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ALTERNATING SEQUENCES AND INDUCED OPERATORS

M. A. AKCOGLU AND R. E. BRADLEY

ABSTRACT. We show that when a positive Lp contraction is equipped with
a norming function having full support, then it is related in a natural way
to an operator on any other Lp space, 1 < p < oo. This construction is
used to generalize a theorem of Rota concerning the convergence of alternating
sequences.

1. INTRODUCTION

Let Lp be the usual Banach space of complex-valued functions. Denote by
L; the class of L, functions taking nonnegative values. An L, operator T is
positive if TL, C L, . It is a contraction if |Tf]|, < ||f]|, for every feL,.
We say u is semi-invariant for a positive L, contraction T if both u and Tu
have full support and ||Tul|, = |ju]|, .

(1.1) Theorem. Suppose 1 < p < o0 and 1 <r < oo. If T is a positive L,
contraction with a semi-invariant function u, then the formula

T.f = (Tw’" ' TW' ™" ),

where [ € L, defines a positive L, contraction. This operator is independent
of the choice of semi-invariant function. We call T, the L, operator induced by
T.

We apply this notion of induced operators to the question of convergence
of alternating sequences. For simplicity of notation, the following theorem is
stated for L; only. The analogous result is proved for all of L,. T* denotes

the adjoint of T ; it is an operator on L, where ¢ = p(p — l)‘l . Whenever
u 1is semi-invariant for an LI7 operator T, then (Tu)” ~! is semi-invariant for
T".

(1.2) Theorem. Suppose 1 <p <oco and 1 <r<oo. Let (Tn);,";, be a sequence
of positive L, contradictions with semi-invariant functions defined over a c-finite
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Lebesgue space. Then

* *

(T7), (T AT, TN
converges a.e. for every fe L, .

This theorem generalizes Rota’s theorem of the alternating procedure [Rt].
We say an operator is bistochastic if 71 = T°1 = 1, where 1 is the function
taking the value 1 everywhere.

(1.3) Theorem (Rota). If (T, ). is a sequence of positive bistochastic operators
over a probability space, then

(1.4) T T, T, - Tf
converges a.e. for every f € L, where 1 < p < oc.

A positive bistochastic operator is a contraction of every Lp ,where 1 <p <
oo ; thus the expression (1.4) is well defined for every p. A positive L, con-
traction with a semi-invariant function does not necessarily have this property,
but we may use the operator induced by T~ to define a “pseudo-adjoint” of T
which operates on Lp .

In the finite measure case, 1 is semi-invariant for any bistochastic operator
and for its adjoint. Furthermore, 7' = T~ for any r, 1 < r < oo. Thus,
Rota’s theorem is a consequence of (1.1) with r =p.

2. PRELIMINARIES

(2.1) Definitions. For any o-finite measure space (X, % , u), let #(du) be
the vector space of . -measurable complex-valued functions defined on X .
Let .#"(du) be the class of functions in .#(du) whose ranges are subsets of
R* =[0, o0). Let # *(du) be the set of .F -measurable functions on X with
values in the extended nonnegative reals, [0, oo].

The usual Banach space of functions in .#(dyu) for which [, |f’du < oo
is denoted by Lp(du) , where 1 < p < oc, while L_(du) denotes the space
of essentially bounded functions .#(du). We also use L;(du) = L,(du)n
A (du). All of the relations between the functions in these classes are in the
u-a.e. sense, even when this is not made explicit. With the convention 0-0c =0,
functions in .# *(du) may be multiplied pointwise.

Let (Y, ¥, v) be another o-finite measure space. Consider the class of all
mappings

T: A (dy) — A" (dv)

which satisfy the following two conditions:

(2.2) T is “positive-linear”; that is, if «, # € R™ and f, g € # "(du), then

Taf+Bg)=aTf+pTg.
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(2.3) T is “order-continuous” in the sense that T'f, 1 Tf v-a.e. whenever f, 1
f uw-a.e. (the arrows indicate monotone nondecreasing pointwise convergence
in RY).

If T is such a mapping, then its restriction to .#*(du) need not be ex-
tendable linearly to #(du). Thus, these mappings should not necessarily be
associated with the usual class of linear operators. Nonetheless, it is convenient
to make the following definition.

(2.4) Definition A mapping satisfying (2.2) and (2.3) will be called a positive
operator on A *(dy) (or from A& *(du) to A *(dv)).

(2.5) Lemma. Given a positive operator T: M *(du) — A *(dv) there exists a
unique positive operator T": # *(dv) — # *(du) such that
/ fT'gdu=/ Tf-gdv
X Y

forevery fe #*(du) and g e £ *(dv).
Proof. Given g € # *(dv), the mapping

f e (dp H/YTf.gdu eR'

is integration with respect to some measure on (X, %) which is absolutely
continuous with respect to u. This measure may be represented as pdu for
some pc.# *(du). Define T by T"g=p. O

(2.6) Definition. The operator T~ defined above is called the adjoint of T .

If T:L(du) — L, (dv) is a positive operator in the usual sense, then its

restriction to L) (du) can be extended to a positive operator on .# *(du),
which will also be called 7. It is unique by the requirement that it satisfy
(2.3). If a positive operator on .# *(du) in the sense of (2.4) can be obtained
in this way, then we will call it a positive L, operator on .# *(du). The
following definition states this in a different way.

(2.7) Definition. A positive operator T on # *(du) is said to be a positive
Lp operator if

171, =sup{ [T dv|r e ") and [ 1 ausi]

is finite. If, furthermore, ||T|| , < 1,then T is called a positive L, contraction.

Throughout this paper, whenever a number p with 1 < p < oo is understood,
then g denotes the adjoint index; that is, the number p(p — l)'] . Note that
T is a positive L, operator if and only if T" is a positive Lq operator. In
this case, the definition of the adjoint operator agrees with the usual definition
in the Banach space sense.

The following theorem is a standard result. Under the hypothesis one easily
shows that the operator is a contraction of both L, and L_ . The conclusion
then follows by the Riesz convexity theorem.
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(2.8) Theorem. Let T be a positive operator such that T1 <1 and T*1< 1.
Then T is a positive Lp contraction for all p, 1 <p <oc.

(2.9) Definition. If T 1is a positive L, operator and u € L, is a function
satisfying || Tul|, = ||T||p||u||p , we say that u is a norming function for T .
We say that u is semi-invariant for T if ||Tu||p = ||ul|, and both u and Tu
are strictly positive a.e. A semi-invariant function for a contraction is clearly a
norming function.

(2.10) Lemma. If u is a norming function for a positive Lp operator T, then
T (Tuf’™ = | Tl

Consequently, if u is semi-invariant for a positive contraction T, then (Tu)” -
is semi-invariant for T" .

Proof.
ITull} = /(Tu)(Tu)”" dv = /uT*(Tu)"“ du
* -1 * -1
<Nl I (T, < Nl TN N(T)P 1,
—1

= il I TN, Tully ™ = (1 Tull?,
where the first inequality follows from Hoélder’s inequality. Thus, we have equal-
ity in Holder’s inequality, and so 7*(Tu)””" is a constant multiple of #*~'. O

(2.11) Definition. Suppose T is a positive operator on .# *(du). Aset E € &
is called a reducing set for T if T(xg)-T(1 - xg) = 0, where xp is the
characteristic function of the set E .

(2.12) Lemma. The support of a norming function is a reducing set.

Proof. Let u be a norming function for 7', and E be the support of ». Then

Ja@w T - gpydv = [T - ) du

=TI [ 1= xp) du=0.

Hence (Tu)p_lT(l —xg) =0,and so (Tu)T(1 - x) = 0. Now approximate
ﬁ xg from below by simple functions. Conclude by (2.3) and positivity that
T(x)T(1-25)=0. O

The following lemma concerning functions of a real variable is needed. Ob-
serve that the conclusion of the lemma remains valid if we replace ¢ in the
hypothesis by any differentiable function which is strictly monotone almost
everywhere.

(2.13) Lemma. Let ¢, 60: R* — R* be measurable functions satisfying
/ o(t)ydt = / 8(t)dt < oo,
0 0

(2.14) o a
/ o(t)dt < / 6(t)dt,
0 0
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and
(2.15) /0 T o) dt = /0 “ ot

for every a >0 and some r > 0. Then ¢ =6 a.e.

Proof.
/0 Z o) dt = /0 ! ( / ” 6(0) dt) ds

> /Ooors"l (/Soo O(t)dt) ds=/0°ot’0(t)dt.

By (2.15), we have equality. Thus, the set of points at which inequality (2.14)
is strict has measure zero. Since

/anﬁ(t)dt:/oae(t)dt

for a.a. , and ¢ and @ are positive functions, it follows that ¢ = 6 a.e., as
desired. O

(2.16) Definition. A point transformation 7: X — X is called an automorphism
if it is invertible and both 7 and 7~' are measurable and nonsingular. An auto-
morphism induces two measures, uo ™! and o1, both absolutely continuous
with respect to 4. Let p denote the Radon-Nikodym derivative of o7 "
with respect to . If 1 < p < oo, then define Q: L,—- L, by

of =p"(for™)
for fe L, We call Q the L, isometry induced by 1.

(2.17) Lemma. If Q is the L, isometry induced by an automorphism t, then

Q7" is the Lp isometry induced by ™" and Q" is the L ,-isometry induced by

!

Proof. This follows immediately from the definitions if one observes that when
p is the Radon-Nikodym derivatives of u o ! with respect to u, then the
Radon-Nikodym derivatives of u o1 with respectto u is 1/(po1). O

(2.18) Definition. Suppose 1 < p < oo and | < r < co. Define 7 Lp - L,
by means of the equation

[v, ,(NIx) = sign(f ISP,

where sign(z) is the complex number of unit modulus having the same argu-
ment as z. When p and r are understood, we refer to this embedding simply
as w. Usually f* is used to represent Y, 4 f. Perhaps the most important

property of y,  is that when f € L, then ||y, ,f], = ||f||f,/'.
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(2.19) Lemma. Let 1 < p < oo and 1 <r < oo. Suppose 0, and Q, are,
respectively, the L and L, isometries induced by an automorphism t. If
y=y,, and f€L,, then

Q,»V/f': Wpr‘
Proof.

Qv f=p"Isign(NfFF e

= sign(fot )p|fo” P
sign(p"”(f ot )PP (for HP
=yQ,f. O

(2.20) Definition. When (X, , u) is a measure space and F  is a sub-o-
algebra of Z , then E(-|#') denotes the conditional expectation operator with
respect to .7 . We adopt the convention that E(f].¥’) is 0 on any atom of
" of infinite measure.

(2.21) Theorem (Martingale convergence theorem for finite o-algebras). Let
(X, , u) bea o-finite measure space. For each k > 1, suppose &, is a finite
sub-o-algebra of ¥ and &, C %, .. Let £ = 0(U;., %), the smallest o-
algebra containing the algebra \J;- | &, . Suppose 1 <p < oo and f € L(du).
Let f, = E(f1%,) for 1<k <oco. Then f, —k a.e andin Lp norm.

If p > 1, then the f,’s have a maximal function; more precisely, there is a
function g € L; with |fi| < g for every k > 1, and | g, < qllfll,.
Proof. See any reference on martingales, e.g. [S, pp. 89-94].

(2.22) Lemma. Let ()7, be as in the previous theorem and suppose ().,
is another monotone sequence of finite sub-a-algebras of & . Let

Z. =0 (U Z’;() .
k=1
Let feL,(du), where 1 <p < oo, and f = E(f|%,). Then

E(f)1%) — E(fL1#%,)

ae. andin L, norm.

Proof. Let ¢, = f,f’ for each k > 1. Then g =sup f, € L, by the martingale
convergence theorem. Thus 0 < ¢, < 6 = g’ e L, ,and ¢, — ¢_ ae. The
proof is then completed by the following more general lemma.

(2.23) Lemma. Let 0< ¢, <60 €L, for k>1,andlet ¢, — ¢ a.e Then
E(¢,|%,) — E(¢|%,) ae andin L, norm.

Proof. Let

= inf d = .
e ,',gkd’" and 7, :tzuz(ﬁn
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Then (n,—¢,) | 0 a.e.andin L, norm, by the dominated convergence theorem.
We have, for any n > k,

E(¢ 1%, < E(,%,) < E$,%,)
< En,%,) < E(n|%,).
If n — oo with k fixed, then
E(|8,) <limE(¢,%,) <ImE($,%,) < E(n/%,,).
Thus
SNEM)E,) = ECIE N, < Nl — &l

which can be made arbitrarily small. This completes the proof. O

We will need the following four lemmas from [AS2], where they are numbered
(2.2), (2.3), (2.5), and (2.8) respectively. L, always refers to the case 1 <p <
oo over a o-finite measure space.

(2.24) Lemma. Let f, € L, forevery k, 1 <k <n. IfV:L, - L, isa
positive bounded linear operator, then

max |V f.| <V | max
1gk5n| f;‘l_ (1gk5n'f"|>

and, consequently,

max |V
15k5n| fkl

<\vi-
p P
(2.25) Lemma. For each ¢ > O there isa 6 > 0 such that if E: L, — L, is
a conditional expectation operator, f € L,, and | f I, = IESI, <dlf I, then
If - ESIl, <ellfl, .

(2.26) Lemma. Let f,, € L, for every m >0 and every k, 1 <k <n. If
lim, 5o | fe = full, = O for each k., then

max
1<k<n il

rlr}g%) max |f,,,| — max |[f,||l =0.

1<k<n 1<k<n

(2.27) Lemma. Let (f,).., be a sequence of functions in L, such that
(sup,5 If,D) € L,. Then (f)oeo converges a.e. if and only if

lim
n>0

su - =0.
punlfe 4]

The following are analogous to Lemmas (2.6) and (2.7) in [AS2]. The first one
follows from a result of Mazur [M], since the mapping v, , may be regarded
as a composition of his map F from L, to L, and his map G from Lp to
L, , both uniformly continuous on the unit ball.
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(2.28) Lemma (Uniform continuity of y, ). Let 1 <p <oo and 1 <r <oo.
Given € >0 and M > 0, thereisa 6 > 0 depending onlyon ¢, M, p, and r
such that ||y f—yg|l, <& whenever ||f||, <M, |gll, <M, and || f-gl|l,<d.

(2.29) Lemma. Given ¢ >0 and M > 0 thereisa é > 0 depending only on ¢,
M, p,and r suchthat if (f,);., is a sequence in L, with ||sup, o |filll, < M

and | sup;, lfe = folll, <& then

<e.
r
Proof. Let ¢ be as given in the uniform continuity of ¥ corresponding to /2,
M, p,and r. Let n > 1 be given. Fix a partition {4,, ..., 4,} of X such
that

sup -
Sup W f — vl

0<k<n

n
max | f, — vl =Y WS~ whlx, -
m=1

Let f=3 _, f.Xx, »sothat

Jmax Wi —whl=lwf-wil.

We have ||fl|, < M, f,ll, < M, and ||f = fyll < |sup,sqlfy = fyll, - There-
fore, if this last norm is less than J , the uniform continuity of y implies that
lwf—wfll, <e/2. This completes the proof. O

We also need the following, which is an immediate consequence of

1T, 1 = TAll, < WT,I-NF, = fll, + 11T, f = TS,
(2.30) Lemma. Suppose (T,).-, and T are L, contractions and
lim||7,/ - TS|, =0
whenever f € L,. If f,— f in L, norm, then
Li;x} \T,f, = Tfl,=0.

3. INDUCED OPERATORS

In this section, we will be interested primarily in positive Lp operators with
strictly positive norming functions. We begin, however, with two more general
lemmas.

(3.1) Lemma. Let T be a positive operator on A *(dy). Suppose u € 4™ (du)
is strictly positive. If there is a A € R such that

(3:2) T (Tu)f™ <27,
then T is a positive L, operator with ||T|, < 4.

(3.3) Remarks. In the Borel case, this follows from a result in [AS1] concerning
dilations. The general case was considered in [K1]. We have included the
following short proof to make this paper more self-contained.
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Proof. If A =0, it is easy to see that T = 0, since f(Tu)"“l(Tf) du=0 for
every f ./ " (du).

Suppose 4 > 0 and let v = Tu. Because of (3.2), the o-finiteness of u
and the fact that u is finite a.e., one argues that v is finite a.e. (The proof is
essentially contained in [ASI1, p. 391}.)

Let dy' =’ dp and dv' = (v/A) dv . Define an operator R: & *(dy') —
A *(dv') by Rf = xsiT(uf) for fe.#*(dy'), where G is the support of
v . This is clearly a positive operator in the sense of (2.4). A routine computa-
tion shows that the adjoint, R": # *(dv') — & *(dy'), is given by

* l * -1

R g= W:TT " g)

for g € # " (dv'). Thus R1<1 and R"1<1, so by Theorem (2.8), R is an
L, contraction. This means that if f € .# *(dy), then

[Reya'< [ £ ay.
If fe# (du),then f=uf forsome fe.#*(du')y. Hence
[(Tf)”du: /[T(uf)]"dv:lp/(}lf')pdu'
g,lp/fpdu'=).p/f”dy.

This shows that T is an L, operator with ||T||,<A. O

(3.4) Lemma. Let T be a positive operator on # *(du). Suppose u € .#* (dp)
is strictly positive, and that there is a A € R* such that

T (Tu)’ ™' <P,
Let v=Tu andlet G be the support of v. Let r be any exponent, 1 <r < co.

Then
v

p/r—1 —p/r

Sf=x(3)  TW™"p),
for f € # 7 (du), defines a positive L, operator S: A *(du) — A *(dv) with
ISI, <4.
Proof. S™: # " (dv) — A *(du) is easily calculated; one sees that for g €
A (dv),

S'g =) T W g50).
Let @t = u”/". Then @ is strictly positive a.e., and S*(Su)"~' < A'#™". Thus,
Lemma (3.1) completes the proof. O
(3.5) Lemma. Suppose u, and u, are strictly positive norming functions for a
positive L, operator T on A *(du). Forany o € R, the set

uy(x) :
0 (x) “}

Ea={xeX

is a reducing set for T .
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Proof. As in the proof of Lemma (3.1), let du’ = u du and dv' = (v,/4) dv,
where v, = Tu, and A= ||T|,. Observe that even if v, is not strictly positive
a.e., its support is equal to the support of v, = Tu, a.e. Without loss of
generality then, we may replace the set Y with this common support. Define
R: M " (dy')— A (V') for fed™(dy) by Rf =T(u,f)/v,.

R1=R'1=1,s0 R isan L, contraction. 1 is a norming function for R;
we now show that u = u,/u, is another. One may verify that R*(Ru)? -2
u’~"', from which ||Rul|, = ||u]|, easily follows. Let v = Ru.

Let a > 0 be arbitrary. Let u, = uAa, the function u truncated at the value
a. Observe that E_ is the support of u—u_. Also note that Ru, <v_=vAa,
hence

(3.6) /uad// =/Ruadz// < /vadu'.

Let ¢: R* — R be the distribution of u; that is, ¢(¢) = u'{x: u(x) > t}.
Let 6 be the distribution of v, similarly defined with respect to v’ . Inequality
(3.6) has the equivalent form

(3.7 /Oa o(t)dt < /()a 0(t)dt.
Since ||u||p = |jv]|, , we have
(3.8) /Oo £ () dz=/°° #7100 dt.
0 0

Finally, u € L,(du’), since p > 1 and 4’ is a finite measure. Since [lu|, =
lv]l, , we have

(3.9) /Ooo ¢(t)dz=/0°° 0(t)dt < .

Conditions (3.7)-(3.9) allow us to invoke Lemma (2.13) and conclude that
¢ = 6 a.e. in Lebesgue measure. Since

lu=u,lp=p [ ¢ o0ar,

we have

=, = o = v, ll, < IR =)l

where the inequality follows because Ru, < v . As R is a contraction, we
conclude that the norms are in fact equal. Thus, ¥ —u_ is a norming function.
By Lemma (2.12), then, its support is a reducing set for R. It easily follows
that E_ also reduces 7. O

(3.10) Remarks. One may replace the “less than” in the definition of E_ by any
other inequality, simply by considering complements or reversing the roles of
u, and u,. The complement of a reducing set is a reducing set; it is also easy
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to show that the intersection of reducing sets is a reducing set. In fact, the class
of reducing sets of a bounded L, operator is a sub-g-algebra of the underlying
measure space. This is shown in [K2], which also includes a different proof of
the above lemma.

(3.11) Theorem. Suppose T is a positive Lp operator on #*(dp), and u, and
u, are strictly positive norming functions for T . Let v; = Tu, for i =1,2 and
let G be the support of the v;’s. Let 1 <r < oo, and define positive operators
S, and S, on M *(du) by

- -1 1-
S.f = 1Tl o= T~ f)

for fe#*(du) and i=1,2. Then S,f=S,f ae. forevery f €. " (dp).
Proof. By (2.3), it suffices to consider f € £ (dpu).
Let s =p/r—1. If s =0, there is nothing to prove. Otherwise, let ¢ > 0

be given, and choose a positive integer N > 1/¢.
Foreach n>1, let

En={xeX’N+JG_1 <u2(x)<N+n}

and

E_n={xeX‘N+:,_1<u‘(x)<N+n}.

u,(x) = N
Also, let E; be the set of points in 4 where u,(x) = u,(x). Then {E, |n € Z}

is a partition of X into reducing sets.
Let f € .# *(du) be given and let S, = fxg forevery ne€Z. The f’s

have disjoint support, as do the functions T(ul's f,) and T(u;’f,).
Now suppose » > 1 and s > 0. Since T is positive, we have

s () T(8) 7 (4)= (=) 7 (4)

Let u;, = u;xz and v, = T(u;,) forevery n € Z and { = 1,2. The

functions T(u,.'s f,) and v, . will have disjoint supports unless m = n; thus
S.f, depends only on T(u;"f,) and v,,. We have

N+n-1\° N+n\’
(3.13) (—N—> vfll < foz < < ~ ) vf“.
Therefore,
N+n-1\ N+n \°
(3:.14) (N—+n—) Sifa S 83fy < (m) SiEy-

If (S,/,)(x) =0, then (S,f,)(x) must be zero as well. Otherwise,
1/s
(3.15) ‘<M> -1 <

!
SNtn-1 %

(8,£,)(x)
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If s < 0, then the order of the terms in (3.14) is reversed, but (3.15) remains
valid.
If n < -1, the argument is symmetric, with the conclusion

(S, L))\ 1
((S;fn)(x)> sy <E

It is clear that S, f, = S,f,. Since ¢ > 0 is arbitrary, we conclude that
S, f,=S,f, ae foreach n€Z. Thus S,f=S,f ae., as desired. O

(3.16) Theorem. Suppose 1 < p <ooc and 1 <r<oo. Let T be a positive Lp
operator with a strictly positive norming function u. Let v = Tu and let G be
the support of v. Then

1- -1 1—
T,f = x ITI' """ T ),

for f € M " (dp), defines a positive L, operator T.: M ~(dp) — A *(dv)
such that ||T ||, = |T||,. This operator, called the L, operator induced by T,
is independent of the choice of u.

Proof. Whether T is given as an Lp operator in the Banach space sense or
in the sense of Definition (2.4), it is clear that 7, is a positive operator in the
sense of (2.4). Lemmas (2.10) and (3.4) combine to show that 7, is in fact an
L, operator with norm bounded by ||T|,. To see that this norm is actually

achieved, let f = u” /" . Theorem (3.11) demonstrates that 7, does not depend

on the choice of norming function. O

(3.17) Corollary. Suppose T isan Lp contraction with a semi-invariant function
where 1 <p<oo. Forevery r, 1 <r< oo,

_ ,p/r=1 1-p/r
T.f=v"" T ""f)
defines a positive contraction of L, .

(3.18) Remarks. If T isan L, isometry induced by an automorphism 7 (as in
(2.16)), then T, is simply the L, isometry induced by 7. When the underlying
space has finite measure, we may take ¥« =1 and v = p'/ P'. The general o-finite
case is not much harder to check.

A larger and more important class of operators has the form EQFE, where
Q is an Lp isometry induced by an automorphism and FE is a conditional
expectation operator of finite rank. Such operators where crucial to the proof
of the pointwise ergodic theorem for positive L, contractions (see [A]). Thus,
the following lemma is of some general interest as well as being necessary for
§5 of this paper.

(3.19) Lemma. Suppose 1 < p < oo, 1 <r < oo, and that 0, and Q, are,
respectively, the L, and L, isometries induced by an automorphism t over a

measure space (X, F , u). Let F bea sub-c-algebra of % and let ji be the
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restriction of u to F . Let E be conditional expectation with respect to F and

suppose . .
T:L,(X,%,0)—L,X,%, i)

isgivenby T=FE QpE . If T has a semi-invariant function u, then T, = EQ E .

Proof. Let v=Tu. For f€ Lr(X,?v, i), we have

T,f ="' ™" f)
- vp/'—’E(pl/p(u o T—l)l—p/r[(Ef) o 1—1])
=" B P we ™) (fo ),

where the third line follows because f is already & -measurable. Because
llvll, = llull,, @ isanisometry and p > 1, we conclude that Q u must already

be F - -measurable, lest some norm be lost in taking the conditional expectation.
Thus v = pP(uot™") and

T,f=EW"" ™ p P (wor™)' " (forh)
= El(p"Y" ot Y p P wo ) (for )
=E[p'(for )1=EQf=EQEf 0O

(3.20) Lemma. Let 1 < p <oo, 1 <r < oo, and let Q be the L, isometry
induced by an automorphism t. Let T = EQE for some conditional expectation
operator E. If T has a semi-invariant function and R = R, is the L, isometry

induced by 17", then (T*), = ERE.
Proof. (T*), = (EQE), = (ER,E), = ERE . We have used the self-adjoint-
ness of E and Lemmas (3.19) and (2.17) for the fact that Q" isthe L, isometry

induced by .o

4. FINITE-DIMENSIONAL APPROXIMATION

In [AK], it was shown that all positive contractions over the unit interval are
induced by a point mapping of some type, followed by a conditional expectation.
For positive contractions with semi-invariant functions, the argument is easier
and does not require the underlying space to be interval. However, we will want
to extract a point mapping from a set mapping, so we will require our measure
spaces to be Lebesgue spaces. That is, a measure space (X, ¥ , u) where X is
a complete metric space and ¥ is the Borel g-algebra. We allow the space to
have o-finite measure. Since a separable metric space is second countable, the
g-algebra of measurable sets in a Lebesgue space can always be generated by a
countable algebra of sets.

The details of the construction give us a family of finite-dimensional oper-
ators ( T”):’;l (these are ordinary superscripts, not powers), each with a semi-
invariant function u,, where u, — u a.e. Furthermore, these operators have
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the property that (T"),f — T.f a.e. and in L, norm for every f € L,. These
finite-dimensional approximations to the induced operator provide the key to
the proof of the Theorem (1.2).

(4.1) Definitions. Let X = (X, ¥, u) be a o-finite Lebesgue space and suppose
T:L,(du)— L,(du) has a semi-invariant function u. Let I=(I, %, m) be
the usual Lebesgue space of the unit interval. Let W= (W, %7, w) =X x1.
Let . = {F x I|F € ¥}, the “vertical” sub-g-algebra of %', and let v be
the .#-measurable function given by v(x, y) = (Tu)(x) for every y in the
unit interval.
Suppose (Z);’il is an increasing sequence of finite sub-c-algebras of %

such that o(,-,%,) =% . Thatis, & is the smallest o-algebra containing
all the &’s. Let 7, = {F xI|F € # }.

For each n > 1, fix an enumeration {Fn’i}f;l of the atoms of Z, . Let
yn’0=0, and foreach i, 1 <i <k, let

i
y",f =T (uszn./) ’
j=1
and

Hn,,-={(x,y)€W

Pu a0 7 i)
Twx) 7= TwX) [

Let 7, be the finite sub-o-algebra of 7" generated by the partition {H, i}fgl
of W. Let I, be the set mapping from %, to #, determined by I F, ; =
H, , foreach i, 1<i<n.

(4.2) Lemma. There is a point mapping n: W — X such that n_an‘i =H, ,
forevery n>1 andevery i, 1 <i<k,.

Proof. The family of set mappings I1, determines a unique set mapping of the
algebra U;“;l &, , because of Z’s form a monotone sequence. This mapping
preserves unions and complements, and it extends to a homomorphism of the
measure algebras of (X, %) and (W, .Z). Since the sets underlying both
spaces are complete metric spaces, there is a point mapping n defined from
almost all of W onto almost all of X which induces the set mapping (see [Ry,
p. 329]). Thus if [IF = H, then n~'F = H. Since IIF, , = I F, ,, the
desired result follows. O

(4.3) Lemma. Forevery Fe %, [udu=[- v dw.
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Proof. If F=Fn,i€9 for some n > 1 and some i, 1 <i<k,, then

P p|n,i =~ Vn,im1
/n_va do= /X(Tu) [—Tu ]a’u

= /X(Tu)p_'T(uxF)d/t
=/uT*(Tu)p_ldu=/upd,u.
F F

The lemma is true for a generating subalgebra of # . The proof is easily com-

pleted. O

(4.4) Lemma. Suppose ¢ is an & -measurable function and 0 is a Z -measur-
able function with ¢ >0 u-a.e. and 60 >0 w-a.e. such that

/¢d/t=/ fdw
F n'F

forevery Fe€% . Then, if 1 <p<oo,
0 1/p
5= (525) (om.
for fe L, (du), defines an isometry S: L ,(du) = L (da)).

Proof. First suppose f = ¢ xF for some F €. % . Then

IS /17 = /Z db‘:ﬁ«b‘/”x;)” o ndw

= [, odo= [ sau=is.

In the general case, approximate f df” P by S -simple functions. O

This isometry yields a result analogous to the theorem of Akcoglu and Koop
[AK].

(4.5) Theorem. Define Q: L ,(du) — L,(dw) by

=5 n(f° n) for f € L,(dp).
If ' is w restricted to %, and we identify X with (W, %, &), then Tf =
E(Qf|*) forevery F € Lp(dﬂ).

Proof. By the two previous lemmas, we see that Q is an isometry of the indi-
cated spaces. Suppose f = uy, for some F € & . Then

[E(Q/15)) / (QN)(x. y)dy = / V(XL Y1 (6 ¥) dy

T
= (T (2 = ().
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-1

For a general % -measurable f, approximate fu by & -simple func-

tions. O

(4.6) Lemma. Suppose F isa finite sub-c-algebra of & and ji is the restriction
of utoF. If Ve Lp(dw) satisfies © > 0 a.e., then there is a unique ¥ -

measurable function @ such that, for every F € 7,

/ du= / " dw.
F n'F
Furthermore, the mapping

fELX,F )~ ——(fon) € L,(dw)

is an isometry which transforms @ to v .

Proof. Let {Fi}f=1 be an enumeration of the atoms of & . Let H, = n‘lFi
foreach i, 1 <i<k. Then

k

1 1/p
i = —_ ¥ dw .
Z (,uF. /H, XF,

If f= mexpeL( X, 7, ft) , then

p k ’
=§cf’/_,F oo Zc”uF 1112,

(fom)

flom
as desired. O

(4.7) Theorem. For each n > 1, let v, = E(v|.7)). Let u, be the corresponding
Z,-measurable functions as given by Lemma (4.6). Then u, — u p-a.e.

Proof. Let u, = Ef;l u, Xp - Then

ndi uF,
~ (- vau) ) Jn, h o)
1E, ; JF, (wH”’i)_’fH" v’ dw)
Thus EW|7) |
uﬁon:Wﬁ—)[E(upL?;)on].

By the martingale convergence theorem, with p = 1, we have E(«’|%,) — v’
p-ae., and E(W|Z) — E(’|#) w-ae. By Lemma (2.22), we also have
(v?|%) — E(v"|#) w-a.e. Therefore

won — EW|F)om,

and so uﬁ — u” pu-a.e., by the martingale convergence theorem. This completes
the proof. O
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(4.8) Definition. For each n > 1,let u, and v, be as defined in the hypothesis
of the previous lemma. Define

Qn: Lp(X’ '?n’ :un) - Lp(dw)’

where 4, is the restriction of u to &, by

Q"f=—2(fon)

U,on

for feL (X, %,, u,).

By Lemma (4.6), this is an isometry. If w, is the restriction of w to .7,
and we make the obvious identification of (W,.7,, w,) with (X, %, u,),
then define T": L,(du) — L, (X, &,, u,) by

T"f = E(Q"E(fI%,)\%,)
for f € L,(X). Each T" is a positive contraction, and it is easy to see that if
feL,(du), then T"f - Tf p-ae.

Observe that u, is a semi-invariant function for each T" ; the reason is that

v, is already .7 -measurable. (In fact, it is easy to see that u, is the only

normalized semi-invariant function for T".) Thus, the induced operator (T")
is defined for any r, 1 <r < oo. For brevity, denote it R, .

(4.9) Theorem. ||R,f—T, f|l, =0 as n— oo, for every f€ L, (du).
Proof. If f is % -measurable, then

R f= v,’:/'—lT”(v;—p/'f)

r

=" 'E [———u ”: —(u, " om)(f o n)u;]
v, p/r
-£|(725) vemin|

since v, is % -measurable. Whether or not f is # -measurable, define

8= (2 ),,/, (E(/1F,) o 7].

U,om

Then R, f = E(¢,|.%,) forany f € L (du). Similarly, if ¢ = (v/uom)?!" (fom),
then T, f = E(¢|.7).

Clearly ¢, — ¢ a.e.; if we can show that ||¢, ||, — [|4l|,, we may conclude
that ¢, — ¢ in L, norm (see [Ry, p. 118]):

6,1, = 1Q"(ESIZ )]

= ILEAFN I, = IESAZI, = A1

as E(f|#) is an L, martingale. The second line follows because Q" is an
isometry. Also ||¢]|, = ||f]|, by a similar calculation. This tells us that

¢, —oll, — 0.
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To conclude the proof, observe that
IR, f =T, fll, <IE(¢,l7) — E(@,[ P, + |E($,l7) — E(¢|F)], -

The first term tends to zero by the martingale convergence theorem and the
second term is dominated by ||¢, — ¢|,. O

5. CONVERGENCE OF THE ALTERNATING SEQUENCE

This section is in many ways analogous to §§3 and 4 of [AS2], and so the
reader will often be referred there for details. Where we follow [AS2] closely,
every effort is made to keep the notation consistent.

(5.1) Definitions. Suppose 1 < p < 0, 1 < r < oo, and let ¥ = v, -
Let (T,),-, be a sequence of positive linear contractions with semi-invariant
functions operating on the L, space of a o-infinite Lebesgue space. Call such
a sequence of operators a norming sequence. Call a norming sequence special
if all operators are finite dimensional.

Let ¥, and U, be the identities on Lp and L, respectively, and make the
following definitions for each n > 1:

V=T, T, U, =), (T,),.
For a given f € L, andan n>0,let g, = U,w(V,f). Observe that g, = w f

and that ||gll, = /12"
We say that Estimate A holds for a norming sequence <Tn>:.;l if

< @lif1,)Y" (= " gl,)

for every f € L,.
We say that Estimate B holds for a norming sequence (T ,) ", if for every
¢ >0 thereisa J > 0, depending only on ¢, p, and r, such that

<el I (=elgl,)

r

sup|g, —
whenever f € L, is such that

171, = Um [V, fll, < 1L/, -

Given a norming sequence (Tn)n ,»afixed n>1, and a function fe L ,

let f=V [ . Forevery k > 1, let Tk T, Let V0 and U0 be the identities
on Lp and L, respectively. For each k> 1, let

Vo=T,T

o U=, (10,

and for each k >0, let g, = Uky/ v, f Observe that g, = U, g, for every
k>0.
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(5.2) Theorem. Suppose Estimates A and B are satisfied for every norming se-
quence. Then given a norming sequence (T,).” and an f € L, (g,)0
converges a.e.

Proof. Because of Estimate A, (sup,,|g,|) € L, . Therefore, by Lemma (2.27),
it suffices to show that

=0.

lim |[su -
n>0 k22|gn+k gnl

r

Let g =lim |V, fll , and distinguish two cases:
Case 1: p=0. Given ¢ >0, find n, > 1 such that

%<z (3)"

Fix n > n, and define f and &, as above. Observe that || f I, < ||Vn0 A, We
have

sup -g = |lsup|U g, — U g
kZOIgn+k nl kZOl nSk n 0|

r

< <2

sup|g, — &, sup |g,
k20| « — &l kzol ol

r r

< 2qlIf1,)"" <e,
where the first inequality follows from Lemma (2.24) and the third follows from

~

Estimate A for the sequence (7} )., .

Case 2: B > 0. Given ¢ > 0, choose § > 0 as given by Estimate B, corre-
sponding to s/||f||£/'. Choose n, > 1 such that ||V, f]l, < (1+4)B. Fix

n > ny and define f and g as above. Observe that g < ||f]|,, since the
IV, fll,’s form a monotone sequence. We have

171, = lm 171, = 17,11, ~ B < (1+6)8 — B <517,
Now apply Estimate B for (Tk),‘f’:l ; we conclude

€ up/r
< (” f“,,,,) 171" <e,
r p

where the first inequality follows as in Case 1. O

<

r

su - sup|g, — &
sz)"g“" 8l k;élg" &l

(5.3) Lemma. If Estimate A holds for every special norming sequence, then it
holds for every norming sequence.

Proof. Suppose (T,).”, is a uniform norming sequence for which Estimate A
fails. Then there is a function f € L, and an n > 1 such that

> ¢ gl -

r

max
ockan 18]
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Suppose (Z,,),._, is a monotone sequence of finite sub-o-algebras of F with
& =0(U,,-, %, the smallest o-algebra containing the algebra (J;._, &, . For
each Kk and m, 1 <k <n and m > 1, let T,:" be the finite-dimensional
operator as defined in (4.8). Let f = E(f |Z,,) -

Let m > 1 be arbitrary. Let V" and Uy" be E(-|%,) operating on L, and
L, respectively. Foreach k, 1 <k <n, let

v'i=1"-T", Ul =((1)"), - (TH™),
For feLp, m>1,andeach k, 0<k <n,let
&m = U w(V " N =U w(V,"M).

By the martingale convergence theorem, lim,,., [ f — f™[|, = 0. We will
show that -

(5.4) im (|8 — &ll, =0
as well. Therefore, by applying Lemma (2.26),
Hm || onax, 18m| = max 1| =0

Thus, for a suitably large integer m,,

> (qlf™l,)""

r

max

since the same inequality holds for f and the g, ’s. Because 9;10 is finite, the

operators (Tlm oL, T,:"O) are essentially finite dimensional. Therefore, they
form the initial portion of a special norming sequence for which Estimate A
fails, contradicting the hypothesis of the lemma.

To prove (5.4), we first prove

. m
(5.3) im IV, f=VSll,=0

for every k, 0 < k < n. When k = 0, this is simply the martingale conver-
gence theorem. For the inductive step, observe that

m m
Ve = Vel = 1TV = T Ve,

where lim, ., ||Vk'" f=VA , =0 by the inductive hypothesis. We apply The-
orem (4.9) with r = p and Lemma (2.30) to conclude that

. m
,Eg} ”Vk+lf_ Vk+1f”p =0,

completing the induction.
Because of the uniform continuity of

. m
,1.}’2“1 lwVe f=wV fll,=0

foreach k, 0<k <n.
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We now perform another induction similar to the proof of (5.5) to show that
when g€ L,
. m
lim |V’ - Ugell, =0,

for each k, 0 < k < n. This completes the proof. O

(5.6) Lemma. Suppose that for every & > 0, there is an n > 0 depending only
on &, p,and r such that

li li
max -
o0<han |gk go|

<&l
r

whenever (T ,',):‘;1 is a special norming sequence, n > 1, and f € L,is such

that ||f'Nl, = WV, fll, < nllfNl, where V, and g, are defined exactly as V,
and g, in (5.1), relative to (T;):‘;l . Then Estimate B holds for every norming
sequence.

Proof. Let <Tn):°=1 be a norming sequence and suppose & > 0 is given. Choose
n > 0 from the hypothesis of the lemma, corresponding to £/2. If Estimate B
fails for (7)), , then there is a function f € L, with |[fIl, =1V, A1, <7l A,

but for which

max -
0<hen |gk gol

> e

As in the proof of the previous lemma, we approximate the operators T,
with the operators 'T,:" from (4.8). Define g,,, as before, for each m > 1 and
each k, 0<k<n,andlet h =g —g, and A, = g, — &, for the same
set of indices. Then

and we have seen that both of these terms tend to zero as m increases. Thus
lim,,, A, — hll, = 0, and we may apply Lemma (2.26) to conclude

=0.

r

lim
m>1

max — — max -
0<k<n |gkm gOml OskaSnlgk gol

At the same time, we have
1~ _ m — . _ m m — )
lim |If =~ /", =0 and Lim |V, /= V"f"],=0
Thus, we may choose an m,, sufficiently large that we maintain the relations

m m
£, = 1,0, < nllf™l,

&\ pmoplr
>§||f °ll, -

max -
0<k<n Ig’""o go'"ol .

As & is finite, (Tl'" o, T,:"O) form the initial portion of a special norming

sequence for which the hypothesis of the lemma fails. O




786 M. A. AKCOGLU AND R. E. BRADLEY

We have reduced the proof of Theorem (1.2) to verifying that finitary versions

of Estimates A and B hold for every special norming sequence. In order to show
that this is true, we introduce a dilation of these operators similar to the one
given in [A].
(5.7) Definitions. Let (X, %, u) be a measure space in which & is a finite
set. Let {Fi}f=l be an enumeration of the atoms of # of positive measure.
Let the indices i and j range through the integers {1,...,d}. If T isa
positive operator with a semi-invariant function u,let u =}, o;x, and Tu =
)DF BiXF,-‘ We have o; > 0 and B; > 0 for each i. Let m; = y(Fi) and let
= a)[n_lFi N (Fj x [0, 1])], with # and w as given in §4. Observe that
(4 =m; for each j, and that for each i,

afm,.=/ u”du=/_l vpdw=zﬂfaij.
F nF j

p
p - (Bi) %
Y a, ) m;

It is easy to verify that ; b, ; = 1. Observe also that a;; = 0 if and only if
b,;=0.
J

a

Let

We are going to construct a set Z in the coordinate plane R’ and an isometry
of its L, space. The construction is virtually identical to the one given in [A]
and used in [AS2], except that some of the subrectangles may have measure
zero. However, because of the last observation, this will cause no problems.

Let (I i>;1=l be disjoint intervals on the x-axis of the coordinate plane, each of
length m; . Let (Ji);i=l be disjoint intervals on the y-axis, each of unit length.
Let =1, xJ, and Z =J,P,. Let Z=(Z,#, A), where F is the Borel
o-algebra of Z and A is the restriction of Lebesgue measure on R’ to Z. let
L, denote L (Z), and let & be the partition {P,}{_, of Z. Let E = E(-|?)
and let lp =FEL,.

Define a further partitioning of Z as follows. Each I ; is partitioned into

d subintervals (I,.j)d each of length a;;. Each J, is partitioned into d

=1
subintervals (J, j)j‘{:l , each of length b, T Let R, = I, xJ, ;> horizontal strip
of P, and Sij = Iij x Jj , a vertical strip of Pj.

Define a point transformation 7: Z — Z by mapping each R, i of nonzero
measure to the corresponding S, B in such a way that the Radon-Nikodym
derivative for the mapping of these rectangles is constant. Thus, 7 “squeezes”
the width of R;; from m; to a; and “stretches” its height from b,.j to 1; this
deformation determines the constant value of

_d(ieth)
="
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A(R, j) =0 if and only if A(S; j) = 0, because of the corresponding property
of a;; and bij, and so 7 is an automorphism of Z . An automorphism of Z
determined in this manner by any pair of sequences of a; j’s and b, j’s satisfying

4 =m, Zjb,.j =1,and g;; = 0 if and only if bij =0, is called an ad-
missible automorphism. Each admissible automorphism induces an admissible

L, isometry Q in the usual manner by Qf = p P (for™hy.

(5.8) Theorem. The action of EQ on lp is isomorphic to the action of the orig-
inal operator T on L,(X).

Proof. Let i range through {1,...,d}. Let ® be given by
ZcixPi €l m Zcix,,i € L,(X).
i i

This is an isometric isomorphism since A(P,) = u(F;) = m;.

Let W= (W,%,w), n, F,and v be as given in Theorem (4.5). Ac-
cording to that theorem, if we define R: L (du) — L,(dw) by
v
Rg = m(g om),
then Tg = E(Rg|.#) for every g € Lp(du). Since u =3}, aXF and Tu =
> Bixp , we have Rg = (B;/e;)c; on each n"Fi N(F;x[0,1)) S F; x1I.
When f € lp ,then Qf = p,.'j/” c; oneach §;; C P;, where p,; is the constant

1
value of the Radon-Nikodym derivatives p on the rectangle S;; . Observe that

MR mpb (B
PTG T e, \e)

ij i

We also have w[n"'Fi N (Fj x [0, 1])] = l(SU) = a;. This means that
Qf and Rg are simple functions taking the same range of values over sets of
identical measure. Therefore, Tg = E(Rg|.#) = P(EQS) as desired. O

The proof of the convergence of the alternating sequence is now reduced to
an examination of the actions of admissible isometries of Z, intertwined with
the conditional expectation operator with respect to % .

(5.9) Definitions. Let G be a subset R’. A subset F of G is called a vertical
subset of G if

F=(F'xR)NG
for some subset F' of the x-axis. Similarly, if

H=RxH)NG
for some subset H' of the y-axis, then H is called a horizontal subset of G .

We say that a function f is constant on vertical lines if f(x,y,) = f(x,, y,)

whenever x; = x,. We say that f is constant on horizontal lines if f(x,,y,) =
f(x,,y,) whenever y, =y,.

The following is a summary of Lemmas (4.5) through (4.12) from [AS2].
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(5.10) Lemma. Let T be an admissible automorphism, and let Q be the induced
Lp isometry.

(a) Suppose Z is a finite partition of Z in which each atom is a vertical
subset of some P,. Let f bean L, function which is constant on vertical
lines. Then

QE(f1¥%) = E(Qf|P V1¥).

(a') Suppose # is a finite partition of Z in which each atom is a horizontal
subset of some P,. Let f be an L, function which is constant on
horizontal lines. Then

Q'E(f1#) = E(Q fIP Vv ¥).

(b) If f, and f, are L, functions that are constant on vertical lines and

Ef,=Ef,, thenalso EQf =EQf,.
(b') If f, and f, are L, functions that are constant on horizontal lines and

Ef,=Ef,, thenalso EQ”'f,=EQ™'f,.
(c) If f is constant on vertical lines, then Qf is constant on vertical lines.
(c') If f is constant on horizontal lines, then Q'1 f is constant on horizontal
lines.

(5.11) Definitions. Let n be a fixed integer, n > 1, and let k range through
{0,1,...,n}. If 1 <k <n,let 7, be an admissible isometry of Z, let Q,
be the L, isometry induced by 7, , and let R, be the L  isometry induced by

r;l. Let Q) and R, be the identities on L, and L, respectively. Let
S, =ERE, U,=S,---S,, D, =Ry, --R,.
Observe that S, = (T,), by Lemma (3.20).

Let f be a fixed but arbitrary function in L . Let g, = Uw(V,f) and
¢, = Wk_'EWkEf. Observe that g, = y¢, = WES.
(5.12) Lemma. For any f € L, V.f=EWES.

Proof. This is Lemma (4.14) of [AS2]. When k = 0 this is immediate from
the definitions. The inductive step is given by Lemma (5.10)(b) and (c¢). O

(5.13) Lemma. Forany ge L, U, g=ED,Eg.
Proof. We will show that

(5.14) S,.---Sjg=ER,.~--Rng

for every pair i, j with 0 < i < j < n. This will prove the lemma, since the
desired identity is (5.14) with i =0 and j = k. The proof is by induction on
J—i. When i=j,(5.14) is simply the definition of S,g.
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Now suppose (5.14) holds for some pair i+ 1, j+1 with 0<i<j<n.
We have
ER; R \Eg=ES;,,"-§;,,8,
by the inductive hypothesis and the idempotence of E, the outermost operator

inS,_ ;. R, R ; +1E& 1s constant on horizontal lines, by repeated applica-

tion of Lemma (5.10)(c’). Thus, by Lemma (5.10)(b’), we have
ERR. ---R, Eg=ERS,

ity j+1 iMix1’

8 =S5 8,,8-
This completes the induction. 0O
(5.15) Lemma. g, = Ey(¢,).
Proof.
g = Uw(%./) = ED,Ey(EW,Ef)
= ED,w(EW,Ef) = Ey[(R))’--- (R, )’ EW,E].

The second line follows from the two previous lemmas. The third line follows
because ¥ maps -measurable functions to “-measurable functions. For the
fourth line, we use (R,.)” to denote the L, isometry induced by ti'l. Thus,
this line follows by an application of Lemma (2.19). By Lemma (2.17), that
isometry is Q; . Thus

g = EW(W 'RW.Ef) = Ey(¢,),
as desired. O

(5.16) Lemma. There exists a monotone sequence , C &, _, C --- C G, of finite
o-algebras such that
-1
¢, =W, E(W,EfZ,).
Proof. This is Lemma (4.16) of [AS2]. We may take & = .. Lemma (5.10)(a)
provides the induction step needed to show that we may take

G =PVLPNV VT T, P
when 1 <k<n. O

(5.17) Definition. Let u, = E(W,E f|%,), where the &,’s are as in the previous
lemma. Observe that ¢, = Wn'luk.

(5.18) Theorem. The sequence (u,, ..., u,) isan L, martingale. Furthermore,

max |u < u
OskSnl il ) < qllugll,
and
max |, — U < Uy — U .
OSkSnl k nl p—q” 0 n"p
Proof.

u, = E(W,Ef|%,) = E(E(W,Ef\%)|%,) = Eu|%,).
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since &, C &, forevery k, 0<k <n. As well,
u —u, = E(u)l%,) - E(u,|%,)=E(u,—u,l%,).

In the first case, this follows from the above computation. In the second case,
u, = E(u,|%,) because u, is already constant on the atoms of Z, .

The lemma now follows by an application of the martingale convergence
theorem for Lp. O

(5.19) Theorem. || max,_, ., |gll, < (41 f1,)""

Proof. Since ¢, = W'y, and W' isa positive isometry, we have |¢, | =
k n k n k

—1 -1
W, lu.| and max, ., ., |¢,| =W, (max,.,.,|u|) and so

(5.20)

max |¢, |

max |u
0<k<n I kl

< qllu,ll, < .
max ]| < qliugll, < qllfl,

p p
The inequalities follow by an application of Theorem (5.18) and the fact that
lugll, = I1ES1,

Since g, = Ey(¢,), we have

< E = E )
[Dax. FARS (021,3; |w(¢k)|> v (02‘&",, |¢k|)
where Lemma (2.24) was used for the inequality. Thus

v (Ogllggn |¢k|)

PIr r p/r
<(qlf1,)"". o

max
s |8 !

S ‘

r

max
Zax 16|

P
(5.21) Theorem. For any & > O there is an n > 0 depending only on &, p, and
r such that

<A

r

max -
nggnlgk gol

whenever |||, — IV, f1l, < nlEfI, -

Proof. Since u, = E(u,|%,), we may apply Lemma (2.25) to choose an 1 >0,
depending only on & (which will be specified later) and p so that

lagll, = llu, L, < Allagl,
implies 5
g —u,ll, < leuoll,,-

We have already observed that [lu,||, = ||Ef||p . As well, we note that ||u, ||, =
IV, A1l - Thus, if [|f1l, = IV, fll, < nllEfIl,, we have

max (U, —u ‘
nggnl k 0|'

< 2| max |u, —u
b ogkgnl" nl

P
where the second inequality follows from Theorem (5.18).
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As in the proof of the previous theorem, we deduce

-1
O?I?an |¢k - ¢o| =W, (Oglkagxnluk uo') s
and so || maxo ., |6, — dolll, < SIES], -

Since the inequality || max [¢,[[|, < g||Ef]|, is simply a restatement of (5.20),
we are in a position to apply Lemma (2.29). Choose § from that lemma cor-
responding to £, g (which depends only on p), p and r, and conclude that

max |y (¢,) - w(y)l|| <ZIEAL"

0<k<n

whenever | f|, - IV, fll, <nlEf],.
Now apply Lemma (2.24):

- < -
max g gl < | (qmax iwie0 - vl )|
<€IESI;".

This completes the proof of this theorem, and hence of Theorem (1.2). O
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