TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 330, Number 2, April 1992

A SHARP INEQUALITY FOR MARTINGALE TRANSFORMS
AND THE UNCONDITIONAL BASIS CONSTANT
OF A MONOTONE BASIS IN L?(0, 1)

K. P. CHOI

ABSTRACT. Let 1 <p<oo. Let d =(d,, d5, ...) be areal-valued martingale
difference sequence, 6 = (6,, 6,, ...) is a predictable sequence taking values
in [0, 1]. We show that the best constant of the inequality,

satisfies

where 7 = e=2 and ap = [} log 1421? + § log 12 — 2(7%)? . The best constant
equals the unconditional basis constant of a monotone basis of LP(0, 1).

1. INTRODUCTION

More than fifty years ago, Paley [10] proved the following inequality for the
Walsh system of functions y, on the Lebesgue unit interval. If 1 < p < o0,
there is a positive real number c, with the property that if b,, b,, ... are real

numbers and
ép = Z bmW¥m ,

2n$m<2n+l
then
n n n
(1.1) Cp_l Zek < Zskek <¢p Eek ,
k=t 1, k=1 » k=1l

for all signs ¢, € {1, —1} and all positive integer n. Notice that the left-hand
side of this inequality follows at once from the right-hand side.

It was then observed by Marcinkiewicz [8] that Paley’s inequality can be given
an equivalent formulation in terms of the Haar system of functions 4, :

n n n
Zakhk Zakakhk Zakhk
k=1 k=1 P p

k=1
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(1.2) ¢! < <¢ , l<p<oo.

p
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Here a,, a,, ... are real numbers and the constant ¢, is the same as in Paley’s
inequality.

Throughout this work, we adopt the following convention. The constant ¢,
may change from one use to the next; however, if it is necessary to be more
specific, the best constant in an inequality, say (1.1), is denoted by ¢,(1.1).
With this notation, Marcinkiewicz’s result can be stated as follows:

cp(1.1) = ¢p(1.2).

In 1966, Burkholder [1] extended the result of Paley and Marcinkiewicz to
martingales:

(1.3) <6 ,  l<p<oo,

> vedy > dy
k=1 k=1

where v = (v, vz, ...) is a predictable sequence uniformly bounded in abso-
lute value by 1 and d = (d,, d, ...) is a martingale difference sequence. Here
the constant ¢, is independent of both v and d.

An important special case of (1.3) is

n n
Zska’k de
k=1 p k=1 p

where, again, ¢, € {1, —1}. Clearly, c,(1.4) < c,(1.3). In 1981, Burkholder
[2] showed that ¢,(1.3) < ¢,(1.4), so equality holds. The Haar system h =
(h,hy, ...) is a martingale difference sequence, asis d = (ajh;,ahy,ash;, ...)
for real numbers a; . Therefore c,(1.2) < ¢p(1.4). Maurey [9] proved the re-
verse inequality. Therefore

cp(1.1) = ¢, (1.2) = ¢,(1.3) = ¢,(1.4).
In 1984, Burkholder [3] derived the value of this best constant. It is

p p

(1.4) <6 , l<p<oo,

pr—1

where p* is the maximum of p and its conjugate g = p/(p—1). The proof rests
on solving a system of nonlinear partial differential equations and inequalities.
See his paper [4] for a shorter proof.

Inequality (1.3) carries over to stochastic integrals with no change in the value
of the best constant (see [3]). It has applications not only in probability theory
but also in Fourier analysis and the theory of singular integrals. It carries over to
B-valued martingales for a large class of Banach spaces B where the constant
depends both on p and B. A geometrical characterization of this class is given
in [2]. For a discussion of some of this, see [5].

The main contribution of this paper is a set of equations (see Theorem 3.3
and (3.11), (3.12) in §3) that determine the best constant in the inequality,

Zf)kdk de
k=1 k=1

(1.5) < ¢

p p

Here, as before, 1 < p < oo and d = (d,, d>, ...) is a martingale difference
sequence, but 6 = (6,, 6,, ...) is a predictable sequence taking values O or 1.
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The gambling interpretation of (1.5) is obvious: as long as the gambler cannot
look into the future and the game is fair in the sense that d = (d,, d>, ...)
forms a martingale difference sequence then his fortune Y°;_, 6,dy is controlled
by the fortune Y ;_, d; that would have been achieved without skipping bets.
This holds for any p in (1, co), but does not hold for p =1 or p = o in
general. Inequality (1.5) can be extended to 6, taking values in [0, 1] with
the same optimal constant ¢,(1.5).

Using a discretization argument (see §16 of [3]), we can extend the inequality
(1.5) to stochastic integrals with c,(1.5) as the best constant.

The inequality (1.5) has another important connection, a connection with the
unconditional basis constant. Let 1 < p < oo and e = (e, €;, ...) be a basis
of real L?(0, 1). The unconditional basis constant, denoted by K,(e), is the
extended real number (see [7], for example)

n n
sup { Z Oraie; Z aiey
k=1

k=1
Clearly, the unconditional basis constant of the Haar system satisfies
Kp(h) < ¢p(1.5)

and by the method of Maurey [9] the reverse inequality is true. Therefore, we
have the following theorem.

=1, forn>1,
»

. where

p

a, ..., a, are real numbers and 6, € {0, 1}} .

Theorem A. If K,(h) is the unconditional basis constant of the Haar system,
then
K,(h) =¢,(1.5), 1<p<co.

Let (Q, &, u) be a positive measure space and (P, P»,...) be a non-
decreasing sequence of contractive projections in LP(Q, &, u): for every
n,m>1,

PuPy = Py Py = min{m ,n} and ||Pyf| <.
Theorem B. Let P = (P, P,, ...) be any nondecreasing sequence of contractive
projections in LP(Q, & , u) andlet Ph=0. If fe€e LP(Q, %, u), then

n
Y P~ P f| <op(LI)Ifl,,  1<p<oo,
k=1 »

Jor all integers n > 1 and all numbers a; € [0, 1]. And this inequality is sharp.

A basis (for definition, see [7]) e = (e;, €3, ...) in a real Banach space B
with norm | - ||z is said to be monotone if

n
Z a €y
k=1

n+l1

Z aiéy
k=l

<
B

b

B

for every n > 1 and all g, € R. If B does have a monotone basis and
X = Yo akex, thenlet Pox = 0 and Pox = Y ,_,ace forall n > 1.
Then it is easy to verify that P = (Py, P;,...) is a nondecreasing sequence of
contractive projections so we have the following conclusion.
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Corollary C. The unconditional basis constant of a monotone basis of L?(0, 1)
is ¢p(1.5), i.e
K,(e) = c,(1.5).
See [3] for the proof of Theorem B. These theorems illustrate the interest in

knowing the value of ¢,(1.5).
In §4 (see Theorem 4.3), it is shown that

1 1+e2
Ky(e) = cy(1.5) ~ ‘5’ + E1og< . ) :

2. ZIGZAG MARTINGALES

Let f = (fi, f»,...) be a real-valued martingale on a probability space
(Q,«,P) and d = (d,, d,, ...) be its difference sequence. Suppose f; =
x—y,where x,yeR and 6 =(1, 6,, 65, ...) is a sequence of real numbers
taking values in {0, 1}. A sequence g = (g1, &, ...) is the transform of f
by 6 =(1,0,,65,...) if, forevery n > 1, g, = > ;_, Oxdy, where 6, = 1.
Indeed, g is also a real-valued martingale.

Let (X,,Y,)=(x,y) and forall n > 2,

(2.1) Xo=x+Y_ 6cdy,
k=2
n

(2.2) Yo=y+ Y (6 — Dd.
k=2

Then Z = (Z,, Z,,...), where Z, = (X, Y,), is an R?-valued martingale
starting at (x, y). Since 6, € {0, 1}, it is obvious that for each n > 2 either
Xo—Xp-1=0o0r Y,-Y,_; =0. In other words, if Z moves at all at the nth
step (n > 2), it moves either horizontally or vertically, which way depending
on n only. In the terminology of [3], Z is a zigzag martingale. Furthermore,
we can recover f, and g, by

(2.3) fo=X, =Yy,
(2.4) gnt+y=2Xn.

3. SHARP INEQUALITIES

By a standard duality argument, it can be proved that

(3.1 cp(1.5) = ¢4(1.5), l<p,qg<oo, })+%=l.
Therefore, we will determine ¢,(1.5), 2<p < o0.
Let py be the unique solution to the equation
(p—D(p-2)]""
2 oy | T4
(3.2) p—2 [_p2+5p_5 , 2<p<3,

(3.3) Po =~ 2.5455458 .
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Indeed, putting x = p—2 into (3.2) and simplifying, we obtain an equivalent
equation

(3.4) (x+ log(—x%>+x+1)=xlogx + (x + 1)log(x + 1), 0O<x<l.

The left-hand side is concave in x and the right-hand side is convex in x . The
existence and uniqueness of solution to (3.4) can then be deduced readily by
considering the behavior of the two sides near the endpoints of (0, 1). Indeed,
we have

(35  @--P+5p-5P ' 2[p-H@-2P', 2<p<po,

and,

(3.6)  (@-2[-P*+5p-5P ' <lp-DP-2P"', p<p<3.
For t € [-1, 1], we define

(3.7) E(t)=sgn(t)|tff~' = (p - )t +p -2,
(3.8) Aty =(p - 1)(1 - 1)> —[(p - 2) - pE(1),
(3.9) D(t)=(p— 1)1 -1t +tE(t ) and
(3.10) B(t) = (p— 1)(1 — 1)2E(t) — tA(1),

or equivalently,

(3.10") B(t)=[(p — 1) — pt]E(t) —tD(?).

For pp<p<oo,let I, =0v(p-3)/(p—-1),(p—-2)/p),and for 2<p <
po, I, =(-(3-p)/2p, O].

Lemma 3.1. For 2 < p < oo, there exists a unique solution, t, € I,, to the
equation

(3.11) b-2-(-DAAOP ' =[BOP".
For 2 <p < oo, let
_ A(tp) D(t,) "
(3.12) k= D57 {Auﬁ)} » and
(3.13) v(x,y) = |x]P - kplx —yIP, (x,y) €R%.

Lemma 3.2. For 2 < p < 0o, there exists a biconcave function u :R?> — R such
that u(0,0) =0, u(x,y) >v(x,y) forall (x,y) € R?, and u satisfies the
Sfollowing bounds:

(3.14) lu(x, ¥)I < cp(|xlP + [yIP),
(3.15) lux(x, y)] < cp(IxlP~ + ylP"), and,
(3.16) luy(x, )| < cp(Ix PP~ + yIPY).

Lemmas 3.1 and 3.2 will be proved in §5.
The following theorem is the main result of this paper.




514 K. P. CHOI

Theorem 3.3. For 2 < p < oo,
cp(1.5) = (k)17 .

Proof. The proof is based on the idea of Burkholder in [4]. The proof consists
of two parts. Part I makes use of Lemma 3.2 to show that cj(1.5) < k, and
Part II shows by an example that k, < c5(1.5).

Part 1. Let d = (d,, d,,...) be a martingale difference sequence of an LP-
bounded martingale f and let g be the martingale transform of f by a
predictable sequence 8 = (6, 6,,...), where 6, € [0, 1]. By a reduc-
tion argument (see §2 in [3]), we may assume d; = 0, 6, = 1 and that
0 =(1,6,,...) is a sequence of real numbers taking values in {0, 1}. Con-
struct the zigzag martingale Z = (Z,, Z,,...), Z, = (X,, Y,) by (2.1) and
(2.2) where x = y = 0. By Lemma 3.2, there exists a biconcave function
u(x, y) that majorizes v(x, y), therefore

V(Xn, Yp) = |Xplf — kaXn - Ynlp <u(Xp, Yn).
By (2.3) and (2.4), this implies that
lgnlp - kplfnlp < u(Xn ’ Yn) .

Using the bound (3.14), we see that u(X,, Y,) is integrable. Taking expecta-
tion, we have that

(3.17) llgnlls — kpll fullh < Eu(Xn, Yn).
We also observe that
(3-18) u(Xn , Yn) < u(Xn—l s Y1) + anux(Xn—l 5 Yn—l)dn

+ (6, - l)uy(Xn—l s Yn—l)dn 5

since u is biconcave and 6, =0 or 1 -6, =0.
Now d, is LP-integrable and by the bounds (3.15) and (3.16), it follows that
Ux(Xn—1, Yn—1) and uy(X,—1, Y,—1) are Li-integrable. Indeed

I (Xn-1, Ya- )l < E( Xt~ + [ Yuot[P71)7
< p(E|Xn—1 [PV + E|Y, | P~ D)
= p([I1 Xn=1llf + 1 Yn-1lI7)

n p n
= ¢ ( > Ocdy > (1= 6y)dy
k=1 k=1

+
n
<6 Y lldllh < oo.

p)
p p
k=1

Similarly ||uy(Xn—1, Ya-1)llq < oo. By Holder’s inequality, ux(X,_;, Yp_1)d,
and uy(Xn—1, Yy—1)d, are integrable. Therefore
Eux(Xn—lYn—l)dn = E(E(dnl%—l)ux(Xn—l s Yn—l)) =0

and, similarly, Eu,(X,—y, Yn—1)dn =0.
Hence, by (3.18) we get Fu(X,, Y,) < Eu(X,_,, Y,—1). Working backward,
we have

Eu(X,, Y,) < Eu(X,, Y;) = u(0,0)=0.
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Combining this and (3.17), we have
llgnlly < Kpllfullf -
Therefore ch(1.5) <k,.

Part I1. We will exhibit an example here to show that ¢5(1.5) > k,. We need
the following definitions. Let ¢, be as in Lemma 3.2,

(3.19) a=lp-2- (- Dyl5cH,
_ Ip D(tp)
(3:20) F=0= 1 -pt,] E(tp)°
E(tp)
(3.21) A=lp 1= phlpts.
(3.22) w= 2£—”’1’]E(t,,)

(P -1 -1)?

Note that # >0 when pp<p<oc; <0 when 2<p<pyg.
We need the following technical lemma which can be verified by straightfor-
ward computation. Its proof is given in §5.

Lemma34 For 2<p<oo,
. P a ) )PP

(i1) l—a+l—ﬂ}.—p’
(i) 0<a<d< B!, for pp<p < oo, and
(iii') 0<a<Ad,B<0,for 2<p<py.

Returning to the proof of Theorem 3.3, we proceed as follows. For x > 0,
there exists a unique 7 € (a, A) such that

Ao
i—n 1-px P

We have, by (ii) in Lemma 3.4, that  converges to « as x converges to 0.

(3.23) XP =

Case (1). pp < p < oo. Fix x > 0 and choose § € (0, x), actually we will
eventually let 6 — 0. For all k > 1, define
Ad
A=n)(x+kd)+nd’
Ye=1- i
KT T =B (x + ko)’

n
=1, and 7Ik=H}'jfj.
j=1

k=1-

Note that > 0.

When there is no risk of ambiguity, we use [a, b) to denote either the interval
{x :a < x < b} or the indicator function of the set [a, b).

On the probability space ([0, 1), &, m), where &/ is the o-field of all
Borel measurable sets in [0, 1) and m is the Lebesgue measure on [0, 1), we
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define a sequence of functions on [0, 1), d = (d,, d,, ...) as follows:

di=(1-A)x, andforallk>1,
dog = =3[0, my_1 &) + (A = m)[x + (k = 1)d1me_ 1Sk > M),
daks1 =90[0, mi) — [(1 = BA)(x + kJ) — S][my, r—1k ).
It is not difficult to see that d = (d;, d,,...) forms a martingale difference
sequence. Let 6,, =0 and 6,,_; =1 forall kK > 1. Let f be the martingale

with the martingale difference sequence d = (d,, d», ...) and g the martingale
transform of f by 6 =(6,, 6,, ...). Therefore, we have

1y = lim, |l e

= lim [| X2n41 = Y2n41l}
n—oo

lim {(1—/1) (x + nd) n,,+z (1 =1)P[x + (k = DIPme_ (1 — &)

n—oo
k=1

+) (1= BYPAP(x + kd)Pmy_1&(1 - m} ,

k=1
and similarly,

I+ Ax[g = lim [ Xop. ]2

= lim {(x +né)Pm, + En:[x + (k= 1D)oPmr_ (1 =¢&)

n—o0
k=1

+ (BAY (x + ké)Pmp_1&(1 - )’k)} :

k=1

We make use of the inequality 1 — wd < (1 —§)¥ for all w > 1 and
0<d< 1. Since f1 <1 by Lemma 3.4(iii), we introduce s; = /(A —1n) > 1
and s, =1/(1 — f4) > 1, then

k k k 52 k 5 N
(110) (6) <11 (- +255) 11 (- )

_< x )S'm(H— nd >S' x+ko \"
x+kd (A—mn)x X +ké +

g

X S1+52
< H,(d) (m) ,
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the right side goes to zero as n goes to infinity by (3.23). So
limsup || 115
50

< limsup {i(l = 0)Plx + (k = DoPme—1 (1 - &)

6—0 k=1

+) (1= BYP AP (x + koY mie_1&(1 - Vk)}
k=1

M8

(1 =P (x +kd)Pri(l = &isr)

= limsup{(l —-n)PxP(1-¢&)+
0—0

x~
]

1

- 1 —
+ BYPAP(x + kd)Pm
kz::l Y m o }

: Al=np  (1-BP¥\ o p-1
Sllr;lj(l)lp{ pp + =2 }6ZI(x+k(5) Ty

Ml—np  (L=ppaY . X
S{ pprs + 1—/31 hmsupH1 6Z(x+k651+52—p+1

'1(1 — ”)p p/lp xSits2
<
‘{ A=1 l—ﬂx “‘?ﬁé“"s 0 x+t6)31+sz-l’+1dt
_[AMd=mr (- B)PA
B A= n l_ﬂll 51+S2—
_A-np (1= P
=1y + l—,lM by (3.23).

Similarly,
'1 (ﬂl)
P <
hm sup lg +Ax||p < + — -

We proceed to a lower estimate of m . Note that if w > 1 and w; =
w(x —d)/(x —wd), then

1 —ws>(1-s)", se(O,é).
X

To see this, consider

log(1 —ws) log(l —ws) —log 1
log(1 —s)  log(l —s)—1logl

b

by mean value theorem, there exists a ¢ € (0, s),

—w/(l—-wec) w-1 w — 1
= = < = .
Ti(i—o “T-we ' STowex W
Therefore,
log(1 —ws) > w, log(1l —s),
1.€e.,

l—ws>(1-s5)".
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To obtain a lower estimate of 7, let

_ xX-9 . AMx-=9)
TU-pix-0’ T G-npx=2"

7I>H(l— J )rl 1_#—&
k=1 x+jo X+ jo+
_ xh+n x+ ko "2 X+;:’£% "
S Gk \raker &) 3

xr,+r2
> WHZ(J) )

where .
X+ ko :
Hy(0)=|————| —1 asd—0.
20 L +ko + z%}
Furthermore, as 6 - 0, r, — 1/(1 — B4) and r, — 1/(A — ). Therefore,
o .. oAl = '7) B AP ox"t Hy(9)
p
el l‘fs“Jé‘f{ PR = /u }Z (x + kg)m+n=pit

A=) (1= B)PAP }/ oxntn

- I‘E“Jé’f{ T=n T 1-8i [Jy ety

_ M-y (- prw

T A-7 1-84 °
ie.,

- AL —np (1= BpPw
P —
Lim [|£117 T-n T 1-pi
Similarly
. A (BAY
p— _

sO

. Ml—ap  (1-ppir
P _
Umbm i/l = =5+ 1=

1
=—1 i p
f, lm L flg + Ax1l;

by Lemma 3.4(i) since f > 0 for pp < p < o

1
L
g, lim lim 1213,

ie., ch(1.5) >k, .

Case (2). 2 <p < pg. Fix x > 0 and choose J > 0 such that § « x. For
all k > 1, define &, yx, nx, di and 6; asin Case (1). Similar calculation as
in Case (1) shows that k, < c5(1.5). This completes the proof, apart from the
lemmas, of Theorem 3.3. O
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Remark. The martingale f described in Part II of the proof of Theorem 3.3
is actually constructed from a zigzag martingale by (2.3). Here we provide
a brief geometrical description of this zigzag martingale. Let x > 0, choose
n € (a,A) by (3.23). The zigzag martingale first starts at (x, Ax), it then
moves vertically either down to the point (x, nx) where it will stop or up to
the point (x, A(x + d)). From the point (x, A(x + d)), the zigzag martingale
moves horizontal either to the left to the point (SA(x +J), A(x +J)) where it
will stop or to the right to the point (x+dJ, A(x+4d)). The pattern of movement
is then repeated.

4. ASYMPTOTIC RESULTS AND REMARKS

We make use of a result of Burkholder in [3] and triangle inequality to obtain

Theorem 4.1. For 1 < p < o0,

r*,

N —

max{l, ”7- 1} < cp(1.5) <

where p* = max{p, p/(p - 1)}.

Proof. Let d = (d,, d>,...) be a martingale difference sequence and 6, €
{0, 1}, k>1. Let g =20, — 1. Then ¢ € {1, -1} and

Z 0,dy Z dy + Z Ekdk
k=1 k=1 k=1
n
>

< 1 +c¢p(1.4)
k=1

1
2

p

2

p
Therefore, ¢,(1.5) < (1 +¢,(1.4))/2 = 1p*.
Similarly, let & € {1, —1} and define 6, = (¢, + 1)/2 € {0, 1}. Then

Zakdk ZZOkdk - de
k=1 k=1 k=1
> di

k=1

p p

< [2¢,(1.5) + 1]

p

Therefore, ¢,(1.4) — 1 < 2¢,(1.5). On the other hand, ¢,(1.5) > 1, Theorem
4.1 follows immediately. O

We assume that £, = Y 5ooaxp ™%, po < p < co. By (3.10) and (3.8), we
rewrite (3.11) as

@) {p4l-2-(p- DMyt L P=2oPl

TE(l,) (-D1-g)?

From Theorem 3.3, we have ap = 1, a, = —2. Substituting , = Yo arp ¥
into (4.1) and equating coefficients of p~*, k=0, 1, 2, ..., we obtain
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Theorem 4.2. Assuming t, =3 ;. ap~*, po<p < 0, then

L 2 2=l 4B-pi-nt
-

p (1+y) p? (I+9)3  p3
N 4y(=9y* + 5693 — 1862 - 120y — 13) 1 L
3(14y)3 p* ’

where y =e~2.
We substitute these known coefficients into (3.12), we have

Theorem 4.3. For py <p < o,

1 1
Cp(15)=§+§]0g(%>+%+ ,

where y = e~ and

1 1+7\1% 1 1+ 2
w=|yos(57)] e (57) -2 (725

Remark. That a; = —2(1 — y)/(1 + y) can also be derived from Theorem 4.1
and the fact that ¢, = 1 —2/p +a,/p*+--- . Indeed, Theorem 4.1 implies that
¢p(1.5) = p/2 + 0(1). Substitute, 7, = 1 —2/p + ay/p?> + O(1/p?) into (3.12)
and by Theorem 3.3, we have ¢,(1.5) = p(1+7)/(4+ (1 + y)az) + O(1). this
implies a, = —2(1 —9)/(1 +7).

5. PROOF OF LEMMAS
Proof of Lemma 3.1. We will give a sketch of the proof. For details, see [6].
Case 1. py < p < oco. Define a(t) = A(t)/(1 —t)? and b(t) = B(t)/(1 —1)%.

Step 1. We shall show that a(¢) is increasing on [, , b(¢) is decreasing on I,
and that they are both positive on I,.

We note that E(¢) is positive and decreasing on (0, 1). Convexity of E(?)
on (0, 1) and E(1) =0 imply that E(¢)/(1—t) is a positive decreasing function
on (0, 1). Note that

_ [(p-2)-p1] E()
(5.1) a()=p—1-"Fg—F— T
(5.2) b(t)=(p—1)E(t) — ta(t).

Now a(¢) is increasing on (0, (p — 2)/p) because [(p —2) — pt]/(1 —t) and
E(t)/(1 —t) are both positive and decreasing on (0, (p — 2)/p). By direct
verification, we have a((p —2)/p) >0 and b((p —2)/p) > 0.

(i) When pg < p <3, a(0) > 0. Therefore a(t) >0 on (0, (p —2)/p). It
follows from (5.2) that b(t) is decreasing on (0, (p —2)/p) and hence positive
on I,.

(i1) When 3 < p < co. There exists a unique ¢, € (0, (p — 2)/p) such that
a(ty) = 0. Since a((p — 3)/(p — 1)) > 0, it implies that a(¢) > 0 on [,. It
follows from (5.2) that b(t) is decreasing on I, and hence positive on I, .

and

Step 2. Existence of a solution to (3.11). Define

p—1
(5.3) A(t)=(p—2)—(p—1)t—[m] . tel,.

A1)
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(1) When py < p < 3, we can verify that

(P —2)(p - 1)}"“ <0,

A<0>=p—2—[_p2+5p_5

(This explains equation (3.2).)

(i) When 3 < p < oo, we have A((p —3)/(p—1)) < B((p -3)/(p - 1)),
therefore A((p—3)/(p—1)) < 0. Now A(¢) is continuous and A((p—2)/p) > 0.
Existence of a solution to (3.11) follows.

Step 3. Uniqueness of solution to (3.11). For 3 < p < oo, we first show
that a(z) is convex on (0, 1). Differentiate (5.1) twice and let M(¢) be
the numerator. When 4 < p < oo, M"(t) < 0 on (0,5), where § =
(p—4)(p-2)/p*; M"(t)>0 on (§, 1). Computing M’(t) at 0 and 1, we see
that M'(¢) <0 on (0, 1). Therefore, M(t) > M(1) =0. When 3 <p <4,
M"(t) > 0 on (0, 1), therefore M'(t) < M'(1) = 0 and this implies that
M(t) >0 on (0, 1). Now we deduce that [p—2—(p—1)t](a(t))?! is increas-
ingon I, . Its derivative equals (a(¢))?~%{[p—2-pt]a’(t)+ta'(t)—a(t)} which is
positive because ta’(t) —a(t) is increasing, therefore ta’(t) —a(t) > tia’(¢;) > 0
for t € (t;, (p — 2)/p). Uniqueness of solution to (3.11) follows immediately
since (b(¢))P~! is decreasing. For py < p < 3, we show that b(t)/a(t) is convex
on (0, ;). Uniqueness of solution to (3.11) follows because [p —2 — (p — 1)¢]
is linear and (b(f)/a(t))?~! is convex. To show that b(z)/a(t) is convex, we
differentiate it twice and rewrite the numerator as

N(t) = a(t)[a(t)b"(t) — 2a' ()b’ (1)] + (=a" (¢))a(t)b(t) + 2b(t)a'(t) .

Since a”’(¢) < 0 in this case. To show that N(t¢) is positive, it suffices to show
that A,(2) = a(¢)b”(t) — 2a'(t)b'(t) > 0. Recall b(t) = (p — 1)E(t) — ta(t) from
(5.2), Ai(?) = (p—D)a(t)E"(t) + ta(t)[-a" ()] +2(p — )@ (t)(—E'(t)) + t(a'(1))*.
Each of these four terms is nonnegative on I,. This completes the proof of
Lemma 3.1 for Case 1.

Case 2. 2 < p < po. We will be brief in the proof. We are able to show that
A(t) and B(t) are positive on I,, and by (3.5), A(0) > 0 (see (5.3)). It can
be shown that A(—(3 — p)/2p) < 0, existence of a solution follows. Lastly we
can show that [p — 2 — (p — 1)¢](B(t)/A(t))?~" is decreasing and uniqueness is
proved.

This completes the proof of Lemma 3.1. O

Proof of Lemma 3.4. We note that (p — 1 —pt,), [p—2— (p — 1)t,], D(tp)
and E(t,) are positive, so a > 0. Also, A —a = (1 —1t,)E(t,)/D(t,) > 0 and
1-pA=1-1,>0. When py<p<oo, t,>0s0 f>0. Since fA=1,<1,
this implies A < ~!. When 2 <p <po,t, <0 so B <0. This completes the
proof of (iii) and (iii’).

It is easy to show (ii) by (3.19) to (3.21).
From (3.7) and (3.9), we see readily that the left-hand side of (i) equals
D(tp)/(1 —t,) . By definition of A(t) in (3.8), we have

Ml—wp_m—l—pM[Aqu
D(t,)|

I—a  (1-1)
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From (3.10%),

A=y 1 B()1”
A-a (l_tp). [D(tp)] ’
Since ¢, is a solution to (3.11), the right-hand side of (i) can be simplified as
(p=1—=pt,)A(ty) +[p —2—p — 1)1,]B(t,)
0 -D(I-1,)°
which can be further simplified as D(¢,)/(1 —t,) by (3.10'), (3.8) and (3.9).
This completes the proof of (i) and hence Lemma 3.4. O

Let
(5.4) A=1-ky(1 -a) =v(x, ax)|x|7?,
(5.5) B =B —ky(1 = B)P =v(By, y)IyI™".

To prove Lemma 3.2, we need the following identities and inequalities which
are grouped under the following lemma.

Lemma 5.1. For 2 < p < oo, we have
. _A(t)
O 1-e=5a,
- _ [p=2) - ptp]

(ii) A_——(p—l)(l—t,,)zE(t")>0’
(iii) 1-k,(1-a)"2<0,

PE(tp)

>0,

() o-da= >0,

v 22 = k(1 -ap,

i) pa- 2= gy apy,
(vii) pA+(p - 2w - d) - 252=2) o,
(vili) 1- 4 = B(y) >0,

[(p—1) - pt,]E(2p)

i _pp = Ple—1) —pt]
(ix) w— BN = (p—l)(l—t,,)E(tp)>0’

() plsen(BBP + k(1 = BP = 5 [ - B]

(xi) —pkp(l—ﬂ)p“'=pB——£L[w B],

1-palar
. w 280 o
(xii) pB+(p—2)[}7—B]—m 1—p—B]=O,
(i) 21—_:—'%=pA—2%—0—_:0—:—42+(p—1)(w—A),
— 4
(xiv) pBA +(p—1) [ - B] 7' - lf—'}g,{ 7 -87 ==

(xv) |BIP~2 k(1= ByP~2 <0.
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Proof of Lemma 5.1. From (3.19), (3.8) and (3.9) we get (i). By (i), (3.12) and
(3.8), we get (ii). Using (i), (3.12) and (3.9), we obtain
D(tp) __ —LE®W)
P-DA-5)* (@-1)1-1)?
Therefore, 1 < k,(1 —a)?~! < ky(1 — @)?~2, so (iii) is proved. From (ii) and
(3.22), we prove (iv). From (iv), (3.19) and (3.21), both sides of (v) equal
D(t,)/(p — 1)(1 = t,)?, so (v) follows.
Now,

1—ky(1—a)~'=1- <0.

pA - =pA —pak,(1 —a)’~' by (v)

=p[l = ky(1 — @)’] — pak,(1 —a)’~! by (5.4)
=p[l = ky(1 —a)P71],

which is (vi). From (ii), (iv) and (v), we can prove (vii). By (3.20) and (3.10'),
we prove (viii).

a(w— A)
A—a

To show (ix). From (viii), we obtain

_ P _ 2[p ptp] __|4P [B(tp)]p
08 = L P ) ~ 1+ iy =
2 1
= R ) + [0~ 1= pi] - Dlty)
n p-2-(p-Dt,{lp — 1 = ptp]1E(t) — 1, D(8p)}
(p—1)(1—1,)?
(3.9)-(3.11)
_=1-ptllo - (P - DHpIE®@)  [p—1-Dpt] D)
B (p—1)(1-1)? (p-D(1—1)27""
+[p - 1-ptp]
_[p=1-pyllp - (0 - V5p]E(tp) _[p—1—-ptplt,E(tp)
(p— D1 -1,)? (p—1(1 —1,)?
_plip—1) = ptp]E(2p)
=T eoni-5 O
To show (x). It is enough to show that
2= IZ = plsgn(B)|B1P~" + ky(1 = By~ 'A%~
Now,

R.H.S.=p {sgn(tp)|tp|p—1 i D(t)lp-2)-(p - l)tp]}

D=,
—p {E(tp> -2 - (-]
D(t,)[(p —2) — (p - lm}

(p—1)(1=1t,)?
[((p—1)=pt]E(t,) ~L.HS.,

+

=p so (x) is verified.

-1 -1)?
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Now,
B=|BPP —ky(1-B)F
= B{sen(B)|BP~" + kp(1 = BYP~1} — kyp(1 = B)P~1.
Therefore, by (x), we have,
_ BA w _
B= = gm Lz~ B -k-r

Multiplying throughout by p and rearranging terms, we obtain (xi). Instead of
verifying (xii), we will show that

284
1- B4
which is equivalent to (xii). Now,

Bi? = [B¥ — 0]+ w
_ —plp = 1) = pt,]E(,) | 2[(p — 1) — PtplE(tp)
-1 -1) (p—-1D(1-1)?
_plp —1) — ptp]E(tp) { 2 1}
(p -1 -1) p(1—1p)

_pllp = 1) = ptylE(2p) 2t, _(1_ Z
=T o Di-1) {pa—tp) (‘ p)}

Since fA =1, and by (ix), so

w = (o (1) o200

this implies (xii). Rewriting (vii) and (xii), they become

p
l—A=[ A _1_’](0 and Bi [ L E]w.

pBIP = [ - 2)] [0 B,

by (ix)

i—a |i-a 2 1-BA |1=-p2 2
Therefore,
AA+B,1P__A+1_]O)
A—a 1-pi |i—a'1-p2 ?
which is equivalent to (xiii).
2B (o el [N
L.H.S.of(xw)—l_—m[l—p—B]l —(p—2)[,1p B]A
N [L gl _BE (@ p] e i
+(p 1)[11’ B]/l T— 77 |7 B]/I by (xii)
= _ﬂi_ o _ p—1
"{”1-/3/1 5~ 8l
p D(tp)

S rEnIiREAL by (ix) and (3.21).

By (iv), (3.19) and (3.21), R.H.S. of (xiv) = pD(t,)/(p—1)(1—1,)?, so we have
proved (xiv).




A SHARP INEQUALITY FOR MARTINGALE TRANSFORMS 525

It remains to show (xv). It is enough to verify k,((1— 8)/|8|)?~% > 1. Now,
by (viii), (3.20), (3.12) and (3.11), we have
‘ (1 —ﬂ)"“ P =2- - DRIDEG)P
Z\ 18 [tplP=2(p — 1)(1 — 2,)2B(t)
Therefore, it suffices to show that
(5.6) [0 —2)— (0 = DGIIDE)F — (0 — (1 = 1,)214,/P 72 B(t,) > 0.
Using (3.10'), we can rewrite the
LHS. ={[(p-2)-(p-1t,1D(tp) + (p — 1)(1 - tp)z Sgn(tp)ltp|p_l}D(tp)
— (0= D1 =), 2P = 1) = PL)E(2y).
We simplify the expression inside { }:
(2 —2)— (0 - Dtp1D(t,) + (p — (1~ )’ [E(ty) = (p = 2) + (p — 1)1,]
=[(p—2)— (0 - VK, {D(t,) — (0 = 1)(1 = 1,)*} + (p = 1)(1 = £,)*E(2,)
=[(p—1)-py]E(t,) by (3.9).

So,
LH.S. =[(p - 1) = ptp]E(t)D(tp) — (p — 1)(1 - tp)zitp|p_2[(1’ - 1) = pt,]E(tp)
=[(p = 1) = pt)E(tp){D(2,) — (p — D)(1 - tp)2|tp|p_2}
>[(p = 1) = pt,JE(t,)(p — 1)(1 = 1,)*(1 = [1,/P~%) by (3.9)
>0.
So (xv) is established and this concludes the proof of Lemma 5.1. O
Proof of Lemma 3.2. Define
Q ={(x,y)eR:y>0,y<ax},
Q={(x,y)eR?:y>0,ax <y<Aix},
Q={(x,y)eR?:y>0, fy <x<ily},
Qi ={(x,y)€R*:y>0, x < By}.
Let u(x, y) be the continuous function from R? to R satisfying u(x, y) =

u(-x, -y), and
v(x,¥), (x,y)€Q Uy,
u(x, y) =4 Ax? + 555 (0 — A)xP!, (x,y) € Q,
Byr + 2@ [0 _ Byt (x,y) € Qs.

The bounds on u, u, and u,, and u(0, 0) = 0 can be verified readily.

Step 1. To show that u is concave in y on (Ji_, Q;. On Q UQ4, uy,(x,y) =
-p(p — Dky|x — y|P~2 < 0, therefore u is concave in y. On Q, u,, =0,
hence u is concave in y. On Qj,

tyy(x,y) =p(p — 1)By" ™ — gﬁl:—:&ﬁ 5 - B|

+(p -1 - Z)A(IX_;;{) [% —B] 3.
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Now,

s () -) =00 o802 (% 5] - 2 [ 5]}
=0 by Lemma 5.1(xii).

So,

Uyy(X, ¥) = Uyy(X, ¥) — Uyy ((%) ) y)
_p-DP-2)Ax-y) (@ g -3
= 1= B2 FRUE
<0 by Lemma 5.1(ix) and that y > Ax on Q3.

Step 2. To show that u is concave in x on Ui, Q;. On Q,,
Usx(xX, ¥) = p(p = DIXP7% = ky(x — y)~2)
<p(- D[l —ky(1 —a)P2x?"2 <0
by Lemma 5.1(iii).
On Q4 tx(x,¥)=p(p - DX = ky(y — x)P72]

<p(p = DIBP? — ky(1 = By 2172
<0 byLemma 5.1(xv).
2(p — a(w — A)

OnQy,  ugx(x,y)=pp—1)Ax""? - T xP?
_ _ y—ax _ p_3
+ (P = Dp = 2)7— (0= A)x"".
Since
uxx(x,Ax—)=(p—1){pA+(p—2><w—A>—%;i)}xp=o,
SO

Uxx (X, ¥) = Uxx(X, ¥) — Uxx (X, AX~)
— (p - 1)(p - 2)((0 - A)(y -—).X)Xp_3 < 0,
A—a
by Lemma 5.1(iv) and the fact that y < Ax on Q,. The function, u, is affine
in x on 3, s0 uisconcave in x on U?:l Q;.

Step 3. To show that the first derivatives match up at the boundaries of the
regions. At y = ax, we have

Ug(x, ax+) = pA—%(a)—A) xP!

=pll — k(1 — )PP~ = up(x, ax-)
from Lemma 5.1(vi). Also, we have
- A

xP~1

uy(x, ax+) = i)

=pk,(1 —a)’ 'xP~! = u,(x, ax—) by Lemma 5.1(v).
P y
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At y=1x,
Uy(Xx, Ax+) = mx
= [pA e 1)(w—A>] xP 1 = w(x, Ax-)
from Lemma 5.1(xiii); and
- p-1 n[2 gl _BA 1@ gl o
uy(x,,lx+)—{pB,1 +(p 1)[” B]A ) [/11’ B]A }x
= Cj:gx"" = uy(x, Ax—)

from Lemma 5.1(xiv). At x = fy, we get
ux(By—, v) = plsgn(B)|BIP~" +kp(1 = B)P~1]y?~!
- [ B = wye )
from Lemma 5.1(x); and
uy(By—, ) = —pky(1 = )P~ 1y?~!
= {pB - lf—/lm [% - B] }y”“ = uy(By+,y)

from Lemma 5.1(xi).
Step 4. To show that A < 1. Since

1-4={D(tp) = [p — 1 - ptplE(2y)}/D(tp)

= (-t {at) - 222 piy),

it is enough to show that a(t,) — E(t,)/(1 —t,) > 0. From Step 1 of the proof
of Lemma 3.1, we see that a(t) and E(t)/(1 —t) are increasing and decreasing
functions respectively. Therefore, w(¢) = a(t) — E(t)/(1 —t) is an increasing
function. For pg <p <3, w(0)=a(0)—E(0) =A(0)—E0)=3-p)(p—-1) >
0, therefore y(f,) >0;for 3<p< oo,

(52) -5 -(7) ]

Therefore, there exists a unique s, € I, such that y(s,) =0 and w(¢) >0 on
(sp, (p —2)/p). So, w(t,) >0 follows if we can prove that s, < f,. This can
be reduced to proving
(3.7) [0 -2 - (0 - Dsp] = (b(sp)/alsy))P~" < 0.
As y(sp,) = 0, it implies (1 —s,)a(s,) = E(sp). Using this and (5.2), we get
b(sy)/a(sp) =p — 1 —ps, > 1. Therefore,

(b(s»)"“ S bls) _

a(sp)

and

p—-1-ps,>(P—-2)—(p—1)sp.

a(sp)
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So, (5.7) follows and this finishes Step 4.

Step 5. To verify that u(x, y) > v(x,y) on R?. By homogeneity and sym-
metry, it suffices to show that (i) u(1,y) > v(l,y) for y € (a, 4); and (ii)
u(x,1)>v(x,1) for x e (f, i ).

Case (1). We observe that the graph of u(1,y) for a < y < A is part of the
line tangent to the graph of the concave function v(1, y) at y = a. Therefore,
u(l,y)>v(l,y) for a<y<ai.

Case (ii). Observe that again the graph of u(x, 1) is tangent to the graph of
the function v(x, 1) at the point x = #. Since u(1, 1) > v(1, A) from case
(i), u(A~', 1) > v(A~7', 1) by homogeneity. Let m be the slope of the line
defined by u(x, 1) on (B, A1), ie, m = (4/(1 — BA))[w/A? — B]. Consider
the function V(x) = v(x 1). We have,

V'(x) = p{sen(x)|xlP~" - sgn(x — Djx — 1P~}
and
V'(x)=pp - D{IxIP7? - kp|x — 11772}

There exist & ,& such that 0 < ¢ <1 <& and V") =0, i =1,2.
Furthermore, V is concave on each of the connected components of R\[¢;, &];
and V is convex on (&;,&). If & > A~!. The affinity of u(x, 1), the
concave-convex situations as described above, the fact that u(x, 1) is tangent
to V(x) at x = f and u(x, )>wv(x,1) at x=p8 and x = A~} imply that
u(x, 1) >v(x, 1) on (B,A7"). If & < A~'. Now ky(& — 1)P~2 = &2

it follows that V(&) = p&8~2 < pl (P=2) | Consider,

(p—2) -(p-2)
m—pA=tT ,Bl (57— 8] -p20
w — BAP
_Jz_ % _ —(p—1)
{ = pi ’”}1

ptolp — 1 = pJIE(t,))? —(p—1
= A=P=D >0

(p = 1)(1 = 1,)2D(1p)
from Lemma 5.1(ix), (3.21) and (3.9). Therefore, m > pi=?=2) > V'(&).
Since u(x,1) > v(x,1) at x = B, x = & and x = 47!, it follows that
u(x, 1) > v(x, 1) on (B,4A"!). This completes the proof of Case (ii) and
hence the proof of Lemma 3.2. 0O
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