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A MODIFIED SCHUR ALGORITHM
AND AN EXTENDED HAMBURGER MOMENT PROBLEM

OLAV NJASTAD

ABSTRACT. An algorithm for a Pick-Nevanlinna problem where the interpola-
tion points coalesce into a finite set of points on the real line is introduced, its
connection with certain multipoint Padé approximation problems is discussed,
and the results are used to obtain the solutions of an extended Hamburger mo-
ment problem.

1. INTRODUCTION

The Pick-Nevanlinna problem is the following: Let {z, : a € 4} be a set

of distinct points in the open upper half-plane Hf ={z:Imz > 0}, and let
{w, : a € A} be a set of points in C. Find a function F(z) which is analytic

in HY such that ImF(z) > 0 for z € H. and F(z) = w, forall a € 4.

(A function F(z) which is analytic for z € Hf with ImF(z) > 0 is called
a Nevanlinna function.) The problem was solved by Pick [27, 28] in the case
that A4 is finite, by Nevanlinna [15, 16] in the case that A4 is countable, and by
Krein and Rekhtman [14] in the general case.

A variant of the problem for finite or countable A arises when all points z_
coalesce to a single point a, and given values w, at the points are replaced by
the Taylor coefficients at a. A problem closely related to this is Carathéodory’s
coefficient problem (see [2, 3, 33]): Given a finite sequence {y,,...,7,} or
an infinite sequence {y, : n € N}, find a function F(z) which is analytic in
the open unit disc D° = {z : |z| < 1} such that Re F(z) > 0 for z € D° and
F(z) = Sl o0z + 52,0025, or F(z) = 2,725, (For historical
remarks on this problem, see [12].)

By introducing the linear fractional transformation F — {;—f we can refor-
mulate the requirement Re F(z) > 0 to read |F(z)] < 1. (A function F(z)
which is analytic for z € D° is called a Carathéodory function if Re F(z) >0
for z € D°, or a Schur function if |F(z)] <1 for z € D° .) Schur [31] invented
an algorithm called the Schur algorithm to deal with this problem. The tech-
nique was adapted by Nevanlinna to deal with the Pick-Nevanlinna problem.
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For modern applications of the Schur algorithm and variants, see the collection
[5]. For an operator theoretic approach, see, e.g., [29, 30].

A modification of the Pick-Nevanlinna problem with coinciding points z, =
a, n € N, arises when the point a is moved to the boundary of the region
of definition of F(z), i.e., to the real axis. The Taylor series expansion then
has to be replaced by the asymptotic series expansions Z,ﬁo 7 (z — a)k at a,
valid in arbitrary angular regions R, ;= {z:0 <Arg(z—a)<m-06}, d>0.
If moreover the point a is moved to the point at infinity, then we obtain the
following modified Pick-Nevanlinna problem: Given a sequence of numbers
{7, : n € N}, find a Nevanlinna function F(z) with the asymptotic expansion

Z) = ZZ":O ykz_k at oo, valid in every angular region R; = {z:0 < Argz <
n—dJ}, 6 > 0. This problem is equivalent to the classical Hamburger moment
problem (see, e.g., [1, 6, 32]).

If the points z,, n € N, coalesce into the two points 0 and oo according
to therule z,, =0, m=1,2,...,2,, ,=0, m=0,1,2,..., then the
corresponding modification of the Pick-Nevanlinna problem can be formulated
as follows: Let {y,:n =0, 1, £2, ...} be a bi-infinite sequence of numbers.
Find a Nevanlinna function F(z) with the asymptotic expansions F(z) =
Y reo ykz'k at oo, F(z) = Y 40 7. kzk at 0, in every angular region R; =
{z:0<Argz<mn-¢ } ThlS problem is equivalent to the strong Hamburger
moment problem. For definition and general treatment of this problem, see,
e.g., [10, 11, 25]. The connection between the strong moment problem and the
asymptotic expansions problem was treated in [10] for the case that the moment
problem is nonsingular, and in [20-23] for the general case.

Again consider the sequence {z,:n € N},andnowlet z,, n=1,2,...,
coalesce into p points a,, ..., a, on the real axis as follows: Zpg1 =815 Zpgin
=y, s 2y, =8y, 4= 0,1,2,.... A corresponding Pick-Nevanlinna
problem can be formulated as follows: Let {y (0 1j=0,1,2,...}, i =
1,...,p,be p sequences of given numbers. Fmd a Nevanhnna functlon F(z)
which has the asymptotic expansions F(z) = Y > =0 y ( )’ at a; in the an-
gular regions R; ; ={z:0 <Arg(z-a,) <n-d}, 6 >0,i=1,...,p. This
problem will later be shown to be related to the extended Hamburger moment
problem.

The use of the Schur algorithm and its variants has two steps. The first step is
to successively construct rational functions f,(z) solving the truncated (finite)
interpolation problem. (In the classical Hamburger moment case, e.g., this
consists of finding for each n a rational function with power series expansion

2n k o0 () k
— n —
z)= Eykz + E d, 'z
k=0

k=2n+1

This is the Padé approximation problem for the series Z;":o ykz_k , or for the
solutions of the original problem, if they exist.) The second step is to obtain
from the sequence {f,(z)} one or more of the original functions F(z) which
solve the nontruncated problem, if they exist.
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In this paper we treat the above-mentioned version of the Pick-Nevanlinna
problem related to the extended Hamburger moment problem. We describe
an algorithm which generalizes the above-mentioned adaptions of the Schur
algorithm. The algorithm produces certain (weak) multipoint Padé approxi-
mants f (z) = 4,(z)/B,(z) to the given power series. For reasons that will
become clear later, we include a condition F(z) = y(_°f)z'1 + o(z"l) at oo,
ze€R;={z:0 <Argz<nmn-d}, d >0. (For convenience we shall also call
an expansion of this form on asymptotic expansion.) We shall in this paper call
this problem the modified Pick-Nevanlinna problem, and the algorithm the mod-
ified Schur algorithm (associated with the series y(_°f)z'1 , Z;’il yj.’)(z -a),
i=1,...,p).

(For treatments of multipoint Padé approximants to the series y(_°f)z"l,
Y27z —a) , seealso [7, 8, 19, 24, 34].)

The rational functions 4,(z)/B,(z) are Nevanlinna functions. We show that
{4,(z)/B,(z)}, together with a related sequence {C,(z)/D,(z)}, give rise to
solutions of the modified Pick-Nevanlinna problem (when solutions exist).

For each z € Hf there exists a sequence {A,(z)} of nested disks such that
f,(z, 1) €0A,(z) for every 7 € R, where

A4,(z) +1C, (2)

e DB @ D,e

Let A(z) denote the intersection ()., A, (z) (which may be a closed disk or
a single point). Then every Nevanlinna function F(z) which satisfies F(z) =
y(_°;°)z'l + o(z"l) and F(z) € A(z) for all z, is a solution of the problem, and
every solution has this property. Every function f,(z, 1), 7 € R, is a Nevan-
linna function, and there exist sequences { fnk(z, rnk)} converging to Nevan-

linna functions F(z) which satisfy F(z) =927 +0(z™") and F(z) € A(z)
for all z. Thus there exist Nevanlinna functions with the required property.
These results answer in the affirmative the question of solvability of the inter-
polation problem (under the required conditions on the given series), and give
a characterization of all the solutions. The solution is unique in the situation
that A(z) reduces to a single point for all z (the limit point case).

The extended Hamburger moment problem associated with the points
a,,...,4a, and sequences of real numbers Co» {cj.') tj=1,2,...}, i =
1,...,p, is the following. Find distribution functions w(¢) (i.e.: bounded,
nondecreasing functions) such that

o > dy(t ‘ . .
/_oodt//(t)=c0, /_w(tz/iAzj:c;'), j=1,2,...,i=1,...,p.
1

This problem was introduced and treated in [17, 18] in the context of the theory
of positive linear functionals and of orthogonal rational functions. (In [17, 18]
we considered the case where the distribution functions y(¢) are required to
have infinitely many points of increase.) In this paper we discuss the problem
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on the basis of our results on the modified Pick-Nevanlinna problem. We point
out that a sufficient condition for the existence of a solution y(¢) is that in
the power series —coz‘1 , E}.:o 05'21 (z- ai)j , those conditions are satisfied that
lead to solutions of the modified Pick-Nevanlinna problem. The solutions are
exactly those distribution functions w(t) whose Stieltjes transform y(z) =
J2 dw(t)/(t- z) (which are Nevanlinna functions) satisfies y(z) = —coz'l +
o(z™") and ¥(z) € A(z) forall z.

2. THE MODIFIED SCHUR ALGORITHM

Let F(z) be a Nevanlinna function. We recall that this means that F(z) is
analytic for Imz > 0, and that ImF(z) > 0 for Imz > 0. For brevity we
shall write N-function for Nevanlinna function.

Let a, ..., a, be given distinct points on the real axis, p > 3. For con-
venience we assume that they are ordered by size: a4, <a, <---<a,. We
assume that F(z) has the asymptotic expansions (with real coefficients)

(2.1a) F)=Y y(z-a), i=1,...,p,
j=0
(2.1b) F(z) =7z 4+ o(z7").

(By asymptotic expansions we shall always mean expansions in the angular re-
gions Ry, R, 5, i=1,...,p, defined in the introduction. For the basic
definitions and results on asymptotic expansions, see, €.g., [9].)

We note that every integer n € N can be written in a unique way in the form

(2.2) n=p-q,+r,,

where ¢, ,r, € N, 1 <r, <p. When there is no danger of confusion, we write
q for g, and r for r,.

By a,_, we mean a, when r =1, by a, , we mean a, when r =p, and
so on. Statements relating to a,_, when r=1;to a, , when r = p, etc. will
be understood from the context.

We shall make repeated use of the following important result.

Lemma 2.1. Let H(z) be an N-function. Then the following statements are
true. '

The limit d = lim,_,  p.,_o(—1/2H(z)) exists and is nonnegative, and
Im(-1/H(z)-d_z) >0 when Imz >0.

The limits d; =1im,_,,  go(;_q)-o(—(2—a,)/H(2)) exist and are nonpositive
fori=1,...,p,and Im(-1/H(z) —d,/(z—a;)) >0 when Imz > 0.
Proof. It follows from Julia-Carathéodory-Landau-Valiron’s theorem (see, e.g.,
[4, p. 236]) that when G(z) is an N-function, the limits

d= lim z 'G(z) and d'= lim zG(z)

z—o0, Rez=0 z—0, Rez=0




A MODIFIED SCHUR ALGORITHM 287

exist and are nonnegative, respectively nonpositive, and Im[G(z) —dz] > 0,
Im[G(z) — d’ _1] > 0 when Imz > 0. For any real number a, the function
z—a— —1 /H (z) is an N-function. The lemma follows by application of the
above-mentioned consequence of Julia-Carathéodory-Landau-Valiron’s theorem
to the functions z —» —1/H(z), z—a,— 1/H(z). O

We shall describe an algorithm which successively determines rational func-
tions f,(z) with Taylor series expansions that progressively coincide for more
and more terms with the given expansions (2.1) of the N-function F(z). We
shall assume that F(z) itself is not a rational function. ‘

Since F(z) - y(()') is an N-function, it follows from (2.1a) that »\’ > 0
for i=1,...,p. This is because yi')(z — a;) is the dominating term in the
asymptotic expansion. Similarly it follows from (2.1b) that y(_°f) <0.

We define linear fractional transformations s,(z, w), S,(z, w) by

~(1-9)—a]'dw i
(23) S](z,aw) __a +( )B12+w SI(Z,’LU)—SI(Z,'LU),
where
1 ify =0,
(2.4a) 8, = o -
0 otherwise,
(2.4b) B =-1/"7,
(240 | B+ 1/ if " £ 0,
. an arbitrary positive constant if y(()l) =0.
We define a new function F,(z) by
1
2.5 F(z)=a,-(1-6),z—- ——r———.
(2.5) 1( ) a, ( 1)ﬂ1 (5la1_1+F(Z)
Then
(2.6) F(z) =s,(z, F|(2)) = 8,(z, F|(2)).
By (2.1), (2.4), and (2.5) we obtain expansions of the following forms:
(278) F(2)=y%"" 47502 4o,
(2.7b) (z)zy_l ”( —a) " +y ey Nz —a) 4 fori#l
(2.7¢) F(z)= y

Here y(°° Dyl 1 , etc. are new real constants. In the same way new constants

will be 1ntroduced later.
From (2.1b) and (2.4b) it follows that

. -1 1
29 = i (o) =~ = A1
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Since F(z) is an N-function, it then follows by (2.5) and Lemma 2.1 that

1
(2.9) ImF(z)=Im|-———-————(1-6,)8,2] >0
: d,o7' + F(z) e

when Im(z) > 0. (Note that —1/(al'1 + F(z)) is an N-function.) Thus F|(z)
is an N-function. Therefore, as in the argument preceding the introduction
of the transformations s5,(z, w) and §,(z, w), we conclude that y(_°f D« 0,

1 Y50, and y(' <0 or yEY =0, )V >0 for i#1.

Now let n € N, n>2. We assume that N-functions F\(z),..., F,_,(2)
and linear fractional transformations s,(z,w),...,s,_,(z,w), S,(z, w),

,S,_(z, w) have been defined such that

(2.10) S(z,w)=S,_(z,s(z,w)), F(z)=S8,z, F[2))

for t =1,...,n—1. As before, we write r for r, and g for g,. (For
r =1, 2 the following argument must be modified slightly.) We further assume
that expansions for F,_,(z) of the following forms are valid:

2.11a)  F,_ (2) =y " Wz 4 ylml g ylom=oz7h,
@2.11b)  F,_(2)=y""Vz—a) 4. foritr-1,r-2,
(2.11¢) Fn (2) 2yl g
2.11d)  F,_(2)=y"""" Vz—a_)+-

We note that all the assumptions are satisfied for n = 2.

Since F, ,(z) is assumed to be an N-function, it follows that yl°°’”") >0
or yf°°" ')—0 y°f" Y <0, and yﬁ’_z‘" Vs o, y(’ Ln=1)'5 0, and
y_’ " <0 or y(’ =1 — 9, yii'"")>0 for i£r—2,r—1.

We define hnear fractional transformations s,(z, w), S,(z, w) by

-1
(6,-1)+a, 6w

(2.12) S,(2, W) = a, + (6, - DB, /(z—a,_)+w’
S (z,w)=S§,_,(z,s,(z,w)),

where

(2.130) 5 - 1 ifboth y";""and y7""V =0,

' 4 0 otherwise,
(2.13b) g, =170,
(2.13¢)
B,/(a, —a,_,) if y<' =D 4,
ay =1 Bla,~a,_)~1/5 """ iy =0, 550 £0,

an arbitrary positive constant if y;"~" = y"""V = 0.
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We define a new function F,(z) by

o (1=38)8, I
(2.14) F\(2) = —a, + =2 AR
Then
(2.15) F,_\(z)=s,(z, F,(2)), F(z)=S§,(z, F,(z2)).

By using (2.11), (2.13), and (2.14), we obtain expansions of the following forms:

(2.16a) F(2) =9z 490" 490" 1 o(z7h),
(2.16b) F ()= (z—a) " +--- forigr,r—1,
(2.16¢) Fz)myy "4y ™z —a_ )+,
(2.16d) F(z2)=y""(z—a)+---.

1
From (2.11d) and (2.13b) it follows that

- : —(z-a,_,) -1
2.17 d"7Y = lim r-1 = == .
( ) r—1 z-a,_, —a;lén +Fn—1(z) ygr—l,n—l) Bn

Re(z—a,_,)=0

Since F,_,(z) is an N-function, it then follows by (2.14) and Lemma 2.1 that

(2.18) ImF,(z) = Im (- 1 + (1'5")ﬂ") >0

o '8, +F,_(2) Z-8,_,

when Imz > 0. (Note that —1/(a;16n + F,_,(z)) is an N-function.) Thus
F,(z) is an N-function.
We may sum up the results of the foregoing discussion as follows:

Theorem 2.2. Let F(z) be an N-function with expansions (2.1). Then the algo-
rithm described above is well defined and determines inductively linear fractional

transformations  s,(z, w),...,s,(z, w),...,S(z,w),...,S,(z,w),...,
and N-functions F\(z), ..., F,(z),.... These are connected by the relations
F,_\(z)=s,(z, F,(z2)), F(z) =S,(z, F,(z)). Foreach n, either yY]’") <0 or

y M =0, 9 S0 for it r—1,r-2, 90" >0, 3" >0, and either

2" >0 or y " =0, y'T" <0.
Now let
00 .. .
(2.19a) Son'lz-a),  i=1,...p,
j=0
(2.19b) '

be given formal power series (with real coefficients). We shall denote this col-
lection by ¢(z). It is readily verified under suitable conditions the algorithm




290 OLAV NJASTAD

we have constructed (with the function F(z) replaced by the series (2.19)) pro-
duces linear fractional transformations s,(z, w), S,(z, w) of the form (2.3),
(2.12), and collections ¢,(z) of formal power series such that

(2.20) #y(2) = #(2), ¢,_(2) =s,(z,8,(2)) forn=1,2,....
We note that then also ¢(z) = S,(z, ¢,(z)). The collections ¢, (z) are of the
form

(2.21a) S 9z -a) foristr,r-1,
J=-1

(2.21b) SNz —a, ),

j=0
(2.21¢) Sz -a),

j=1

2 1—j 1
(2.21d) YA po(z7h.

Jj=0
We shall call the collection ¢(z) positive if the following conditions hold:
(P,) yii)>0 fori=1,...,p, y(_°f)<0,

andforn=1,2,...,

yE_Iin)<Oory(_lin)=0,y§l,n)>0’ i=1,...,p,
(P,) and

(00, n) (oo, n) (o0, n)

y o >0o0ry =0,y <0.

We observe that if (P,), ..., (P,_,) are satisfied, then s5,(z, w), S,(z, w) can
be defined.

It follows from the expressions (2.4b), (2.13b) that for a positive collection
¢, the following inequalities hold:

(2.22) B,>0 forn=1,2,....
We shall call the index n singular if 6, = 1 and regular if 6, = 0. Thus by

(2.4a), 1 is singular iff 7\ = 0, and by (2.13a), n is singular iff y;""" =
yé”"“l) =0forn=2,3,....

We have shown above that if the collection ¢(z) consists of asymptotic ex-
pansions for a Nevanlinna function F(z), then (Pg), ..., (P,), ... are auto-
matically satisfied.

We shall in this paper call the algorithm described here the modified Schur
algorithm.

3. RECURRENCE RELATIONS

Let ¢(z) be a positive collection of formal power series, with associated
transformations s,(z, w), S,(z, w).
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Since the §,(z, w) are linear fractional transformations, there exist func-
tions 4,(z), B,(z), C,(z), D,(z), n=1,2,..., such that
A,(z) +wC,(z)
B,(z)+wD,(z)"
Foreach n, 4,, B,, C,, D, are defined up to a common factor ¢(z).
We call the functions

(3.1) S, (z,w) =

_ _4,(2)
(3.2) f(z)=S8,(z,0)= B.(2)
the approximants for the algorithm. We shall also make use of the functions

C (2)
3.3 z2)=S8 (z,00) = L—.
(3.3) 8,(2)=5,(2, 00) = s
Since
_ —(1-8)-a]'0w

(3.4) Sl(z,w)—_a T-3)fz+w’
we may set

(3.5) 4,=—(1-4,), B,=-a,+(1-8)8z, C,=-a;'é,, D =1,
From the relation S, (z, w)=S,_,(z,s,(z, w)), (2.12), and (3.1) we obtain
forn=2,3,...

A4, +wC,
B, +wD,
(3.6) (e, + (_zn%gla)An_l +,-1)C,_,1+I[4,_, +a—]5 2 CnoyJW

[(-a, + =)B, | +(8,-1)D, |1 +[B,_, +0,'3,D, jJw

z—a
Thus 4,, B,, C,, D, satisfy the following recurrence relations for n = 2,
3,

o —-1p
(373) An = (an + %) An—l + (5n - I)Cn—l .
(3.7b) C,=4,_,+6,0, Cn 1

J —1
(3.7¢) Bn = (an + (zn——a)/?n_> Bn—l + (5’1 - I)Dn—l R
(3.7d) D,=B,_,+d,a,'D,_,.
When n is a regular index, these relations can be written as

B
(383) An = (an - }_———2_:__1 An—l - Cn—l
(3.8b) C,=4,_,,
(3.8¢) B = - B B . -D
: n n 7 — ar-l n—1 n—1?

(3.8d) D,=B, ,
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while when 7 is a singular index, the relations may be written as
-1
(3.9a) A, =4, |, C,=A,_,+a, C,_,,
(3.9b) B,=aB,_,, D =B _ +a.'D
We note that when all n are regular, the algorithm is a continued fraction
algorithm. It can be shown that the continued fractions obtained in this way
are equivalent to MP-fractions, treated in [7, 8, 24]. (For basic concepts of

continued fractions, including the concept of equivalence, see [13].)
For further use we introduce polynomials N, (z) defined as follows:

n—1°

(3.10) Ny(z) =1,
1
N(z2)=(z-a)"" - (z-a)"(z-a,)"(z-a,)
forn=1,2,....
Proposition 3.1. The function A, , B, , C,, D, can be written as
U,(2) V.(z)
A(z)=—=———, B (z)=-2L , n=1,2,...,
S e R ey
X, (2) _ Y.(2) _
Cn(Z)—m, Dn(Z)—m, n=2,3,...,

where U, ,V,, X, ,Y, are polynomials, degU, <n—1, degV, <n, degX, <
n-2,and degY, <n—1 (except deg X, =0).

Proof. It follows by (3.4) that the result holds for n = 1, resp. n = 2, and by
use of (3.6)-(3.7) the result is obtained for general n by induction. O

For further use it will also be natural to introduce the functions P,, Q, by
4,(2) _ U,(2) B,(2) _ V,(2)

— _n , 7) = —_n .
z—a, N,(z) 0,(2) z—a, N,(z2)
We note for further reference that the recurrence relations (3.7) can be written

intermsof U,, V,, X, , Y, asfollows (for n=2,3,...):
U,=la,(z-a,_)+©6,-1B,1U,_,

(3.12) P(z) =

(3.13a) +(,-N(z-a_)(z-a_)X,_,.

(3.13b) X, =U_ +6a ' (z—a,_)X,_,,

(3.130) V,=la,(z—a,_ )+, - 1)B,1V,_,
+@,-1)(z—-a,_,)(z—-a,_)Y,_,,

(3.13d) Y,=V,_,+0,a, (z—a,_,)Y,_,.

Proposition 3.2. Assume that Vn(a,") #0 forall n. Then for every n, V, and

Y, do not both have a zero at a; for any fixed i € {1, ..., p}. For every n,

either degV, =n or degY, =n—1.
Proof. Let V, (a;) = Y,(a;) =0. It follows by (3.13) that V, _ (a,) =Y, ,(q;) =
0. By continuing this argument a finite number of steps, we reach the equality

(a;) = 0 for some g . This contradicts the assumption Vp (@) #0.

Y

pq+i
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A similar argument shows that if degV, <n, degY, <n -1, then we must
have Y, =0, which contradicts (3.4). O
We present some basic formulas that will be needed later.

Proposition 3.3. The following formulas hold:

(3.14a) (i) 4,D,-B,C,=-1
(3.14b) (i) 4,B,_,-A4, B, = ((5n 1),
(3.14c¢) (iii) CnDn—l—Cn D, =-1,
. 6, —1
(.14d)  Gv) AD,_,-BC,  =- (a,, . M) |
z—-a,_,

(3.14e) (v) 4, ,D,~B, ,C,=-da,
Proof By using (3.7) we obtain 4,D, - B,C, = A,_ D, ,-B,_C,_, =

= 4, D B C, = —1. Again by using (3.7) and the result of (i) we get
Aan 1 =(,-1)[4,_,D,_,-B,_,C,_,] =1-0,. The formulas

(iii), (iv), and( )are proved analogously. O

We next deduce some formulas analogous to the classical Christoffel-Darboux
formula and related formulas. (See also [18] for similar formulas, proved within
the framework of orthogonal rational functions.)

Proposition 3.4. The following formulas are valid for n=1,2, ...:
B,(z)D,({) - B,({)D,(z2)

(3.15a) =(z-0Y_(1-6,)8,Q,_1(2)Q,_1 (),

(3.159) (2= 0 S (U =8,)B, P, ()P, (0),
m=1
B,(2)C,(0) = 4,(6)D,()
(3.15¢)

Sl (z-¢ 2(1— BuPr 1(0)Qy ().

Proof. By multiplying the dlﬂ'erence equation (3.7a) with argument z by the
difference equation (3.7b) with argument {, and then subtracting the same
equation with z and { interchanged, we get for m =2, 3, ...

B, _(2)B,_,({)
(z—a,_)({-a,_))

(3.16) Bm(Z)Dm(C) - Bm(C)Dm(Z) = (Z - C)(l — 5m)'3m

+8B,,_,(2)D,,_,(¢) - B,,_,(§)D,,_({).

Furthermore for m = 1 we get from (3.4)

(3.17) B,(2)D,(¢) - By({)D,(2) = B,(z - ¢).
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By adding these equations for m =1, 2, ..., n, taking into account (3.12), we
obtain (3.15a).
The proofs of (3.15b) and (3.15c) are similar. O

Proposition 3.5. The following formula is valid for n=1,2, ... :
(3.18)
n

B,(2)-B,(£) = (z=0) )_(1-0,)B,[B,(0)P,,_,(0) = 4,(0)Q,,_,(0)1Q,,_,(2).

m=1
Proof. Subtraction of (3.15a) multiplied by A4,({) from (3.15c) multiplied by
B, ({), with (3.14a) being taken into account, gives (3.18). O

Proposition 3.6. The following formula is valid for n=1,2, ... :

n

/! !

(3.19) V.(2)Y,(z) =V, (2)Y,(z) = 1\/,,_1(2)2 Y (- 8,)8,0p_1(2)".
m=1
Proof. Formula (3.15a) may be written as
V.(2)Y,(0) = V,(D)Y,(z)
(3.20) -
= (2= ON,_,(2IN,_,(0) D (1 =6,)8,,0,_,(2)Q,,_, () .
m=1

The left side of this equation may be written as

[V, (2)V,(O1Y,(C) = [Y,(z) = Y, (OIV,(0).
By dividing (3.20) by (z — {) and letting { — z, we obtain (3.19). O

Corollary 3.7. Assume that V,(a, ) # 0 forall n. Then for each a; and each n,
V. (z) has a zero of multiplicity at most one at a,. Foreach n, degV, >n—1.
Proof. It follows from (3.13c) and the assumption V, (a, ) # 0 that for at least
one me{n-p+1,...,n}, 6, =0. Let m =pq:"0-i. For this m, the
right side of equation (3.19) is different from zero for z = a,. Consequently
by (3.19), not both V,(a;) and V,(a;) can be zero.

The result on the degree can be proved analogously. O

We shall see in §4 that the condition V, (a, ) # 0 for all n is always satisfied
when the transformations s,(z, w), S,(z, w) and thereby 4,, B, , C,,D,
are obtained from a positive collection of power series.

4. MULTIPOINT PADE APPROXIMANTS

In this section we show that the functions f, (z) =S,(z, 0) = 4,(z)/B,(z),
or their Taylor series expansions, have certain interpolation properties with
respect to the series expansions (2.19) (in particular, to (2.1), when the series
originate as expansions of a Nevanlinna function). More precisely, we show that
f,(z) is a multipoint Padé approximant for the given series. (For a detailed
discussion of multipoint Padé approximants in this setting, we refer the reader
to [19].)
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We first give an interpolation result for f (z) at a, by a direct argument
from the construction of the algorithm in §2. (As before, we write r for r,
and ¢q for g, .)

Proposition 4.1. For f,(z) the following expansion is valid at a, :

(4.1) Zy T 10((z-a) ).

Proof. We define Hn_l(z) 5,(2,0), H,_,(z) =s,_,(z, 1(2)), and in-
ductively H, , (z) =s,_ erl(z Hn ma1(Z )) for m<n Then H( )= f,(2).
For H

' 1(z) we have the expression
(6,-1)
z b
u1(2) = o +B,06, -)/(z-a_,)
while for F,_,(z) we have the expression
(0, =D +a, '8, "(z=a)+ ]
(6,-1B,/(z-a,_) +?§”")(z—ar) NE

It follows that if y' "=1) — 0, then

(4.2) F,_(z2)~

(4.3) H,_(2)=7"""+0(z-4a).
On the other hand, if 7";"™" # 0, then

(ryn—1)
(4.4) H_(2)= (z_l—a,) +0(1).

Similarly by repeated comparison of s, (z, H,_,,(z)) and s,_,(z, F,_,(2))
we find that
(r,n—p+2)

(4.5) H,,_p+2(2) =% +0((z - a,))

if y7;"7?*Y =0, while

5(" ,n—p+2)

(2) = —Z—=+0(1)

(4.6) H c=y

n—p+2

lf y(r n—p+2) #0

Now we know that y"; T P*2) = 0 (cf. (2.11c) with n replaced by n—p +

1). By comparison of s _p+2(z F_p+2(z)) and s, , ,(z, H,_, ,(z z)) we see

that the constant term in the expansion of H, . +1(2) coincides with that for

F,_,,,(z) both if pU 7P+ = 0 and if U o) # 0. Thus, in any case
(4.7) H,_, . ()=7"""+0(z-a)).

By comparison of s, ,.,(z, F_pH(z)) and s,_,.(z, H,_, (2), using
(2.13b) with n replaced by n —p + 1, we then find
3

(4.8) H,_(2)=9"""(z=a)+7""(z-a) +0(z-a)).

n




296 OLAV NJASTAD

By comparison of Sp_p(z, F,_,(2)) and s, (z, H,_,(z)), using (2.13c) with
n replaced by n —p, we find

( s = _1) ( s IE— _1)
Hy o (2) =204 Nz~ a)

(4.9)
+9" P (2 - a)) + 0((z - a,))

if y(_’l’"_”_l) =0, and

(4.10) H__(2)= y"’"""”—_l— +90 " L 0((z - a,))

if 7"V %0,
By repeating these arguments until we reach Hy(z) = f,(z), noting that

?(_'), = 0, we obtain the expansion

@11) £ =y +n(z—a)+ +rp(z-a) ! +O0((z - a)"").

Since the functions f(z) are rational, the asymptotic series for f,(z) are
Taylor series. O

Proposition 4.2. Let ¢(z) be a positive collection. Then for all n, V,(a,) #0.

Proof. Tt follows directly from (2.4c) and (3.5) that Vi(a;) # 0. Let n > 1.
We recall that f,(z) = S,(z,0), while ¢(z) =S,(z, ¢,(z)). (For brevity we
write ¢(z) for the appropriate series.) It follows that

n

V.(2) —¢(z)= 3" - B, +6,D, V, V. +(z—a,_)Y,é

_ (z - ar—-l)¢n[UnYn - XVl
B ValU, +(z = ar—l)¢nYn]

U,(z) A 4,+¢9,C, U U,+(z-a,_)X,9,

n

(4.12)

By (4.1) the left side of (4.12) has expansion of the form f (z) — ¢(z) =
6;2 o (z— a,)z‘”1 +--- . The numerator of the right side of (4.12) has expansion
of the form —¢ (z)N,_ (z)* = »""(z —a,)**' + ... . For (4.12) to hold it is

thus necessary that V, (a,) #0. O

We note that in exactly the same way as (4.12) we get

X,(z) V,X,-U,Y,]

(4.13) S ACERAED A CET AN S AR

We now state the interpolation theorem for the approximants f,(z) with
respect to F(z), or to the series expansions (2.19).

Theorem 4.3. The approximant f,(z) = U,(z)/V,(z) has the following interpo-
lation properties:
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2q+1
@1 = LA w0 —a) ) i<, Vi) £0,
n j:
2
(4.15) Z"((j))='0y§.’)(z—a,)’+0((z a) ),
n j=
Uy (z) & j N
(416) V(Z) = EO yj (Z—ai) +0((Z—ai) ) l.fl >r, I/n(az)¢0
n Jj=
(4.17) g”((j))=—y_°f)z_l+o(z—l) if degV, =n.

In general, the approximant has the following (weak) multipoint Padé approx-
imation property.
2g+1

(4.18) Uy (2) =V, () Y 0z —a) =0z - a)"™™) ifi<r,

2
(4.19) U(z)-V,(z) zq:y}(-r)(z _ ar)j —0((z - ar)zq+1) ,

2g-1

(420)  U,(2)-V, Zy (z-a) =0((z-a)™) ifi>r,

-1 -1

(4.21) U,(z) - Vn(z)(—y_1 z )=o(z ).
Proof. Formula (4.15) follows immediately from Proposition 4.1.

Let, e.g., i < r. For each of the numbers me {pg+i+1,...,n—1} let
Z, and W, denote X ?nd Y, ,or Um and V, , such that W, (a,) 9é.0 (cf.
Proposition 3.2). According to Proposition 3.3 and (3.11) we may write for
me{pg+i+2,...,n—1}:
zZW, —Z,_\W, <c(2)N,_(2)N,,_,(z)

4.22 “m _ Tm-1 —_m m- 1 — ,
( ) Wm Wm—l Wme 1 Wm(Z)Wm—l(z)

where ¢(z) is a constant or a simple rational function without a pole at a,.
Thus,

V4 Z_ 2g+2 .
(423) =—m__m=l _0O(z-a)") form=pg+i+2,...,n-1.
Wm Wm—l '

Similarly we conclude that

U, Z_ &N, (2N, ()
(424 VW, T WD

where c¢(z) is as above. From this we conclude that we may write

(4.25) Un2) _ Z, ,(2) _ d(z - ai)2a+2 S

Viiz) W, ,(2) V,(2)

n n
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From (4.12)-(4.13) together with (3.11) and Proposition 3.3 we obtain

Z . (2) w(z)N, . (z)*
2 'pg+i+1 _ — pq+i
R e ¢ RS /N 63| /A EIET ERrn) A 1
where @(z) is regular at g;. Thus,
Z,,.in(2) 2g+2
pg+i+1 _ - —qa q+
(4.27) —qu+i+1(z) #(z)=0((z—-a)" 7).
We may write
(4.28)
(U Z D) ((Zea(2) Z,(2)
Jol2) = 9lz) = (V,,(z) W,,-,(z)) * (W,,_.<z> W,,_2<z>)
Z,i22) 2 (2) 4 (2)
pg+i+2 pg+i+1 pg+i+1
B <mq+,~+z<z> W,,ﬁ,-ﬂ(z)) * (W,,H,H<2> "“Z))
It follows by (4.23), (4.25), and (4.27) that we may write
—q 2q+2 .
(4.29) f,(2) =9¢(z) = e—(%(i;))——+0((z—ai)zq 2).

Thus if V,(a) # 0 we get f,(z) — ¢(z) = O((z — a))***?), and in all cases

1

U (z) - V,(2)-¢(z) = O((z — a,)***?). This implies (4.14) and (4.18).

1
Similarly we prove the formula

— ,)2‘”2 4. )
@30) £ e = 0 - a))

in the case that i > r. Thus if V (a,) # 0 we get f( )—¢(z) = O0((z —a. )2")
and in all cases U, (z) -V, (z)-#(z) = O((z — q, ) 7). This implies (4.16) and
(4.20).

Finally a completely analogous argument shows that f (z) — ¢(z) = o(z-')
if degV, = n and, in general U,(z) =V, (2)-¢(z) = o(z"_l). (Here it has to
be used that f|(z)-¢(z) = y(_°l°)z'l + o(z*l) , which follows immediately from
the construction of s ( w).) This implies (4.17) and (4.21). This completes
the proof. O

Remark 4.4. Tt easily follows that if V,(a,) = 0, and hence Y,(a;) # 0, then
(4.14)-(4.16) hold with U, (z)/V,(z) replaced by X, (z)/Y,(z) and r by r—1.
Similarly (4.17) holds with U, (z)/V,(z) replaced by X,(z)/Y,(z) if degV, <
n, and hence degl, =n—1.

Remark 4.5. From Theorem 4.3 and the recurrence relations (3.13) it can be
seen that among the pg first indices there are at least g regular ones (cf. the
proof of Corollary 3.7).
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We define the generalized approximants for the algorithm by

A C
(4.31) gu,g:%ﬁD—"g;, reR.
We may clearly also write

U/(z)+1t(z—a,_)X,(2)
(4.32) f(z, 1) = AT ar_I)Yn(Z) :

Proposition 4.6. For every n and every 1 € R the following formulas hold (except
possibly for one value for t in each case):

2q+1 )
433)  f(z,0=Y " (z-a) +0(z-a)"?) ifi<r-1,
j=0

@34)  f(z,0=Y. "W(-a) +0(z-a)") ifizr-1,

435)  f(z, )=y vo(z7") if degV, =n.
Proof. We may write

W(2)  A(2)+1C (2) A,(z)
Lz -giy = B,(z)+1D,(z) B, (2)

(4.36) ) N, (2)?
- V@MW, +tz-a,_)Y,(2))
20— X,(z) _ 4,(2)+1C,(2) _ C,(2)
s n Y, (z)  B,(z)+1D,(z) D,(z)

__ N(@N,,0)
Y, (2)[U,(2) +1(z —a,_)Y,(2)] )

We note that since V,(z) and Y,(z) are not both zero for any a,, then [V, (z)+
7(z—a,_,)Y,(z)] has no zero except possibly for one value of 7, when i #r—1.
When i=r-1, [V,(z)+1(z-a,_,)Y,(z)] may, except for one value of 7, have
a zero of multiplicity at most one (cf. Corollary 3.7). This together with (4.36)
and Theorem 4.3 or (4.37) and Remark 4.4 gives (4.33)-(4.34). The proof of
(4.35) is analogous. O

5. MAPPING PROPERTIES

In this section we discuss mapping properties of the linear fractional trans-
formations s,(z, w), S,(z, w) (see also [8]). Let z € HS . Each of the linear
fractional transformations w — s,(z, w) maps the closed upper half-plane
H_ onto a disk J,(z) (possibly a half-plane), and each of the linear fractional
transformations w — S,(z, w) maps H,_ onto a disk (possibly a half-plane)
A (z).

n
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Propostiion 5.1. The following inclusions hold for all z € HE :

(A) A(z)CH,.

(B) A,(z)cA,_((z) for n=2,3,....
Proof. Since B, >0 for n=1,2,..., itis readily verified that s,(z, w) €
H_ forall n and all w € H_. This means that J,(z) C H, . It follows that
A(z)=46,(z) CH,_ and A (z)=S,(z,H,)=S,_,(z,6,(2)) cS,_,(z, H,)
=4A,_(2). O

We recall that the mapping w — S, (z, w) is described by the formula

_A,(2)+wC (2)
(5.1 S, (z,w)= B.(z)+wD.(2)

S,(z, 1) traces the boundary 0A, (z) when 7 traces the real axis (plus oo). For
convenience we shall in the following write 4,_, for /(1 -46,)B, . (Recall
that g, >0,6,=0o0rd, =1.)
Proposition 5.2. For every n =1,2,3,4,..., the radius p,(z) of the disk
A, (z) is given by the formula
(5:2) N S [ e

: pn(z) — m—11%m-1 N
Proof. By standard results on linear fractional transformations it follows (using
formula (5.1)) that p,(z) can be expressed as
A,(z)D,(z) - C,(2)B,(z)
B,(z)D,(z) - C,(z)B,(2)

(z), C,(z), D,(z) are real.)

n n

(5.3) pa(2) =

(We recall that all the coefficients in 4,(z), B
From (3.14a) we get
|4,(2)D,(z) — C,(2)B,(z)| = 1.

n

From (3.15a) we get (setting { = )
(5.4)  |B,(2)D,(2) - D,(2)B,(2)| =z ~2|- Y h}_1Q,_,(2)I.
m=1

Formula (5.2) now immediately follows. O

We write A(z) for the intersection ()7~ A, (z). Then (by Proposition 5.2)
A(z) is a closed disk or reduces to a single point.

Proposition 5.3. The following statements are equivalent:

(A) A(z) reduces to a single point.
(B) Yoot iyt | By () = 00
(C) Sy M4,y () = 00

m=1"m—
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Proof. The radius p(z) of A(z) is obviously given by p(z) =lim,_, _p,(z),
hence

(5.5) !

N 2 2
m=|z—z|:£hm_llQ,n_1(Z)| .

Clearly Y% k2 1Q,,_,(2)]} = oo iff Y00 lhfn_1|Bm_1(z)|2 = oo, since
min(|z —a,,...,|z—a,)]) >0 for a given z € H+. Thus (A) and (B) are
equivalent.

The transformation w — T(;T) gives rise to a sequence {Il,(z)} of nested
disks, where

={{=1/S,(z,w):w e H}.

The intersection I1(z) is a disk when A(z) is a disk and reduces to a single point
when A(z) reduces to a single point. The transformation w — 1/§,(z, w) can
be written as w — (B, (z) + wD,(z))/(4,(z) + wC,(z)). The radius =, (z) of
I1,(z) is given by
_ B,,(Z)C,,(Z) 4,(2)D,(z) |
56) ") =GB~ C(2)4,(2)
Just as we obtained (5.2) from (3 14a), (3.15a), and (5.3), we obtain from
(3.14a), (3.15b) and (5 6) the formula

n
=lz-2-Y K. _\|P,_ ().
m=1

(5.7)

ﬂ,,(Z)

2 . 00 2 2
Clearly Y  h. _ l| n1 (2T = oo iff 30 k|4, _(2)]" = oco. Thus
Il(z), and hence A(z), reduces to a single point iff Z::o=1 hfn_l |Am_1(z)|2 =00,
i.e., (A) and (C) are equivalent. O
Theorem 5.4. If A(z) reduces to a single point for some z € HS, then A(z)
reduces to a single point for every z € HE .

Proof. The argument we give builds on a lemma of Perron [26], and is similar
to the one given in [10] for APT-fractions.
It follows from [26] that when b, is given recursively by

(5.8) bn=ian bi+c,, n=1,2,3,...,
then | 4

(5.9) In (1+i|b,.|2> g§§|aij|2+§|c,.|2.
o i=1 i=1 j=0 i=1
(5.10) b,=hB (z), c,=hB,),
(5.11) a, , = hh,[B,(OP() - 4,(0)0, (O] 2 =2)

(z-q,)
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Then it follows from Proposition 3.5 that (5.8) is satisfied for n = 1,2, ....
Hence from (5.9) we get

ln<l+Z_:|B )

12 = gl |[B A,(0) - 4,)BO1
< IBOI+1C - 2] h} :
i=1 i=1 J;o -a, | I —a, |
Set d = min{lz —q|,....[z-q],[{-q],..., |- a,|}. By elementary
inequalities we get
n—1i-1 h2h2 "
2 ,fl = |2| {(0)4;() = 4,(0)B(0)]
(5.13) ==

di Eh|A(C ) (Zhw )

Substitution of (5.13) in (5.12) leads to

n—1 ) 5 2|C n— l n—1 2 )
<Y KB+ ADmIBOI )
i=1

i=1

Now assume that A({) is a disk for some (. Let z € HE be arbitrary. Then by
Proposition 5.3, the right-hand side of (5. 14) has a finite upper bound M in-
dependent of n, and consequently 5 5 |B (2)|* < 00. Then by Proposition
5.3, A(z) isadisk. O

i=1""%

In view of Theorem 5.4 we may use the terms limit point situation (when
A(z) reduces to a single point) and limit circle situation (when A(z) is a disk)
without reference to a specified point z.

For further use we shall also give a formula for the center o,(z) of the disk
A (z).

Proposition 5.5. Forevery n=1,2, ..., thecenter 6,(z) of the disk A, (z) is
given by the formula
L+ (2= 2) s iy Py (200, (2)

(2= 2) Ty 1@ (2)

Proof. By standard results on linear fractional transformations (using (5.1)) it
follows that

(5.15) o(z) =

n

(5.16) o,(z) = n (; é
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(Recall that all the coefficients in 4,(z), B,(z), C,(z), D,(z) are real.) From

(3.15a) we conclude by setting { = Z that the denominator of (5.16) equals
(z - 2) an=1 h,zn_l|Qm_1(z)|2. Similarly we conclude from (3.15¢) that the

numerator of (5.16) equals 1+ (z+2)Y"_ k2 P, _,Q, (2). O

6. ASYMPTOTIC EXPANSIONS AND NEVANLINNA FUNCTIONS

In this section we discuss the solution of the modified Pick-Nevanlinna prob-
lem.

Theorem 6.1. Let F(z) be a Nevanlinna function with the asymptotic expansions
(2.1a)-(2.1b). Let A(z) be the disk (or point) associated with F(z) through the
modified Schur algorithm, as described in §8§2 and 5. Then F(z) € A(z) for

every z € H+0 .

Proof. For every z € HE we have F(z) = §,(z, F,(z)) (cf. (2.15)), where
F,(z) are the tail functions defined by the algorithm. The functions F,(z) are
Nevanlinna functions. Therefore F,(z) € H,_ andso S,(z, F,(z)) €A, (z) for

all z € HE. Thus F(z) € A, (z) forall n,ie., F(z)€A(z). O

Theorem 6.2. Let a positive collection of power series (2.19) be given. Let F ( )
be a function which is analytic in H_, and such that F(z) € A(z) forall z € H°,
where A(z) are the disks or points assoczatea’ with the series through the modified
Schur algorithm as described in §§2 and 5. Then F(z) is a Nevanlinna function,
and F(z) has the asymptotic expansions (2.19a).

Proof. That F(z) is a Nevanlinna function follows from the fact that A(z) C
H, forall ze€ Hf.

Let 0 > 0 begiven,andlet r € {1, ..., p} befixed. Then forevery z € Rr,é
we have |Im(z —a,)/(z —a,)| > 6, hence |(z - 2)/(z—a,)| >J. Let N be
an arbitrary natural number, and let »n be a natural number such that r, = r
and 2g -2 > N, where g = g, . We see that when {Z"“ hfn lQm_l(z)z}_]
is expanded in power series in terms of (z —a,), the leading term will be of
the form k(z — ar)zq (recall that V, (a,) # O) . Thus there exists a constant c,
such that for z € R, ; and z — a, sufficiently small, we have

(6.1) Puci(2) < clz—a 7"

(Recall that |(z —a,)/(z — 2)] < 6.) We have f _ ,(z,71) € A,,,(z), while
F(z) € A(z) c A, (z). It follows that

(6.2) IF(z) = f,,,(z, D] < 2¢|z —a, "

It follows from (4.16) and Remark 4.4 (with n replaced by n + 1) that

2g+1

(6.3) [, (z,0)=)_ y(,r)(z—ar)j+0((z—ar)z‘”z) for t=0 or for 7= o0
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The function f,_,(z, 7) is a rational function, and it has therefore a convergent
Taylor series in a neighborhood of a,. (Note that f,(z, 0) is analytic at a, if

V,s1(a) #0,and f (z, 00) is analytic at a, if Y,  (a,) #0.) Consequently
there exists a constant d, such that

2g+1

S, =Yz ~a)

j=0

2g+2

(6.4) <dl|z-a,l for t=0o0r =00

when z € R, 5, z—a, sufficiently small. Combining (6.2) and (6.4) we see
that there exists a constant k, such that

2g9+1

ZY z-a

when z € R, 5, z—a, suﬂicwntly small. Since N < 2q — 2, it follows that
there exists a constant K such that

N
-Le-e

Jj=0

a ﬁq—l

(6.5) <klz-

N+1

(6.6) <K|z—a|

when z € R, 5, z —a, sufficiently small. This means that

(6.7) F(z) ~ f: »W(z-a). D
j=0

Theorem 6.2 together with Theorem 6.1 characterize the solutions of the
modified Pick-Nevanlinna problem for a positive collection (2.19) of power se-
ries. ( F(z) is a solution iff (2.1b) holds and F(z) € A(z) for all z.) However,
Theorem 6.2 does not in itself insure that there exist any solutions. We now
turn to this problem.

Theorem 6.3. Let a positive collection of power series (2.19) be given. Let z,

be an arbitrary point in H°, and let w, be an arbitrary point on 0A(z).
Then for each n there exists a t, € R such that a subsequence of {f,(z, t,)}

converges on Hf (uniformly on compact subsets) to a function F(z) which has
the asymptotic expansions (2.19) and which satisfies F(z,) = w, .

Proof. Let § > 0, n > 0 be given, and set S; p=1{z€R;:Imz > n}. For
z € R; we have |z - 2| =|2Imz| > 2|z| singd . Lct m be the smallest regular

index. In view of (5.2) we have p, (z) =1 /hm 11z = Z|, hence there exists a
constant A such that |p,(z)| < 4/ |z| for z € Ry . Similarly, in view of (5.2)

we have o, (z) = l/h,zn_llz — z|, hence also |al(z)| < A/|z| for z € R;. Since
f,(z, 1) € 0A,(2), we then have

(6.8) lzf,(z, 1) <24

for every generalized approximant f (z, 1), z € R;.
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For each n we can choose a 7, € R such that f,(z,, 7,) = S,(z,,7,) = 0,,
where w, — w, as n — co. It is easily seen that every compact subset of HE
is contained in a set R;. It follows by using standard results on compactness
of families of analytic functions (see, e.g., [9, 13]) that {f,(z, 7,)} contains a
subsequence { fnk(z, rnk)} such that deg Vnk =n, or deg Ynk =n, — 1, which
converges on H+0 to a function F(z) which is analytic in Hf, and such that
{zfnk(z, T”k)} converges uniformly to zF(z) in every Sa,n’ 6,n>0. Also,
{ fnk(z, ‘tnk)} converges uniformly to F(z) on compact subsets of H+0 . Since
Fi(zg, 1) =8,(25,7,) =0,, we have F(z)) =lim, , o, = w,.

Let ¢>0, 6 >0, n>0 be given. We choose N so large that

(6.9) sznk(z, tnk) —-zF(z)|<¢/2

for z € Sd,n’ n, > N. (This is possible by the uniform convergence of
z fnk(z, rnk) to zF(z).) We fix one such n, and choose e > n so large that

(6.10) 128, (2,7, ) =77 < /2

for z € S; ,. (This is possible by (4.17) and Remark 4.4.) We therefore have

(6.11) 1zF(z) -7 <e

for ze S 5.e This shows that
(6.12) F(z) =927 +0(z7").

For each z € H+0 and each n, f (z,7,) € A,(z). Consequently F(z) €
A(z), and by Theorem 6.2, F(z) has the expansions (2.19a). O

Theorem 6.4. Let a positive collection of power series (2.19) be given. Then
the corresponding modified Pick-Nevanlinna problem has solutions. An analytic
function which satisfies (2.1b) is a solution iff F(z) € A(z) for all z € Hf . The
problem has a unique solution iff the limit point situation obtains.

Proof. 1t follows from Theorem 6.3 that the problem always has solutions. In
the limit point situation there is exactly one analytic function F(z) satisfying
F(z)e A(z) forall z € H+0 , hence by Theorem 6.1 there is exactly one analytic
function with the expansions (2.19). For the limit circle situation there is for an
arbitrary z; an infinity of analytic functions having the asymptotic expansions
(2.19). O

Remark 6.5. We observe the following. Let F,(z) be a given Nevanlinna func-
tion with the asymptotic expansions (2.19). Then the collection of asymptotic
series is positive. It follows that the convergent subsequences of generalized
approximants used in the proof of Theorem 6.3 converge to N-functions F(z)
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with the same asymptotic expansions as F(z). (However, no such subsequence
need convergence to Fy(z).)

7. THE EXTENDED HAMBURGER MOMENT PROBLEM

The extended Hamburger moment problem (associated with the set {a,, ...,
a,}) is the following: Let {cj.') :j=1,2,...}, i=1,...,p, be sequences
of real numbers and ¢, a real number. Find distribution functions y(¢) (i.e.,
bounded, nondecreasing functions) which have the property
(7.1)oo . g

y (1) G .

/_oodw(t) Cos /-oo(t—a,.)j ¢, i=l,...,p,j=1,2,....
(For convenience we do not require here that w(¢) has infinitely many points
of increase.) This problem was treated in [17, 18] within the framework of
a theory of positive linear functionals and orthogonal rational functions. In
this paper we show (without making use of the material in [17, 18]) how the
moment problem fits into the framework of the theory of asymptotic expansions
of Nevanlinna functions.

We associate with the given sequences the series

(7.2a) Zm i=1,...,p,
(7.2b) —C, P
That is; we set
(7.3) y(.) cﬁil fori=1,...,p, j=1,2,..., y(_°f)=—c0,
and consider the series (2.19) with these coefficients. Asymptotic expansions
are as usual in the angular regions R ;,i=1,...,p, and R;, 6 > 0.
For each distribution function () we define its Stieltjes transform
. < dy(t

(7.4) (z) = t—":(—z)

—o0

We note that (z) is a Nevanlinna function.

Theorem 7.1. The following result holds for given {c;i)}, ¢y: If the distribu-
tion function y(t) is a solution of the moment problem (7.1), then the Stieltjes
transform y(z) has the asymptotic expansions

(7.5a) ZH]z—ai)j fori=1,...,p,
(7.5b) t/?(z)=—coz 'voz7h.
Proof. Set z =x +iy. We then have

X ® [x(t—x) = y*] + ity
7. = d
(7.6) 2(z)= [ e v,
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We note that (x(t—x) — yz)/((t - x)2 +y2) is bounded for z € R;, and tends
to —1 as z tends to oo in R;. Consequently,

(7.7) zy(z) — —/ dy(t) = —c,.
This means that

(7.8) (z) = (—¢y/2) = 0(z7"),

which is (7.5b).
Next fix an i € {i,...,p}. By expanding 1/(¢ — z) in a finite geometric
series in terms of powers of (z —a,)/(t —a;) we get

b

1 zi (z-a) L (z-a)

t—z (z—aA)”1 (t—a.)”+1(t—-z)

Jj=0 i i
and hence
X . i [ dy() n+1/°° dy(t)
= —da. —_— - &, *
¥(z) j=0(z a;) /_Oo (—a)y™ (z-a) o —a) 2]
Thus we have
(7.9) p(z)=Y W (z~a) +h(2)- (z-a)""",
j=0
where
i % dy (1)
7.10 B9 (z) = / .
(7.10) n (2) —oo (t—a)" (¢~ 2)

It can easily be seen that [t — z| > (¢ — a;)sind , hence
(i) 1 [ dy(@)
< =

when z € R; ;. Note that

| dvie-a <o

since [ dy(1)/(t - a,.)"+2 is assumed to exist. Thus there exists a constant
s; , such that
(i) ' +1
N J n
(7.11) W(z)-Y c(z—a)|<s, |z -a)
j=0

when z € R, ;.
This shows that (z) has the asymptotic expansions (7.5b). O
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Theorem 7.2. The following result holds for given {cy)}, ¢y If the distribu-
tion function y(t) is such that its Stieltjes transform y(z) has the asymptotic
expansions (7.5a)—(7.5b), then y(t) is a solution of the moment problem (7.1).
Proof. Again set z = x + iy . We then have

o

= S dy(t).

(7.12) Re(iyy(iy)) = / T

It follows from (7.5b) that iyy(iy) — —c,, and since ¢, is real, this implies
(7.13) Re(iyy(iy)) —» —¢, asy — .

The family y2 /(t2 + y2) tends to 1 monotonically as y tends to oo, and
therefore

o )2
(7.14) / 2 +y dwt)—»/ dy(t) asy — .
oo
From (7.12), (7.13), and (7.14) we conclude that
(7.15) / dy(t
Let k be a given index. We have
* (t—a,)d

(7.16) Re(¥(a, + iy)) = / U-a)dy(t)

- —o0 (t - ak) +y
It follows from (7.5a) that
7.17) v(a +iy)—->c(k) asy — 0.
( k 1
Since c( ) is real, this implies
(7.18) Re(y (ak+zy))—»c§ ) asy— 0.
By considering the cases ¢ < a, and ¢ > a, separately, we see that

t—a,
(t—a)+y°

tends to 1/(¢ — a,) monotonically when y tends to zero, and therefore

® (t—a)d
(7.19) / Uza)dv(t) | 6 ) Lo,
It follows from (7.16), (7.18), and (7.15) that
(7.20) it _ w,
e I —a,

Now assume that for some 7 it is known that

* dy() (k) .
(721) / W=C}-+l, j=0,...,n.




A MODIFIED SCHUR ALGORITHM 309

It follows from (7.5a) that
1 . ) j (k)
(7.22) o v(z) - Ecjﬂ(z —a) | -,

when z — g, in Rk’ s - This means that

1 o0 1 z (z—ak)j
(z_ak)n+1 /;00 (t_ z ;0 (t—‘ak)]+1) d'//(t)
(k)

tends to ¢,., when z tends to @, in R, ;. By summing the finite geometric
series under the integral sign we can write this as

(7.23) / T__dv@®

oo (t _ Z)(t— ak)n+1 n+2°

(k)

Since ¢, is real, the real part of the left-hand side of (7.23) tends to ¢, ,

n+2
hence

*® dy(t) (k)
(7.24) / ~—C,,, asy—0.
oo [(t—a)? + YNt~ ay) +

Again 1/[(t—a,)*+y*1(t—a,)" tendsto 1/(t—a,)"*

and ¢ >a, when y tends to zero, and therefore

monotonically for ¢ < q,

o0 dy(t) © _dy()
7.25 - —_—
(7.23) /_oo [(t—a)* +y*)(t-a)" /_oo (t-a)""?
Thus by (7.24) and (7.25) we have

* dy(@)  _ w
(7.26) /_oo —(t— ak)'n+2 =Cpya-

It follows by induction that all the moments of w(¢) exist, and that y(¢) is a
solution of the moment problem. 0O

Theorem 7.3. Let a positive collection of power series (2.19) be given. Then the
Stieltjes transforms of the solutions of the moment problem (7.1) are exactly
those analytic functions F(z) in Hf Sfor which (7.5b) is satisfied and for which
F(z) € A(z) forall z € Hf. Equivalently the Stieltjes transforms are those
analytic functions F(z) in H+0 which have the asymptotic expansions (7.5).
Such functions exist. The moment problem has a unique solution iff the limit
point situation obtains.

Proof. Let F(z) be a Nevanlinna function with the series (7.2) as asymptotic
expansions. From the expansion F(z) = —coz_l +o( z’l) it follows in partic-
ular that for y real,

(7.27) sup |iy F(iy)| < 0c.
y>1




310 OLAV NJASTAD

Then there exists a distribution function y(t) such that F(z) = y(z) (see, e.g.,
[1, pp. 92-94]). Thus all Nevanlinna functions with the series (7.2) as asymp-
totic expansions are Stieltjes transforms of distribution functions. The theorem
now follows by combining Theorems 6.1-6.4 and Theorems 7.1-7.2. O
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