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STABLE AND UNIFORMLY STABLE UNIT BALLS
IN BANACH SPACES

ANTONIO SUAREZ GRANERO

ABSTRACT. Let X be a Banach space with closed unit ball By and, for x € X,
r>0,put B(x;r)={u € X:|lu—x|| <r} and V(x,r) =By NB(x;r).
We say that By (or in general a convex set) is stable if the midpoint map
®): By x By — By, with ®p5(u,v) = %(u + v), is open. We say that
By is uniformly stable (US) if there is a map a: (0,2] — (0, 2], called
a modulus of uniform stability, such that, for each x,y € By and r €
(0, 2], V(%(x +y);a(r) C %(V(x; r)+ V(y;r)). Among other things, we
see: (i) if dim X > 3, then X admits an equivalent norm such that By is not
stable; (ii) if dim X < oo, By is stable iff By is US; (iii) if X isrotund, X is
uniformly rotund iff By is US; (iv) if X is 3.2.LP, By is USand o(r) =r/2
is a modulus of US; (v) By is USiff By« is USand X, X** have (almost)
the same modulus of US; (vi) By is stable (resp. US) iff B¢k, x) is stable
(resp. US) for each compact K iff By x) is stable (resp. US) for each Cho-
quet simplex K ; (vii) By is stable iff B o(u, X) 18 stable for each measure u
and 1 <p<o.

0. INTRODUCTION

Let X be a normed space and By and Sy the closed unit ball and unit
sphere of X, respectively. If A4, B are subsets of X, define the distance
d(A, B) = sup,cinfyep{llx —y|}. If x € X and ¢ > 0, we write B(x;¢) =
{yeX:|x—y| <e} and V(x;¢) = Bx N B(x;¢e). We denote by Ext(C)
the set of extreme points of a set C. A convex set C is said to be stable if
the midpoint map ®,,,: C x C — C, ®pp(u,v) = %(u + v), is open. Stable
convex sets have been studied in [4, 12, 3]. Many Banach spaces have sta-
ble unit ball, namely: strictly convex or rotund Banach spaces, Banach spaces
with 3.2.L.P. [4, p. 195], finite dimensional Musielak-Orlicz spaces [5], etc. In
case of stable unit balls, the characterization of some extreme elements is very
easy. For instance, if K is a compact space, By stable and f € C(K, X),
then f € Ext(Bci,x)) iff f(K) C Ext(By). If K is a Choquet simplex,
By stable and f € A(K, X) (= affine continuous functions g: K — X),
then f € Ext(Byx,x)) iff f(Ext(K)) C Ext(Bx) (see [4, 2.1. Theorem]). Let
FZ (X, C(K)) be the space of compact operators 7: X — C(K). It is known
that Z (X, C(K)) is isometrically isomorphic to the space C(K, X*). Follow-
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ing Morris and Phelps [11], an operator T € Z (X, C(K)) is said to be a nice
operator, if its adjoint 7™ satisfies 7*(K) C Ext(By-). Let /' Z (X, C(K))
be the set of nice operators. Then clearly /.7 (X, C(K)) C Ext(Bx(x, c(k)))
and, if By. is stable, we have /7 (X, C(K)) = Ext(By(x,c(x)) (see[2, 15,
16]).

If x,y € By and s > 0, denote D(x,y;s) = %[V(x;s) +V(y;s)]. Ob-
viously, D(x, y;s) is a convex and, in general, not norm closed set; but if
X 1is a dual space, then D(x, y;s) is w*-compact and so norm closed. A
map a: [0, 2] — [0, 2] is a modulus of stability of Bx if V(3(x+y); a(r)) C
D(x,y;r) foreach x,y € By and r € [0, 2]. The maximum modulus of
stability a,, of By is

relo, 2], am(r) =sup{s € [0, 2]: foreach x,y € By,
V(3(x+y);5) S D(x,y;n)}.
Clearly «,, is nondecreasing, null in [0, ry) and positive in (rg, 2], for some
ro >0, and an,(2) = 2. The closed unit ball By is said to be uniformly stable
(US) if there exists a map a: (0, 2] — (0, 2] (called a modulus of US) such that
for each x, y € By and r € (0, 2] we have: V(%(x +y);a(r) CD(x,y;r).
Of course, By is US iff ay,(r) > 0 for each r € (0, 2].

In this paper we study stable and uniformly stable (US) unit balls in Banach
spaces. In §§1 and 2 we see some elementary facts as: (i) if DimX > 3, X
admits an equivalent norm such that By is not stable; (ii) if X is a dual space,
an, is right continuous; (iii) if Dim X < oo, By is stable iff By is US; (iv)
if X is rotund, X is uniformly rotund iff By is US; (v) By is USif X is
3.2.1.P. In §3 we prove that By is US iff By.. is US and the moduli of US
are (almost) the same. §§4 and 5 are devoted to study the unit balls Bk, x)
and By x), where C(K, X) (resp. A(K, X)) is the space of continuous
(resp. affine continuous) functions f: K — X on the compact K (resp. convex
compact K). It is proved that By is stable (resp. US) iff B¢k, x) is stable
(resp. US) for each compact K iff Bk, x) is stable (resp. US) for each Choquet
simplex K . In §6 we prove that By is stable iff B; (, x) isstable, 1 <p < oo.
Finally, it is an open problem if By (, x), 1 <p < oo, is US when By is US.

N

1. PRELIMINARY RESULTS

We begin with some elementary remarks: (a) Let C be a convex subset of
some locally convex space £, 0 < A < 1, and define ®,: C x C — C by
®)(x,y) = Ax + (1 —A)y. Then ®,,, is open iff ®; is open (see [4, 1.1
Proposition]).

(b) It is easily seen that By is stable, if X is a normed space with strictly
convex or rotund norm.

(c) Every norm in R and R? produces stable closed unit balls. In R this
result is evident and, concerning R?, we can apply that, for a compact convex set
K CR3, the map @, ;2 1s open iff Ext(K) is closed (see [4]). But if z belongs
to Sg:\ Ext(Bg:), there exist x,y € Sg\{z} such that z = I(x +y). Let
e=|z—-x|. Then B(z;¢&/2) NSg: C Sg:\ Ext(Bg:). Therefore Sg.\ Ext(Bg:)
is open in Sg: and hence Ext(Bg:) is closed.

(d) In R3 it is easy to give a norm such that By is not stable. Take

C={(x,y,0:x*+y*=1},  K={(0,y,2): max{ly|, |z[} < 1}.
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The new closed unit ball will be B = co(C U K), that is, the convex hull of the
set C UK . Observe that

Ext(B) = {C\{(0, 1, 0), (0, =1, 0)}} U {(0, £1, £1)}.

As this set is not closed, by the result of [4] aforementioned in (c), B is not
stable.
If dim X > 3, the situation is similar. We need the following lemma:

1.1. Lemma. Let X be a normed space. Then: (A) If By is stable, Ext(By)
is closed.

(B) Let Y C X be a l-complemented subspace. If By is stable, then By is
stable.

Proof. (A) Let A= {(x, x): x € Bx}. As A isclosed in Bx x By, ®;/, open
and By\Ext(Byx) = ®,2(Bx x Bx\A), then By\Ext(By) is open and Ext(By)
is closed in By .

(B) We say that Y is l-complemented in X if there exists a projection
P: X — Y such that |P| = 1. Let <I>’1"/2, @}, be the midpoint maps in By
and By respectively. Since P o ®, = @], 0 (P x P) and P is open, we get
that (ID}"/2 is open if <I>’l‘(/2 isopen. O

1.2. Proposition. Let X be a normed space with dim X > 3. Then X admits
an equivalent norm such that the new closed unit ball is not stable.

Proof. We write X as a direct topological sum X = X;® X, with dim X, = 3.

Take in X; the norm || -||; used in (d) above, an arbitrary equivalent norm
||l in X; and in X the norm ||-||; defined by

if x = (x1, x2) € X1 @ X = X, then ||x|l3 = sup{|lxi|l1, [[x2ll2},
Now it is enough to consider (d) and Lemma 1.1. O

1.3. Proposition. Let X = Y* be a dual Banach space. Then oy, is right-
continuous.

Proof. Let sy € [0, 2), ¢ > 0 and suppose that lims_,sg am(s) = am(so) + €.
Choose x, y € By such that, if z = %(x+y), V(z; am(s)+%) € D(x, y; so).
By hypothesis, if s > 5o, we have V(z; am(so) +&) C D(x, y;s). Clearly the
distance d(D(x, y;s), D(x, y; so)) = 0 when s — s3 . Since D(x, y; so) is
norm closed (is w*-compact), we conclude that ﬂ»so D(x,y;s)=D(x,y; s).
Therefore V(z; am(so) +¢€) € D(x, y; o), a contradiction. O

1.4. Proposition. Let X be a finite dimensional normed space. The following
are equivalent. (a) By is stable, (b) By is US.

Proof. As b = a is clear, we prove that a = b . If By is not US, there exist r >
0 and sequences {X,}n>1, {Vn}n>1 in By such that,if z, = %(x,, + yn), then
V(zn; 1/n) € D(xn, yn; r). Since By is compact, we can suppose the existence
of limy—0o Xn = X, liMy—00 ¥n = Yo and lim,_. z, = 29 = $(Xo + o) . Since
By is stable, there exists ¢ > 0 such that V(zg;¢) C D(xo, yo; r/2). Taking
limits in V(z,; 1/n) € D(x,, yn; r), we get a contradiction. O
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1.5. Proposition. Let X be a rotund normed space. The following are equiva-
lent:

(a) X is uniformly rotund,

(b) By is US.

Proof. (a) = (b). Let : (0, 2] — (0, 1] be a nondecreasing modulus of uni-
form rotundity of X and take x,y € By, z = (x +y)/2 and r € (0, 2].
Suppose firstly that r < ||[x — y|| = ¢. By hypothesis, B(z;d(¢)) C By. If
A = r/(6(¢) + 1&), the homothecy h(y;4), with centre y and ratio A, sat-
isfies h(y; A)[B(z;6(e))] = By C V(y;r). Also h(x;A)[B(z;d(¢))] = B2 C
V(x; r). Observe that the radiusof B;, i=1,2,is p(e) = [r-é(ﬁ)]/[§(8)+%8].
In short, if &€ = ||x —y|| > r, then V(z; p(e)) = B(z; p(e)) = 3(Bi + By) C
D(x, y;r). Suppose finally that |[x — y|| < r. Then clearly V(z;r/2) C
D(x,y;r). So a modulus of US of By is

o ory-r r
a(r)—mm{m,z}, re (0, 2].

(b) = (a). Let o be a modulus of US of By and ¢ > 0. We prove
that there exists d > 0 such that |(x +y)/2|| < 1 -4, for each x,y € Sx
with ||x — y|| > ¢. By hypothesis V((x +1)/2; a(e/2)) C D(x, y; €/2). Since
X is rotund, V(x;e/2)NV(y;e/2) C {(x +y)/2}. But (x +y)/2 ¢ Sx.
Hence V((x + y)/2; a(e/2)) N Sx = @, because V((x + y)/2; a(e/2)) N Sy
C D(x,y;e/2)NnSx C V(x;¢e/2)nV(y;e/2) NSy = @. So the distance
d((x +)/2; Sx) 2 a(¢/2), thatis, |[(x +¥)/2]| < 1-a(e/2). D

1.6. Proposition. Let X be a normed space, a a modulus of US of Bx and
Y C X a l-complemented subspace of X. Then o is a modulus of US of By .

Proof. Take ¢ >0, x,y € By, z=(x+y)/2 and P: X — Y a projection
with ||P|| = 1. If the subindex Y indicates we work in By, we have the
following:

Vy(z; a(e)) = P(V(z; ale))) S P(D(x, y;¢€)) =Dy(x,y;€). O

1.7. Example. Let us see some examples of Banach spaces X such that By is
stable but not US. Indeed, take X = (3,5, D lisi/n)p Or X = (X ,52DP )y
1 < p < co. The unit ball By is rotund but not US, because if By is US,
from Proposition 1.6 we would deduce that the family {/,},>2 or {/i41/n}n>1 is
uniformly US (that is, there is a common modulus of US). Now, from the proof
of Proposition 1.5, we conclude that these families are uniformly uniformly
rotund, which is not true. 0O

1.8. Proposition. Let X be a Banach space and Y C X a dense US subspace.
Then X is US.

Proof. Let a be a left-continuous and nondecreasing modulus of US of Y (if
a is not left-continuous, take &(r) = lim,_ g+ a(r — ¢)). We prove that ma is
a modulus of US of By foreach 0 < m < 1. Pick x,y € Bx, r € (0, 2]
and z € V((x +y)/2; ma(r)). Since o« is left-continuous, we can choose
xXeVx;rNnY,y eV(y;r)NY and 0< e, J such that

zeDy(x',y'sr—¢), V(X'5r—g)CV(x;r-9)
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and V(y';r—¢) C V(y;r—46). Now take x; € Vy(x';r —¢) and y, €
Vy(y'; r—¢) such that z € Dy(x,, y1; 6/2). Next take x, € Vy(x;; d/2) and
y2 € Vy(x3; 6/2) such that z € Dy(x,, y2; 6/4). By reiteration we get Cauchy
sequences {Xn}n>1 C V(x;7), {¥n}n>1 € V(y; r) satisfying ||z—(xn+yn)/2|| <
0/2". Then, if xp = lim,,o X, and yy = lim,_,o Y, clearly xp € V(x; 1),
Yo€V(y;r) and z = (xo+y0)/2. O

The proof of Proposition 1.9 following is straightforward and left to the
reader.

1.9. Proposition. Let {X;}ic; be a family of Banach spaces.
(A) The following are equivalent (7F X&) :

(M IfX = (3, PXi)o, Bx isstable; (2) By, is stable for each i € I.

(B) IFAE :

(1) If X =3 ;P Xi)oo, Bx is stable.

(2) Each By, is stable and for each r € (0, 2], there exists a finite
subset F(r) C I such that inf{am;(r): i € I\F(r)} > 0, where a,,; is the
maximum modulus of stability of X;.

(C) Forp=0orp=oco, IFAE:

(1) a is a modulus of US of By, with X = (3,c; D Xi)p -

(2) « is a modulus of US of By,, foreach i€l.

(D) Let I be an infinite set, Y a Banach space, X; =Y foreach i € I and
X=(CiePX)o. TFAHE :

(1) By is stable, with X = (3 ;c; D Xi)oo -

(2) By is US and o is a modulus of US of By .

(3) By is US and o is a modulus of US of By .

2. UNIFORMLY STABLE UNIT BALLS AND INTERSECTION PROPERTY OF BALLS

A normed space X has the n.2.1.P. (n.2. intersection property, see [6, p. 207,
8; 9)) if for each set of closed balls S, Sz, ..., S, in X (with varying centers
and radii) such that S;NS; # @ forall i and j, it follows that N_, S; # @.
It is known (see [4, p. 195]) that if X is 3.2.1.P, then By is stable and we see
here that a(r) =r/2 is a modulus of US of X .

2.1. Proposition. Let X be a Banach space with 3.2.1.P. Then a(r) = r/2,
r € (0, 2], is a modulus of US of X .

Proof. Take r € (0,2], x,y € Bx and d € X satisfying |d| < r/2 and
lIx+y+2d||<2. Let z=(x+y)/2 and u=z+d. Then ue V(z;r/2).
We must find x’ € V(x;r) and y' € V(y;r) such that u = (x' +y')/2.
Let By = B(0; 1), B, =B(x+d;r/2) and B3 = B(x+y +2d;1). These
balls intersect mutually. So there is x’ € ﬂf=l B;. Now x' € V(x;r) (since
Ix'|| < 1), B C B(x;r) and, if y' = 2u — x', also y’' € V(y;r). Finally
u=(x'+y"/2. O

3. UNIFORMLY STABLE UNIT BALLS AND BIDUAL

Let X be a Banach space. We prove that By is US iff By.. is US. Let
N C X be a closed subspace, ¥ = X/N and Q: X — Y the quotient map.
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We say that Q is an open quotient if Q(By) = By and Q restricted to By
is open. We say that Q is uniformly open quotient (u.0.q.) if Q is open and
there exist a map c: (0, 2] — (0, 2], called an u.o.q. modulus, such that, for
each x € By and r € (0, 2], V(Q(x);c(r)) CQQV((x;r)).

3.1. Examples. (1) Let K, K, be compact Hausdorff spaces such that K; C
K . Then the restriction map Q: C(K) — C(K,), defined by Q(f) = fix, for
each f € C(K);), is an u.0.q. with modulus c(r) =r.

(2) Let I beaset, Z an ultrafilteron I, {X;};e; a family of Banach spaces,
Y =(3ic;D Xi)wo and (X;)y the ultraproduct with respect to % (see [10, p.
121]), thatis, (X;)y = Y/N,where N = {x = (X;)ier € Y: limg x; = 0} . Then
the quotient Q: Y — Y/N is an u.o.q. with modulus ¢(r) = r. Indeed, denote
by (x;) an element of Y and Q((x;)) = (x;)» the image element in Y/N.
Suppose that ||(x;)#| < 1. Define (y;) € Y as follows: y; = x;, if ||x;|| <1,
and y; = x;/||xill, if ||x;|| > 1. Then (y;)» = (xi)% and (y;) € By . This proves
that Q(By) = By,y . Now take (x;) € By, r € (0, 2] and (yi)y € V((xi) 5 7).
We want to find (z;) € V((x;); r) such that (z;) = (¥;)» . We can suppose
that 1 > ||(vi)|l = sup{|lyill: i € I} (if 1 < ||(y;)|| for some i € I, take
(v}) defined by ¥/ = yi, if |yl < 1, and v} = yi/Ilyill if |yill > 1, that
satisfies ||(¥))|| < 1 and (yi)y = (¥})z). Choose (z;) as follows: z; = y; if
lxi —yill <r and z; =x; +r-(yi — xi)/|lyi — xi|| if ||x; —pi|| > r. This proves
that V((xi)y 5 r) €OV ((x:1); 7).

3.2. Proposition. Let X be a Banach space, N C X a closed subspace and
Q: X - Y =X/N the quotient map. Then

(a) If By is stable and Q is an open quotient, By is stable.

(b) If a is a modulus of US of Bx and Q is an u.o.q. with modulus c, then
coa is a modulus of US of By .

Proof. (a) Take x,y € Bx and r > 0. We prove that there exists s > 0 such
that V(Q((x +)/2);s) C D(Q(x), Q(y); r). Since By is stable, there exists
s'" > 0 such that V((x +y)/2;s') € D(x,y;r). As Q is open, there exists
s > 0 such that V(Q((x+y)/2);s) CQO[V((x+y)/2;s")]. In consequence

P(o(554) ) el (5574)
COD(x,y;r) CDQ(x), Qy); ).

(b) Let x,y € By and r € (0, 2]. By hypothesis V((x +y)/2; a(r)) C
D(x, y;r). Hence:

v(e(552) icoatn) el ((521am)| c odix, i)
€ D(O(X), Q)5 7).

So coa isamodulusof USof Y. O

3.3. Corollary. Let I be a set, % an ultrafilter on I, o a modulus of US
common to all members of the family of Banach spaces {X,}ie; and (X;)y the
ultraproduct with respect to % . Then o is a modulus of US of B(x,, -
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Proof. By (C) of Proposition 1.9, a is a modulus of US of By, being Y =
(Xic1 ® Xi)oo . Now apply Proposition 3.2 and Example 3.1. O

3.4. Proposition. Let X be a Banach space. Then By is US iff Bx-- is US.
Moreover, the maximum moduli an, o), of US of By, Bx.., respectively,
satisfy ajy(r) = lim,_o+ am(r +¢€), for each r € (0, 2).

Proof. (1) Let « be a modulus of US of Bx--, x,y € By, re (0,2], ¢ >
0 and d € X such that ||d|| < a(r) and x +y +2d = u € B(0; 2), that
is, u/2 € V((x +y)/2; a(r)). We claim that there exist x’ € V(x;r +¢),
y' € V(y;r+e¢€) such that x',y’ € X and u/2 = (x’ +y')/2. This fact
will imply that V((x + y)/2; a(r)) € D(x,y;r+e¢) in X. By hypothesis,
there exist z € V'(x;r),v € V'(y; r) (we put V"’ when we work in X**)
such that u/2 = (z + v)/2. This implies that z € [B"(0; 1) N B"(x;r)N
B"(x+2d;r)nB"(u; 1)], where B” indicates that we take balls in X**. Let
A be the subspace of X** spanned by {x, x+2d, u, z} and 6 > 0 such that

(I+0)lzll < 1+ a(e/16) 2 (1 +0)|z —ull,
A+0)x—z||<r+e/2>|x+2d-z||(1+86).

By the principle of local reflexivity (see [10, p. 196]), there exists an operator
T: A — X such that: (i) T(w)=w, we AnX; (ii) |T|| <1+86. Soif
zy =T(z), we have

zy €[B(0; 1+a(e/16))NB(x; r+&/2)NB(x+2d; r+¢/2)NB(u; 1 +a(e/16))].
Let

_{21 ifz,eB(O;l),

) ' Lzl if 20 ¢ BO; 1),
_{u—zl if zy € B(u; 1),
MWEVw=z)/lu- il if 2 ¢ B 1),

and d; € X such that x; +y; +2d, = u. As ||z; — x| < a(e/16) > ||x; +
2d;—zy||, we get ||d;|| < a(e/16) . Apply again the principle of local reflexivity:
there exists z, € X such that

2 €[B(0; 1 +a(e/32))NB(x1;€/16 +¢/32)
N B(x,+2d,;¢/16 +€/32)NB(u; 1+ a(e/32))].
Now ||z;—z3|| < ||zi—x1||+]|x1— 22| < a(e/16)+&(1/16+1/32) < ¢/4, because
always a(s) < s. Define x;, y, asin (x) using now z, and take d; € X such
that x; + y» + 2d, = u. Then ||d;|| < a(e/32). Apply the principle of local
reflexivity: there exists z3 € X such that
z3€[B(0; 1+ a(e/64)) N B(xy; e(27° +27%)
N B(xy+2dy; 273427 NBu; 1 +ae-279)]
and ||z2 - z3)| < lz2 —xall + X2 — z3)l < a(e-27%) +e(2° +276) <g-27%. By

reiteration, we obtain a Cauchy sequence {z,},>; such that, if x’ =1lim,_ z,,
then clearly

x'€e[BO;1)NB(x;r+e)NB(x+2d;r+e)NB(u; 1)].
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Thus x' € V(x;r+¢) and, if y) = u— x', then y' € V(y; r+¢) and
%(x’+y ). This proves, in particular, that am(r+s) > ay(r) foreach r e (0
such that r+¢<2.

(2) Let By be US. It follows from the principle of local reflexivity that X**
is 1-complemented in (X)g for some ultrafilter Z . Applying Corollary 3.3,
we get that o), > a,, . Thus By.. is US.

Finally for r € (0,2) and ¢ > 0 with r +¢ < 2, we have: aj, (r+¢) >
am(r +€) > aj,(r). Thus, as «}, is right-continuous (see Proposition 1.3), we
get that o), (r) = lim,_,o+ a(r +¢€), foreach re€ (0;2). O

- Nl:

2)

4. THE UNIT BALL IN C(K, X)

If K is a compact Hausdorff space and X a Banach space, we denote by
C(K, X) the Banach space of continuous functions f: K — X with the supre-
mum norm. We prove in this section that B¢k x) is stable (resp. US) iff By
is stable (resp. US).

4.1. Lemma. Let X be a Banach space such that By is stable, x,y € By
and ¢ > 0. Then there exist 0 < &, n such that, for each x' € V(x;d),
y' eV(y;d), we have

V(x'+y)/2;m) S DX,y 5 ).
Proof. Let n, such that

Vix+y)/2;m) CD(x,y;¢/2)
and

0 =min{e/2, n,/2}.
Then, if x’ € V(x;d) and y’' € V(y; d), we have
V((x+y)/2;m) S D(x,y;¢e/2) S DX, y'; ¢).
But
V(X" +¥)/2;m/2) CV((x+y)/2;m).

Thus it is enough to take n =1;/2. O

4.2. Proposition. Let K be a compact Hausdorff space and X a Banach space.
The following are equivalent: (1) Bc, x) is stable; (2) By is stable.

Proof. (1) = (2) As X is l-complemented in C(K, X), it is enough to apply
Lemma 1.1.

(2) = (1) Take f, g € B¢k, x), € > 0 and the compact H = {(f(k), g(k)):
k € K} C By x By. For each z = (x,y) € H choose 0 < J,, n, fulfilling
Lemma 4.1 with respect to z and §. If U(z;d;) = V(x;9;) x V(y;d.),
then the interiors of {U(z; d,); z € H} cover the compact H. So there ex-

ists a finite subfamily {U(z,, ;) i =1,2,...,n} that also cover H. Let
n=min{n;:i=1, 2, n}. If h= f+ g)/2, we have
(1) V(h (k);n)QD(f(k),g( ); €/2) in By foreach k € K.

We claim that V' (h; n) CD(f, g;¢) in B, x) . Indeed, let p € V(h; n) and
consider the functions
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(a) ¢: By — 2Bx*Bx (= family of subsets of By x By) such that

xebr. ¢ ={0 o) eBrxs 50—},

(b) w: K — 28x*Bx such that y(k) = [pop(k)IN[V (f(k); &) x V(g(k); e)],
kek.

We have the following:

(I) For each k € K, y(k) is a nonempty closed convex set.

Indeed, as ¢ op(k) and V(f(k);e) x V(g(k); €) are closed convex, w(k) is
closed convex. Let see that w(k) # @. As pe V(h;n), ||h —p| <n and by
(1), foreach k € K, p(k) € D(f(k), g(k); €/2). Thus:

(2) for each k € K there exists u € [pop(k)IN[V (f(k); €/2)xV (g(k); ¢/2)].
So ue w(k) and y(k) # 2.

(IT) y is lower semicontinuous.

Let U = U; x U, be an open subset of By x By and ky € K such that
w(ko) NU # @. The set A ={(x1, x2) € y(ko): [lx1 — f(ko)ll{e}llx2 — &(ko)ll}
is nonempty (by (2)) and dense in y(kg). As w(ko)NU # @, also ANU # 2.
Take z = (z,, z;) € AN U . The continuity of f and g implies the existence
of p >0 and a neighbourhood G, of ky in K such that

(3) foreach k € Gi, V(z15p) x V(z2; p) CUN[V(f(k); &) x V(g(k); €)].
As By is stable and (z; + z3)/2 = p(ko), there exists > 0 satisfying
V(p(ko); 6) C D(zy, z2; p). In consequence:

(4) for each y € V(p(ko); 6), ¢(y) N[V (z1; p) x V(225 p)1 # 2.

Let G, = p~'(V(p(ko); 8)) and G = G, N G, a neighbourhood of ky in K.
Then for each k € G we have y(k)NU # @. Indeed, take k € G:

(a) As k € Gy, we have, by (4), that [¢pop(k)IN[V(z1; p) x V(z2; p)] # 2.

(b) As k € Gy, we have, by (3), that V(z,; p)xV(z2; p) CUN[V(f(k); &) x
V(g(k); €)]. Therefore Uny (k) = [¢pop(k)IN[V(f(k); &) xV(g(k); &)]INU #
@ . Thus y is lower semicontinuous.

By Michael’s selection theorem [13, p. 5], ¥ admits a continuous selection
(s1,5) =585: K - By x By such that p = %(sl +5) and s, € V(f;¢€),5 €
V(g;e). This proves that V(h;n) C D(f, g;¢) and that B¢, x) is sta-
ble. O

4.3. Proposition. Let K be a compact Hausdorff set and X a Banach space.
Then By is US iff Bcx,x) is US and the maximum moduli o , oSEX) of
US of Bx and B¢k, x), respectively, satisfy

foreachre (0,2], oX(r)>aS% () > lim oX(r-e).
m e—0+

Proof. As X is 1-complemented in C(K, X), applying Proposition 1.6, we
obtain that By is US, provided that B¢ x) is US and that af > o55%).

Suppose now that By is US and that o is a modulus of US of By. Let
f.8 € Bck,xy, h = (f+g)/2 and r € (0, 2]. We prove that for each
O<e<r, V(h;a(r—¢)) CD(f, g;r) in Bek, x). Take p € V(h; a(r —¢))
and consider the functions ¢, ¥ as in Proposition 4.2, that is,

X € By, ¢(x)={(u,v)€BXxBX:u+v=x};

2
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kek, yk)=[gepk)]n[V(fk);r)xV(g(k);n].

As in Proposition 4.2, y is lower semicontinuous and (k) is a closed
convex nonempty set, for each k € K. Applying Michael’s selection theorem
[13, p. 5], we obtain that p € D(f, g;r) in Beik xy. Thus Bei x) is US
and, for each r € (0, 2], a5% P (r) > lim,_,o- af(r—e¢). O

5. THE UNIT BALL IN A(K, X)

If K is a compact convex set and X a Banach space, A(K, X) will be the
Banach space of affine continuous functions f: K — X with the supremum
norm. A compact convex set K is a Choquet simplex iff A(K, X) isa L;-
predual (see [6, p. 183]; [1, p. 84]).

5.1. Proposition. Let K be a Choquet simplexand X a Banach space. TF A E
(1) By, x) is stable; (2) By is stable.

Proof. (1) = (2) As X is l-complemented in A(K, X), this follows from
Lemma 1.1.

(2) = (1) Take f, g € Byx,x), €>0 and h=(f+ g)/2. From Lemma
4.1 it follows that there exists # > 0 such that, for each k € K, V(h(k); n) C
D(f(k), g(k); e/2) in Bx. We claim that V(h; n) C D(f, g;€) in Byx x.
Indeed, pick p € V(h; n) and consider the functions ¢, ¥ of Proposition
4.2. We know that y is lower semicontinuous and that y(k) is a convex
closed nonempty set, for each k € K. Moreover, it is easily proved that
is affine, that is, if k;, k; € K, 0 <A< 1, and k = ik; + (1 — A)k,, then
Ay(ky) + (1 = Dw(ky) C w(dki + (1 — A)ky). So applying Lazar’s theorem
[7, Theorem 3.1, p. 511], we get an affine continuous selection s = (sy, $2):
K — Bx x By such that p = J(s; +52),5 € V(f;¢) and 5, € V(g;¢).
Therefore V(h; n) CD(f,g;¢). O

5.2. Proposition. Let K be a Choquet simplex and X a Banach space. Then
By is US iff Byk x) is US, and the maximum moduli o, aﬁ(’( X of US of
By and B,k x), respectively, satisfy

foreachre (0,2], af(r)>ap® ) > lim of(r-¢).

e—0*

Proof. This proof is similar to the proof of Proposition 4.3, applying Lazar’s
theorem instead of Michael’s theorem. O

Open problem. Let K be a compact convex set satisfying Proposition 5.1 or
Proposition 5.2. Is K a Choquet simplex?

6. THE NORM IN L,(u, X)

In this section we study the unit ball By, x) when the unit ball By is
stable. Let us begin with L..(u, X).
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6.1. Proposition. Let X be a Banach space and (Q, Z, u) a measure space.

(A) Suppose that u is purely atomic with a finite number of atoms. Then
(1) Br(u,x) isstable iff Bx is stable.
(2) a isa modulus of US of By, x) iff @ is a modulus of US of By .
(B) Suppose that the measure space (2, Z, 1) does not reduce to a purely
atomic measure with a finite number of atoms. Then TF A& -
(@) Br(u,x) is stable.
(b) By is US.
(C) BLoo(/t,X) is US.

Proof. (A) In this case Loo(u, X) is isometric to (Y _; @ Xi)oo , With X; =
X,i=1,2,...,n,and n the number of atoms of (Q, X, u). Now apply
Proposition 1.9.

(B) (a) = (b) Apply that (}°,, @ X»)s , With X, = X, is l-complemented
in L (u, X) and Proposition 1.9.

(b) = (c) Let Y C L(u, X) be the subspace of bounded countable X-
valued functions f = Y5 Xn* X4,, An € X, Ay N Ay =@ if n # m.
As Y is dense in L. (u, X), by Proposition 1.8, it is enough to prove that
Y is US. But this follows immediately from (D) of Proposition 1.9 and the
fact that, if f; e Y, i =1,2,...,m, there is in Y an isometric copy of
Z=(Y,>1PXn)o, Xn=X, n>1,suchthat fiecZ.

(c) = (a) This is immediate. O

In the following we prove that By (, x), 1 <p < oo, isstableiff By is stable.
As X is l-complemented in L,(u, X), it is enough to prove that By, x) is
stable when By is stable. We begin with the case 1 < p < oo.

6.2. Lemma. Let X be a Banach space with stable unit ball Bx, K a compact
Hausdorff space, f; € C(K, X), i =0,1,2, such that fo = 3(fi + f») and
I = AR = |2(k)|| for each k € K, and ¢ > 0. Then there exists
n > 0 such that for each g € B(fy; n) we can choose g; € B(fi;¢), i=1,2,
satisfying g = 3(&1 + &) and ||g(k)|| = ||lg1(k)|| = l|g2(k)|| for each k € K .

Proof. Define ¢: X — 2XX by ¢(x) = {(u, v) € X xX: x = (u+v)/2, ||x| =
lul = llvl|}, x € X.

(1) Let us see that ¢ is lower semicontinuous. Pick §d > 0, xp € X
and (x;, x3) € ¢(xg). We prove that there exists p > 0 (depending on
J, X9, X1, Xx2) such that each yy € B(xp; p) satisfies ¢(yo) N [B(x;;d) x
B(xy;0)]# 2. If xo=0, take p =J. Assume that xo # 0 and, without loss
of generality, that ||xo|| = 1. Since By is stable, there exists 0 < p’ < 1 such
that, for each x; € B(xp; p')NSx , there exists x; € B(x;;/2)NSx, i=1,2,
satisfying x; = %(x{ + x5). Put p = min{p’'/2,6/2} and let yy € B(xo; p)
and xj = yo/llyoll . As xg = Xoll < llxs — yoll + I[yo — Xoll < 2p < p', there
exist x| € B(x;;6/2)NSx, i =1,2, with xj = (x| + x3). Put y; = ||yl
x{, i=1,2. Then (y1, y2) € ¢(yo) and |lx; — yill < llxi — x;|| + l|Ix; —yill <
0/2+6/2=46, i=1,2,thatis, ¢(xo) N[B(x1;3) x B(x2;9)]# @.

(2) Let fi e C(K,X), i =0,1,2, and ¢ > 0 satisfy the statement of
Lemma 6.2. We prove that there exists n > 0 such that ¢(x)N[B(f(k); &/2) x
B(f,(k); €/2)] # o, provided that k € K and x € B(fy(k);n). By (1),
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for each k € K, there exists 7, > 0 satisfying, for x € B(fy(k); nx), that
¢(x) N [B(fi(k); e/4) x B(f2(k); e/4)] # @. For k € K put

Gr = f7 ' [B(fo(k); m/210 £ [B(Ai(k); e/4)]N f5 ' [B(fa(k); €/4)].
The family of neighbourhoods {Gy}kex cover K. So there is a finite fam-
ily {ki,..., kn} C K such that {Gy,:i =1,2,...,n} also cover K. Let
n=min{n/2: k =1,...,n}. If k € K and x € B(fy(k); n), there ex-
ists ip € {1,..., n}, for example, iy = 1, such that k € G, and fy(k) €
B(fo(ki); $m,). Thus x € B(fy(ki); nx,) and there exists (X1, x2) € ¢(x) N
[B(fi(ki); €/4) x B(fa(k1); €/4)] satisfying

i = )N < i = ikl + 1fitk) - SR S 5 +5 =5, i=1,2,

that is, (x1, x2) € ¢(x) N[B(fi(k); &/2) x B(f2(k); €/2)].
(3) Pick g € C(K, X) such that ||g — fo|| < and define y: K — 2X¥*X ag
follows:

w(k) =[¢og(k)IN[B(fi(k); &) x B(fa(k); 8)],  keK.

As in Proposition 4.2, it is proved that y is lower semicontinuous and that
w(k) is a nonempty closed convex set for each k € K. Applying Michael’s
theorem [13, p. 5], there exists a continuous selection s = (57, $2): K - X x X
such that s(k) € w(k) foreach k € K. Now take g, =s;, i=1,2. O

6.3. Proposition. Let X be a Banach space with By stable, K a compact
Hausdorff space, 1 a positive Radon measure on K and 1 < p < co. Then
BLp(/t,X) is stable.

Proof. Let 0<e <1 and f; € By, x), i=0,1,2,suchthat f; = J(fi+/).
We prove that there exists p > 0 such that V(fy; p) C D(fi, f2; €), assuming
Ifil=1, i=0,1,2 (if || fo|l < 1, this fact is clearly true). As 1 < p < o0,
we have | fo(k)| = ||Ai(k)]l = |l2(k)]l, kK € K, almost everywhere (a.e.). Let
G = {x € X\{0}: x/||x|| ¢ Ext(Bx)}. Note that G is open because By is
stable and Ext(By) is closed. If U = f;'(G), then fi(k) = fo(k) = fa(k),
k € K\U a.e. If u(U) =0, there is nothing to prove. Suppose that u(U) >0
and choose a compact subset Ky C U such that u(Kp) > 0, f; continuous
on Ko, i =0,1,2, and [fe g Ilfi = follIP ~dul'/r < /8, i =1,2. Let
6 = (¢/4)/[u(Ko)]'/P . By Lemma 6.2, there exists 0 < # < 1 such that, if
heC(Ky, X) and ||h— follk, <n (|||, is the supremum norm on Kj), then
there exist h; € C(Ko, X) satisfying ||h; — fillk, <6, i=1,2, h=3(hi +hy)
and ||h(k)|| = ||k (k)| = ||h2(k)|| for each k € K. Let

M =max{1, ||filk,: i=0,1,2} and p=(en)/(16M).

Pick g € V(fo; p) in By, x) and let 4 = {k € Ko: [ fo(k) — g(k)|| > n}.
Note that

1/p
n- (AP < [ /A 1fo(k) - (k)P -du| < p = (en)/(16M)

that is, u(A4) < [e/(16M)}P. Now choose a compact subset K; C Ko\A4 such
that g is continuous on K; and [[\k, Ifi(k) — fo(K)|I” -dul'P <e/d, i=
1, 2. Note that this choice is possible because
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1/p
[ [ 1560 - stk -du] <OM-pA)VP <e8,  i=1,2.
A

Let 2: Ko — X be a continuous extension of gk, to Ko satisfying || fo—&llx, <
n. By Lemma 6.2, there exists g € C(Ko, X) such that & — fillk, < J
i =1,2, and for each k € Koy, g(k) = 3(&i1(k) + &(k)) and ||& (k)|
18(K)Il = l|&(k)|| . Define

-

gi(k)> keKl,

=1, 2.
gk), keK\K,, '

kek, at={

Then g = 4(g1+ &), ll&ll, = llgl, <1 and [ fi~gill, <&, i=1,2, because

1/p

Ifi — &illp < [/Kl Ifi — &ll? °dﬂ] " + [/K\Kl i = foll? 'd/t]

+ [/ Ifo - &llP - du
K\K,

sé-u(Kl)‘/P+%+%+pse. O

1/p

6.4. Proposition. Let (Q, X, u) be a positive measure space, X a Banach
space with By stable and 1 < p < oco. Then By, x) is stable.

Proof. Let K be the Stone compact of the measure algebra (X, ) and m the
induced Radon measure on the Borel sets Bo(K) (see [6, p. 119]). If p isa
lifting on L., (1), we can obtain (see [14]) a map p: Q — K such that the
map F: L,(m, X)— Ly(u, X), defined by F(f) = fop, is an isometry. Now
apply Proposition 6.3. O

6.5. Proposition. Let {X;},c; be a family of Banach spaces with By, stable
and 1 <p<oo. Then, if Y = (3 ;c; ® Xi)p, By is stable.

Proof. Let x,y, z € Sy such that z = %(x +y). We can suppose that / =N.
As 1 < p < oo, then ||x,|| = ||yall = ||znll, n > 1. Let us prove that, for a given
e > 0, there exists p > 0 such that V(z; p) C D(x,y;¢e). Choose m € N
such that [, 1%: — 24?17 < €/4 > [¥ 5 |l¥n — znlIP]1'/? . From the proof
of Lemma 6.2 we know that there exist # > 0 such that, if ||z, — z,|| < 7,
n < m, there exist x., y, € X, fulfilling ||x4|| = [[V4ll = lIzall, 2 = 3(Xn+20),
I, = Xall < &/(4-m'/?) > ||y, —yull . Take p = min{e/2, n} and z' € V(z; p).
Let x', y' such that x,, y,, n < m,are as above and x, =z, =y,, n>m.
Then z' = §(x'+y') with x' € V(x;¢) and y' € V(y;¢). O

6.6. Lemma. Let X be a Banach space with By stable, K a compact Haus-
dorff space and f; € C(K, X), i = 0, 1,2, continuous functions such that
fo=3(fi+ ) and | /oK) = JULAEIN+ILK)D), k € K. Then, given & >0,
there exists n > 0 such that, for each g € B(fy; n), there exist g; € B(fi;¢€),
i=1,2, satisfying
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g=3a+g), lg®)l=3la®l+leal), kekK.

Proof. Define ¢: X — 2X*X by ¢(x) = {(u,v) € X x X: x = (u+v)/2,
lxll = 3Clull + llvl)}, x € X

(1) Let us see that ¢ is lower semicontinuous. Take ¢ > 0, xp € X and
(%1, x2) € ¢(x0). We prove that there exists #n > 0 such that, for each x; €
B(xo;n), ¢(xg) N[B(x1;€)xB(x2;8)]#@. If xi=4;-%0, 420, i=1,2,
take n = ¢/2. Suppose that x; # 4; - xo. Without loss of generality, assume
that [xo| =1, [%ll =1-a>0 and [xi]| =1-2a >0. Let y; = x;/[|x,
i=0,1,2. Weclaim that yo € [y1,)2] (= {1+ (1 -p)y:0< pu<1}).
Indeed, if A = (1-2a)/2(1 —a), then

_ Xo __l X1 lxz _11—2a X
=12~ 21—a 212" 21-4d1-2a
11-2a
+<1“§‘m>x2=ly]+(l—l)y2

Thus [y;, ¥2] € Sy . Observe that, if 0 < < 1 and we define ¢,;: X — 2X¥*X
as ¢(x)={(u,v) e XxX:x=tu+(1-1t)v, ||x|| = |lu|l = ||v|l}, x € X, then
the proof of Lemma 6.2 implies that ¢, is lower semicontinuous. Then, for
A=(1-2a)/2(1 — a), there exists n' > 0 such that, for each y; € B(yo; '),
there exists y; € B(y;; €), i =1, 2, such that

(%) Yo =My + (1 =24y, Ivoll = II¥ill = lIyall-

Let n = (1 —a)y’ and x5 € B(xo; n). Then, if y; = xp/(1 — a), we have

¥ € B(yo; n'). Thus there exist y; € B(y;; ¢), i =1, 2, satisfying (). In

particular

X
GO PRy gy

Let x; =y{(1 —2a) and x; = ;. Then

1 -2a 1
3 '|+%m}’§-

[ W) 1.,/
xO—§x1+§X2,

Ixoll = (1 = a)lyoll = (1 = a)3(Ilyill + Iy2ll)
= 3[(1 = 2a)|yill + (1 = a+ @)llyall] = 3]l + llxall) -

Moreover |lx; — x]|| < &, thatis, (x], x3) € ¢(xg) N[B(x1; &) x B(x2; ¢)]. Thus
¢ is lower semicontinuous.

(2) Let fi e C(K,X), i =0,1,2, be continuous functions and ¢ > 0.
Then there exists n > 0 such that, if x € B(fo(k); n), k € K, we have that
[B(fi(k); €/2) x B(f2(k); e/2)1N ¢(x) # @ (the proof is analogous to the part
(2) of Lemma 6.2). Take g € B(fy; ) in C(K, X) and define y: K — 2X*X
as y(k) =[pogk)INn[B(fi(k);e)x B(fa(k); €)], k € K. As in Proposition
4.2, it is proved that y is lower semicontinuous and that y(k) is a nonempty
closed convex set for each k € K. Applying Michael’s theorem [13, p. 5], there
exists a continuous selection s = (51, 53): K — X x X such that s(k) € y(k)
foreach k € K. Now take g;=s;, i=1,2. O

6.7. Proposition. Let X be a Banach space with By stable, K a compact
Hausdorff space and u a positive Radon measure on K. Then By, x) is
stable.
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Proof. Take f; € Sp,(u,xy, i =0, 1,2, satisfying fo = 1(fi + f2) , that implies
AU = $ULAK) + 14K ae. Given 0 < e <1, let us prove that there
exists p > 0 such that V(fy; p) C D(fi, f25€) in B x). If

/Klllfi(k)ll CWeKNde=0, i=1,2,

(what implies that || fo(k)|| = ||fi(k)||, i = 1, 2) the conclusion follows from
the proof of Proposition 6.3. Assume that [ ||| fi(k)|| — || fo(k)|||du > 0 and

denote
Ui = {k e K: || fi(E)l > lfo(K)II}, i=1,2.
Then

| o= 10 du = [ @0l - 1001 du
= 3 [ IUAGN = 1 1 du = H > 0.

Let H = min{l, H'} and, as in Proposition 6.3, choose a compact Ky, C K

satisfying that f; is continuous on Ko and [i\ . IIfi — folldu < eH/32, i =

0,1,2. Let 6 = eH/16u(Kp). By Lemma 6.6, there exists 0 < 7 < 1 such

that, if h € C(Ko, X) and ||h— follk, < 11, there exist h; € C(Kp, X) satisfying
Ihi = fillk, <6, h=5(h+h)

and
a(k) = (1AL ()N + A2 (kI keKy.

Let M = max{l, | fi(k)||k,: i =0, 1,2} and p = Hen/(32-M). Pick g €
V(fo; p) in Bru,x) and put 4 = {k € Ko: [ fo(k) — go(k)|| > n}. Then

A) < /A 1o(k) — go(k)lldi < p

that is, u(A4) < He/(32- M). So we can choose a compact K; C Ky\A4 such
that gy is continuous on K; and

[ Wi-flldusenss, =12,
Ko\K,

Denote U;; = U;nK;, i =1, 2, and observe that

[ Qo= ietmdus< [ - flld < 2 oL
Thus H R
€ &
/ AN = I d > H = - 5> T,

Let g: Ko — X acontinuous extension of gox, to Ko satisfying || fo— &ollx, <

n. By Lemma 6.6 there exist continuous functions g;: Ko — X, i =1, 2, such
that

kekKo, |&k)-filkl<d, i=1,2,
(1) go(k) = 3(&1(k) + 22(k)),
180 (K)Il = 3(1&1 (K| + 1&2()1I) -
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Let b = [i (I1&i(k)]| - llgo(k)l)dp, i=1, 2, and note that b; + b, =0 and

1bi] = ‘ /K (&) - ||go<k>||>du|
< ] / (O IIﬁ(k)II)dul
¥ | KGR IIfo(k)II)du‘ " ] [ - st du
< / \2ik) — fi(k) | e + / 1K) — folk) | de
K, K\K,
+ / 1fo(k) — go(k) du

K,

<J0-u(K))+eH/32+eH/8+ (enH)/(32M) < eH/4.

Here we use (1), that

/K 1A~ /ol die = O (thus

[ usi- nfonldu| - | [ A - 1sdu
K, K\K,

)

and that gy € V(fo; p). Next define measurable functions g/: K} — X, i =
1, 2, satisfying

keKi, gk =ig®+ak). ekl =1g®l+ gl
/ lgioldu = [ Neooldu, i=1,2.
K K,

If by =b, =0, take g/ = &, i = 1,2. Suppose, for instance, that b; > 0
(the case b, > 0 is analogous) and denote B = {k € K;: ||&1(k)|| > |lgo(k)|}.
Then [, (&1(k)lldu > [pllgo(k)|dp+by. For 0<A<1,let g(k)=28(k)+
(1-2)go(k), that satisfies [|g;(k)|| = All&1(k)|| + (1= 2A)l|go(K)Il, k € K; . Thus
there exists 0 < A9 <1 such that [, |lg; (K)lldu = [;1&1(k)lldu — by . Define
gll , 1=1,2, by

(k),  keB,

kek,, ’k={A°
o BR= 0y, kek\B,

g1(k) = 2go(k) — gi(k).

Note that
(1) go(k) = 3(g(k) + &5(k)), llgo(k)ll = 3(llg1 (k)| + gz (k) » k € K.
@) g, lgikNdu = [ lgok)lldu, i=1,2.
(3) We claim that fx. llgi(k) — filk)|ldu < 3e/4, i =1, 2. Let us see that
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1—10S8/32

b= (1-1) /B (U120(0)] - 1 go(k))
> (1 - 4) /U U2tk - llgo(k)) dp
= (1-4) [ /U N2t = 1A G dpe + /U WA RN = 1otk d
+ / (Aol - 2ok ) e
Uy

> (1= ko) (—5°ﬂ(U11)+§—;H‘P>

> (1= 4o) 27 _eH  enH
N\ 37" 16 " 2m

So (1-4p) < &/3. Also, as || (k)-fi(k)|| <J, k € K;,and ||filli =12 |glli,
we obtain

/Ilg, k)l du
_/Bﬂgo k)lldﬂ+/B||fi(k)Hdu+6-u( )<2+ %

and therefore

/ (k) — gl dpe < / 1K) — &(k)l| ds

/ 12:K) = (Rogi(k) + (1 — A0)go(k)) | di

<8 u(Ky) + (1 - 4o) /ng,-(k)—go(k)udusﬂ f(2+8—’f)<3a/4.
, 6 "3 16

Finally define g;, i=1, 2,

g((k)’ kEKla
kEK, ,'k ={ !
GRV=\ k), ke K\Ki.

Then we have
(@) ke K, go(k)= 2(g1(k) + &(k)) and |lgo(k)ll = 3(ll&r (k)| + g2k -

() [ llgkldu= JillgoK)ldn<1, i=1,2.
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(c) For i=1, 2, we have
Ajmm—&wmmt
==/ |mw»—@wmdu+/|mww—&wmdﬂ
K\K, K
s/ nmm—ﬁwmw+/ 1o(k) — go(k) | d
K\K, K\K,

+Ajﬂm—&wmwt

<L L
Syt AT <&

Thus V(fo; p) CD(fi, fr;¢). O

6.8. Proposition. Let X be a Banach space with By stable and (Q, X, u) a
positive measure space. Then By, x) is stable.

Proof. Use the Stone compact corresponding to the measure algebra (X, ) as
in Proposition 6.4. 0O

6.9. Proposition. Let {X;}ic; be a family of Banach spaces with By, stable.
Then, if Y = (3 ;c; @ Xi)1, By is stable.

Proof. The proof, analogous to that of Proposition 6.5 (with some changes, as
in Proposition 6.7), is left to the reader. O

Open problem. Suppose that By is US. Is By, x) US, 1 <p < o0?
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