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ON COMPLETE CONGRUENCE LATTICES
OF COMPLETE LATTICES

G. GRATZER AND H. LAKSER

ABSTRACT. The lattice of all complete congruence relations of a complete lattice
is itself a complete lattice. In this paper, we characterize this lattice as a com-
plete lattice. In other words, for a complete lattice L, we construct a complete
lattice K such that L is isomorphic to the lattice of complete congruence re-
lations of K . Regarding K as an infinitary algebra, this result strengthens the
characterization theorem of congruence lattices of infinitary algebras of G. Grit-
zer and W. A. Lampe. In addition, we show how to construct K so that it will
also have a prescribed automorphism group.

1. INTRODUCTION

In 1983, R. Wille raised the following question [24]: Is every complete lattice
isomorphic to the lattice of complete congruence relations of a suitable complete
lattice? See also K. Reuter and R. Wille [20].

A closely related question was raised by G. Birkhoff [1] in 1945: Is every
complete lattice isomorphic to the lattice of congruence relations of a suitable
(infinitary) algebra? In 1948, Birkhoff restated this question in the second edi-
tion of his “Lattice theory” [2]; however, “(infinitary)” was dropped from the
question. This was intentional; Birkhoff referred to some continuity conditions
that must hold in a congruence lattice of a (finitary) algebra.

The finitary problem was solved by G. Gritzer and E. T. Schmidt [15]in 1961.
The congruence lattice of a (finitary) algebra was characterized as an algebraic
lattice. The proof was based on a transfinite sequence of constructions starting
out with a partial algebra with the required congruence lattice and some special
properties, and repeating two steps:

(1) Form the free extension of the partial algebra.

(2) Introduce partial operations on the free algebra to “kill” all congruences
that do not arise naturally as congruences extended from the partial
algebra.
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The difficulty lay in showing that the special properties one started with were
preserved. A number of alternative proofs appeared. However, none provided
a direct construction; see, for instance, E. T. Schmidt [22], in 1973, W. A.
Lampe [16], and in 1976, P. Pudlak [18].

Grétzer and Lampe [13] announced a solution to the infinitary case in 1971~
1972, and obtained, in particular, an affirmative answer to Birkhoff’s 1945 ques-
tion. Since the algebra to be constructed was infinitary, the two step transfinite
construction became even more complex; see Appendix 7 of [7] for full details.
See also E. Nelson [17].

Considering the complexity of this proof, it was with some surprise that
the first author discovered' that the answer to the question of Wille is in the
affirmative:

Theorem 1. Every complete lattice L is isomorphic to the lattice of complete
congruence relations of a suitable complete lattice K .

We present in this paper a proof of this theorem, which is much simpler and
cleaner than the original proof of Gratzer (unpublished), and yields a lattice of
much simpler structure.

This result is a much stronger form of the infinitary case of the result of
Griatzer and Lampe: K is a complete lattice, while Grétzer and Lampe con-
structed an infinitary algebra of unspecified type. The construction is simple
enough to be presented in a few diagrams along with some explanations. The
lattice K is “planar” (i.e., of order-dimension 2). The proof uses a one step
construction, doing away with partial algebras, free algebras, and the transfinite
sequence of constructions. On the other hand, Gritzer and Lampe handle the
finitary and infinitary case together. The present method is infinitary in nature;
it does not apply to the finitary case.

A partial solution (L was assumed to be a complete distributive lattice in
which every element was the (infinite) join of (finitely) join-irreducible ele-
ments) was presented by Reuter and Wille in [20]. The construction of Reuter
and Wille yielded a finite lattice K for a finite lattice L. Hence their result
was a generalization of a theorem of R. P. Dilworth: Every finite distributive
lattice L is isomorphic to the congruence lattice of some finite lattice K .

The proof of Dilworth’s result was first published in Griatzer and Schmidt
[14]. A somewhat different proof, due to Gritzer and H. Lakser, appeared in
[6, pp. 81-84].

The proof of Reuter and Wille was based on an earlier paper of Wille [24]
on complete congruence relations of concept lattices. In [12], Gratzer, Lakser,
and B. Wolk showed how the approaches of [6] and [14] also apply.

!The results of this paper were announced by the first author on June 25, 1988, at an invited
lecture at the International Conference on Universal Algebra, Lattices, and Semigroups, at the
Centro de Algebra, Instituto Nacional de Investigagao Cientifica, Universidade de Lisboa. See also
the announcement in G. Gritzer [8].
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A very important partial solution to the question of Wille was obtained in
S.-K. Teo [23]: Every finite lattice L is isomorphic to the lattice of complete
congruence relations of a suitable complete lattice K. The coloring construction
for chains used in this paper originated in Teo [23].

For infinitary algebras, Grétzer and Lampe [13] (see also Appendix 7 of [7])
proved a much stronger result combining congruences with automorphisms. The
first author announced in Grétzer [8] that their result could be strengthened
the same way as Theorem 1 strengthened their characterization of congruence
lattices of infinitary algebras.

Theorem 2. Let L be a complete lattice with more than one element. Let G be
an arbitrary group. Then there exists a complete lattice K such that the lattice of
complete congruence relations of K is isomorphic to L, and the automorphism
group of K is isomorphic to G.

Our proof of Theorem 2 is much simpler than the (unpublished) proof of
Gritzer.

The basic notation is explained in §2. In §3, we introduce the coloring ¢ of
a chain C, and investigate the complete congruences of the associated expan-
sion C(¢). The crucial construction, which we call the 90, construction, is
discussed in §4; this, basically, guarantees that for a subset X of L— {0}, the
complete congruences associated with x € X join to the complete congruence
associated with \/ X . In §5, we construct a chain X ! from a nonempty subset
X of L—-{0}. From all such chains X " we build the chain C, and define
a natural coloring ¢ of C. We add some elements to the expansion C(¢) to
obtain, in C(¢), a copy of 9, , for each X ; the resulting lattice will be the
lattice K of Theorem 1. In §6, we investigate the complete congruences of K,
and prove Theorem 1. In §7, we show how to extend K to accomodate an
arbitrary automorphism group to provide a proof of Theorem 2. §8 contains
some comments on the construction.

2. NOTATION

L is the complete lattice we want to represent in Theorem 1. 0 and 1
denote the zero and unit element of L, respectively. If |[L| =1, it is trivial to
represent L. We shall, henceforth, assume that |L| > 2.

We shall be dealing with nonempty subsets X C L — {0} . Let us write

(2-1) X={x,|r<¢"},

where 1 < (¥ <¢=|L-{0}|. Let

(22) (X6 <x}

denote the family of all such sets; the elements of X' 9 are well-ordered:
(2-3) X ={x 1y <)

Since |L| > 2, it follows that there is at least one such X, thatis, 0 < x.
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9, denotes the five-element modular nondistributive lattice. €, is the n-
element chain with elements 0, 1, ..., n—1.

Let o be an ordinal, and for y < a, let Ay be a lattice. We denote by
2.(4, | 7 < @) the ordinal sum of the 4, for y < a; for two components, A
and B, A+ B denotes the ordinal sum of 4 and B (we place B on top of
A).

For ordinals a, f, the ordinal product o x f is regarded as the set {(y, J) |
y < a, 6 < B} ordered by (y,,6,) < (y,,9,) iff yy <y, or y, =, and
d,<9,.

For a lattice A4, let Ip A denote the the set of prime intervals in A, i.e., the
set of all intervals p = [u, v], where u <v. If p=[u, v] € IpA4, then for any
lattice B and b € B, we use the notation

px{b}=[u,bd), (v, b)] €lp(4x B).

If p, =[x,,y,1€IpA, and p, = [x,, y,] € Ip4,, then it will be convenient
to refer to the elements of the four-element sublattice of 4 x B generated by
p, x{x,} and {x,} xp, as follows:

o(pppz):(xl’xz)s a(pl’pz) =(y1>x2>,
b(pl,p2)=(xl,y2), i(pl,p2)=(yl,y2).
If 4, = 4, = A4, and p, = [x,, »], », = [X,,¥,] € IpA4, the notation
o(p,,p,), a(p,,p,), bp,,p,), i(p,,p,) refer to the four elements in A%,
where p, is regarded as a prime interval of the first component, and p, is
regarded as a prime interval of the second component.

For a (prime) interval p = [, v] in the lattice 4, we shall denote by © ()
or ©,(u, v) the congruence relation generated by the prime interval p. If 4
is understood, we use the notation ©(p) or ©(u, v). In case A4 is complete,
©',(p) or 8% (u, v) (or, simply, 8°(p) or 8°(u, v)) will denote the complete
congruence relation generated by p = [u, v]. Note that u = v (8) is equivalent
to B(p) < 6.

For a lattice A4, the congruence lattice of A is denoted by Con A ; the lattice
operations in Con 4 are denoted by A, V, and the infinite variants by A,
\/ . For a complete lattice 4, the complete congruence lattice of A is denoted
by Con‘ A4; the lattice operations in Con® 4 are denoted by A, V°, and the
infinite variants by A, \/. Notice that there is no change in notation for meets
(meets are set intersections); for complete congruences ©,, i € I, the complete
join, vc(ei | i € I) is the smallest complete congruence of A containing
VO, |iel).

We refer the reader to [6] for the standard notation in lattice theory.

3. COLORING

A coloring of a chain C is a map
p:IpC—L-{0}.
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FIGURE 1

o]

FIGURE 2

If pelIpC and pyp = a, one should think of 6}():) as the complete congruence
representing a € L — {0} in some extension K of C.

Following Teo [23], for a chain C and coloring ¢ , we define the lattice C(¢p)
as follows: the lattice C(p) is C 2 augmented with the elements m(p, , p,),
whenever p,, p, €IpC and p,¢ = p,p, and we require that the elements

(3-1) o(py, b)), alpy, py)s blpy,py), mlpy,p,), i(pyspy)

form a sublattice of C(¢) isomorphic to 9, , as illustrated by Figure 1, where
p, =[x,,y,] and p, = [x,, y,]. Obviously, C(p) is an extension of C. If C
is complete, so is C(¢).

For instance, let C be the chain of Figure 2, where the name of the elements
appear to the left of the o and the color of a prime interval appears to the right
of the edge. Figure 3 illustrates C(¢p).

The congruences of C” are of the form ©, x ©,, where ©, and ©, are
congruences of C. Now take only ©, and ©, with the following property:
(3-2)If p,, p, €IpC and p,p =p,¢, then

O(p,) <O, iff B(p,) <6,
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Now we extend the congruence ©, x8, on C? to Clp) (2 c? ) as follows: for
p,, », €IpC and p,¢ = p,9, let the elements in (3-1) be in one congruence
class. Let ©, X, ©, denote this extension. It is easy to compute that the
congruences of C(¢) are exactly the congruences of the form 6, x 0 e,.

In the special case © = ©, = 6, , we shall use the notation ©(yp) for the
congruence O x 0 0.

e

920 030
AP
0’004?.4? 0.

XK XX
RLLE

FIGURE 4
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By taking p, = p,, we observe that ©, and ©, collapse exactly the same
prime intervals of C. Thus, for a finite C, we have ©, = 8, ; the congruences
of C(p) are of the form 6(p), where © is a congruence of C with property
(3-2).

As an example, take the congruence © of the chain C of Figure 2, as shown
in Figure 4. Then ©(¢p) is the congruence of C(¢) as illustrated by Figure 5.

To handle the infinite case, for a complete lattice 4 and a complete congru-
ence ® on A, we define the prime interior of ©, pi ©, as follows:

(3-3) pi®=\/(©°(p) |pelp4, O(p)<8).

For the complete congruences ©, and ©, on the complete chain C, the rela-
tion O, x 0 8, , defined above on C(¢), is a complete congruence of C(¢) iff
condition (3-2) holds, in which case pi ©, =pi©,.

Let A be a complete lattice which is strongly atomic, that is, for any w, z €
A, w < z, there is an element p € A satisfying w < p < z. In a strongly
atomic complete lattice, there are very many complete congruences generated
by prime intervals:

Lemma 1. In a strongly atomic complete lattice A, the equality
pi© =06

holds for any complete congruence © of A.
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Proof. The inclusion pi © < © is obvious. Conversely, let x <y and x =y
(8); we wish to prove that
x=y (pi©).

Since pi © is a complete congruence, it follows that there exists a maximal
element z in [x, y] satisfying x = z (pi®). If z = y, we are done. Other-
wise, z <y, o, by the strong atomicity of A4, there exists an element p with
z<p<y.By x=y (0),it follows that z =p (). Since [z, p] is prime,
it follows from the definition of pi © that z =p (pi ©). Thus, x =p (pi©),
contradicting the maximality of z.

Combining Lemma 1 with the discussion of the congruences of C(g), we
obtain:

Lemma 2. Let C be a complete strongly atomic chain. Then the complete con-
gruences of C(p) are the congruences of the form ©(g), where © is a complete
congruence of C satisfying (3-2) with © =0, =0, that is, if p,, p, € IpC,
p,0 =p,0, and p, is collapsed by ©, then p, is collapsed by ©.

We shall leave the routine, though somewhat tedious, verification of this
lemma to the reader.

4. THE LATTICE M}

Let X ={x,|7< CX} CL-{0} be given as in (2-1).
First, we construct a chain X f , then the lattice M, . The chain X tis
defined (see Figure 6) as the chain

(4-1) ¢ +(wxX)+¢,.

The elements of X' are denoted as follows: the zero and unit elements are 0%
and 1¥ , respectively (for X d , We use 0° and 1° ); the other elements are
(42) =0, x0) < (0, X)) < < (i xg) < (LX) <o

for i<w.
We define a coloring q)x (for X g , denoted by (p‘s yon X ! as illustrated by
Figure 6:

(4-3) [0*, /10" = \/ x:
(4-4) [(i, x,), ulp” = x, fori<wandy< ¢,
where
I,%,,0), ify+1<¢";
(4-5) u= s ) ’ X
(i+1,x), ify+1=(".

Note that all the prime intervals are accounted for, so this is a complete defini-
tion of a coloring.
The following observation is trivial but crucial:
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Lemma 3. The chain X' is well-ordered, and 1% is a limit. In X', for every

jX <u< 1% and for every y < t*, there is a prime interval p in [u, 1*] such
that pp = x,.

Now we define the lattice 9, (and M s ) (see Figure 7). First, we form
Xt x ¢,. For x ¢ X T we identify (x,0) with x. (We make the same
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identification in (X ‘5)“ x &, , for d < x.) This makes X T a complete sublattice
of X Tx¢2. Then we form 91, by addingto X Tx€2 the element m* (denoted
by m® for X a) satisfying

0¥ <m* < 1%
Obviously, M, is a complete lattice, and X Misa complete sublattice of 9, .

5. THE LATTICE K

Now we are ready to construct the lattice K of Theorem 1. For every X g ,
0 < x, we construct the chain (X ‘S)Jr and form the ordinal sum:

(5 e+ (X 6 <xy+e,, if xis limit;
e+ (X 8 <1}, if x is not limit

(see Figure 8). The zero and unit elements of C are denoted by 0¢ and 1°,
respectively. Observe that if x is not limit, thatis, y = x,+1, then 1€ = 1%,

C is a well-ordered chain. In (5-1), we distinguished the two cases to make
sure that the unit element is a limit; this plays a role in the proof that K has
no nontrivial automorphism (see Lemma 14).

e =====-0O

18

PN

x9t

FIGURE 8
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Next, we define a coloring ¢ of C. For a prime interval p of C, let
p(p‘s, ifpe Ip(X’S), for some J < y;
(5-2) po=141, ifp=[0°,0";
1, if p=[1°,0°""], for some 6 < .
Reading the proofs in §§5 and 6, the reader will see that, for é < x, the color
[1‘5, Oa“]q) could have been defined as any element of L — {0}. Also, as an
alternative, in the definition of C, for § < yx, we could have identified 1° with
0°*! | thereby eliminating all prime intervals of the form [1°, 0°*'].
Finally, we define the lattice K as C(¢) augmented with the elements m’,
for 6 < x (see Figure 9).
More formally,
(5-3) K=Clp)u{m’|s<x}

partially ordered as follows, where x, y denote elements of C(¢p):
(5-4) x <y retains its meaning in C(9p);
m < x iﬁ‘(l‘s, OC) <xin C(p), ford <y;
x <m’ iff x <(0°,0% in C(p), ford < x.

It is easy to see that K is a complete lattice, C(¢) is a complete {0, 1}-
sublattice of K, and (0°, 0°) < m® < (1°,0) in K.
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We name a few elements of K :
(5-5)  0=(0%,0%; i=01,1%; 4 =("0%; a=(C,0"

o is the zero and i is the unit element of K. K has three atoms: q,, a,,
and m([Oo, OC], [OC , OO]) . Every element x # o of K contains an atom. In
fact, K is strongly atomic since every chain in K is well-ordered.

Without danger of confusion, we can identify the element (x, OC) of K
with the element x of C. Thus, C becomes a complete sublattice of K.
Note that in (5-4), with the new notation, we get:

m‘5<1‘5, foro < g; 0‘5<m‘5, ford < x;

and the new named elements become:
0= OC; a, = 0°,
It is important to observe that the interval [O‘s, (1‘5, 00)] of K isisomorphic
to WIX.S .
To sum up:

Lemma 4. K is a complete lattice. It contains C(¢) as a complete {0, 1}-
sublattice and C as a complete sublattice. K is strongly atomic. Every chain in
K is well-ordered. For 6 < y, attached to the appropriate part of C (namely,

to [0°, 1°]), K contains a copy of M s .
X

6. THE COMPLETE CONGRUENCES OF K

Let x € L. We are going to define a binary relation ©" on K. We show
that the correspondence

(6-1) wix —» 0"

is an isomorphism between L and Con‘ K (the lattice of complete congruences
of K ), proving Theorem 1.

As a first step, we define a binary relation ®* on C as follows: for v,
weC,v<w,

(6-2) v=w (®") iff pp <xforeverypelp[v,w]

It is routine to check that ®" is a complete congruence on C. Note that
o = @ , the zero congruence, and o' = I, the unit congruence.
Next, on C(¢), we define (see §3)

(6-3) 0" = &' (p).

Finally, to extend 8" to K, we only have to make provisions for m° , for
0<y.For y, ze{m‘s, 05, 1‘5}, y#z,let

(6-4) y=z(©" iff 0°=1°(@")inC.
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For w € C(p), let

(6-5) m’=w (@) if 0°=1° (@)

and 1° = w (") in C(p).
Lemma 5. For all x € L, ©" is a complete congruence relation on K .

The verification of this lemma will be left to the reader. We give just one cau-
tion: In C, by (5-2), [OC , 00](0 = 1. Hence, the prime interval [0‘s , (06 , OO)]
of K is not collapsed under any ©° with x < 1. Were this not true, Lemma
5 would fail.

Note that €’ = w, and ' =1, .

Lemma 6. y is one-to-one and isotone.

Proof. Let v, w € L. If v < w, then by (6-2), (6-3), (6-4), and (6-5), we
conclude that 8° < ©¥ . Hence, v is isotone.

Let v, we L—{0}, and let 8" = ©" . There is a prime interval [a, b] in
C with [a, b]lp =v,and soin K,

Since 8" = 8", it follows that
a=b (8").
By the definition of ©“ = ®“(p) (in §3), it follows that, in C,
v =[a, blp <w.
By symmetry, w < v, implying that v = w. Therefore, ¥ is one-to-one on

L-{0}. Since 0’=w and 8" # w, forall xe L - {0}, it follows that y
is one-to-one on L.

The next lemma is our first step in proving that all complete congruences
# w of K are of the form 6", for some x € L—{0}.

Lemma 7. Let p be a prime interval of K. Then there exists a prime interval p
of C C K such that

8% (p) = B% (D).
Proof. Let q, and g, be prime intervals in C. The listing p — p given below
is complete (that is, any prime interval p of K occurs on the left side):

(6-6) g, x{x}—aq, for x € C;
{x}xq,—q,, forx € C;

[o(a;, 95), m(a;, a5)] — qy, if g0 =0,0;

[m(a,, ay), i(a,, ;)1 — a;, if 9,0 =0q,0;

[m‘s, 1"]—*[0‘5,1'5], foro < x;
[0°, m’1-10°, %1, ford<y.
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The first five pairs of intervals in (6-6) are in fact projective, hence,
Ok (p) =64 (P);
in particular,
8 (p) = B (P).
To verify the last assertion in (6-6), compute:
o’ =m’ (B0, m’)),
and so
©0°,0%=0"v 0,0 =m’v (0, 0% =1
yielding

2,0% (©0°, m"),

0°=(0°,00A°=(1
This proves that
e’, j°) <e’, m’);

in particular,

6’0", /') < €°(0°, m").

To prove the reverse inclusion, we start with
0'=j" (0, /).
It follows that
m=0Cvm’=Pvm’ =1° (O, j°),
and thus, for any u € [j'5 , 1‘5] , we have
O =m’ Au=1"Au=u (&0, j%).

By Lemma 3, 1° is limit, hence the complete join of these elements u is 1.
Thus,

=1 (&0, j°),

and so
b

P aml =P’ =m’ (80, /),

completing the proof of the last case.

By Lemma 7, to investigate the congruences ©°(p) of K, it is sufficient to
take prime intervals p of C.

Lemma 8. Let p, and p, be prime intervals of C satisfying p,¢ = p,¢. Then
O%(p,) = B (p,) in K.

Proof. If p,¢ = p,p, then p, and p, are projective in K (see Flgures 1, 2,
and 3) and the statement follows.

The following formula is the crucial step in the proof of Theorem 1:
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Lemma9. Let X CL—-{0},and X # 3. Foreach x € XU{\/ X}, choose a
prime interval p of color x of C C K. Then, in K,

(6-7) 9}(9\/;() =\ (6(p,) | x € X).

Proof. Let X = X g (0 <y). By Lemma 8§, the complete congruences are not
effected by which prime interval of a given color we choose. So we choose

(6-8) pVX=[0'5,j‘s]; px=[(0,Xf),u], forx=xf,

where
0, x ify+1<¢;
(6-9) U= { ( 7+1> 4 CJ
(l,xo), ify+1={_".
The statement of Lemma 9 can, now, be rephrased as follows:
In K,
(6-10) 05(0°, j°) = \/ (€50, x)), u)) |y < ),

where u is defined in (6-9).

As we pointed out in §5 (see Lemma 4), the interval [0‘5, (15, 00)] is iso-
morphic to 9M,, . Hence the following statement is a stronger form of (6-10):

In ?)JTX(S ,

(6-11) 65, (0", 1) = /(O (0, x)), 1)) | 7 < 1),

where u‘: is defined in (6-9).
To prove (6-11), consider in 9, the well-ordered chain Q:

P =00,x0) < (0, X)) < < (i, X0 < i, X)) <o < X0) <

where i < w and y < C‘s . Each prime interval of this chain,

, J . J . 1)
[(i, x,), (i, x,. )], fori<w, y<{7,

i, x0), (i+1,x0)], fori<w, y+1=0",
is of color x, for some x € X—see (4-3) and (4-4). Thus
0= \/ L) | x €X)

collapses all the prime intervals of Q. Since Q is a well-ordered chain, 1°
is a limit, QU { 1‘5} is a complete sublattice of 9M,,, and O is a complete

congruence, it follows that © collapses [ i, 1‘5] Thus,

0=\ (5,0, | xcX) =85 (/1.

Now,

CHUIE
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meeting with m’ , we get that

é d .0

0’ =m (O , (" 1)).

Joining with (0°, 1), yields that

J 0

O, =01 O, 1

))-

Finally, meeting with j’s , we obtain that

5 _ 4 c X 6
0°=j" Oy, 1)

Therefore,
8 16 5 0
VO, (5,) [ x € X) =6, (7, 1°) 28, (07, j°) =6 ,(by/ x)
proving < in (6-11). Since > in (6-11) follows from Lemma 6, this completes
the proof of the lemma.

Applying Lemma 9 to the special case X = {a, b}, 0<a<b in L, and
to two prime intervals p,, p, of C C K, with p,¢ = a and p,p = b, we
conclude that

Lemma 10. p,¢ < p,¢ in L implies that ©%(p,) < O%(p,) in K.

Now we are ready to tackle complete congruences generated by prime inter-
vals:

Lemma 11. Let p be a prime interval in C C K. Then
(6-12) e (p) = 0".

Proof. Lemma 10 states that 6;(1:) collapses all prime intervals p, of C sat-
isfying p,¢ < pp. Thus ©%(p) defines the relation ®*’ of (6-2) on C which
was used to define ©"/ in (6-3), (6-4), and (6-5), hence the equality.

Now we are ready for the final step:

Lemma 12. All complete congruences # w of K are of the form ©*, for some
xeL-{0}.

Proof. Let @ be a complete congruence of K. Since K is strongly atomic
(Lemma 4), by Lemma 1, pi ® = ®, and so

®=\/©(p) [peIpK, O(p) < D).
Thus, by Lemma 7,

®=\/©(p) |peIpC, B(p) < D).
By Lemma 11, it follows from this formula that

o=\/O"|xeX),
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where X ={pgp |pelIpC, O(p) <P}. By Lemma 7, X # &. Now we apply
(6-7), and we obtain

o=0V"*,
completing the proof.

By Lemma 6, y is one-to-one; by Lemma 9, y preserves joins (in fact,
infinite joins). By Lemma 12 and the observation that w, = e’ , any complete
congruence ® of K can be represented as ® = ©* for some x € L ; thus, y is
onto, proving that y is an isomorphism between L and Com‘K , completing
the proof of Theorem 1.

7. PROOF OF THEOREM 2

Based on the results of R. Frucht [4] and G. Sabidussi [21] (see, also, A. Pultr
and V. Trnkovad [19]), it is routine to see that we can represent the group G as
the automorphism group of a connected undirected graph & = (V, E) without
loops, where V is the set of vertices and E is the set of edges.

Next, we represent G by a bounded lattice and lattice automorphisms. As
in Frucht [5], from & we form the lattice:

H=VUEU{0,1},

where 0 <v<1l,0<e<l,forallveV and ec E;let v <e in H iff
v € e. Note that H is of length three, and therefore complete.
The graphs constructed in Frucht [5] have the following property:

(7-1) For v eV, thereare e, e, € E with v £ e, e, and ¢, Ne, = .

It is easy to prove that if the graph & has property (7-1), then the associated
lattice is simple. Hence, H is a simple lattice.

We attach H to K by identifying the unit element i of K with the zero 0,
of H; we add a complement g of i (see Figure 10). The next three lemmas
show that the resulting lattice K,, will do the job.

FiGURE 10




402 G. GRATZER AND H. LAKSER

__Let © be a complete congruence relation of K. We shall define an extension
© of © to K, : If © <1, let © be the congruence relation of K, thatis ©
on K and trivial outside of K. More formally,

(7-2) x=y ®) iff x=y orx, yeK and x=y (0)
for x, y € K. We define 7 =1, .

Lemma 13. The complete congruence relations of K, are the relations of the
form ©, where © is a complete congruence of K .

Proof. The proof is by straightforward computation. Note only that if 8 <1,
then, in K, {0} is a congruence class of ©; this is why the extension © can
be defined to be trivial outside of K. Since H is simple, it follows that all
complete congruences of K, extend from K.

Lemma 13 immediately implies that the complete congruence lattice of K,
is isomorphic to the complete congruence lattice of K .
Now, for the automorphisms.

Lemma 14. K has no nontrivial automorphism.

Proof. Let o be an automorphism of K. Under «, the image of a meet-
reducible atom is a meet-reducible atom; therefore, a,a = a, or a,a = a,. The
latter is impossible since, in K, [a,) is nonmodular while [a,) is modular.
Hence,

aa=aq, and a,a=a,.
The elements 1€ (= (lc, OC)) and (OC, lc) are the only doubly-irreducible
and completely join-reducible elements in K ; since a,a = q,, it follows that

14=1% and (0%, 1a = (0%, 1°).

Therefore, the interval [q, lC] is mapped into itself by o and so the meet-

reducible elements of the interval, that is, the elements of the form (OC, x),
x € C, are mapped into themselves. We conclude that o can be regarded as
an automorphism of C. Since C is a well-ordered set, it has no nontrivial
automorphism and so o is the identity map on C. Arguing similarly, we get
that o is the identity map on { (0, x) | x € C}. Therefore, a is the identity
map on C x C. It now easily follows that a is the identity map on C(¢) and
on K. This completes the proof of the lemma.

Now, let a be an automorph.sm of H. We extend o to K, trivially:
_ { xa, ifxeH,;
xa=

7-3
(7-3) X, otherwise.

Lemma 15. Let o be an automorphism of H. Then @ is an automorphism of
Ky, . Conversely, every automorphism of K,, can be uniquely represented in this
Sform.

Proof. Let B be an automorphism of K, . Observe that 0, = i is the only
element u of K,, with the property that there is a maximal chain of length three
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in [u, 17 ]. Hence, if =i. Thus B induces an automorphism g, of K and
an automorphism B, of H. By Lemma 14, B, is the identity map. Define
a = B, . Then B =@, as defined in (7-3), as claimed. This representation is
obviously unique, completing the proof of the lemma.

Lemma 15 obviously implies that the automorphism group of K, is isomor-
phic to G. Therefore, Lemmas 13 and 15 prove Theorem 2.

8. CONCLUDING COMMENTS

We see from this paper how differently complete congruences of a complete
lattice and congruences of a lattice behave. If K is a lattice and p is a prime
interval of K, then ©(p) is a join-irreducible element of Con K . The complete
lattice K constructed in the proof of Theorem 1 has the property that every
O > w is generated by a prime interval; that is, for every complete congruence
© other than the trivial congruence « there is a prime interval p of K such
that © = °(p).

We have already utilized in Lemma 13 another property of K: If © is a
complete congruence of K and © <1, then {0} isacomplete congruence class
of ©. To prove the result announced in [9], we also need the dual property.
Let us state the properties of K formally:

Theorem 1’ . For every complete lattice L, there is complete lattice K with zero
and unit elements o and i, respectively, with the following properties:

(1) L is isomorphic to the lattice of complete congruence relations of K .

(2) For every complete congruence © of K other than the trivial congruence
w, there is a prime interval p of K such that © = 6“(p).

(3) For any complete congruence © of K, if © <1, then {0} is a complete
congruence class of ©.

(4) For any complete congruence © of K, if © <1, then {i} is a complete
congruence class of ©.

(5) K has no nontrivial automorphism.

Proof. To satisfy (4), we have to add a dual atom m€ to C , and color the new
prime interval by 1: [mc, lc](o = 1. The only problem is that the resulting
lattice K’ fails to satisfy (5). It is easy to see that by removing from K’ two
elements, (1€, 0°) and (0, 1), we obtain a lattice K" satisfying all five
properties.

Alternatively, in the construction of K, we can choose y as a successor
ordinal, &+ 1, and choose X* C L - {0} sothat /X ¢=1. Then K satisfies

property (4).

From the point of view of infinitary universal algebras, Theorem 1 is very
pleasing; it represents every complete lattice L as the lattice of complete con-
gruence relations of a suitable complete lattice K, while Gratzer and Lampe
[13] represented L as the lattice of congruence relations of an infinitary uni-
versal algebra of unspecified type. Since one can view a complete lattice L as
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an infinitary algebra, the new result contains the old. However, it should be
pointed out that we do not get a uniform type. In fact, it was proved in 1979 by
R. Freese, Lampe, and W. Taylor [3] that it is not possible to have a uniform
type of finitary universal algebras in the finitary congruence lattice characteriza-
tion theorem. The analogous result for infinitary algebras is trivial to prove. In
contrast, what we get in Theorem 1 is a family of types associated with complete
lattices.

It seems like an interesting question whether there is a natural family of
finitary types that would admit a uniform representation of congruence lattices
of finitary universal algebras.

In Gritzer and Lakser [11], we present a general result, the One Point Exten-
sion Theorem, concerning extending lattices by an element for every interval in
a given family of intervals. The One Point Extension Theorem gives conditions
under which congruences extend, and extend uniquely. A number of special
cases of this result are contained in the present paper: the statement in the
paragraph following (3-2), Lemmas 2, 5, and 13.

Some of the results of this paper generalize to 9-complete lattices; these
results were announced in [10] and written up in [11].

Theorem 1’ has an interesting application to infinitary universal algebra an-
nounced in [9]: a new proof of the independence of the congruence lattice, the
subalgebra lattice, and the automorphism group of an infinitary universal alge-
bra. This independence result was first announced in [13] (see Appendix 7 of
[7] for a complete proof). While the proof of Gratzer and Lampe apply to both
the finitary and infinitary case, the new simpler proof only does the infinitary
case.
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