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FINITE CODIMENSIONAL SUBALGEBRAS OF
STEIN ALGEBRAS AND SEMIGLOBALLY STEIN ALGEBRAS

HA HUY KHOAI AND NGUYEN VAN KHUE

ABSTRACT. The following theorem is proved: For each finite codimensional
subalgebra A of a Stein algebra B there exists a natural number n such that
B is algebraically isomorphicto 4 & C”" .

1. INTRODUCTION

This paper continues a series of papers on the finiteness of complex analytic
spaces. It is well known that for complex Stein spaces a number of problems
of complex analysis have solutions: the first Cousin problem, the problem of
continuation of holomorphic functions on analytic sets, and so on. In [4] we
give a vector space structure to the class of additive Cousin data {U;, ¢;} ona
complex space X, and we consider the class of complex spaces for which the
set of additive Cousin data having a solution (i.e., the set of additive Cousin
data {U;, ¢;}, i €I, for which there exists a meromorphic function ¢ on X
such that ¢ — ¢; is holomorphic on U; for each i € I) is “sufficiently large”; it
is a finite codimensional subspace. In [5] we study complex spaces with the fol-
lowing property: for each analytic set ' in X the space &(X) of holomorphic
functions on X considered as a subspace of the space @(V) of holomorphic
functions on V is a finite codimensional subspace. In the present paper we
consider certain properties of finite codimensional subalgebras of Stein algebras
and obtain some corollaries for the continuation of holomorphic functions on
Stein subspaces of complex spaces.

First of all we recall some notation and formulate the results of this paper.

A C-algebra is called a Stein algebra if it is algebraically isomorphic to the C-
algebra @ (X) of holomorphic functions on a Stein space X . For every algebra
B we denote by S(B) its spectrum and by S*(B) the noncontinuous spectrum.
It is known that for a Stein algebra B we have

B=@(S(B)) and S*(B)=S(B).

Main Theorem. For each finite codimensional subalgebra A of a Stein algebra
B there exists a natural number n such that B is algebraically isomorphic to
A Cr.
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There are some corollaries that can be deduced from the Main Theorem but
we need some more notation to explain them.

A complete m-convex algebra B is said to be a semiglobally weakly holomor-
phic algebra if it is isomorphic to the algebra @ (K) of holomorphic functions
on a weakly holomorphic compact set K (we recall that a compact set K is said
to be weakly holomorphic if it has a decreasing neighborhood basis consisting
of open sets having an envelope of holomorphy).

Corollary 1. Let A be a finite codimensional subalgebra of a semiglobally weakly
holomorphic algebra B. Then B is algebraically isomorphic to A®C" for some
natural number n .

Corollary 2. Let V be a Stein subspace of a complex space X , and let R:7(X)
— @(V) be the restriction map. If dim@(V)/RO(X) < oo, then there exists a
finite subset T C V such that

(i) V\T is an analytic subset of X,
(ii) the restriction map R:@(X) — @(V\T) is surjective.

2. PROOF OF THE MAIN THEOREM

2.1. Lemma. Every finite codimensional subalgebra of a Stein algebra is a
closed subalgebra.

Remark. It is well known that a finite codimensional subspace of a Banach space
must be closed and complemented.

Proof of Lemma 2.1. Let B be a finite codimensional subalgebra of a Stein
algebra B. Assume that A # A. Take f € A\A4, and consider the subalgebra
A[f] of 4. Since dim A[f]/4 < dimB/4 < oo, there exists the minimal
polynomial for f:

P(x)=x"4+cp 1 X" '+ +x +ag,

where ¢, ...,c,.1 €C, age 4, P(f)=0. We first prove that the discrimi-
nant D of the polynomial P is nonzero. Suppose on the contrary that D =0,
then for every B € S*(B) we have

nf(B)""' + (n = Dear J(B)" 2+ +01 =0,
where f denotes the Gelfand transform of f. It follows then that

fn—l+n_1

This however contradicts the fact that the polynomial P(x) is minimal. This
shows D # 0. Now take w € —S*(4) so that D(w) # 0. One finds two
complex numbers A; and A, satisfying

ATt Cp A 4 Ay + Go(w) =0,
M+ 4+ 0idy + Go(w) = 0.

We define then two multiplicative linear functionals w; and w; on A[f] by
the following formulas:

w) (Zb,ff) =Y "bjw)i{,  w (ijff) =" bj(w)A.
j=0 Jj=0 j=0

j=0

- C
Cn_lfn 2++;1=0.
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It is easy to see that the functionals w; and w, are correctly defined, since
if for some polynomial Q we have Q(f) = 0 then Q(x) = P(x)R(x) and
w1 (Q(f)) =w2(Q(f)) =0

Let I, and I, be the integral closures of kerw; and kerw, in B, respec-
tively. Then we have I, n A[f]1=kerw, and LNA[f]=kerw,; I,,I, # B.
We let 11 and I;_ denote max1mal ideals of B which contain I; and I, re-
spectively. Then B/Il and B /12 are fields which are integral over A[ /L =
and A[f]/I, = C. This implies that B/Il B/Iz C, and hence Il = kerwl ,
I, = kerw, , where W, W, € S*(B) = S(B) . By the continuity of @, and
we have |5, = W25, - This contradiction proves Lemma 2.1.

2.2. Proof in the special case: S*(A) is normal. Let R:S*(B) — S*(A4) be the
restriction map. Since B is integral over A, R is finite, proper and surjective.
By Cartan’s theorem, S*(A4) has a Stein space structure such that
(i) A isdensein @(S*(4)) (and then, by Lemma2.1, 4 = A = @ (S*(4 ))),
(i) if f € @(S*(B)) is such that for all w € S#(A) one has f|g-i(y) =
const. , then f € @(S*(A4)).
Let S*(A4) = 11Y; be the decomposition of S*(A4) into irreducible branches.
For every j we denote X; = R™'Y;. Then we have

dlmHﬁ’ = dim@(S*(B))/@(S*(4)) < .

This implies that for Jj sufficiently large we have @ (X;) = @(Y;). Thus, without
loss of generality we may assume that S*(A4) is irreducible.

We prove the Main Theorem by induction on n = codim 4.

(1) n = 1. In this case we have B = Cf + A and there exist a, § € C;
g,h € A such that f2 = af + g, f3> = Bf +h. This implies that f3 =
Bf+h=af’+gf=a’f+gf +ag,

fle*—B+g)=h-oag.
We consider separately two cases depending on whether or not o2 — f + g is
Zero:

(1) a2 — B+ g #0. In this case V(a? — B+ g) (the analytic set defined by

a? — B + g) is an analytically rare set and we have

h — aglsnanve—pre)

— B+ &lstB\R(V (02— p+g))
Thus f € @(S*(A)\V(a®2~B+g)). Since R is proper, f is locally bounded on
S*(A) . From the normality of S*#(A4) it follows that there exists f € &(S*(4))
such that f = f|S.. A\V(a2—p+g) - On the other hand, since R'V(a®-B+g))
is an analytically rare set, we have fR = f. Hence, f € @(S*(4)), and we
have @(S*(B)) = @(S*(4)) = A = A, which contradicts the hypothesis that
codimA4 =1.

Thus, we have only the following case.

(ii) a2—B+g=0. Inthiscase g =4 € C,and we have f2—af+1=0.1It
follows that f takes only two distinct values. We prove that in this case there
exists a compact set K C A such that the map

R:S*(B)\R™'(K) — S*(A)\K

fsrpnr-10v@i-pre) =
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is injective. If we assume the contrary, then there exist sequences {zj ,},
{zk,2} € S*(B) such that R;, =R, , =ty — oo and zx | # zx , for all
k. Take u € @(S*(B)) such that u(z; ;) = k, u(zx ) = —k. Assume that
u=yf+1,where ye C, [ € A. Then we have

{f(zk,1) = f(2k 2)} — oo

This contradicts the fact that f takes only two distinct values. Thus there exists
a compact set K such that f|s«pp\r-1x) € @(S*(4)\K). We denote by W the
set of irreducible branches of S*(B) intersecting with S*(B)\R~!(K). Then
we have S*(B) = WII T, where T is a finite subset of S*(B). Let m be the
number of elements in 7. We have
B=O(S*B)2OW)aC"=a(S*(4)aC" 24 C" =48 C™.
This completes the proof in the case n = 1.
(2) codimA =n > 1. In this case we have
B=A4AeCfia---aCf,.
We consider separately two cases: A[fi]# B and A[fi]=B.
(i) A[fi]# B. Then we have dim A[f}]/4 < dimB/A=n.
We consider the restriction map
Ry:S*(A[A1]) — S*(A).
R, is proper and surjective. It follows from the Grauert-Remmert theorem that
S*(A[f1]) has Stein space structure such that A[f}] & @(S*(A[f;])). Hence,
A[f1] is a Stein algebra. From the inductive hypothesis it follows that A[f}] =
Ao C", B2 A[fil®#C™. Thus, BZX A Cnt",
(i) A[fi]= B. Since codim 4 < oo, there exists an m such that
f1m+1 = amflm +am_|flm_1 +"'+011f1 +ap;
S = B+ B 7+ + Bufi + bo,s
where ai, ..., am; B1,..., Bm €C; ap, bg € A. We have
B+ -+ Bifi+bo=amfi" +---+aofi
= am(amfi" +oz,,,_1f1'”_l + -+ afi +ag)
+am_1f{”+-~-+a1f12+a0f1.
From this it follows that
flm(ﬂm - af,, +am_1)+ f]m_l(ﬂm—l — O Om—] — Qpy—2)
o+ fi(Br = amen — ag) = —bo.
Therefore, a proof similar to that in the case » = 1 gives us:
B=@(S*(B) =~ A® C* for some k.

—_—

2.3. Proof in the general case. We denote by v:S*(4) — S*(A4) the normaliza-
tion of S*(A4). Consider the commutative diagram:

~

Z = S*(B) x S*(4) X S*(4)
S*(4)
1 lv
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Let {G,} be an increasing exhaustion sequence of holomorphically convex do-
mains in $*(4). Then {R~'G}, {R-1v~'G,}, and {vr~'G,} are exhaustion
sequences of holomorphically convex domains in S*(B), Z, and S#/(:l) , Te-
spectively. For each k > 1 we consider the following exact sequence:

0— @(Gy) » O(R™'Gy) — O(R™(Gy))/@(Gy) — 0.

Since for every k > 0 the restriction map @(Gy,,) — €@(Gy) has a dense
image, we have

@ (S*(B))/(S*(A)) = lim (R ~1Gy) /@ (Gy).
Therefore there exists a ky such that for all k£ > k; we have
dim@(R™'Gy) /@ (Gy) = dim@(S*(B)) /@ (S*(A)).
From the relation R~y = {x € S(B); Rx =vy} = R !vy it follows that
G 'RTIGY) /(v Gy)

is an integral extension of @(R™'Gy)/@(Gy) of degree < sup{#R;'} < oo,
y € S*(A). This implies that there exists k; > ko such that for k > k; we have

dim@ (P~ 'R'G,)/@(v~'Gy) = const.
By the result of §2.2 we have
CHO'RT'G)=2O(W'Ga C"
for some n independent of k > k; . Therefore we have

O(SHA) o CY ~B(Z); Z=SHA)U{p,...,Dpn},

and ﬁ:Z\{pl yeeesDn} & S# \{Rpl Y eees Rp,,}. From this it follows that
there exists an analytically rare set ¥ C S*(A4) such that
(1 R:S*(B)\R™'V = S*(4)\V.

On the other hand, we have
dim@(R™'V)/@ (V) < dim@(S(B))/@(S(A)) < co.

By induction we have Z(R™!V) > @ (V)@ C? for some p > 0. Hence there
exist qp, ..., gp € R™'V such that

(2) RRW\{aq1,....q} S V\{Ra1, ..., Rgp}.
From (1) and (2) we obtain
R:S*(B)\{q1, ..., a} > S*(A)\{Rq, ..., Rq,}.

Hence we have
B=@(S*B) =0 (S*(4)aCP 2 A4aC’ =4 C.
The theorem is proved.

3. PROOF OF THE COROLLARIES

3.1. Proof of Corollary 1. Let A be a finite codimensional subalgebra of a
semiglobally weakly holomorphic algebra B: B = @ (K), where K is a weakly
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holomorphic compact set. Take a decreasing neighborhood basis Z of K con-
sisting of open sets having envelope of holomorphy such that dim, U > 0 for
all U €  and x € U\K. Suppose that B=Cfi®--- & Cf, ® 4, and set
Ay = An@(U). We may assume that f;,..., f, € @(U;). Foreach U e Z
we denote by U its envelope of holomorphy and by Jy, J the canoni-
cal maps: dy:U — 17, 0o: K — S@(K). Then we have dim@(U)/Ay =
dim@(K)/A, dim,U >0 forall Ue %, Uc Uy, and x € U\6yU . Since
63:0(U) > @(U) forall U e, itis easy to see that dim, SZ(K) > 0 for all
Xx € S@(K)\d0K . Therefore, by the Main Theorem, there exists a finite subset
{z1,..., 2z} C K such that @(U) 2 Ay ® F({z1, ..., zp}) forall U e Z,
U C U, . This implies that

oK)= m oU) = li_r)nZU eCP = AaCP.
Ue% ve#
The corollary is proved.

3.2. Proof of Corollary 2. Let V be a Stein subspace of a complex space X ,
and let R:@(X) — & (V) be the restriction map and dim&@(V)/RE(X) < .
We set A = RZ(X). By the Main Theorem we have (V)= A& C" for some

n. From this it follows that there exists a finite set {z;,..., z,} C V such
that A=2&(V\{z, ..., zn}). Corollary 2 is proved.
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