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ANALYTIC OPERATOR VALUED FUNCTION SPACE
INTEGRALS AS AN .#(L,, L,;) THEORY

KUN SOO CHANG AND KUN SIK RYU

ABSTRACT. The existence of an analytic operator-valued function space inte-
gral as an .Z’(Lp, L,/) theory (1 < p < 2) has been established for certain
functionals involving the Lebesgue measure. Recently, Johnson and Lapidus
proved the existence of the integral as an operator on L, for certain function-
als involving any Borel measure. We establish the existence of the integral as an
operator from L, to L, (1 < p < 2) for certain functionals involving some
Borel measures.

1. NOTATIONS AND PRELIMINARIES

In this section we present some necessary notations and lemmas which are
needed in our subsequent section. Insofar as possible, we adopt the definitions
and notations of [6 and 8].

A. Let N be the set of all natural numbers and let R be the set of all real
numbers. Let C, C, and C7 be the set of all complex numbers, all complex
numbers with positive real part and all nonzero complex numbers with nonneg-
ative real part, respectively. Let p be a function on the set of all nonnegative
integers such that p(0) =0 and p(n)=1 for n > 1.

B. Given a number d such that 1 < d < oo, d and d' will be always
related by 1/d+1/d’'=1.1If 1 <p <2 isgiven, let a in (1, co) be such that
a=p/(2-p). In our theorems, N will be a positive integer restricted so that
N < 2qa. For 1 < p < 2,let r be areal number such that 2a/(2a—N)<r < .
The number N/2a will occur often and so it is worthwhile introducing a symbol
forit; 6 = N/2a. Note that 0 < r'd < 1 where r and ' are conjugate indices.

C.For 1<p<oo, L,,(RN ) is the space of C-valued Borel measurable func-
tions ¥ on RY such that |w|P is integrable with respect to Lebesgue measure
my on RY . L (RV) is the space of C-valued Borel measurable functions y
on R¥ such that y is essentially bounded with respectto m; . Let & (Lp, Lp)
be the space of bounded linear operators from L,(R") into L, (RV).

The notation ||-|| will be used both for the norm of vectors and for the norm
of operators; the meaning will be clear from context.

Received by the editors January 20, 1989 and, in revised form, January 18, 1990.

1980 Mathematics Subject Classification (1985 Revision). Primary 28C20; Secondary 28A33,
47D45, 81C30, 81C35.

Key words and phrases. Bochner integral, Feynman integral, Wiener integral, function space
integral, Lebesgue decomposition, linear operator, strongly continuous, strongly measurable.

Research partially supported by the Korea Science and Engineering Foundation and by the
Ministry of Education.

©1992 American Mathematical Society
0002-9947/92 $1.00 + $.25 per page




698 K. S. CHANG AND K. S. RYU

D.Let 1 <p <2 begiven. For 4 in C}, y in Ly(RV), ¢ in RN and a
positive real number s, let

N/2 _ 12
@ = (5) [ vwexe (- LS )am, )

where if N is odd we always choose A~!/2 with nonnegative real part and
if ReA = 0 the integral in the above should be interpreted in the mean just
as in the theory of the L, Fourier transform. If p = 1, from [3] Cj/ is
in Z(Ly, Le) and ||Cys|| < (|Al/27s)N/2. And as a function of A, Cy is
analytic in C; and weakly continuous in C;. If 1 < p < 2 from [1 and 8]
Cys isin Z(Ly, Ly) and ||Cysl| < (|A]/27s)° . And as a function of A, Cyq
is analytic in C, and strongly continuous in C7 .

E. Let ¢t > 0 be given. M(0, ¢t) will denote the space of complex Borel
measures 7 on the interval (0, ¢). Every measure n in M (0, ¢) has a unique
decomposition, 7 = u + v into a continuous part x4 and a discrete part v =
> po1 Wpd:, Where (w,) is a summable sequence in C and J;, is the Dirac
measure [9]. In fact, this is the Lebesgue decomposition of n. And M(0, ¢)*
will denote the subset of M (0, t) which satisfies the following conditions;

(a) If u is the continuous part of n in M (0, ¢)*, then the Radon-Nikodym
derivative d|u|/dm exists and is essentially bounded where m is the Lebesgue
measure on (0, ?).

(b) If v = Z;il wpd,, is the discrete part of n in M(0, t)*, then
Y02 lwplt, 78 converges.

F. Let Cy[0, t] = C, be the space of R"-valued continuous functions x on
[0, £] such that x(0) = 0. We consider Cj as equipped with N-dimensional
Wiener measure m,, . Let C[0, ] = C be the space of RN-valued continuous
functions y on [0, ¢].

G.For 1 <p<2andnin M(0,1¢),let L. »([0, 1] xR¥) = L,, . , be
the space of all C-valued Borel measurable functionals 6 on [0, t] x RV such
that

1/r
llor = { [ e, ->||;d|n|<s)} < oo.
0,1

Note that L,y y C Los. 4 if 1 <s<r<oo0.If §isin L. , andif n = p+v is
the Lebesgue decomposition, it is not difficult to show that 6 isin L., ,NL,y. »
and |[0|lar: n = [16llar: x + 10]lar: v -

H.Let 1 <p <2 begiven and 6 be in L,(R"). From Lemma 1.3 in [8],
a function My: L, (RY) — L,(RY) defined by My(f) = f0,isin L (L, , Lp)
and ||Mp|| < ||| . It will be convenient to let 6(s) denote My ., for 6 in

ar: n+

Let 6;,6;,...,0m_1 bein L,(RY), y in Ly(RV) and 0 <5y <5 <--- <

Sm < t. From the Wiener integral formula [12],

/C 01(x(51))02(x(52)) - Ot (XS 1)) W (X (Sm) ) 10 (X)
=[{Cis06i(s1) 00 Ciss_1=sm_2) © Im—1(5m=1) © C1)(sy—s5n_1) } ¥1(0).
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I.Let 0<k<1 begivenand m bein N, Fora<s;<s$ < <spy<b,

// /{Sl—a)sz—sl) (b —sm)} *dsidsy---dsn

(b a —(m+1) k{r‘ )}m+1
I((m+1)(1 - k))
Throughout this paper, this value is denoted by E(a, b; m; k).
And let 0 < p < 2 be given and let a;, a;, ..., a, be nonnegative real
numbers. From the Holder inequality, we have

where I' is the gamma function.

n n p/2
Y al < n(z‘”)/z(Za,2> :
i=1 i=1
J.Let 1 <p <2 begiven. Let F be a functional on C. Given A >0, v
in L,(RY) and ¢ in RV, let

[1,(F) / F(\2x 4 &) w(i"Px(t) + &) dmy (x).

If for mp-ae. & in RY, [L(F)y](€) exists in L, (RV) and if the corre-
spondence y — [[;(F)]y gives an element of #(L,, L,), we say that the
operator-valued function space integral I;(F) exists for 1. Suppose there exists
Ao (0 < A9 < o0) such that I;(F) exists for all 0 < A < A¢ and there exists an
Z(Lp, Ly)-valued function which is analytic in C, ; =C,n{z e C||z| < ,10}
and agrees with I;(F) on (0, Ag), then this .& (L,, , Ly)-valued function is
called the operator-valued function space integral of F assocxated with 4 and
in this case, we say that [;(F) exists for A in C, ,10 If I;(F) exists for 4 in
Cs 3 and L(F) is strongly continuous in C7 , = C} N{z € C||z| < 4o}, we
say that I;(F) exists for A in C} Y- When 1 is purely imaginary, I;(F) is
called the (analytic) operator-valued Feynman integral of F .

K. Let X, Y be two Banach spaces, .Z(X, Y) a space of bounded linear
operators from X into Y and (Q, m) be a measure space. Let G: Q —
Z(X,Y) be a function such that for each x in X, {G(s)}(x) is Bochner
integrable with respect to m . Then there exists a linear operator J from X
into Y such that

—/{G(s)}(x)dm(s) for x in X
Q

where ( fQ{G m(s) refers to the Bochner integral. Here, this linear
operator J is denoted by (BS) [, G(s)dm(s) and it is called the Bochner inte-
gral in the strong operator sense. When X =Y, J is called the strong integral
of G.

We finish this section with two lemmas.

Lemma 1.1. Let n bein M(0, t)* and 6 be in L. ,. Let
F(y) = /(0 s, yisNdnts) for v inC
N

for which the integral exists. Then for every A >0, F(A~'2x +¢) is defined for
my x mg-a.e. in Cyx RV,

Proof. We can easily check that for every 4 >0 and m,, x my-a.e. (x,&) in
Co xRN, O(s, A=12x(s) + &) is defined, see [6, Lemma 0.1].
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Let n=p+ 3,2, wpd;, be a Lebesgue decomposition. Then

/(0 ,) ( 185, A="2x(s) +¢>|dmw(x>) dinl(s)

/A >" N {/ s
< o~/ SO, )|.d|ul(s
(27: 00 110(s, )llad|pl(s)

+ 3 (1751025 Nl >}
p=1

@4 2 Nl ) —r'é o
=) @' L6l u(esssupdllfdm) " / "3 dm(s)
(0,
/r

A

(i:]wpnw T, ) ||')l (Z|wp|r-“’) /'}

< 00.

By applying Wiener integral formula, a simple change of variables and the

Holder inequality, we obtain step [1]. Step [2] results from the Holder inequality

and G. We deduce the last inequality directly from the given conditions.
Hence, by the Fubini theorem

/CO </(0’t) 1005, A1 2x(s) + é)|d|n|(s)> dmy(x)

- | ( 1005, A= (s) +é)|dmw(X)>d|n|(S)
0,0 Co
<oo fornin M(0, t)*.

Thus, for my-a.e. x in Cy and for all ¢ in RY,
/(0 1665, 37 2x(s) + 0 i)
ot

exists. Therefore, for my, x mr-a.e. (x,&¢) in Co x RN, F(A~1/2x + &) is
defined. The lemma is proved.

The following lemma can be proved by techniques similar to those used in
the proof of Lemma 0.2 in [6].

Lemma 1.2. Let E be a complex Banach space, E* adual spaceof E, (A, m) a
finite measure space and let T be a metric space. Consider a function g: Tx A —
Z(E, E*). Assume that for each A in T and for each y in E, {g(d,y)}y
is a strongly measurable function of y in A. Suppose further that there exists
h in Li(A, m) such that ||g(X, y)|| < h(y) for m-ae y in A and A in T.

Set G(4) = (BS) [, g(4, dm(y) forall A in T.

(1) Assume that for m-a e. y in A, g(4,y) is a strongly continuous func-
tion of A in T. Then G is strongly continuous in T.

(2) Assume that T is open in C and for m-ae. y in 4, g(4,y) is an
analytic function of 4 in 7. Then G is analyticin T .
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2. AN ANALYTIC OPERATOR-VALUED FUNCTION SPACE INTEGRAL
AsS AN Z(L,, L,’) THEORY

The methods of proof and statements of our results for the L, case (1 <
p < 2) are very similar to those of [6] for the L, case. However, some care is
required to determine sufficient conditions under which the theory goes through
in the L, context. Such conditions ensure the validity of Lemma 1.1, the
analogue of Lemma 0,1 in [6], and are adopted throughout this paper.

Theorems 2.1, 2.2, 2.3, 2.4, and 2.5 are the analogous results of Examples
3.3, 3.2, 3.1, 3.4, and Corollary 1.1 in [6], respectively.

Throughout this section, let 1 < p < 2 be given, let n be in M (0, ¢)*,let 6
bein L,. , and let 7 = u+ v be the decomposition of 7 into its continuous
and discrete parts. For n in N, let

Fa(y) = { /(M (s, y(S))dn(S)} for y in C.

Here if n =0, from the definition, directly I;(Fp) = Cy; .
We begin by treating simple cases.

Theorem 2.1 (5 purely discrete and finitely supported). Let n = Z —1 WpOs,
where we may assume that 0 < T < Ty < --- < Ty < t. Suppose that 0(1,, , ),
p=1,2,...,h, are essentially bounded. Then the operator I,(F,) exists for
all 2 in C7 and for all A in C7,

w‘llwlh w
(1) LF)=n S L2 hiGio, . usan...,a)

1
q+tgp=n U 9! g
0<qr,..,q<n
where L(A; Ty, ..., Ty 41, -5 Gn) = Ciyr, 0[0(71)]1" Chyzy—z,) 0 [0(72)]2 0 0

[0(71)]% o Cyyt-1y)-
(We use the convention Cjj,—x,_,) © [6(tp)1° o Ci/tp-1) = Ci(tpar—1,-1)+)
Moreover, for all A in C7,

A\ 12 1] - - - oy |9
2) ||11(Fn)||5n!(— 1] - -y
27[ q1+X+:q;,—n QI'CI},!

0<q1,...,qn<n

{H(II9 T, % 110(Tp, )lla)?@ }{11(72"71)“'(t'"rh)}_6-

Proof. Let 0 =19 and ¢t = 1, . Let ¥ bein L,(RY), £ in RV and A >0
be given. Then
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LEWIE)
o ( 6(s, A="2x(s) +é)dn(S)) W 2x(t) + &) dmu(x)
Co 0,1

h n
2 /C (,§ w,B(t,, A~ 2x(1,) + é)) WA 2x(8) + &) dmy (x)

h+1)/2
13 wa ,,,w‘Ih y) N _
=n 3 “l‘r—qh';‘ b {ti(t2—11) - (£ —7p)} N2

qitergi=n
0<q1,...,qn

/ {He Tp, Up)? } (Vp+1)
RN(h+1)
h+l h+1
“”p — vp_y|? }
xexp{ Z =10 d};[l mp(vp)

4 wa...w
D D v L2 (TR FRTRE /S I A1 (9}
a+tgp=n I 9

0<4q1,...,qn

By the definition and an elementary calculus, steps [1] and [2] are clear. Step
[3] results from the multinomial expansion, the Wiener integral formula and a
simple change of variables. From H in §1, 6(t,), p = 1,2,...,h,
are in #(L,,L,). Since 6(tp,:), p = 1,2,...,h, are essentially
bounded, [6(7,)]", p=1,2,...,h,arein &Z(L,, L,) for n > 1. Hence
LA;ty,...,Thsq1, ..., qn) is well-defined for any nonnegative integers ¢,
.., qn . Thus we obtain step [4].

Now, let & be an .Z(L,, L,/)-valued function on C} given by ¥ (4) =

L(A;71,...,Th; 415 ..., qn). Then forall 4 in C7

2\ D3 At
@ 1@ (5) I8, N8, Il
p=1
< {ni(r =) (- ).

It can be shown that ¥ (1) is an analytic function of 4 in C, [8, p. 108].
To show that # (1) is strongly continuous in C7, it suffices to show that

IF Dy - F (—ig)ylly — 0
as A — —ig for y in L,(R") and a nonzeroreal ¢q. For 1 </ <h+1, let
Ar = Coigr, 0+ 0 Coigy—z,,) @ [0(2)]" © Coyryyy—rp 0 -+ 0 Chpe—rp ¥

and

=[0(z)]¥ o Cyy(ey =t ©* © Caj—r,) W-
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Then
htl h+l -1 5
IF Ay - F (—ig)y||y < IX;IIAI Ar-allp <2;{,,=1 [27:(1,,_11, 1)] }
I-1
X {H(llo(‘tp, INe116(z, ,)”a)p(qp)}
p=1

X |Coxy=1i_ Wi = C=ig)tj—,_ ) Willp' -

From D in §1, the right-hand side in the above last inequality converges to zero
as A — —ig. Hence, # (1) is strongly continuous in C; .

By the uniqueness theorem in [5], I;(F,) exists for 4 in C} and it is given
by (1) for all 4 in C7 . Furthermore, from (3), a norm estimate of I;(Fy) is
given by (2). Thus the proof of this theorem is complete.

Theorem 2.2 (n = u purely continuous). We suppose that n is purely continu-
ous. The operator I,(Fy,) exists for all A in C; and for all 1 in C7,

(4) B(F) = ni(BS) [ Litssi, .. snd [T nis)
n u=1

where Ay, = {(s1,...,8,) € (0,8)" | 0 <5y < 8§ < -+ < 8y, < t} and for
(S15..-»8n) in Ap, L(A;81,...,8n) = Cys 0 0(s1) 0 Cyys,—5,) © -+ 0 0(sn) ©
Ci(t-s,) - Moreover, for all A in C7

(n+1)d
() ummmwa(W) (116]lar: )" (ess sup dll/dm)"'"

x E0, t;n;ré)\/".
Proof. Let y bein L,(RV), & bein RY and 4> 0 be given. Then
(L (Fr)w1(€)

w i n i
/CO { /(0 o ) H Olsu, A7 2x(su) +O)d [ ] n(Su)}w(/l x(t) + &) dmy (x)

u=1

5 ( / Hesu, A7 2x(su) +€dHn(su)) (A2 (t) + &) dmy (x)
OEpn

a(n) u=1
& / ( / He(su A1 su)+<)dHn(su)w(r‘/2 (1) + &) dmy(x)
Bn yoy u=1

‘é'm/ {/ (ﬁe(su,A-'/Zx(su)+<)>w(r‘/2 (0) + &) dmu(x }dﬁﬂSu>
Ap CO =1

1
&y [ 1LG; st sy IT nGsw)-
n u=1
Step [1] follows from the definition, the Fubini theorem and Lemma 1.1. Let
Dij={(s1,...,8:)€(0,0)"|s;i=s;} for 1 <i# j<n. Then by the Fubini
theorem, D; ; is [],_, n-null. Let P, be a permutation on {1, 2, ..., n} and
for ¢ in P,, let

Aa(,,)={(s1,... ,Sn)G(O,t)n|0<Sg(|) < < Sg(n) <t}.
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Since (0, )" = {U,ep, As(m} U {Uix; Di,}, we obtain step [2]. Since the inte-
grand is invariant under permutations of s-variables, the integral over the n!
simplexes are equal. Hence, we obtain step [3]. Step [4] follows from the Fubini
theorem which will be justified below in conjunction with the proof of the norm
estimate. Step [5] is obtained by applying the Wiener integral formula, a simple
change of variables, and D and H in §1.

If we use the same techniques as in the proof of Theorem 2.1. in [8, p. 107],
it can be shown that L(4; s, ..., s,)¥ is weakly measurable, so it is strongly
measurable since L, (RV) is separable.

n

(6) |mwmw¢swwmﬁywumhnwuﬁmunmmn
n u=1

, A (n+1)8 ,

<) (52) IWlltesssupdilfdm™

: (||0||ar: q)nE(O, t, n; r'd)]/r/'

In the above, the first inequality follows from [8], the last inequality results
from Holder inequality and an elementary calculus. This justifies the use of the
Fubini theorem in step [4] above. Hence, for 4 >0,

n

Li(F,) =n\(BS) | L(A;s1, ..., sa)d [] n(su).

An u=1

By the same method as in the proof of Theorem 2.1, L(4;s;,...,s,) is
analytic in C, and it is strongly continuous in C, . Using Lemma 1.2.,

mwaALW&“w&MHMM
n u=1

is analytic in C; and is strongly continuous in C7 . By the uniqueness theorem,
I,(Fy) exists for A in C} and for all 4 in C}, we obtain (5) as in (6) except
with A4 replaced by |4|. Thus the theorem is proved.

Theorem 2.3 (Finitely supported measure). Let v = Zzzl wp0d;, where we may
assume that 0 < 1y < 15 < --- T < t. Suppose that 0(t,,-), p=1,2,..., h,
are essentially bounded. Then the operator I,(F,) exists for all A in C and
forall A in C7,

w? .. -Cl)q"
L(F)=nm Y =L h

wel @
(7) 0<g0,---> 4
q
x(BS)/ LooLyo--oLyd [] u(sy)
Ay s drseesJn u=1

where for nonnegative integers qo, qi, ..., qn And ji, ..., jur1s Dag,jrsosjpn =
{(51,82,...,84) €0, |0< 5 <5< <5, <71 <841 <<
Sivtjy, K T2 < o0 < Ty < Sjigeetjptl < 0 < Sjigotjpy = Sqo < t} and for
(81,82, «ov 5 Sg0) €Aggsjiyonrjn and me {0, 1,..., h},
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Lm = [B(Tm)]qm C}»/(Sj,+-~+jm+l—fm) ° e(sjl+"‘+jm+l) ° Cl/(sjl+-»-+jm+2_5j|+---+j,,.+l)
0::+0 e(sjl+"‘+jm+l) ° C)«/(Tm+l_5j,+~~+jm+l)‘
(We use the conventions 19 =0, T4, =t and [0(10)]% = 1, an identity map

on Ly (RVN).
Moreover, for all A in CY,

8)
o9 wp|% (Ill) (Go+h+1)0

Li(F)|| < n! _ Ir
” }.( n)” — q0+mz+qh=n ql!"'qh! (‘10 ) 27[

0<q0, ..., 4n

+h ! 1/2r h ,

(L) [T 0Cer N 16Ce1, 1) esssuplafdm)
o I=1

2/r'11/2
x<||0||a,:ﬂ>4°[ > {HE(TI,TI+1;11+1;r'5)} ] .

Jit++jp1=4qo =0

Proof. Let A >0 be given, v in L,(R") and & in RV . Then

9)
(L(F)Y1(S)
]

0 { 6(s, A~1/2x(s) + &) du(s)
Co (

h n
+3 0,01y, A V2x(zy) + é)} W V2x(0) + &) dmay(x)

p=1
a1 ... 9k
2y ool s
: leoogu!
o+-++qp=n ai: an: Ji++jre1=4q0 Aqo:l'lv...,i;,.,.]

0<40, -, qn

{/CO(Hou () + 0 )

4o
(He (5, + &) ) WA () + &) dmu() b [ wts)

u=1
3 wa e w
[—_] n! E 1 Th
' aQl- gy
dot---+qp=n

0<40, - 4n

> ([ en o~~oLh>w<é)dﬁ[lu<su>).

Jitetipn=do 00

Step [1] is clear. Step [2] follows from the multinomial expansion, the “simplex
trick” and the Fubini theorem which will be justified below in conjunction with
the proof of the norm estimate. By D and H in §1, we obtain step [3].
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w q ... w dn
10) |L(Fully <t Y lltoclon®

go+-+gp=n ai!---gp!
0<qo, ..., qn
40
2 / Lo oo Lylld TT u(su)
Ji++ire1=90 Agyiit s dpes i
<allyl, 3 Ll @ g
Go+-+qp=n qi-- - qn
0<qo, ..., qn
(AN (go + )
2n ao'h!)
r h
[1016¢, e 16z, .)”a)p(q,)]
- l=1

- (esssupd|ul/dm)"* (||6]lar: x)%

h 2/r 172
>, {HE(T1,TI+1;j1+1;r'5)} ] -

S it tine=q0 =0

The first inequality in the above follows from [5, p. 82]. The last inequality
results from the Holder inequality, the Schwarz inequality, and D, H, I in §1.
Since the right-hand side in the above last inequality is finite, we justify the
use of the Fubini theorem in step [2].
By the same method as in the proof of Theorem 2.1 of [8], (LgoLjo---oL,)y
is Bochner integrable. And by the same method as in the proof of Theorem 2.1,

40
(BS) LooLyo---oLyd [ u(su)

Aq01j|..~.»1;,+| u=1

is analytic in C, and is strongly continuous in C; . Thus I(F,) exists for A
in C; and it is given by (7). Moreover, we obtain (8) as in (10) except with 1
replaced by |A|. Therefore, the theorem is proved.

Now, we treat the general case. Let n = u+ v be in M(0, ¢)* with v =
E;‘;l wpd;, . And for h in N, let ¢ be a permutation on {1, 2, ..., h} such
that To(1) < Te2) <+ < Tg(h) -

Theorem 2.4. Suppose that 6(1p,:), p =1,2,..., are essentially bounded.
Then the operator I;(F,) exists for all A in CY and for all 2 in C7,

ot dy .. 9k
an  nE=eY Y S Y

h=04ot---+gp=n T i tin=do
qo#0

do
x (BS) LooLyo---oLyd [] n(su)

Bgg sy v ipa u=1

where for each h in N, Ag.ji . jw., = {(S1,...,5,) € (0,0)% | 0 <5 <
v < 8j, < Ty < 84l < o0 < Sjiajy < Te) < co- < 8q < t} and where for
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(S15 -5 Sq) €Dgosjysjney and me {0, 1,2, ..., h},

Ly = [e(fa(m))]qa(m) ° Cl/(s,-,+m+jm+|—1a(m)) ° 0(s11+"'+jm+l)

00 0(8ji4timat) © CafCutmen =iy timyr)"

(We use the convention T40) =0, Tone1) =t and [0(14(0)]%® = 1, an identity
map on Ly (RN).) Moreover,

3 Lo h 1/2r
(12) [IBEN<nY Y w(qo!)_,,,<(qo+h)z>

h=0 do+++qp=n %! qoth!
4, #0
lll (go+h+1)d h
(Y [T100om M 0 ]
n=1

x (esssup d|u|/dm)%!”

h 2/r'y1/2
x(||o|1a,;,,)q°[ > { E(ra(,.),ra(n+n;jn+n;r'5)} ] .

Jrte+ipn=go " n=0

Denote this norm estimate by B,(|A|).

Proof. It can be proved by the same method as in the proof of Theorem 2.3
by using the dominated convergence theorem and the xo-nomial formula [6, p.
41].

Now we prove the main theorem in this paper. Let 4o > 0 be given. Let
f(z) = 3320 anz" be an analytic function on C7 ; such that Ym0 lan|Br(|A])
is ﬁmte for all 4 in C7 B . Let n bein M(O, t) 0 bein L, , and let

F(y) =f(/(0 t)O(s, y(s))dn(s)) for y in C.

Theorem 2.5. Suppose that 6(1,,-), p=1,2,..., are essentially bounded.
Then I;(F) exists forall A in C7 , and is given by

(13) Li(F) = Zanli.

Moreover, for A in C7 o the series Y, anI;(F,) converges in operator norm
and

(14) \IL(F |<Z|a,,|B (IA)).

Proof. Since 3,2, |lanli(F)|l < Z"=0|a,,|B,,(|l|) for all A in C7

+,4°
Someoanli(Fy) isin Z(L,, Ly). And since By(|A|) is increasing as |4] T,
Y oneo@nl;(Fy) converges uniformly in C7 ,, for fixed 4, in (0, ).




708 K. S. CHANG AND K. S. RYU

Let 4 bein (0, Ao) and ¢, y bein L,(RY). Then

9 [ LS a2 D010 + ) dm(@)] dme

n=0

< Zlan|/ I OILFDWI(E) dmi(&)
n=0 RY

<lollpllwlls Y lan|Ba(|4)).

n=0
Hence for m, x mp-a.e. (x,¢) in Cy x RV,

Y lanl [Fa(A2x + ) @@ lw(A™2x(2) + &)
n=0
is finite. By considering ¢ and y which never vanish one sees that

3 @ Fa (A7 x4 8)
n=0

converges absolutely for a.e.- (x, &) in CyxRY . Consider a functional ® given
by

00)= [ @OULFIWIE dmue) for ¢ in L,(R").
Then @ is bounded and linear. Hence, by the Riesz representation theorem,
Li(F)y isin L, (R") and

op)= | ol é)Z(an / Fa( 2 + W 2x(0) + € dm(x) ) dmu @)

- /R 0 Zan[la(Fn)W](é)dm(é)-

Hence, for A in C+ ao LW =X ani(Fy)y for ae-¢ in R¥, which
implies that I,(F) = En—O anly(F,) for 4 in C7 , . By Theorem 3.18.1. in
[5], Yo2oanl;(Fy) is analytic in C, ; , that is, I,I(F) is analytic in C, ;.
Now, we claim that I;(F) is strongly continuous in C7 ;- Let 0<lq| < 4o
be given. Then for each ¥ in L,(RY) and A in C, (141412

Jim L(F)y = lim ”Z anl(F)y

= lim lim Z anI;(F,

k—oo A—— 1q

11m Za,,l_,q [I—zq( )]'//

with all the limits in L, -norm. Thus, I,(F) is strongly continuous in C7 %o
Therefore, I;(F) exists for 4 in C7 , . Clearly, we obtain the norm estimate
in (14) and the series Y, anf;(F,) converges in operator norm. Thus the
proof of the theorem is complete.
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