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COEFFICIENT IDEALS

KISHOR SHAH

ABSTRACT. Let R be a d-dimensional Noetherian quasi-unmixed local ring
with maximal ideal M and an M-primary ideal I with integral closure 7. We
prove that there exist unique largest ideals /, for 1 <k <d lying between 1
and T such that the first k+1 Hilbert coefficients of I and I, coincide. These

coefficient ideals clarify some classical results related to 7. We determine their
structure and immediately apply the structure theorem to study the associated
primes of the associated graded ring of 7.

Let R be a commutative, associative, Noetherian local ring containing an
identity. Let M be the maximal ideal of R and d be the Krull dimension
of R. Let I be an M-primary ideal of R. Let I be the integral closure of
I (see [Lil] for an exposition). If I contains a regular element then we let
I" be the Ratliff-Rush ideal of I (see [RR, Theorem 2.1]). Thus I* is the
unique largest ideal containing / with the property that I"" = I” for all large
n. In this way, with an ideal I two fairly well-known ideals I and I* are
associated. Let us first describe them in terms of the Hilbert coefficients of 1.
Recall the classical result of Samuel [Sa, Theorem 9] that the length of R/I" is
a polynomial in n for all large values of n of degree d. Call this polynomial
the Hilbert polynomial of I and write it in the form:

ey() - (”‘“Z‘ 1) +o(=De(l) ("’LZ:;‘ l)...+(_1)"ea,(1)

where e,(I) are the Hilbert coefficients of /. Also, e,(/) is called the multi-
plicity of 7. Now we describe I and I” in terms of the Hilbert coefficients.
If R is quasi-unmixed then the integral closure I of I may be characterized
as the unique largest ideal I' containing I for which ey(I) = e,(I') by [NR,
Theorem 1 and R1, Theorem 2]. On the other hand, the Ratliff-Rush ideal I*
of I may be characterized as the unique largest ideal L containing / for which
e,(I)=e,(L) forall i by [RR, Theorem 2.1].

We prove the existence of a unique chain of ideals, dubbed the coefficient
ideals of I, between I and I. These ideals provide a concrete link between
the different looking results of Northcott-Rees, Rees, and Ratliff-Rush referred
to above. We find their structure and apply the structure theorem to describe
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various aspects of I and the associated primes of gr; R. We spell out all the
main results now.

Theorem 1 (Coefficient ideals I,). Let R be a quasi-unmixed local ring with
maximal ideal M . Assume that R/M is infinite and dimR=d > 1. Let I be
an M-primary ideal. Then there exist unique largest ideals I, for 1 <k <d,
containing I such that

(a) e(I)=e(l,) for 0<i<k.

(b) IclI,c---clI cI= integral closure of I.
We shall call I, the kth coefficient ideal of 1.

Indeed 1, is the Ratliff-Rush ideal * if I contains a regular element. We
determine the structure of each of the coefficient ideals. The integral closure of
I is well known to be an intersection of certain valuation ideals; whereas I"* is
a union of certain residual quotients of powers of /. The dice fall in favor of
unions in the following structure theorem for the coefficient ideals of 7.

Theorem 2 (Structure theorem for the coefficient ideals I,). In the setup of
Theorem 1,

I, =U(1N+l:x1, vy X,) for1<k<d,
forall N>1,andall x =x,, ..., x, extendable to some minimal reduction
of TV.

It is not at all obvious that the right-hand side in the above equality is even
an ideal. Furthermore, one would certainly want to replace the arbitrary union
by a single residual quotient. As a matter of fact, a finer structure theorem may
be given as follows:

Theorem 3 (Finer structure theorem for the coefficient ideals 1,). In the setup
of Theorem 1,

Ik=(IN+l:x1,...,xk) for1<k<d,

for some fixed integer N > 1 and some fixed minimal reduction x,, ..., x,; of
™.

If R is a normal domain and 7 is a normal ideal, then the associated graded
ring gr; R has only minimal associated primes. It is natural to ask how the
associated primes of gr, R behave when I’ = (I°),Vs. Fulton expresses a
need to obtain a criterion to identify the irreducible components of gr, R with
their multiplicities in [Fu, p. 13]. We obtain a result which spells out how the
coefficient ideals control the associated primes of gr, R.

Theorem 4 (Coefficient ideals /, and associated primes of gr, R). Fix the setup
of Theorem 1. Fixa k with 1 <k <d. Then, I' = (I'), for every s if and
only if ht. P < k for every associated prime P of gr, R.

Our final theorem of this paper relates the statement I° = (Is)kVS to the
presence of regular sequences in gr, R.
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Theorem 5 (Grade of gr, R and I’ = (I'),). Fix the setup of Theorem 1. Let
N, = irrelevant maximal ideal of gr,R. Fix a k with 1 < k < d. Then,
grade N, > k implies that I’ = (Is)j ford+1-k<j<d,andforall s>1.

Our general references for this paper are [Ma, Mc]. We shall presuppose
elementary knowledge of reductions [Lil, NR], of system of parameters [Ho],
and of Rees valuations [Mc, R2]. For the convenience of the quick-browse
reader the statements of all the main theorems have already been recorded in the
Introduction. To keep the paper short the easier proofs will be left as exercises
to the reader. Nevertheless we note that [S] contains a detailed account of this

paper.
1. EXISTENCE AND UNIQUENESS OF COEFFICIENT IDEALS

In this section we prove Theorem 1 stated in the Introduction. We begin
by stating and proving two remarks in a general setting. These remarks are
essentially used in the proof of Theorem 1. While we use standard notation,
note that

(a) A polynomial of degree —1 is the zero polynomial.
(b) If N isan R-module then /(N) denotes the length of N.

Remark 1(A). Let R be a Noetherian local ring with maximal ideal M and
dimR =d > 1. Suppose I C J are M-primary. Fix k with 1 <k <d. Then
for all large n, we have e,(I) = e,(J) with 0 < i < k iff I(J"/I") < P(n),
where P(n) is some polynomial in n of degree at most d — (k +1).

Proof. We need only observe that, for large 7,

i=d ' L
) = (RIT = 1R) ") = S Ten = e (" 1)

i=0

Remark 1(B). Let R be a Noetherian local ring with maximal ideal M and
dimR =d > 1. Suppose that I c I' ¢ J are M-primary ideals. Fix k with
1<k<d. Then ¢(I) =¢;(J) with 0 < i<k iff e(]) = ei(I') = ¢,(J) with
0<i<k.

Proof. We need only observe that /(I""/I") < I(J"/I") and that we may simply
apply Remark 1(A) to obtain the conclusion of Remark 1(B).

Proof of Theorem 1. Fix k with 1 < k < d. Consider the set V' of all ideals
L with the property that I C L and ¢,(I) = ¢,(L) for 0 < i < k. Now
V' is nonempty as I belongs to V. So V contains a maximal element J,
say. We shall prove that J is the unique maximal element in V' . Suppose L
belongs to V. We prove L C J. Pickany x€e L. Now I c (I, x)C L. So
e(l)=¢/I, x)=e,(L) for 0 < i<k follows from Remark 1(B). In particular,

e,(I) = ey(I, x). By [R1, Theorem 3.2], (I, x)"*' = (I, x)'I holds for some
¢t > 0. In particular, x'*' € (I, x)'T. Hence x'*' € (J, x)'J. This implies
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that (J, x)""' = (J, x)'J also holds. Hence (J, x)" = (J, x)'J"™" holds for
a fixed ¢ and all n > ¢. We obtain
i=t L.
(T, x)" /" =1, x)' T I < S 1T X + 7" "
1

1

i=t

< S I i(l[J"'ixi+I"/I"]+1[J"/I”])
i=1

i=1

~

<> SR L)) s L (o P[5 LSt L) o I [ ) &0 )

nn
-~ -

.

A" 0, x) M + I ).
i=1

But e;(I) = ¢,(I, x) and e,(I) = ¢;(J) holds for 0 <i < k. We apply Remark
1(A) to every term on the right-hand side of the last inequality to obtain that
I[(J, x)"/J"] is bounded by a polynomial in n for all large n of degree at
most d — (k + 1). This shows, again by Remark 1(A), that e,(J) = ¢,(J, x)
holds for 0 < i < k. As J was maximal in V', we deduce that x € J. So
L c J. Thus J is the unique maximal element in V. Finally set J = I, .
This proves (a).

Since e,(I) = ey(I,) and I C I, it follows that [, C T. Since I, is the
unique largest ideal containing / and satisfying (a) it follows that I, C I, if
1 <k <t<d. This proves (b). This also completes the proof of Theorem 1.

Corollary 1(C). Fix the setup of Theorem 1.
IcJcl, clTificJ and e(I)=e(J) YO<i<k.

Remark 1(D). The above corollary clarifies further the classical result [NR, The-
orem 1 and R1, Theorem 3.2] that I is a reduction of J iff ¢ (I) = ¢y(J).

Corollary 1(E). Fix the setup of Theorem 1 with I containing a regular element.
Consider the dth coefficient ideal 1, and the Ratliff-Rush ideal I" of I. We
have I,=1".

Remark 1(F). Fix the setup of Theorem 1. Assume that I is integrally closed.
Then I=1,=---=1 =1.

2. ALGEBRAIC STRUCTURE OF THE COEFFICIENT IDEALS

In this section we prove Theorem 2 stated in the Introduction. This theorem
uncovers the algebraic structure of the coefficient ideals. We require six lemmas
to put together a proof.

Lemma 2(A) allows us to view minimal reductions of / N as systems of pa-
rameters in gr, R instead of in gr, R® R/M . Lemma 2(B) essentially says
that a certain Rees valuation remains constant over reduction elements. To
understand the arguments in the proof, elementary knowledge of Rees valua-
tions is required: we give a very brief summary of it later. Lemma 2(C) is a
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necessary technical statement. The next three lemmas (2(D), 2(E), 2(F)) are
essentially prime avoidance results whose proofs are left as easy exercises to the
pencil-reader. However, armchair-readers will find the proofs in [S, Chapter 1].

Lemma 2(A) (Reductions of ideals and gr, R (also see [GHO])). Let R be
a local ring with maximal ideal M. Let I be an M-primary ideal. Let
X, ..o, X, € IV for some fixed N > 1, and some s > 1 with Xy eens X,

s
denoting their images in I" /""" . Then

I(gr, R/(xi, e x;)gr,R) < oo iff X, ..., x, form a reduction ofIN.
Proof. Suppose [(gr, /(x; yeens x;)gr, R) < 0. Then for some large n,
(x; e, x;)(INn/INnH) — IN+Nn/IN+Nn+l'
Hence
(X; o x;)INn +IN+Nn+l — IN+Nn.
Nakayama’s lemma gives (x,, ..., xS)IN " — ["*N"  This means that Xiseers
x, form a reduction of / N Suppose next that x,, ..., x, form a reduction of
IV . Then for some n > 1, we have (x,, ..., x)I"" = I"*""_ Thus

(x; e )(I /INn+l) IN+Nn/IN+Nn+1.
This implies that /(gr, R/()cl s eee xs)gr, R) < x.

Summary of Rees valuations. Suppose that R is an analytically unramified local
domain with dimR > 1. Let I be any nonzero ideal in R. Let ¢ be an
indeterminate. Set 7 = @ I°'r’, where s ranges over the integers but I’ = R
if s<0. Set T =@I'r, where s ranges over the integers but I° = R if
s < 0. Let N and N’ be the unique maximal irrelevant ideals of 7 and
T respectively. Then the following well-known statements constitute a brief
summary of the theory of Rees valuations. Some general references are [Mc,
R2].

(V.1) T is integrally closed in R[z, u] where u =1
V.2) T[t] = R[¢, u].

3) T is a Noetherian domain.
V4) dimT =dimT =d+1>2.
V.5) uT is an integrally closed ideal in T .
V.6) If ., P, are all the associated primes of ¥T in T, then (T) P>

-1

(
(V.
(
(
(

, (T)p are all discrete valuation rings.

(v.7) P P naturally induce discrete valuations V¥, ..., V, on the

19>

fraction field of T .

(V.8) Set V,(x) = n if x € I" = I"*". Set ¥,(0) = co. Set V,(x) =
limit ¥,(x")/n as n — oo. Then Vl(x) > k if and only if x € I*.

(V.9) V,(x) = min{¥,(x)/V,(I)lj =1, ..., r}.

(V.10) V,(x) =nV pu(x)Vn > 1.
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Lemma 2(B) (Rees valuations and minimal reductions). Let R be an analyti-
cally unramified, universally catenary local domain with maximal ideal M . Let
dimR=d > 1. Let I be an M-primary ideal. Let x,, ..., x, form a mini-
mal reduction of I. Then V(x;) = V(I) for every Rees valuation V of I with
i=1,...,d.

Proof. We shall freely use the notations and facts recorded earlier in the sum-
mary of Rees valuations. Since gr, R ~ T/uT, the hypothesis on x,, ..., x,
implies that N is primary to (x,¢, ..., x;¢, u)T . It follows that

ht.(x,t, ..., x;t, W) T=d+ 1.

We claim that ht.(x;¢, ..., x,t, u)T = d + 1. To see this, let Q be a
prime minimal over (x,¢, ..., x,t, u)T. Since T is finitely generated over a
universally catenary domain 7', we can apply the dimension formula: ht.Q =
ht.OQNT+a-b, where a = tr.deg. of T over T,and b = tr.deg. of T/Q over
T/QNT. However a = 0 because T, T have the same quotient field. Next
b =0 because 7/Q isintegral over T/QNT. So ht.Q = ht.QNT. As QNT =
N, it follows that ht. 0 = dim. T, =d+1. Thus ht.(x;¢, ..., x,t, )T =d+1
as claimed.

We next claim that ht.(x,;t, u) = 2. To see this, we observe that xz, ...,
x,t, u form a system of parameters of the catenary local domain (T) v It
follows that ht.(x;z, u)(T), = 2. Because (x;t, u)T is a graded ideal, we get
that ht.(x;z, u)T =2 as claimed.

We now claim that V(x;) = V(u). It is enough to show that x,z ¢ any
height 1 prime P in T which also contains u. This is true because we have
shown ht.(x;¢, u)T = 2. Thus V(x,;t) =0 giving V(x;) = V(u) as claimed.

We finally claim that V(I) = V(u). To see this, suppose P is a height 1
prime in 7 which also contains » and (INT. So P D (x¢, ..., x,t, w)T. It
follows that P = N, giving dim.7T = dim.(T), = 1. This is a contradiction,
as dim.7 =d + 1 > 2. It follows that V(It) = 0, giving V(I) = V(u) as
claimed.

Our punch line is: V(x;) = V(u) = V/(I). This proves the lemma.

Lemma 2(C) (Killing of a reduction element). Let R be a quasi-unmixed local
ring with maximal ideal M. Let dim.R =d > 1. Let I be an M-primary
ideal. Let x,, ..., x; form a minimal reduction of I for some fixed N > 1.
Suppose yx; € A for some y € R. Then y €.
Proof. We may assume that R is complete. To see thislet ~ denote the natural
map from R to its completion R. We note that X/, ..., X; form a minimal
reduction of (T )N . Suppose the conclusion of the lemma holds for R. Then
yed )N NR =T, by [Li2, p. 792]. Thus we may assume that R is complete.
We may further assume that R is a domain. To see this, let P, ..., P,
be all the minimal primes of R. Since R is quasi-unmixed, dim.R/P, = d
for i = 1,...t. So the images of x,, ..., x, form a minimal reduction of
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(I + P,)/P;. Suppose the conclusion of the lemma holds for R/P; for i =
1...,t. Then the image of y in R/P, will belong to (I + P,)/P, for i =

,d. This will imply that y € I. Thus we may assume that R is a
complete domain. Observe that R is an analytically unramified, universally
catenary domain. Hence V(IN) = V(x,) for every Rees valuation V' of )
by Lemma 2(B). So yx, € I""' gives V(») + V(x ) > V(™) + V(I). Hence
V(y)>V(I). So V(y) > %V(IN). Thus ¥ ,v(y) > % follows from (V.9). So
V,(u) > 1 follows from (V.10). Finally y € follows from (V.8). This proves
the lemma.

Lemma 2(D) (Obviously a folklore prime avoidance). Let R be a nonnegatively
graded Noetherian ring. Set R = @8° R, . Suppose that R, is an Artinian
local ring. Let N be the unique homogeneous maximal ideal of R. Suppose
that dim.R = ht. N = d > 1. Then we may choose homogeneous elements
a,,...,a; of positive degree such that

(1) a,,...,a, are homogeneous elements of equal degree,
(2) I(R/(a;,...,ay)) < oo,
(3) dim.R/(a, ..., aj) =dim.R—j for 1<j<d.

Lemma 2(E) (An obvious generalization of folklore prime avoidance [S, p.
23)). Let R be a nonnegatively graded ring. Set R = @8" R, . Suppose that
R, is an Artinian local ring. Let N be the unique homogeneous maximal ideal
of R. Suppose that dim.R = ht. N =d > 1. Let A be a homogeneous ideal
of R such that dim. R/A < d — k. Then we may choose homogeneous elements
a,...a; of R such that

(1) a , a, are homogeneous elements of equal degree,
(2) (R/(al,.. a,)) < 0,

(3) dim. R/(al,... a;)=dim.R—j for 1<j<d,

(4) If k> 1 then al,. .a, liein A.

Lemma 2(F) (Refined generalized prime avoidance lemma [S, p. 27]). Let R be
a nonnegatively graded Noetherian ring. Set R = @ R, . Suppose that R, is
an Artinian local ring. Let N be the unique homogeneous maximal ideal of R.
Suppose that dim. R =ht. N =d > 1. Let A, be homogeneous ideals of R such
that dim.R/A, <d —k for 1 <k < d. Furthermore suppose A, C --- C A,.
Then we may always pick homogeneous elements a,, ..., a, of R enjoying all
the following properties:

(1) al, ..., a, are homogeneous elements of equal degree,
(2) I(R/(a,,...,a,))<oo,

(3) dim. R/(al,...,ak)=dim.R—k for 1<k<d,

(4) a,,...,a, allliein A for 1 <k<d.

Proof of Theorem 2. First we show that I, C right-hand side for a fixed k.
Suppose y € I,. Then I C (I,y) and e/(I) = ¢,(I,) for 0 < i < k, by
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the definition of I,. So I[(/, y)"/I"] < P(n) for all large n, where P(n)
is a polynomial in n of degree d — (k + 1) by Remark 1(A). In particular,
N, I 1" < P(n). Set

E=(I,y)/De, R=@@U, »)1" ' /I".
1

Now E is nothing but the graded gr, R-submodule of gr, R generated by
(I,y)/1.Set A, = annihilator of E in gr, R. So E has module dimension at
most d —k . Thus gr, R/A4, has Krull dimension at most d — k. Furthermore
A, is a homogeneous ideal. Pick homogeneous elements x|, ..., x; in gr, R
as in Lemma 2(E) such that

(1) x|, ..., x, are homogeneous of degree N > 1,

(2) lgr,R/(x), ..., Xy)) < oo,

(3) dim.(gr,R/(x,,..., X)) =d -k,

(4) x;,...,x, allliein 4, .

Let x,,..., x, be any preimages of x|, ..., X, in IV . Then Xps e Xy
form a minimal reduction of I” by Lemma 2(A) and (2) just above. Since
X, ..., X, liein A4, we obtain that y € (Mt X, ...,%). Thus I, C

right-hand side as needed to be shown.
Second, we shall show that I, D right-hand side. Suppose y € (I N+1. X,
..., X;). In particular yx, € 1"+ Thus y € I follows from Lemma 2(C).

Hence I is a reduction of (I, y). This means that (I, )" = (I, y)°'I" for
some fixed s and all » > 1. We now carry out a computation:

I,y = na, y)>1rt

_ 21[(1, y)i1n+s—i/(l, y)i—lln+s—i+l]
i=1

=S OHL ) T L )L ) T T

i=1
i=s

<Yl I
i=1

for some positive constants ¢;. The latter inequality can be seen by canonically
mapping for each i
¢ . ' | |
DU I = (1L y) T P, ) T T S0,
1
i-1 Is—i )

We may choose c¢; to be the minimal number of generators of (7, y)
Set ¢ =) c;. Thus

I, )™ < e, nIt e,
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But [[(I, y)I"/I"""] is a polynomial in n, for large n, whose degree equals
dim. M — 1 where M = ((I, y)/I)gr; R. In fact, M is nothing but the graded
gr; R-submodule of gr, R generated by (I, y)/I. But dim. M = Krull dimen-

n+1

sion of gr, R/A4 where A isthe annihilatorof M. Since y € (I"" " : x;, ..., X})
it follows that x), ..., x, belong to 4. Thus Krull dimension of gr, R/4 <
Krull dimension of gr, R/(x,...,x;) = d — k. The latter equality is true

because gr, R is equidimensional; whence we may localize at the irrelevant
maximal ideal, go modulo a minimal prime, and reduce to the catenary local
domain case. Thus /[(I, y)**"/I°*"] is bounded by a polynomial in » for all
large n of degree d—(k+1). Hence we obtain e,(I) = ¢,(I,y) with 0<i<k
by Remark 1(A). Therefore I C (I, y) C I, follows from the definition of 7, .
In particular y € I, . Hence I, D (IN“: X5 ..., X;). This completes the
proof of the theorem.

Corollary 2(G). The right-hand side of the equality in the statement of Theorem
2 is in fact an ideal (this is not a priori obvious).

3. ANOTHER STRUCTURE THEOREM FOR THE COEFFICIENT IDEALS

In this section we prove Theorem 3 stated in the Introduction. A natural
question pertaining to the infinite union in Theorem 2 is whether the union
may be replaced by a finite union. By selecting parameters in a refined manner
(Lemma 2(F) in §2) we show that I, is a single residual quotient.

Proof of Theorem 3. First we shall show that there is an integer N > 1 and
there is a minimal reduction Xx,, ..., X, such that /, C (IN“: X5 ..., X,) for
1<k<d.Fix I,. Weknow that I C I, and ¢,(I) =¢,(I,) with 0<i<k
by the definition of I, . We also know that /[(/,)"/I"] < P(n) for all large
n, where P(n) is a polynomial in n of degree d — (k + 1). In particular
L, - 1""' /1" < P(n). Set E® = (I/I)gr,R. Set 4, = annihilator of E®
in gr, R. Thus E™ has module dimension of at most d —k . So gr; R/A, has
Krull dimension of at most d — k. This holds for all £ such that 1 <k <d.
Further, 4, C --- C 4,. Further, each 4, is a homogeneous ideal. By our
refined prime avoidance lemma we pick homogeneous elements x|, ..., X
in gr, R of some fixed degree N > 1 such that l(ngR/(x{, cees x;)) < o©
and that x|,...,x, lyingin 4, for 1 < k < d. Let x,...,x, be any
preimages of x; Y eens x; in I". Then X, ..., Xx; form a minimal reduction
of I" by Lemma 2(A). Of course as xi, ,x,'( lie in A4, , we obtain that
IkC(IN“:xl,...,xk) for 1<k<d.

Second, we need only observe that I, D (IN“: X5, %) for 1 <k<d,
by a direct appeal to Theorem 2. This completes the proof of our Theorem 3.

Corollary 3(A). Consider the ideal I,. Fix the notation as in the theorem. Then
I, = (I Xy, ..., X,) for some fixed integer N > 1 and some minimal
reduction x,, ..., x,; of .
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Remark 3(B). We point out that in spite of Theorem 3 and Corollary 3(A), it
is unreasonable to claim in general that I, = (I N+t Xy, ...,X;) for all large
N >1 and any minimal reduction x,, ..., x; of I V. For suppose this claim
holds. Let y € I,. Let z,,..., z, be a minimal reduction of IV . The
arbitrary nature of z,,..., z, implies that if y € I, then yz, € I for
1<i<d. So ye€ I, follows from Theorem 2. This implies I, C I,, which
will not be the case in general if kK <d.

Corollary 3(C). Fix the setup of Theorem 3. Assume that I"/I"*" is R/I-free
forall large n. Then I =1,.

4. APPLICATIONS OF THE COEFFICIENT IDEALS

In this section we prove Theorem 4 and Theorem 5 stated in the Introduc-
tion. These results are applications of the coefficient ideals to understand some
aspects of gr; R. Theorem 4 explains the nature of associated primes of gr, R
in terms of the coefficient ideals. The proof depends on the fact that associated
primes may be expressed as residual quotients and ideals of high height must
contain regular elements if all the associated primes have a relatively low height.
On the other hand, Theorem 5, which is technical, states the effect of grade in
gr; R on the coefficient ideals.

Proof of Theorem 4. First, assume that I’ = (I'), for every s. Pick any
associated prime P of gr, R. Suppose that ht.P > k. Since P is graded
there exists b € I'"' — I with s > 1 such that P = (0': '), where &' is the
order image of b in gr, R. We can choose x,,..., X, in R extendable to
a minimal reduction of (IS)N for some N such that their canonical images
X|,...,x, in gr;R liein P. So b(x,,...,x) C I'""'""N*' giving b ¢
((IH¥"': x,, ..., x,). This implies b € (I’), by Theorem 2. So b € I’ which
is a contradiction. Hence ht.P < k as required.

Second, assume that ht. P < k for every associated prime P of gr, R. Let
X/, ..., X; be any minimal reduction of (I*)Y for any N. Let X1y eens Xy
be their canonical images in gr; R. Then ht.(xi y s x;) = d. Since gr; R
is equidimensional by (a well-known Ratliff result [Ra, p. 121] it follows that
ht.(x], ..., x;)=k. So (x],..., x;) contains a nonzero divisor. This implies
that (I)"*':x,,..., %) =1I. So (I), = I follows from Theorem 2 as
required. This completes the proof of Theorem 4.

Corollary 4(A). Fix the setup of Theorem 4. If gr, R is Cohen-Macaulay then

I=1,=---=1. In fact IS=(IS)d=-~=(IS)l.
Remark 4(B). Let R =K[|x,, ..., x,|], where k isafieldand x , ..., x, are
indeterminates. Let I = (x12 yeees xj)R. Then gr, R is Cohen-Macaulay. Thus

I=I,=--=I1#T.Infact, I' = (), =--- = (I), #T .
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Remark 4(C). Craig Huneke showed me (using a PC) the following exam-
ple: Let R = k[|x, y|] with k a field and x,y indeterminates. Let I =
(x6, x3y3 , x2y4, y6)R. Then I, #1,.

Lemma 5(A) (Heisuke Hironaka [Hi]). Let R be a Noetherian ring with I an
idealin R. Let x e I' = I'*". Let x' be the image of x in I'/I'"" . Suppose
x' is a regular element in gr, R. Set R =R/(x) and I' = (I, x)/(x). Then
gr,R/(x")~gr, R .

Proof. gr,R/K =~ gr. R’ follows from [4, Lemma 5] where K = @8" K, ,
where K = ((x)nI"+ I""/I"™*". Now if n <t then K, = I""'/I"*'. On
the other hand, if n > ¢ then K, = (xI"~*+1""")/I"*" . This follows from the
fact that x' is a regular element in gr, R, giving (x)NI" = xI""" for n > ¢.
So K = (x'), proving the lemma.

Lemma 5(B). Let R be a local Noetherian ring with maximal ideal M. Let
I be an M-primary ideal. Set T, = gr; R for s > 1. Set N, = maximal
irrelevant homogeneous ideal of T,. Then grade N, > k implies grade N, > k.

Proof. Fix T,. Assume k = 1. Then no associated prime of T, can equal
N,. So there is an element x € I'" — I'"*! such that x' (= image of x
in /") is a regular element in T,. We claim that x” (= image of
x in I*"/I*™) is a regular element in T,. Suppose y € I°" — I'"™* with
xy € ™" We may also suppose y € I'"' — I'"*'*! for some i with
0 <i<s. Then xy € I'™""*"*! By taking order images of x,y in T,
we obtain a contradiction. This shows that x” is a regular element in T,. So
lemma holds for k = 1.

Now set N, = maximal irrelevant homogeneous ideal of gr,, R’ where R =
R/(x) and L' = (I, x)/(x). Assume grade N, > k > 1. Then grade N; >
k—1 > 1 follows from Lemma 5(A). We may assume by induction on dimension
that grade NS' >k — 1. It follows that grade N, > k. This completes the proof
of the lemma.

Corollary 5(C) (Grothe-Hermann-Orbanz [GHO, Theorem 4.7]). Let R be a
local ring with maximal ideal M. Let I be an M-primary ideal. Then gr, R
is Cohen-Macaulay implies gr;: R is Cohen-Macaulay for all s > 1.

Proof of Theorem 5. Fix s. Let x, denote the image of x, in (I°)"/(I°)¥*'.

We claim that grade(x|, ..., x;.)TS > grade N, - (d — j) , where notation is as in
Lemma 5(B) and Theorem 2. Suppose the contrary. Then grade(x; oo X)T

j’ts
'

< [grade N, — (d — j)] gives grade(x,..., X, ..., x;)T, < [gradeN, —
(d=j)]+(d-J). So gradc(x;, cees x[’i)Ts < grade N, which is a contradiction.

This establishes the claim.
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Now grade N, > k implies grade N, > k . This gives grade(x,, ..., x)T, >

k—(d-j)=1.80 (0':x,...,x))T,=0" in T,. Consequently

(@™ xy, e x;)) =1 forevery N >0.

So (I°) i = I’ follows from Theorem 2. This completes the proof of Theorem
5.
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