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A DENSE SET OF OPERATORS
WITH TINY COMMUTANTS

DOMINGO A. HERRERO

ABSTRACT. For a (bounded linear) operator T on a complex, separable, infinite-
dimensional Hilbert space /# , let & (T) and % “(T) denote the weak closure
of the polynomials in T and, respectively, the weak closure of the rational
functions with poles outside the spectrum of 7. Let &'(T) and &"(T)
denote the commutant and, respectively, the double commutant of 7. We
say that T has a tiny commutant if &'(T) = & 4(T). By constructing a
large family of “models” and by using standard techniques of approximation,
it is shown that {T € Z(#): T has a tiny commutant} is norm-dense in
the algebra . (#) of all operators acting on # . Other related results: Let
Lat%Z denote the invariant subspace lattice of a subalgebra & of Z(#).
For a Jordan curve y C C, let 7 denote the union of y and its interior; for
TeZ(X#),let p,_p(T)={A€C: AT is asemi-Fredholm operator}, and
let p:_F(T)(ps—_F(T)) ={A€p,_p(T): ind(A-T)>0 (<0, resp.)}. With
this notation in mind, it is shown that {T € Z(#): & (T) = ¥%(T)}” =
(T € ZF): Latd(T) = Latd“(T)}” = {4 € Z(#): if y (Jordan
curve) C psi_F(A), then 9 C g(A4)}; moreover, {4 € & (#): if y (Jor-
dan curve) C psi_F(A) , then ind(4 — 4) is constanton N p,_p(4)} C{T €
LH): A (T)=H"(T)}™ c{T € Z(#): Lat/ (T) = Lat/' (T)} C {d €
ZL(#): if y (Jordan curve) C p;‘t_F(A) , then PN p,_p(4) C psi_F(A)} C
{TeZ(#): ¥ (T)=%T)}. (The first and the last inclusions are proper.)
The results also include a partial analysis of Lats&/''(T).

1. INTRODUCTION

To each operator T we can naturally associate four weakly closed subalgebras
with identity; namely,

& (T) = the weak closure of the polynomials in 7 and 1,
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& °(T) = the weak closure of the rational functions in T with poles outside the
| spectrum, a(7T), of T,
Z'(T)={A e Z(#): TA= AT} = the commutant of T, and
&"(T)={B e Z(#): AB = BA for all A e «'(T)} = the double commutant
of T.

(Here £ (#) denotes the algebra of all bounded linear operators acting on
the complex, separable, infinite-dimensional Hilbert space # .)

Clearly, &/ (T) c ¥ *(T) c &"(T) c &'(T), and the corresponding invari-
ant subspace lattices satisfy the reverse inclusions,

Lat®/ (T) D Lat& *(T) > Lat& " (T) > Lat&/'(T).

(Lat/ (T) = Lat T is just the invariant subspace lattice of T'; Lat&/'(T) is
the lattice of hyperinvariant subspaces of T, also denoted by Hyperlat T .)

The main result of this article says that operators with “tiny” commutants,
in the sense that & '(T) = .« %(T), form a norm-dense subset of .#(#). Ob-
viously, the same result is true if the condition “.&'(T) = & *(T) ” is replaced
by “&"(T) = #%(T),” or “Lat/“(T) = Hyperlat T ,” or any other weaker
condition. (Indeed, the density of {T € Z(#): ¥"(T) = &'(T)} follows
immediately from [10, Class (D), p. 109].)

On the other hand, an invariant subspace .# of T is invariant under & “(T)
if and only if o(T|#) C a(T) [17]. (By subspace we always mean a closed
linear manifold of #; T|.# denotes the restriction of T to .# .)

By using this observation, it is possible to show that {T € &(#): & (T) =
&°%(T)} and {T € L (#): LatT = Lat“(T)} have exactly the same (norm)
closure, and this closure admits a very simple spectral description and it is
nowhere dense in . (#) (see Theorem 4.1 below).

This article sprouted out of a question of John B. Conway (personal commu-
nication):

What is the closure of the set {7 € £ (#): LatT = Hyperlat T} ?

Although unable to answer this question, the author shows that the closure
of the set of operators T with Lat T = Hyperlat T can be “sandwiched” be-
tween two nowhere dense closed subsets of .#°(#) (both having simple spec-
tral descriptions). In particular, the closure of this set is strictly included in
(T e Z(#): LatT = Lat&/*(T)} .

All the subsets of .Z°(#) considered here are similarity-invariant, and there-
fore we can apply the approximation machinery developed in the monographs
[2] and [11] (see also [14], [15]).

This article was written during an Informal Seminar on Operator Theory at
the University of California at San Diego (Summer, 1989). The author wishes
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to thank Professors J. Agler, L. C. Chadwick, and J. W. Helton, and the De-
partment of Mathematics of U.C.S.D. for their generous invitation.

2. CONSTRUCTION OF MODELS

The core of the article is the following highly technical result on the existence
of a peculiar type of operators with tiny commutants. The applications of these
“models” will be developed in §§3, 4, and 5.

Proposition 2.1. Let D denote the open unit disk and let {D(c It rj)}i;] be a

finite collection of open disks with pairwise disjoint closures, such that D(a i)
isincludedin D (k=1,2,...,k;D(a,r)={A€C:|A-a|<r}, r+la| < 1).
Let @=D\U\_ D(a;, r;)"

Given an index m, 1 <m < oo, there exists T in Z(#) such that

(i) o(T)=Q" and 0,,(T)=0Q;

(ii) ker(A—T) = {0} and dimker(A—-T)"=m forall A€ Q;

(i) A — T is a semi-Fredholm operator of index —m for all 1 € Q, and

(iv) S 4T) = &'(T) is isomorphic (but not necessarily isometric) with
H™(Q).

Here 6, (T) and g,,(T) denote the left and, respectively, the right essential
spectrum of T'; ¢, (T) = 0,(T)No,(T) is the complement in C of the
semi-Fredholm domain of T, p,_.(T) = {4 € C: A - T is a semi-Fredholm
operator}. The essential spectrum is ¢,(7) =0,,(T)Ug,,(T).

Proposition 2.2. Let {a } be a finite subset of the open unit disk, and let

Q=D\{o,}_,
Given an index m, 1 <m < oo, there exists T in £ (#) such that
(i) o(T)=D" and 0,(T)=0DU{q, } (=09Q);
(ii
(1i1
(iv

Jj=1

j 1
) ker(A—T) = {0} and dimker(4 — T =m forall AeQ;
) A—T is a semi-Fredholm operator of index —m for all . € Q, and
) A (T)=%"(T) is isometrically isomorphic with H* (D).

The reader is referred to [4], [19] for definition and properties of the semi-
Fredholm operators, and to treatise of B. Sz.-Nagy and C. Foiag [23] for the
definition and properties of the H° (D) functional calculus for contractions.

Our first result improves upon an example due to W. R. Wogen. In [25],
Wogen proved that for each cardinal m, 1 < m < oo, there is an operator
A in Z(#) such that &'(4) has multiplicity m; A4 is a particular type of
unilateral operator weighted shift: Let % be a Hilbert space of dimension m ,
and let {g,},-, be a denumerable dense subset of the unit sphere of % .

Define R, = (1-P,)+(1/k)P,, where P, denotes the orthogonal projection
of % onto the one-dimensional space spanned by g, , k=1,2,....
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Wogen proved that if

0 T

T, 0 4

T, 0 0 R

T= T, 0 X,
0

where T)=R,, T, = (l/k)RkHR,:1 (k > 1), then every operator A com-
muting with 7 has a lower triangular operator matrix (with respect to the above
decomposition) with diagonal terms Ay, = 4;, = 4,, = --- = ;14 for some
4y € C. (From this we can immediately deduce that &/ '(T) has multiplicity
equal to m.)

A lot more can be said. (Beware, the calculations that follow are not for the
feeble hearted reader!)

Lemma 2.3. Let {Tn}:io be a bounded sequence of invertible operators in #
such that for some subsequence {n,},., and positive constants {6, };.., satisfies
Tnk Tnk_1 T, T, =0, R, (k=1,2,...; R, is defined as above). Assume,
moreover, that ||Tn'1|| <M forall n=0,1,2,....
Let T € & (#) be the unilateral operator weighted shift with weight sequence

{T, )}, (defined by

0

T )

SR NN NRN

with respect to the orthogonal direct sum decomposition ¥ = Yy @ Z%,.
R, >R forall n=0,1,2,...).

Then ' (T) = (T).
Proof. Let A = (A;,);,_, be the matrix of 4 € &'(T) with respect to the

i,j=0
given decomposition; then
O=TA- AT
‘AOI To ‘Aoz T1 'A03 Tz

Tvoo - AnTo ToAm - A12T1 Tvoz - A13T2
= TIAIO_A20TO T1A11 "Azle TIAIZ_A23T2
T2A20 - Aono T2A21 - A32T1 T2A22 - A33 Tz

Since the T, ’s are invertible, the first row indicates that 4,, = 0 for all
n > 1. Now the second row indicates that 4, = 0 for all n > 2, etc., so
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that 4 has a lower triangular operator matrix. (This can also be deduced by
observing that

Fy=kerT", H,0Z, —ker T, Ky & X, @ﬂzzkerT'3, e

are hyperinvariant subspaces of 7~ , and therefore their orthogonal comple-
ments, > D Z,, Yo, DZE,, LD,y %,,... mustbe invariant under
every A in &'(T).)

From the entries (2, 1), (3,2),...,(n+1,n),..., we inductively obtain

-1
A =(T,_ T, T)Ay(T,_ T, - T)" (n=1,2,...).
Thus (as in Wogen’s article [25]),
(T, T, —y - To)AgoXll | R (Ago)l
Al >4 = sup — &k = sup —K 0077
402 14y 11,1 = 530 73— = S R

If A, isnot a multiple of the identity, then there is a unit vector x; such that
S i . 00
Yo = AgoX, 1s linearly independent of x,. By taking a subsequence {nk(i)} ol
so that ||x — gnmll —0 (i » o), we deduce that

|| IRy i Yoll

A|l > sup |4 =00,
1]l > supi lle ol

Myl ,nk(i)+1’xO|| -
a contradiction.

Hence, 4,, = 4,1, and therefore 4,, = 4,1, for all n > 0 (for some
A €C).

Now consider the (k + i, k)-entries T}, Ay Ay 1 =0 (12
2, k > 0); equivalently, Tevifiri k= Ayivt k1 i (i>1,k>0).

Fix i. By induction over k, we obtain

-1
An+i,n = (Tn+i—l Tn+i—2 e Ti)AiO(Tn—l Tn—2 ot TO)
-1
= (Tn+i—l Tn+i—2 et TO)SiO(Tn—l Tn—2 o TO) ’
where S,y = (T,_,T,_," - To)_lAm'
Thus,
Ty Trpia - To) S|l
“A,H,i’,,” = sup n+} 1 ;:H 2 TO i0
x#0 ” n—14tn=2""" Ox“
”(Tn+i—l Tn+i—2 t Tn)(Tn—l Tn—2 U TO)SiOx”
= sup
x#0 ”Tn-l Tn—2 o Toxll
> M sup I(Ty Tap - To)SipX

x#0 ||Tn-—l Tn—2 T Tox” ’

whence we deduce (exactly as in the case of 4,)) that S,) = 4,1, for some
4, € C; equivalently, 4,)=A.T,_\T,_,---T;.
A fortiori, 4, . =A.T T ~T (i,n>0).

n+i,n " n+i—=1"n+i-2 n
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Observe that T' = (L, )5 xo» Where L. =T, T, o T, (n20)
and L,, =0 if A—k #i. Hence, we can formally write 4 = Z;’:O liT' .

Now it follows exactly as in the case of a unilateral scalar weighted shift that

m .
. i '
A = (strong) "}1_{20 E (1 vy 1)1,.]":
i=0

(see [6], [22]).
Therefore, A € & (T). O

Remarks 2.4. (i) As mentioned before, W. R. Wogen considered the sequence
T, =R,, T, = (l/n)RnHR;1 (n > 1). Since R, is a positive invertible
operator, for each m, > 1, we can write R, = (Lk)"'k , where L, = (1 -P,)+
(l/k)l/’"kPk (k> 1). Clearly, if m, is large, then 1, — L, is an operator of
very small norm and rank equal to m, .

Given a normed ideal ¥ of compact operators, strictly larger than the trace
class (see [19], [21]), we define

-1
TO_IQ’TI—T2_'“— m,_Ll’Tm,+1_Tm,+2 _T3m,_Ll ’
T3ml+l = T3m,+2 == T4m, = Ll ’
T4(m,+~~~+mk)+1 == T4(’"|+"‘+mk)+’"k+| k+1°
-1
a(my+otm)+m, 41 T T T T4(m,+ +m)+3m, | T Lk+1 ’
T4(m,+~~~+mk)+3mk+,+l == T4(ml+“'+mk+l) il 25 )

.........................................................................

Let T be defined as in Lemma 2.3 and let .S be the similarly defined operator
with weights equal to 1, forall n =0,1,2,.... § is the unilateral shift
of multiplicity equal to dim# . Given ¢ > 0, if m, — oo fast enough, then
S-TeS and |S-T|, <e¢. In particular, ¢(T) =D, g,,(T) =0D, and
foreach A in D, A—T is a semi-Fredholm operator with index —dim.%# and
trivial kernel. Moreover, both {7,}>°  and {7, '};";0 have the property of the
lemma. (This solves Proposition 2.1 for the case of a “nonperforated disk.”)

(ii) If we define T, as above whenever T, = L, (for some k) and T, =

(l/||L,:1||)Lk whenever T, = L;' (for some k), then ||T|| = 1. It is easy to

see that 7% — 0 (strongly, kK — oc) and a simple calculation (by using the
facts that L* = R, and {g,};-, is dense in the unit sphere of #) shows
that TF — 0 (strongly, k — o).

Thus, in this case 7 is a Cy,-contraction in the sense of B. Sz.-Nagy and
C. Foias [23]; moreover, T is very close to the shift S of multiplicity dim.%#
(if # is finite-dimensional, |S-T|, <¢), o(T) =D, ¢,,(T) =D, and for
each A€ D, A - T is a semi-Fredholm operator with index equal to —dim.%#
and trivial kernel. For suitable subsequences, Tnk Tnk-l T, Ty = 6, %, and

(T, T ~-TT)_1 =R, (6,,n > 0). Furthermore, if ¢ € H(D),
pp 1fo kB \Ops My

=1
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p(A) =Yoo a,A", then the mapping

o0
— . _ . npn
¢ — o(T) := (strong) "gl_r'rgo o(rT) = (strong) "}1_120 ,,E_o ar T

(these limits are well-defined) defines an isometric isomorphism from H™ (D)
onto L (T).

(iii) A close look of the proof of Lemma 2.3 shows that the condition “ || T, || <
M for all n > 0” is superabundant. The only thing we must guarantee is
that |(7,,,_ T, Tn)_1 || does not grow too fast. For instance, if we take
T,=R,, T, = RZRl_l, and T, = (l/nlogn)R,th;I for n > 2, then the
proof of Lemma 2.3 yields a quasinilpotent unilateral operator weighted shift
T such that dimker 7" = dim# and &'(T) = & (T); moreover, if % is
finite-dimensional, then T is a compact operator.

As a second step toward the proof of Proposition 2.1, we shall settle the case
of a single hole.

Lemma 2.5. Let D denote the open unit disk, let « € D, andlet 0 <r < 1-|a]
(so that D(a, r)” C D).

Define {T,}>", asin Remark 2.4(ii), and let Te L (Z) (¥ =y D, . %,
R, ~X) be the operator defined by

a Z_,
T, «a Zx_,
T, «a Z_,
T= T_, (0) £,
T, 0 X,
T, 0 X,
T, 0 H,

(the remaining entries of the matrix are 0°s), where T_, =rT, b

Then o(T) = D™ \D(a,r), T|X @2, %, and r(T - o) | T B, Z,
are Cy-contractions with H (D) functional calculus,

&' (T) = (T) = {p(T) + y(r(T —al)"): ¢, ¥ € H*(D), y(0) = 0}

is isomorphic (although not necessarily isometric) with H*(D\D(a, r)”) ; more-
over, a,,(T) = da(T) and, for each i in o(T)\0o(T), A— T is a semi-
Fredholm operator of index equal to —dim # and trivial kernel.
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Proof. Let A =(4,;)% be the matrix of 4 € &/'(T) with respect to the given
decomposition; then

0=TA- AT
( (T;_y4;_ 1,j Ai,j+lTj)i,j<0
(T;_,4;_ 1,j A;,;+1 j‘O‘Aij)i>0 j<0
(T Az 1,j A: j+lT +aAu)i<0,j20>
(Tt IAI 1,j Al,j+] j)i,jZO

with respect to the decomposition # = (3D, (%,) ® X D,>¢%,) (Z =
YD, %, # =3 D,>0%,) . By repeating four times the same arguments
as in the proof of Lemma 2.3, from the (1, 1)-entry and the (0, 0)-entry of the
above 2 x 2 operator matrix, we deduce that
(1) 4;,=ayl, forall i>0,
(2) if 1,720, i #j, then either 4,; =a, ; T, \T, ,---T; (for i > j),
or A =a_;_(T,_\T;_,--T)"" (for i<j),
(3) 4,,=2b, l for all z<0
4) if i,j< O i # j, then either Ay =b,._jTi_1T,._2---Tj (for i > j), or
Ay =b_; (T, \T,_,- . T))"" (for i < j), where a,,b,eC (ne
2),a = b_l, and limsup,__ |a,|'"" < 1, limsup,__|b_, |/ < r
(because the entries of 4 are uniformly bounded by ||A4||); moreover,
we also have A4,, =b,(T_,T_,--- T_i)'l forall i<O.
On the other hand, the analysis of the (0, 1)-entry of TA—AT = 0 indicates

that
(5) if i 20>, then 4, = (T 1A4;_1.;—4; ;1 T;) is uniquely de-
termined by 4, | j (=the entry exactly above A in the matrix) and

A; i (=the entry to the right of 4, ; in the matrix), and a straightfor-

ward computation shows that 4, = ¢, T, | T, ,---T;.

Similarly, the analysis of the (1, 0)-entry of TA — AT = 0 indicates that
(6) if i <0< j,then 4, .., = (T,_ 4, ;
if i <0< j, then A = (T,_,4,; e l+aA l)T]__l1 is uniquely
determined by 4,_, = ( the entry above and to the left of A in the
matrix), and 4; et (=the entry to the left of % in the matnx) and

a straightforward computation shows that 4, =6 j(Tj_I Tj_2 e T,.)_l .

In both (5) and (6), ¢;; € C is defined by certain linear combinations of
finitely many a,’s and b, ’s.

Since T = ( (1, '; (8)0)) , where T(0, 0) has the form of Lemma 2.3 and
T(l,1)—ais the ad_|omt of an operator of the form of Lemma 2.3, ¢(7(0, 0))
=D and o(T(1,1)—a)=rD" ,itiseasy toseethat a(T)CD and T -4
is a semi-Fredholm operator with index equal to —dim.%# and trivial kernel
for all A € D\D(a, 1)~

+ a4, )T_l ; equivalently,
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On the other hand, by solving the equation 4(T —a) =1 (A as above) we
can check that T — o is invertible, with inverse

-1
0 T, 1
0 T,
0 T
-1

(T-0a) = 0) T,' B, B,
0 Tl—l B,
0o ;'
0

(the remaining entries of the matrix are 0’s), where

el _
B..:a" ! (T]—lT‘j—ZT) 1

i : (j-1>i>0).

A straightforward computation shows that

(T = 2)”"|| < max [r" > +n>|a|>"l
n=0
-1

=max{r™, (1= (1+nla) " 1=r",
where 1 = maxn>0(||Tn_l|| — 1) satisfies 1 — (1 + n)|a] > r, provided all the
m,’s of Remark 2.4 are sufficiently large.

Since we obviously have dD(«a, r) C a(T), it follows that ||(T — a)~ [| =

= dist[a, 0D(a, r)]. Therefore, T — 1 is 1nvertlble for all A € D(a, )
(T =7l = (distlz, dD(a, )™ = (1-|2—al)™)), and I(T -a)"'|| =
that is, r(T — a)_l is a contraction.

Thus, ¢(T) = D" \D(e, r) and ¢,,(T) = 6D U dD(a, r). By using their
matricial representations, it is not difficult to check that both 7 and r(T —
a)_l are Cy,-contractions, and therefore they admit H (D) functional calculi;
moreover, & (T) and & (r(T—a)") are isometrically isomorphic with H> (D)
(via their functional calculi; see [23]).

Define ¢(4) = Y02 a,4" and w(4) = Y0 (b_,r ")A". By (4), ¢ and vy

n=0"n
are analytic on the open unit disk.

Claim. ¢,y € H°(D) and A= o(T)+w(rH(T —a)"h).
Observe that if this claim is true, then an analysis of the matrix of ¢(T) +
w(r(T —a)” ) indicates that b, = (l/n') (a) forall n=0,1, 2,
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Write b, = (1/n!)p a)+z/ (v, is “the error term”; n > 0) . By induction,
we obtain (use (5))
Ay _ =0 '[p(e) —ay +yIT_,,
4, _ =a p(e) - ay— aa+ v T,T_

.............................................................

............................................................

The coeflicient is the sum of
o0
1 ‘
i=0

(and the absolute values of these numbers are obviously uniformly bounded by

some constant C > 0) and vya~ "V,
Thus, if v, # 0, then we arrive at the contradiction

—(n+1
Il > sup |4, ]| 2 suplvya” " V|7, i T, - T T - €

n,—l|
> sup [uo[(1 + Jaf)/2""") - € = co.

Therefore v, =0.

Another inductive argument shows that v, = 0 (n > 0); thatis, b, is
indeed, equal to (1/n))p"™(a) forall n>0.

It follows that (use (4))

oo

Db max |7, (T, 5o Tl

jn—1%j+n=2" J
n=1

<Y (1/nnje™( (@ max || Ty, T, 5 Tl < o0

jn—14jyn=2"

n=1
because |a| +r < 1,‘maxj< a1 T jin1Tignn - Tl =
e >0, and ¢ has radius of convergence at least 1.

This means that the operator

AL, 1) = (4)); e Z@ﬂ _.Z®$

n<0 n<0
can be written as the sum of two operators, A(1,1)" and A(1, 1)”, where
A(1,1)" (A(1, 1)7) has the same entries as (4,,), ;o for i <j (for i > j,
resp.) and the other entries equal to 0.
Another cumbersome calculation shows that a_, = (l/n!)y/(”)(r(l —a)™h,
so that

oo

Zla—nlmaX“( i+n— 1T1+n 2° T)

n=1

o([r(1 + ¢)]") for all

o0
-1
Z /)y (r(1 - a)” ImaXII( itn1Tign—z 1) Il < o0
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inea T = O((1+¢)") for
all ¢ >0, and y has radius of convergence at least 1.

Thus, A4(0, 0) := (4;;); j»o can also be “split” along the main diagonal as
A(0, 0) = A(0, 0)*+A4(0, 0)~, where A(0, 0)*(4(0, 0)7) has the same entries
as A(0,0) for i > j (for i < j, resp.) and the other entries equal to 0.

Let A(1,0) = (4,));59, j<o and A(0, 1) =(4,;),.o ;>0 - We deduce from the
above results that

because |r(1 —a)'ll <1, max,,I(T,,_,T,

g (AL D A0 AL, DY +41, 1) A(1,0)

‘(A(o, 1) A(0,0)>_< A(0, 1) A(0,0)++A(0,0)")
=A"+4,

where

+ (A, )T 0 - (A1, 1) A(1,0)
4 “<A<o,1> A(0,0>+> and 4 ‘< 0 A(o,or)'

It is obvious that both 4" and 4~ commute with 7. Since an element in
the commutant of T is uniquely determined by its Oth column, a comparison of
the corresponding matrices shows that A" = ¢(T) and 4~ = w(r(T - a)_l),
whence we deduce that ¢, ¥ € H°(D) and 4 = o(T) + w(r(T —a)™") €
& T).

Hence, &' (T) = & %(T). (It is a straightforward exercise that every function
@ in H>™(D) admits a unique decomposition of the form w(d) = ¢(A) +
v(r(d - a)_l) , where ¢, w € H°(D) and w(0)=0.)

The proof of Lemma 2.5 is now complete. O

Now we are in a position to prove Proposition 2.1. The case £k = 1 is
the contents of Lemma 2.5: T = ("** %) with respect to the decomposition
Z = (L®,0%,) & (XD,>0%,), where R is given by Lemma 2.3 and
Remark 2.4(ii), L is the adjoint of the similarly defined operator with the
weight T, replaced by T, ! (n>2) and

.. 0 rT_l
C=( 0 )

Assume that k > 2; then we define
nL+a,
e L+ oy,

r,L+a,

rL+a
C, Cp_, C, C, R
with respect to the decomposition # = {(1_ D, ,%,) @ & XD, «0%,)
(k copies)} & (X @nzoﬂn) and Cj is defined exactly as C, with r replaced
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by r., j=1,2,..., k. (Compare with the generalized Rota’s model defined
in [8].)
Foreach h, 1<h<k,

o ((r;,LC: a, 2)) =D \D(e,, 1),

which includes U#h o(riL+a;)= U#h D(a;, rj)—

Since the latter set does not disconnect the plane, it is not difficult to prove
that o(T) = D_\U§=1 D(aj, rj); furthermore, 0, (T) = 90(T) and A —T is
a semi-Fredholm operator with index equal to —dim.%# and trivial kernel for
all A€ o(T)\o,,(T).

Let 4 = (B,,),, ,—o be the operator matrix of an element of & (T) (for
each pair (m, n), B, can be written as an infinite operator matrix in the

obvious way). We have 0 =TA4 — AT = (M, )'fmn:O, where

mn

(1) M;;=I[r,L, B;;]- BJ0 , j=k,k-1,...,2,1,

(2) My, =I[R, Boo] + Zj:l C:Bj,

(3) M, =(o;+nrL)B,;—B,{o;+r,L)-B,C,, k>i, j21,i#],

(4) My=(a;+rL)B,y—B,R, k>i>1,and

(5) Oj—E,. 1CiB;;+RB;; — Byj(a;+r,L)-RC;, k> j>1.

Exactly as in the proof of Lemma 2.3 and the first part of the proof of Lemma
2.5, it can be shown that

—1 ~1 1
aolﬁ’ a—lTO a—Z(TITOI) a_3(T2TlT0)1 \
a,Ty a1 4 a1 a_)(,T))
.y
a7, a7, a1 5 a_,T,
By = | 1111, aT,T, a,T, ayl 4
and
B, = byl BLTI, bl (T T )™t bly(T, T T
o WT_, bo;; b T " b (T, T )'
. : -1
BT_3T_,  b{T, bils YT
b3T_,T_3T_, b3T_,T_, BT, b{) =

(j=k,k-1,...,2,1;use (1) and (2)). }
Some simple estimates on the sizes of a, (n > 0) and b’ . (n>0) indicate
that, if we define

=Y a," and y,(3) =Z gy
n=0

n=1
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then ¢ and 7z (j=1,2,..., k) are analytic on the open unit disk.

Furthermore, if in addition to (1) and (2) we consider also (3), (4), and
(5), then we infer (as in the proof of Lemma 2.5) that the structure of A is
uniquely determined by the constants {a, }_oo and {b’ T G=1,2,...,k);
then, a double inductive argument shows that, indeed, thls structure is umquely
determined only by {a,},c, and {b’,};2, (j=1,2,...,k).

Thus (formally at least), we have 4 = (T +E, ) V/, (T —a, ) l).

The operator T is contractive and the analysis of the matrix of (T-«a j)_1
indicates that rj.(T -« j)'1
more, T and r(T - o j)'l are actually Cj-contractions with (isometrically
isomorphic) H*°(D) functional calculi [23].

We conclude that A is equal to the strong limit of

is also contractive; (j = 1,2, ..., k); further-

k
A, =o(rT)+ Y w(rr(T—a) ) e (T), asrtl.
j=1
Hence, & (T) = & *(T).
The actual computations are a lot more cumbersome than the corresponding
ones in Lemma 2.5, but the basic structure is the same: In ¢(7) there is a
“main part” ¢(R), and

pla;+r,L)= Za o;+r,L)" Z 1/n)e™ (a;)(r;L)"

is the “irrelevant part” (the series converges in the norm-topology, j =1, 2,
,k). Foreach h, 1 <h<k,in y,(r,(T - ah)_') the “main part” is

([ L+ @) = 17 7) = (")

(the quotation marks mean that, although L is not invertible, we can define
v, (“L_l”) , where “ L™' ” is the unilateral operator weighted shift defined by

0 T K74
0 T K74

0 7, |#

0/ #

which “looks like the inverse” of the backward operator weighted shift L).
In this case the “irrelevant part” is the sum of y,(r,“(R - ah)"”) and
v/h(rh(er -« j)'l) ; these series also converge in the norm-topology and, more-

£y
w

over, ¥, (r,(r,L —a j)_l) is actually a uniform limit of polynomials in L for
all j # h. Thus, the entries of the matrix of B,, above the main diagonal can
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only come from y/h(“L"”) (h=1,2,..., k). Similarly, the entries of the
matrix By, on and below the main diagonal can only come from ¢(R).

The details of the constructions are left to the really dedicated reader.

The proof of Proposition 2.1 is now complete. O

Remark 2.6. In Proposition 2.1, the operator T is defined so that T and
ri(T-a j)_1 (J=1,2,..., k) are Cy,-contractions with H*°(D) functional
calculi in order to simplify the construction. But this is not strictly necessary.
Instead of choosing {7}, as in Remark 2.4(ii), we can choose the sequence
defined in Remark 2.4(i), and then justify that

. > n
@(T) = (strong) l’lTI?,,Z:o a,(rT)

. “ n n
= (strong)”p_r’r;o (1 e 1) a,T" e~ (T)

n=0

and

-1\ _ L J -n
w;(r(T —a;)”") = (strong) 13%111§b_n(r -a;)

= (strong) lim Z( 1) v (T a)™
m— oo =0 m +

(j=1,2,..., k) by using the same kinds of arguments as in [6] or [22].

In this case, &/ (T) is isometrically isomorphic with a certain Banach algebra
H*D; T) continuously embedded in H°(D) (norm-decreasing embedding).
Since the family {7, 417} T, T, +n} i n=0 is not uniformly bounded, the embed-
ding of H®(D; T) is stnctly included in H®(D).

Proof of Proposition 2.2. Define T as in the proof of Proposition 2.1, except
that {7_,}>°, is chosen as {T,} -, in Remark 2.4(iii). The entries of an
operator 4 commuting with T are computed in exactly the same way as in the

previous case, and these computations indicate that bj =0 forall n>1 and
all j =1,2,..., k, because all the sequences {7_ }n . {T_, (nH)}" 2
{T_,T_ (n+1) T—(n+2)}n=2 , ... are unbounded.

A fortlon a_,=0 forall n>1, etc. Now it is easily seen that 4 = ¢(4) €
& (T), where p() =Y 2 a,A".

Hence, &' (T) =% (T). O

Of course, the arguments of the proof of Propositions 2.1 and 2.2 can also
be applied to the following “mixed” situation, as well:

Proposition 2.7. Let D denote the open unit disk, let {D(a, rj)}jf=I be a finite

collection of open disks with pairwise disjoint closures such that D(a;, r;)  C
D forall j=1,2,...,k, and let {u,, u,,...,un,} be a finite subset of

D\U§=l D(a @) J)
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Let Q = D\[(Uf=1 D(aj, rj)_) U{ly, #y, ..., u,}]. Given an index m,

1 <m< oo, there exists T in L (#) such that
(i) o(T)=Q" and 0,,(T)=0Q;
(ii) ker(A—T) = {0} and dimker(A—T)" =m forall 1€ Q;
(ili) A— T is a semi-Fredholm operator of index —m for all . € Q, and
(iv) Z%T)="(T) is isomorphic (but not necessarily isometric) with H*
(interior [Q7]).

3. DENSITY OF OPERATORS WITH TINY COMMUTANTS

Theorem 3.1. The class {T € Z(¥): &'(T) = & *(T)} is uniformly dense in
ZL(Z).

Proof. Recall that an analytic Cauchy domain is a nonempty, bounded, open
subset of C whose boundary consists of finitely many pairwise disjoint regu-
lar analytic Jordan curves. An analytic Cauchy region is a connected analytic
Cauchy domain.

Given 4 in Z(#) and ¢ > 0, we can find 4, € Z(#) such that
l4-A4,| <e, g,,(4,) is the closure of an analytic Cauchy domain Q, and
o(4,) has only finitely many isolated points 4,,4,, ..., 4, (see [2], [11], or
[15]). Let Q,Q;,...,QF (Q,Q;,...,Q,) be an enumeration of all
those components of the semi-Fredholm domain p _.(4,) of A, such that
ind(4 — 4,) is positive (negative, resp.), and let i,(—i,) be the index of 41— 4,
for 2 in Q; (in Q; , resp.).

Since p,_p(4,) = C\g,,,(4,) =C\Q" , and Q is an analytic Cauchy domain,
it readily follows that Q/,Q;,..., Q, and Q[,Q,,...,Q are analytic
Cauchy regions. According to [7, Theorem 2, p. 237] there exist “perforated
disks” (as in Proposition 2.1) D{,D;,..., D, and D[ ,D;,...,D, and
analytic functions ¢, , ¢; ,..., ¢, and ¢, , ¢, , ..., ¢, suchthat ¢, maps
(a neighborhood of) the closure of (D;)” := {4 € C: 1 € D;} conformally onto
(a neighborhood of) the closure of (Q}:)' (h=1,2,...,m) and ¢, maps
(a neighborhood of) (D, )" conformally onto (a neighborhood of) the closure
of Q (k=1,2,...,n).

Let R, be the operator constructed in Proposition 2.1 such that ¢(R,) =
D) a,e(R ) = 0D, , and ind(A - R;) = —i, forall A € D, (k =
1,2,...,m). Similarly, let R; = (R;) , where R, is the operator given by
Proposition 2.1 such that o(R; ) = (D;)”, 0,,(R,) =9D; ,and ind(A-R}) =
—i, forall AeD; (h=1,2,...,m).

The operators Q);(R;) and ¢, (R, ) are well-defined via Riesz-Dunford
functional calculus, and it is straightforward to check that

a(p, (R)=(Q;), 0,0, (R;)) =09,
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ind(A — ¢;:(R;)) i, and ker(4- (oh( )" = {0} foralllth,
A (9, (R)) =" (Ry) = &/(RD=%(¢;,(R;,)) (h=1,2,...,m),

and

o( (Ry)) = (), dle((ﬂ;(R_)) =09,
ind(A-¢, (R,))=—i, and ker(A—¢, (R,))={0} forallieQ,,

(9 R)) =" (R) = (R) =/ *(p k( k)) (k=1,2,...,n).

Clearly, the Riesz spectral invariant subspace # (4, ; 4;) (associated with the
clopen subset {;,} of a(4,)) is finite-dimensional: 1 <d,:=dim#(4,;4)) <

o (I=1,2,...,p). For each of the (finitely many) components Q1 b8y, i,
Q of Q, let D(,BS, r,) be a disk whose closure is contained in Q (s =
1, 2, ces )

Define

- (£ @} {S i)
® {Z@(A, +qd,)} ® {Eé}l(ﬂs + rsS)} ,

where g, denotes the nilpotent Jordan cell of order d and § is the unilateral
shift of multiplicity one. Since the sets a(p; (R})) = (@), (g, (Ry)) =
Q) , 04 +q)=1{4},and (B, +rS)=D(B,, r,) are pairwise disjoint,
it is not difficult to infer that

= {Z é«%'(&f)} ® {Zé%’(}t;)}
® {Z@M'(qd,)} ® {ESG;?M'(S)} ,

which coincides with & %(T).

By using the Similarity Orbit Theorem [2, Theorems 9.1 and 9.2], we see that
A, can be uniformly approximated by operators similar to T .

Hence, there exists 4, similar to 7 such that |4 - A4,|| < [|4- 4] +]4, -
A, < 2¢.

Clearly, & '(AZ) = “(Az). Since & can be chosen arbitrarily small, we
conclude that A belongs to the closure of the set of operators with tiny com-
mutants.

Hence, {T € L (#): ¥'(T) = %(T)} is dense in L (#). O

Remarks 3.2. (i) D. A. Herrero [8] and D. Voiculescu [24] have independently
constructed extensions of the classical Rota’s model for a linear operator [20]:
given an analytic Cauchy Q, there exists an operator M on a Hilbert space 7
such that for each T € .Z(#) with ¢(T) C Q there is an invariant subspace .#
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of M so that

_ ([ M(T) *)/f
M_( 0 T')vouw,

where M(T)= M|4# issimilarto M and T is similarto T .

The proofs given in [8], [24] (see also [11, Chapter 3]) indicate that M can
be chosen to be ¢(R), where R is the operator given by Proposition 2.1 for
a suitable perforated disk, with % an infinite-dimensional space, and ¢ is a
conformal mapping from the closure of this perforated disk onto Q™ . This
construction produces a model M with the additional property that &'(M) =
&4M).

(ii) For 1 £ dim# < oo, the above construction shows that for each Cauchy
region Q and each index m (1 < m < o0), there exists an operator M =
M(Q, —m) such that ¢(M) = Q" , 7,(M) = 0Q, ind(A - M) = —m and
ker(A — M) = {0} forall A e Q, and &'(M) = &/%(M) is isomorphic with
H®(Q). In particular, %' (M) does not contain any nontrivial idempotent. (By
taking adjoints, we can construct analogous examples with ind(A—- M) = m and
ker(A— M)" = {0} forall A€ Q. If m is finite, then M is essentially normal,
that is, M"M — MM" is a compact operator.)

These kinds of operators play a very important role in the proof of the “ap-
proximate inverse of the Riesz decomposition theorem” given in [16]. Indeed,
the constructions of [16] also include operators 7 such that 7 does not com-
mute with any nontrivial idempotent, o(T) = Q, ¢,,(T) = ¢,,(T) = 0Q,
ind(A—T) =0 and dimker(A— T) =dimker(A - T)" =1 forall A€ Q.

However (as we shall see later, in Corollary 5.4), given a Cauchy region Q,
it is impossible to construct an operator 7 such that ¢(T) = Q" , ¢, (T) =
0,(T)=0Q, ind(A—-T) =0 and dimker(4 — T) = dimker(4 - T)" =1 for
all 1€ Q,and &'(T) = °T) because such an operator commutes with “too
many” rank-one operators.

4. OPERATORS SATISFYING Lat T = Lat/ *(T)
Theorem 4.1. Let p- (T) = {A € p,_p(T): ind(A—T) # 0}. Then

{(TeZWX#): 4 (T)=(T)}~
={T e Z(#): LatT = LatZ“(T)}~
={de LX) ify (Jordan curve) C pf_F(A), then  C a(A)}.

(Here 9 denotes the polynomial hull of y, that is, the complement of the un-
bounded component of C\y.)
Proof. Let #;, #,,and %, denote the first, the second, and, respectively, the
third subset of . (#) in the statement of the theorem. Since & (T) = & *(T)
obviously imply Lat T = Lat./?(T), the inclusion 7, C ¥, is trivial.

The inclusion %, C 7, is an observation of J. B. Conway (personal com-
munication): Suppose Lat 7 = Lat.&/“(T) and y is a Jordan curve included in
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pf_ p(T). Obviously, ind(A—T') is independent of the particular 4 in the curve
y . Assume this index is negative.

Let # = V{Tk y}zo=0 be the cyclic invariant subspace of T generated by a
nonzero vector y € ker(é —T)" (for some € € y); then A—T|.# is a Fredholm
operator of index —1 forall 4 in y. Since .# is a cyclic subspace, it follows
from [9], [12] (or [2, Chapter 11]) that A — T|.# is a Fredholm operator of
index —1 forall A€¥.

Therefore,  C o(T|.#). But # € LatT = Lat*(T), so that o(T|.#) C
a(T) [17].

Hence, ) c o(7T).

By taking adjoints, we deduce that $ C o(T) for every Jordan curve y C
p,_p(T) such that ind(A-T) >0 for Aey.

It only remains to show that %#; C 7;. Assume that 4 € 7, and let
¢ > 0 be given. First of all, we approximate 4 by an operator 4, € 7,
(l4 - A,|l < &) such that g;,,(A4,) is the closure of an analytic Cauchy domain
Q, including g,,,(4), o(4,) = d(4)UQ", ind(A - 4,) = ind(A — 4) and
dimker(A — 4,) = dimker(4 — 4) for all nonisolated points 4 of p,_.(4,)N
o(A,), and the restriction of 4, to #(4,;A) is similar to “A+ nilpotent
Jordan cell of order dim#(4,; A)” for each of the (finitely many) isolated
points A of a(4,) (see [11]).

Thus A, is similar to the direct sum of a cyclic operator F acting on a finite-
dimensional space and an operator B € Wg— such that o(B) has no isolated

points; moreover, ¢(F) is disjoint from [p,_.(B)]" .

Let Q,,Q,,...,Q,  be an enumeration of the components of Q, and let
®,,,,..., P, be an enumeration of the components of pf_ r(B) . For each
i=1,2,...,m,let N, be any operator such that g, (N;) =0g,,(N;) = a(N))

is a closed disk included in Qj. For each k = 1,2,...,p, let M, be any
operator such that (M) = (®,) , 7,,(M,) =0®,, ind(A-M,) = ind(1- B)
and min{dimker(A — M, ), dimker(4 — Mk)'} =0 for all A € ®,. (These
operators can be constructed, e.g., as in the proof of Theorem 3.1, or by using
the results of [11, Chapter 3].)

Finally, if ¥,,¥,, ..., ¥, is an enumeration of the bounded components
of C\[Ui_, ®,]1 . then for each h =1,2,...,¢ we choose an operator L,

such that o(L,) = (¥,) , 0,(L,) =0,(L,) =0¥,,and ind(A-L,) =0 and
dimker(2 — L,) =dimker(A—-L,)" =1 forall Ae¥,.

Let

R=Fe& {Ziézvh} @{ZéMk}@{ZiBth}.

By construction, ¢ (R) = a(F)U{(UT, 6(N,)) U (Uj-, @)U Uy, ¥)}~ does
not disconnect the plane; therefore (by using Runge’s theorem [5]), & “(R) =
& (R).
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Moreover, o(R) is a subset of a(4,), p,_p(R) D p,_g(4,), and
ind(A - R) = ind(A — 4,) and min{dimker(4 — R)k , dimker[(4 — R)*]k } <
min{dim ker(A — 4,)*, dimker[(A — 4,)"]"} forall 2 € p,_(4,) and all k > 1
(to see this, use that 4, € Z;!), every component of g,,(4,) N0, (4,) meets
the perfect set o,,(R)Na,,(R), o(4,) and o(R) have exactly the same isolated
points, and dim#(4,; A) = dim#(R; A) for each such point.

By the Similarity Orbit Theorem [2, Theorems 9.1 and 9.2], there exists 4,
similar to R such that |4 —A4,|| < [|[4 - A4, + 14, — 4,]| < 2¢.

Since & “(R) = & (R) and & can be chosen arbitrarily small, we conclude
that A€ 7.

The proof of Theorem 4.1 is now complete. O

Remarks 4.2. (i) An easy corollary of the results of [3] (see also [l and 11,
Chapter 4]) is that for each R in Z(#) there is a compact operator K such
that (R — K) does not disconnect the plane, and therefore & “(R — K) =
& (R — K). Thus, if Z(#) denotes the ideal of all compact operators, then
(TeZL#)AT)=H (T} +F (#)=ZL(¥).

(That is, {T € ZL(#): L(T) = & (T)} “essentially” coincides with
L(#).)

(ii) Given R in Z(#), we have

dist[R, {T: &*(T) = & (T)}]
= inf{||B||: B € Z(#) and o(R — B) does not disconnect the plane}
< inf{||K||: K € Z (#) and for each Jordan curve y C p,_.(R)
such that ind(A-R) #0foriiny, ) Co(R-K)}.

Both the equality and the inequality can be justified by using the proof of
Theorem 4.1. (The details are left to the reader.)

The author conjectures that the inequality is actually an equality. An upper
estimate for the second infimum can be easily derived from the results of [13].

(iii) By using the theorem on density of operators with “bad properties” [11,
Theorem 3.51], it is not difficult to see that all the classes {T € &£ (#): & (T) #

“T)} and {T € L (#): LatT # Lat&/“(T)} (and the classes similarly
defined with &/ (T) and & “(T) replaced by any other pair of algebras) are
dense in £ (#).

Furthermore, if B is any operator such that o(B) = {1 € C: 1 < |A| < 2}
and A — B is a Fredholm operator of index 1 for all 4 with 1 < |4| < 2, then
& (B') # &°(B') for all B’ close enough to B. By using this observation
and the proof of [11, Theorem 3.51], we deduce that {T € L (#): & (T) =
& (T)}™ is nowhere dense in & (#).

A fortiori, so is {T € £ (#): LatT = Hyperlat T}~ (and the closure of any
other class between these two).
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5. THE case LatT = Hyperlat T

Proposition 5.1. {4 € Z(#): if y (Jordan curve) C psi_ p(A), then ind(A— A)
is constant for A€ YN p _.(4)}

c{TeZ#): A (T)="(T)

C{T € & (#): LatT = Hyperlat T}~

c{AeZ(XZ): ify (Jordan curve) C p;t_F(A) ,
then 90 p,_p(4) C pi-_p(A)}

c{T e Z(#): 4 (T)=L°T)}".
Furthermore, the first and the last inclusions are proper.

We shall need an auxiliary result which has some interest in itself. Recall that
u € p,_g(T) is a singular point of the semi-Fredholm domain (in the sense of C.
Apostol [1]) if the mapping A4 — Pker( A-T) (= orthogonal projection of # onto

ker(A - T)) is discontinuous at A = u. In thiscase, T = W[(u+ Q) ® B]W_l ,
where W is invertible, Q is a Jordan nilpotent (acting on a finite-dimensional
space %), and u is not singular for B (see [1], [18], or [11, Chapter 3]).

Proposition 5.2. (i) If T € Z(#) and Lat&/"(T) = Hyperlat T, then A —
Prera—1) 1S continuous at A = pu for all interior points u of a(T)N p,_(T);
that is, the only singularities of the semi-Fredholm domain of T are the isolated
points of a(T)\a,(T)

Furthermore, if 4 € a(T)\o,(T) is isolated, then T|#(T;A) is a cyclic
operator (on the finite-dimensional space # (T ; 1)) .

(i) If Lat&/ *(T) = Hyperlat T, then min{dimker(A-T), dimker(A—-T7)"} =
0 for each interior point A of a( T)Np,_g(T). In particular, u—T is invertible
for each interior point p of a(T)N{A€ p,_(T): ind(A-T) = 0}.
Proof. (i) If u is a singular point of p,_.(T) and u belongs to the interior
of (T ) then T has the above described form and A — B is a semi-Fredholm
operator with nontrivial kernel (or nontrivial cokernel) for all 4 in some neigh-
borhood of u. To simplify the notation, we can directly assume that W =1
and u=0,thatis, T=Q&B.

It is obvious that 7 commutes with the orthogonal projection P, (of #
onto %), and therefore #, # o # € Lat/"(T). If f is a unit vector in
kerQ* and g is a unit vector in ker B, and we define the rank-one operator

gRf e Z(#) by g® f7(x)=(x, f)g, then
T(ge f)=(Bg)®f =0 and (g®f)T=go(Q /) =

so that g ® f* commutes with 7. But g® f* does not commute with P_, ,
and therefore g® f* ¢ &' (T).

Observe that g =g® f (/)€ g® [ (#),but g L Z.

Therefore, # € Lat&/"(T), but %# ¢ HyperlatT .
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(If ker B = {0}, then we apply the same argument to 7", instead of T .)

An operator Q acting on a finite-dimensional space satisfies %" (Q) = .&'(Q)
if and only if Q is cyclic, whence we obtain the second statement (see, e.g., [11,
Chapter 2]).

(i1) Now assume that 7 is semi-Fredholm and 0 is an interior point of (7).
If 0 is singular, then Lat./“(T) # Hyperlat T, by (i).

If 0 is not singular and ker(A — T) # {0} # ker(A — T)* for all A in the
component Q of p._.(T) containing the origin; then we pick unit vectors g €
ker T and f € ker T". We can directly assume that ker T is finite-dimensional.
(If not, replace T by T*.) This guarantees that for each invariant subspace
M, (T|\A)|[ker(T|# )l] is bounded below.

Let #/ = {Af: Ae ¥%(T)}” € Lat&/*(T). Since  is a rationally cyclic
invariant subspace, T is semi-Fredholm with ind T > oo, and f € kerT" =
(ran T)l , it follows from [9], [12], or [2, Chapter 11] that A — T|.# is a Fred-
holm operator with trivial kernel and index equal to —1 for all A € Q. This
means, in particular, that g ¢ ./ .

But g@ e’ (T)and g=go 1 (feg® f(A).

Therefore, # € Lat&/“(T), but # ¢ HyperlatT.

Now the result follows by applying the above argument to u — T for each
interior point u of p,_(T)Na(T). O

Let f and g be as in the second part of the proof. It is easy to con-
struct examples where .#" = {Bf: B € &#"(T)}” (e Lat&/"(T)) satisfies that
ind(T|#) = —m for some m, 2 < m < oo (see, e.g., [10]). Thus, £ is a
proper subspace of .#", in general.

Question 5.3. Let f, g, # ,and ./ be as above. Does g® f* always belong
to &' (T)\&"(T)? Does ./ € Lats/"(T)\ Hyperlat T ?

Corollary 5.4. If ker(A—T) and ker(A—T)" are nontrivial for all A in some open
disk included in p,_.(T), then &£ “(T) # &'(T) and Lat/ “(T) # Hyperlat T .

Now we are in a position to prove Proposition 5.1. The second and the fourth
inclusion are obvious, and Theorem 4.1 indicates that the fourth inclusion is
actually proper (for instance, if a(4) =D, 0,(4) ={A: [A| =1 or || = 1/2},
ind(A — 4) = 0 for |A] < 1/2, and ind(A—4) =1 for 1/2 < |A| < 1, then
#(A) =S%A),and y = {AeC:|A =3/2}C psi_F(A), but yNp,_p(4) ¢
Pip(4).

The third inclusion follows by Corollary 5.4. If y (Jordan curve) C pf_ r(A4)
and ind(4 — 4) = 0 for some A € )N p,_.(A4), then every T close enough to
A has the same properties [4], [11, Chapter 1]. If A — T (or A’ — T for some
A" close enough to ) is invertible, then Lat T # Lat.%/*(T), by Theorem 4.1.
If ker(u—T) # {0} # ker(u— T)" for all x on some neighborhood of 1, then
Lat/“(T) # Hyperlat T, by Corollary 5.4. Thus, A cannot be approximated
by operators satisfying Lat 7= Hyperlat T .
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Let 77" denote the first of the five sets described in the statement of the
proposition. Let 4 € 7" and let ¢ > 0 be given. First of all, we find 4, € 7",
with [|4, — A|| < ¢, such that g,,(4,) is the closure of an analytic Cauchy
domain Q, and d(4,) has only finitely many isolated points (see [11]).

Since 4, € 7", we can find a finite collection ®,, ®,, ..., P, of simply
connected analytic Cauchy regions, with pairwise disjoint closures, such that
6<I>j CQ and ind(A-4,) = m; # 0 for A€ <Djﬂps_F(A1) ,and ind(A-4,)=0
forall 2 € p,_p(4)\U, @, .

Let Q,,Q,, ..., Q, be an enumeration of the components of Q. If Q, C
®; (for some j), then we choose a closed disk A, C Q, . If Q, is not included
in the union of the ®,’s, then we choose a closed disk A, C Q,(\(U;.”=1 Q) .
Without loss of generality, we can assume that the €, ’s are ordered so that
Q, CU7=1®,- ifandonlyif 1<k <p (<n).

Let N, be a normal operator such that ¢(N,) =4, (k=1,2,...,n).

By construction, A, is similar to the direct sum of an operator F acting on
a finite-dimensional space (a(F ) is the set of isolated points of g(A4)), and an
operator B such that o(B) = g(4)\o(F). Without loss of generality, we can
directly assume that F is cychc and therefore &/ (F) = &/'(F).

Let L € Z(#) be any operator of the form

L=F@{2§Nk}@{2§“}’

where o(L;) = (CDJ.)_ , o,re(Lj) = 8<D. , and ind(4 — L.) =m; and

min{dimker(A — L i) dimker(4 — L) )} =

for all /letbj, j=1,2,...,m

The Similarity Orbit Theorem implies that there exists 4, similar to L such
that ||4, — 4,|| <e.

For each ¢t > 1, let { u;} be a set of pt distinct points such that exactly ¢
of these points liein A, (k=1,2,...,p).

Foreach j=1,2,..., m, let ¢j be a conformal mapping from D~ onto

(@) ,andlet A, , =6 (®,N{x}).
By Proposition 2.2, for each j we can construct R,

]t
D, a,,e(R ) =0DUA, , and ind(A—Rj’t)=mj and

such that a(RN) =

Jst?

min{dimker(4 - R; ), dimker(4 — Rj’t)*} =0

forall A€ D\4, , . (This is obvious for m; <0; if m; >0, then we construct
R , by taking sultable adjoints.)

T, = F@{Z P N} {Zé@(pj(zej‘,)}.

Let

k=p+1
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It is immediate that o(7,) = o(F)U(Uj_,,, 4,)U (U}, ®,)” , does not discon-
nect the plane,

a,,0(T, ( U Ak) U {U[%,-U(d),ﬂ{uﬁ})]}
k=p+1 j=1

c (kL:JlAk) U (Qaq) cQ

and ind(A-T,) = m; and min{dimker(4 - T,), dimker(4 - T,) )} =0 for all
leCDj\{u,} MOreover,

#'(T) = {Z A }ea {Z,GZ?M(R’”)} = (T).

X

k=p+1

The Similarity Orbit Theorem indicates that if M, is a diagonal normal

operator of uniform infinite multiplicity such that ¢(M,) = ¢,(M,) = {ur}
then
m
L=Fo{), @ NooeMeold PL,
k=p+1 j=1

can be uniformly approximated by operators similar to 7,. Furthermore, for
t large, we can also approximate ZEBLI N, by operators similar to M, (see
[11, Chapter 5]).

Thus, if ¢ is sufficiently large, then we can find 4, similar to 7, such that
14, — 45l < €.

Since ||4 — 4,]| < 3e, M'(A3) = &/ (A,), and & can be chosen arbitrarily
small, we conclude that A4 is the uniform limit of a sequence of operators
{4,}72, satisfying the condition &'(4,) =& (4,) forall t=1,2,....

Hence, # c {Te L(#): ¥ (T)="(T)}".

It only remains to show that the first inclusion is also proper. This follows
immediately from the following.

Example 5.5. Let B denote the bilateral weighted shift defined by
Be ={en+1 (nZO)’
(/lnDe,,,  (n<0),
with respect to the orthonormal basis {e,} % of #, and let Z, =\{e,} >0
and 7. = V{e,) )

n<0 *

Define T € (¥ & #) by
(1/2)B_ 0 1/2 0

T = (1/2)2 (1/2)B, 0 0

0 0 B_. 0

0 0 Z B

R R AN
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where
B= B_. 0)\Z
“\Z B, )Z
It is immediate that o(7) = D, ={Ae€eC:|A| =0,1/2, 0r 1},
indA-T)=-2 for 0<|A| < 1/2, and 1nd( T)=-1for 1/2<|A| < 1.

(Sothat T ¢ 7 !)

A cumbersome calculation shows that T is a C,-construction with (isomet-
rically isomorphic) H*°(D) functional calculus, and &' (T) = (T).

The proof of Proposition 5.1 is now complete. O

Example 5.5 is a particular case of a large family of operators satisfying the
condition &/'(T) = &/ (T), to be described in a sequel article. Unfortunately,
this family is not large enough to completely characterize {T € .Z(#): & '(T)
= (T)} .
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