Propesition. Let Y be an (r — 1)-connected -algebra (r > 3), and
let

0-HLG—7Y—-0 and 0— L% K —Tor(nY,Z/2) 0

be presentations of the respective Abelian groups (with G, H, K, L free
Abelian). There there are a free simplicial resolution A. — Y with CW-
basis Ay, A,, ... and free M-algebras B, and C, for each m > 0 such
that A, =B, 11 C, and
(i) for each k > r and m = 2(k —r), the free 1l-algebras Fm and §m+l
are generated by graded sets concentrated in degree k—that is, each is
the homotopy l-algebra of a wedge of k-spheres;
(ii) the attaching map JO'E,H factors through B, — A, for each m >0;
(ii1) there are isomorphisms f: n:FO = F and g: nLFI = H such that
fo n: Jo =log,;
(iv) for each m = 2(k —r) > 0, there are isomorphisms f: n;\ﬁm =~ K and
g:mB, . =L suchthat fo m(dolg ) =Jo&;
(v) r+1<|Cyl. and for each m >0, we have m <2-(|C, | —r);
(vi) for m = 2(k —r) — 1 > 1, the attaching map ‘70|?,,,+, , When projected

onto fm, is a monomorphism in degree k .

5.2.2. Proof of the Theorem. Let A, — Y be the resolution of Proposition
5.2.1. By 5.2.1(iii) and (v), it is clear that

(L,Q,)Y = n,Q,A. = Cok{i: H—~ G}=mY.
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To calculate (L,Q,)Y =r,0,A. for n=2(k—r)> 2, by 5.2.1(ii) and (v)
we need only consider the “ k-spheres” of
§n+1 @)En <—)Fn Han :Zn ﬂ)) An—l .
However, by 5.2.1(vi), Qk(‘io|?,,) 1s a monomorphism, as in §4.2.3(III), while
dylp, factors through B, | by zz.l(ii),_so that Q, (dylz,) =0 by 5.2.1(i).
Thus we need only consider B, , — B, — 0 in degree k, and by 5.2.1(iv)
and §2.2.2 we therefore have

n,0,A. = Cok{j: K — L} = Tor(n.Y ,Z/2). O
5.3. Proof of Proposition 5.2.1. Given an (r — 1)-connected Il-algebra Y, with

r > 3, the resolution 4, — Y described in Proposition 5.2.1 is constructed (as
in §4.4) by induction on the skeleta, two steps at a time:

5.3.1. Beginning the induction. We start the induction with k = r, choosing
B, B, tosatisfy 5.2.1(i) and (iii). Because r > 3, by the argument of §4.5.4 we
can also choose C,,, C, satisfying 5.2.1(v), with the free simplicial IT-algebra
obtained at this stage being a 1-resolution. Since r > 3, we have n_, S = Z/2;
thus

r+l

! Y !

ZP_I = KCY{R:H(JO)Z nr+lB1 - nr+lBO}
Ker{(i®Z/2): G®Z/2 — F ® Z/2} = Tor(n.Y ,Z/2)

11

as in §5.2.2.

5.3.2. The inductive step. Now foreach k > r,let n = 2(k—r)+1, and assume
Ay,A4,,...,A, and the B, ’>sand C, ’s have been chosen so that (i)-(vi) of
the proposition are satisfied for 0 <m < n.

Note that (i) and (iv) imply that condition 4.4.1(ii) of §4.4 holds—i.e., for
each n > 0, we have n < 2. (IZHI —r)+ 1, so that Lemma 4.4.3 applies. In
fact, setting ZB, = ZA, N B, , we have the following
5.3.3. Lemma. Assume that requirements 5.2.1(i) and (v) hold for 0 < m <
n=2k-ry+1;then n, ZA, = n, ZB, & F, where F is a free Abelian
group
5.3.4. Proof of Lemma 5.3.2. Since r > 3, we can use the argument of §4.5.4
to show that

i li - =\~ 1 B !’ =
nk«HZAn < nk+l(Bn I Cn) = nk+1Bn ® nk+lCn .
Now let 7, Z A, L m,, (B, IIC,) LN m,,,C, be the inclgsion and projection,
respectively. Then we have a short exact sequence of Abelian groups
0— Ker(poi)—m, ,ZA4,—Im(poi)—0.

By 5.2.1(v) we have |C,| > k + 1, so that 7, ,,C, is a free Abelian group.
Thus F = Im(p o i) is free Abelian, too—and t_he sequence splits. Clearly
m,.ZB,=Ker(poi),sothat n,,,ZA, =m,  ZB, &F, as required. O
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5.3.5. Completing the induction. For n = 2(k—r)+1 > 3, we use assumptions
5.2.1(i) and (iv) to see that as in 5.3.1:

m ,ZB, = Ker{(j®Z/2): K®Z/2 — LQZ[2}
Tor(Tor(n:Y ,L]2),2/2) = Tor(n:Y ,Z/2).

1

Lemmas 5.3.2 and 4.4.3 then allow us to choose d,: B,,, — B, satisfying
5.2.1(i) and (iv), as well as f,m and €n+2 satisfying 5.2.1(v) and (vi). This
completes the proof of Proposition 5.2.1.

6. DIFFERENTIALS IN THE SPECTRAL SEQUENCE

We now illustrate the fact that the differentials in the Hurewicz spectral se-
quence depend on higher-order homotopy information by using one to compute
a certain Toda bracket for £~ 'RP*.

In §6.1 we calculate the derived functors of Q, on the Il-algebra 7t*Zr_IRP2
and find a nonvanishing differential in the E 2_term. In §6.2 we recall the con-
struction of VX and use it to give an explicit description of the differential
in §6.3. Throughout this section R = Z, and all homology is with integral
coefficients.

6.1. A calculation for 7t*):'—’RP2 . Let X denote the Z/2-Moore space
Zr_‘RPz, with r > 4. The first three nonvanishing rows in the E*-term of
the Hurewicz spectral sequence for X may then be calculated as follows:

6.1.1. Il-algebra structure. The Il-algebra structure of n X in the first three
nontrivial degrees in given by:
(i) n,X=1Z/2, generated by an element «;
(i) =, X=2Z/2, generated by aon,;
(ii1) m, ,X = Z/4, generated by an element g, with 28 =aon, o Myt -
(This may be computed using [5, 6], for example).

6.1.2. Notation for free Il-algebras. Recall (§3.1.1) that IT denotes the ho-
motopy category finite wedges of spheres, and let # C II-Alg denote the full
subcategory of free Il-algebras (§3.1.2). The functor = :.7, — II-Alg, when
restricted to IT, induces an equivalence of categories between Il and .¥ (cf.
[10,1V, 4]). We can thus describe free Il-algebras and their morphisms in terms
of spheres and homotopy classes of maps between them.

In particular, we shall write Sk = n*Sk for the free Il-algebra generated by a
graded set having a single element in degree k. For k > 3 we let 7, denote the
generator of n;( HSk =, +]Sk =~ Z/2, as well as the corresponding morphism

Sk+l N SI\ .

6.1.3. A partial resolution. We are interested in the resolution of the II-algebra
7 X only in degrees < r+ 2. In the above notation, we can partially describe a
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CW-basis for a resolution 4, — Y as follows (omitting all “spheres” S* with
k > r + 2); subscripts indicate the simplicial dimension:

(i) A4,= S(’O)]_IS(’(;')2 , with the augmentation d,: A, — Y induced by « on

Sip and B on S('g)z, respectively.
ii) 4, =S’ 1I1S"*?. The attaching map d.: 4, — A, restricted to S, ,
1 (1) (1) 0“1 0 (1
is a map of degree 2 S, — S" , while on S’? it is the sum of a map
s 4g) (0) (1) s
r+ r r+

of degree 2 S(l) S(o and the map 7,07, ,: S“) — S(O)
(i) 4,=S(), with dy: 4, — 4, given by n,: 5" — 5,
(iv) A = S’;)l , with d: 4; — A, given by a map ofdegree 2.8 “ — S(’;l .
(v) A, =0 in degrees §r+2 n>4.

6.1.4. The E*-term. Using this resolution, it is easy to calculate the first three
nonvanishing rows of Ej x = (L,0,)n,X for the Hurewicz spectral sequence
of X, as follows:

r+2| Z2 0 0 0
r+1 0 0 Z/2 0
rl z/2 0 0 0
k— o 1 2 3

6.1.5. A differential. The spectral sequence converges to the reduced integral
homology of the Moore space X, where I?rX = Z/2 and ﬁiX =0 for i #r.
Therefore, the differential d: E2 .l ™ Eé,r .
an isomorphism).

6.1.6. E:

, 1s necessarily nontrivial (and so

By §2.2.1, we know that the nonzero element of E 0 ran S22

0,r+2 "
may be represented by the generator 8 € n, ,X, modulo the subgroup of 7 Y. ¢
generated by the single “composable” aon, on,, , = 2-f, so that the indeter-

minacy is just in the choice of the generator g for Z/4=n_ X.

r+2
6.2. The simplicial space V. X. We now recall the construction of V.X from
[18, §2], and introduce some notation:

6.2.1. The cotriple 7. VX is constructed by means of a cotriple 77: 9, —
7., which assigns to each pointed connected space X € .7, the space

\/ V Su\/ Voo

n=1Hom 7, (S" X) n=1 Hom j, (e"*! X)

For each n > 1, choose a fixed homeomorphism ¢: 9(e"*') = S” between

the boundary of the (n + 1)-disc and the n-sphere. The (n + 1)-disc indexed
by F:e""' — X is then attached by ¢ to the n-sphere S” indexed by f =
F|

d ernl .
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The counit of 77, a natural transformation ¢: 77 — id 7 » 1s given by the
“evaluation on the index” map &y: 77 (X) — X. This maps the sphere S" ¢
7' (X) indexed by f € Hom , (S",X) into the space X by the map f, and
similarly for discs.

6.2.2. VX. The simplicial space VX is then defined by setting V X =
7""'X, with the usual face and degeneracy maps induced by the counit and
comultiplication of the cotriple (cf. [2, I, §4.1]).

To avoid confusion, the face and degeneracy maps of V. X will be consid-
ered to be “horizontal” (by analogy with the bisimplicial set SV, X) and will be
marked with a superscript £ (e.g., dj.' ).

6.2.3. Notation for V.X. To describe some of the spheres of VX, we can use
the following notation:
For any map f € Hom (S",X), we denote the n-sphere in V,X indexed

by f by S("f). Similarly, if F € Hom, (e'”’l , X) is a nullhomotopy of f, we

denote the corresponding (n+1)-discin VX by e( , so that S Ue?; 'c VoX.

In certain special cases, we can also use such a notatlon for the spheres of VnX
(n>1): if the map g:S” — VX factors through the inclusion S?f) — VX,
we denote the m-sphere of VX corresponding to g by a double index: SE'}’ 2)>
and so on.

In such cases, the face maps of VX have a particularly simple description.
For example, the face map dé’: VX — VX on S?f’g is Just f: ng) —

S'" — VX, while d is given by a homeomorphism S( e S( rog) = VoX-
Other face maps on such spheres are also included by sultable ‘compositions of
indices.”

6.3. The differential ¢°. We now want to understand the nontrivial differential
of §6.15:

6.3.1. The double complex. Recall from §2.1.3 that our spectral sequence is the
Quillen spectral sequence of the bisimplicial Abelian group ZSV.X. If K is the
functor which takes a simplicial Abelian group to its associated chain complex
[11, p. 235], then applying K twice to ZSV.X yields a double chain complex
C .= K(ZSVX), and our spectral sequence 1s isomorphic to the usual spectral

sequence of this double complex [3, Chapter XV, §6], with Eﬁ = H,}l’ H/C...

0
6.3.2. Ej .

Choose some map a: S” — X representing the element a € n,(X); as above,
we denote by S:a) the corresponding r-sphere in V X. Similarly, let S(a e

V,X correspond toamap t: S" — S: — VX of degree 2, and let S’;rl, nC WX

— V,X representing 7, € 7T,+lsfa e

In the notation of §6.2.3, we have the following spheres in V. X:

correspond to a map h: S — Sf;’l,)
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The generator of H. H,”HC ,2 1 =22 may then be represented by
the element 1.0 C, | = E2 41> Where o € SrHSa o is a singular (r+ 1)-
simplex representing a generator of Hr +IS';1I -

6.3.3. Adiagram chase. With this description, we need only the usual diagram
chase to calculate the differential of §6.1 S:

(1) The horizontal differential o H G = Hr +1C, . 1s given as the alter-

nating sum of the horizontal face maps, so that by §6.2. 3 we have:
0"(1-0) = (dy(0) - d\ (o) + d5 (0)) = (h,(0)) — (o) + ("),

r+1 r+1
with ¢ € S, 1S40,y and o’ € A s

representing generators in homology, and 4 (o) € S

r+1
simplex representing the generator 7, € 7, lS(ra 0

(i1) Since H S =0, thecycle h (o) € ZS S has a singular (r+2)-

r+l r+1

chain y € ZS, ,S|, , with 9"(y)=h(a).
Furthermore, aot: S(ao,) — X (representing 2a € 7,X) is nullhomotopic, so
that the sphere S/

(aor) C VX indexed by aot has various (r+ 1)-discs attached

being singular (r + 1)-simplices

S @ @ singular (r + 1)-

to it, corresponding to all possible nullhomotopies of aot: let F: ¢ =X be
one such nullhomotopy, and e’+l C VX the corresponding (r + 1)-disc.

We can therefore extend the map h: S[,, , — S|

4y » where €[f’, C VX is attached to S(r;r;,,h).
singular (r + 2)-simplex { € S, F Ch with 8"(1-¢) = ¢', which represents

r+2 r+1
F.,Ch) ’S(aol,h)) .

Similarly, since [foh] =27 =0€n

(qor) tO@MAp Ch: eF on

e In particular, we have a

a generator of H +2(e
,.1S, we can choose a nullhomotopy
G:et' - Sr for toh; let e’+2 C VX be the corresponding (r+ 2)-disc.

We have a smgular (r +2)- 51mp1ex {'es +2er;'26) with 8°(¢') = ¢” . Thus

9" (r-C+{)=(h(0)—d' +0")=0"(1-0) e H],,C, .

r+1

(iii) Finally, d*(c) € E2

> 42 1s represented in

C

0,r+2 ™

E2 J+2

by 8"(y —{+{'), where 8" = d] —dl.

By §6.2.3 we have 6h(y) t(y) — 7"; but neither of the (r + 2)-chains
t(y) € ZS,+2S and ' € ZSr+ZS (ao contributes anything to ﬁr+2 VX, for
dimensional reasons.

Also, 8"(() = (Ch), () —¢&, where (C m.@es
nothing to ]?IHz(VOX), and { € S,

7 r+2 r+1
Hr+2 (FoCh)>? S(aotoh)) :

1)
2S aol) again contributes

Foch) represents a generator of

(e
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Similarly, 8"({') = G,(¢') =&, with G_({') in S S|, contributing nothing

r+2
to H_,V,X,and & €S, ,e/'”. again a generator of H ,(e ':36),522;”,,)).

r+2 (aoG)

Now, since the two (r + 2)-cells e Fic,,) and ea oGy are both attached to

r+1

the same (r + 1)-sphere S,

C V,X, they together form an (r + 2)-sphere
S’+2 C V,X (though not one of those explicitly included in the definition of

VOX =7"(X) in §6.2.1). Here b: St X represents the element in the Toda
bracket

[bl€(a,2,n,) Ccm, X

which is determined by the maps a, ¢, 4 (representing the homotopy classes
a, 2, n, respectively) and the nullhomotopies F:aot~0, G:toh~0.

Thus the part of 6h(y {+¢ ') which does not vanish in H V. X represents

r+2°0
SJ'2 soin E! ~ H _V.X we have

a homology generator (g,) € H 0,2 = H LV,

r+2
@' (7 =L+ =€ =&Y = (o,) € H_,V,X.

Since we know that dz( ag)={(p)e E0 r+2 (86.1.5), we conclude that the genera-

tor g of nr+22'_lRP2 = Z/4 isin the Toda bracket (a,2,7,) (with the same
indeterminacy as in the choice of generator for Z/4, by §6.1.6).

7. RELATED SPECTRAL SEQUENCES

We now note the existence of two related spectral sequences: one for any
generalized homology theory (§7.1) and one a “Kunneth spectral sequence” for
the smash of two spectra (§7.2).

7.1. Generalized homology theories. First, we can generalize the Hurewicz spec-
tral sequence for ordinary homology H, to any reduced generalized homology
theory k, , to obtain

7.1.1. A generalized Hurewicz spectral sequence. Let X € 7, be a pointed con-
nected space, and V.X the augmented simplicial space of §2.1.1, with AV.X ~
X. The realization AV.X has a filtration by subcomplexes AOV,X c A VX.--C
AV.X, where A"V.X is the realization of the n-skeleton of the simplicial space
VX (cf. [17, §5]).

Applying the generalized homology functor k_ to this filtration, we obtain
a spectral sequence abutting to k AVX = k X, with E = n,k, VX, as in
[17, Proposition 5.1]. The spectral sequence converges strongly to k X 1f k,
connective.

7.1.2. The E*-term as derived functors. Recall from §6.1.2 that the functor
n,: II — . induces an equivalence of categories between II, the homotopy
category of finite wedges of spheres, and .# C II-Alg, the full subcategory of
free Tl-algebras. Thus, we can describe a functor on .# (noncanonically) by
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specifying it on II. Moreover, we only need a functor defined on ¥ in order
for the derived functors to be defined for all II-algebras, by §3.2.4.

In particular, for any generalized homology theory k, each of the functors
kj: hoJ, — Abgp defines a functor I%j: F — Abgp; as in §3.3, the E’-term
of the above generalized Hurewicz spectral sequence may be described in terms
of derived functors: , X

E, = nnij,X = Ln(kj)n*X.
Thus, if k, is connective, the proof of Theorem 4.1 carries over to yield a

similar vanishing line for the E’-term. If the coefficients k, (pt) are torsion
free, Corollary 4.1.1(ii) also applies.

7.2. A stable spectral sequence. It should be pointed out that a stable version
of the Hurewicz spectral sequence has long been known: in [9, Theorem 4.8],
T. Y. Lin describes a Kiinneth spectral sequence for the smash of two spectra,
as follows:

Let =, denote the stable homotopy ring of spheres: n, = n*SO, and let
X, Y be two spectra, with Y connected. Then there is a spectral sequence
converging to 7 (X AY), with Erz’s = Tor™"(n, X ,n,Y) (cf. [1, p. 7]). Thus,
if Y is a spectrum corresponding to a connective homology theory k,, this
gives us a spectral sequence converging to k X , whose E’-term depends only
on k, and the z_-module structure of 7 X .
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