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A DEFORMATION OF TORI WITH CONSTANT MEAN CURVATURE
IN R? TO THOSE IN OTHER SPACE FORMS

MASAAKI UMEHARA AND KOTARO YAMADA

ABSTRACT. It is shown that tori with constant mean curvature in R3 con-
structed by Wente [7] can be deformed to tori with constant mean curvature in
the hyperbolic 3-space or the 3-sphere.

INTRODUCTION

In this paper, we will construct tori with constant mean curvature in the
hyperbolic 3-space. To be more precious, let 72 be a torus and f : T2 — R3
be an immersion with constant mean curvature constructed by Wente [7]. Let

(k) — R’ (if k > 0),
(k) = {xeR: TL,(x)2 <} (ifk<0)

be the Riemannian 3-manifold with the Riemannian metric
23

gk=(1+k21 lxl ) xz=:

of constant sectional curvature k. We will show that if f is generic, then for
a sufficiently small ¢ > 0 there exists a local 1-parameter family of immersions
{fi : T*> > R¥k)}kj<e (fo = f) with the same constant mean curvature.
It should be noted that the induced metrics {f g, }k|<c On T? in this case
may not be conformally equivalent to each other. Recently Walter [6] gave
another construction of tori with constant mean curvature in the hyperbolic
3-space. But our construction is quite different and depends very much on an
idea “deformation of Lie groups™.

Wente’s construction in [7] is based on doubly periodic solutions of the sinh-
Gordon equation on R%. Even if k # 0, solutions of the sinh-Gordon give
rise to immersions f; : RZ — R3(k) with constant mean curvature. Though f}
may not be doubly periodic, it induces a representation p, : 7;(72) — Gy such
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that for any a € n,(T?), p,(a) preserves the image of f; , where

S0(4) (if k > 0),
Gy ={ SOB3)x R} (if k = 0),
SO*(3,1) (if k < 0),

which are the identity components of the isometry groups of the 3-dimensional
space forms. The necessary and sufficient condition for the image of f; to
be closed can be described in terms of the representation p, . To construct a
family of doubly periodic immersions, one difficulty arises from the fact that
the isometry groups G for k >0, k =0, and k > 0 are quite different from
each other.

In §§1-3, we introduce a differentiable structure on the set I = {(k, E): k €
R, E € Gy} such that the family of representations p, : m(T?) - Gy C I
(k € R) is smooth with respect to k. In §4, a criterion for the image of f; to
be closed can be taken depending smoothly on &, by virtue of the differentiable
structure. Using this criterion, the existence of a deformation f; with the
desired properties are shown in the last section.

The authors would like to thank all those who encouraged them and gave
them suggestions, and in particular Professors H. Ozeki and S. Nishikawa.

1. DECOMPOSITIONS OF ISOMETRIES

Let M3 (k) be a complete simply connected Riemannian 3-manifold of con-
stant sectional curvature k, and G, the identity component of the isometry
group of M3(k).

First, we suppose k > 0. In this case, M3(k) is the Euclidean sphere defined
by

(1.1) M3(k)={'(x‘,x2,x GR“'Z(X Y+t = }

and G, = SO(4). It is well known that for each E € SO(4), there exists a
matrix P € SO(4) such that

cosf —sinf 0 0
-1 _ | sinf cosf 0 0

(1.2) PokoP = 0 0 cosy —sinv |’
0 0 sinv  cosv

where e*i® and e*? are the eigenvalues of the matrix E .
Next we consider the case k < 0. In this case, M3(k) is the hyperboloid in
the Minkowski 4-space L* with the induced metric. That is,

3
(1.3) M3(k)={ (x', x2, x3, t) e L4 : Z(x")z—ﬂ:%, z>o}

i=1

and Gy = SO*(3, 1). Unlike the case SO(4), not all matrices in SO*(3, 1)
can be normalized.

Lemma 1.1. Let
(1.4) N ={A€S0*(3, 1): all of the eigenvalues of A are 1}.
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Then for any matrix E € 50*(3, 1)\N, there exists P € SO*(3, 1) such that

cosf —sinf 0 0
~1 _ | sin@ cosf 0 0
(1.3) P oEoP= 0 0 coshvy sinhv |°
0 0 sinhv coshv

where e*® and e*V are the eigenvalues of the matrix E .
Proof. 1dentify a point X ={(x', x2, x3, t) e L* with a 2 x 2-matrix
¥ = X3+t x'+ix?
TA\x—ix?2 —x341t )
Then SO(3, 1) is isomorphic to PSL(2,C) by the 2-fold covering p:
SL(2,C) —» SO*(3, 1) defined by p(a)X = ao X o'a. It is easy to check
that

cosu —sinu 0 0
(1.6) e?’2 0 \ _[sinu cosu 0 0
: P\ o0 ez22)= 0 0 coshv sinhv |’

0 0 sinhv coshv

where z = u + iv . On the other hand, p~!(N) c SL(2, C) consists exactly of
matrices which cannot be diagonalized. Combining these two facts, we obtain
the lemma. O

Finally we consider the case kK = 0. The following lemma holds:

Lemma 1.2. Let E be an isometry of R3(0) written as E = A+c¢ (A €
SO(3), ¢ € R?), and suppose A # id. Then there exists an isometry P such
that

x! cosf -—sinf O x! 0
(1.7) PoEoP '[x2]|=|sinf cosf® O]|x2]+17|0
x3 0 0 1 x3 1

for all x ='(x', x2, x3) € R}0). Moreover, if E has such a decomposition,
then the e*'9 are the eigenvalues of the matrix A and £t = (c, e), where e is
the unit eigenvector of A corresponding to the eigenvalue 1 and ( ,) denotes
the canonical inner product of R3.

Proof. Let P=Py+p (P, € SO(3,1),p € R?). Then E has the expression
PoEoP~! = Ry+tes of (1.7) (Rg € SO(3, 1), e3 =70, 0, 1)) if and only if

(1.8) Py'oRgoPy=4,
(1.9) Rgp + te3 — p = Pyc.

It is obvious that P, satisfying (1.8) exists. Hence, it suffices to show that the
existence of p satisfying (1.9). Note that if such a p exists, then the e*/® are
the eigenvalues of 4 by (1.8) and, by (1.9),

7= (te3, e3) = (Poc, €3) = (c, Py 'e3) = (c, e).

Now we put Pyc = ‘(a!, o2, a?). Then (1.9) is equivalent to

_ 3 cosf—1 —sinf Y\ _ [a!
v=a and ( sin 0 cost9—1)(p2 “\e? )"

Consequently, the desired 7 and p existif 6 ¢ 272Z. O
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2. THE STEREOGRAPHIC PROJECTIONS
Recall that

B3k R? (if k >0),
(k) = {xeR: ¥ (x)2 <k} (ifk<0)

is the Riemannian 3-manifold with the Riemannian metric

2 3
(2
S = (1 n kz,il(x")z) 24"

1=

of constant sectional curvature k.

Note that when k > 0, R3(k) can be understood as the image of the stereo-
graphic projection of M3(k) defined in (1.1) into the (x!, x2, x3)-plane from
the south pole (0,0,0, —1/\//;). Similarly, when k < 0, R3(k) is also
the image of the stereographic projection of M3(k) defined in (1.3) into the
(x!, x?, x3)-plane from the south pole (0, 0,0, —1/+/]k][).

Let w, (k #0) denote these stereographic projections. Then y, and y, !
are given, independently of the sign of k, by

1
(2.1) wk(xl,xz,x3,t)=\/—mt—;—T(xl,xz,)ﬁ),
2 1 —kr?
2.2 Il x? ) = —=— [ X! X2, X3, —— |,
( ) '//k ( ) 1+kr2 zm

where r2 = 3°2_ (x/)2. The Riemannian metric g, of R3(k) is nothing but the
one induced from the canonical metric of M3(k) by y, . Therefore, isometries
of M3(k) can be regarded as isometries of R3(k).

Now we interpret the normalized isometries (1.2), (1.5), and (1.7) in terms of
the canonical coordinate system of R3(k). If k > 0, then a matrix E € SO(4)
of the form (1.4) is expressed as

x! cos@ —sinf O x!
(2.3a) WeoEoy ' [ x2 | =u|sind cosf 0 x2
x3 0 0 cosv x3

p(l—kr2y [0
Mt v I
2k —sinv

(2.3b) p=2{2Vkx3sinv +cosv(l — kr?) + (1 + kr?)} 7",

where

I corresponds to the point in M3(k)

Note that the singular point of y, c Eoy,
which is mapped to the south pole by E.
On the other hand, if £ < 0, then a matrix E € SO*(3, 1) of the form (1.5)
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is expressed as

x! cos —sinf 0 x!
24a) w,oEoy ' x2 ]| =u| sinf cosd 0 x2
k k
x3 0 0 coshv x3
PN
2/ k| sinh v ’

(2.4b) u=2{24/|k|x?sinhv + coshv (1 — kr?) + (1 + kr?)} L.

where

In (2.3) and (2.4), we now put

g S (i k> 0),
. T= .
(2:3) e (ifk <0),

and denote v, o E oy ! by Ti(6, 7). To determine v uniquely from 7, we
assume that |v| < n/2 if kK > 0. Then T,(0, 7) is expressed, independently
of the sign of k, by

x! cosf —sinf 0 x!
(2.6a) Tp(0,7)| x> | = | sinf@ cosf 0 x?
x3 0 0 (1-4kt®)12) \x3

0
+ (1~ kr?) (0) ;
T

where |17] < 1/2+/]k| for k£ >0, and
(2.6b) e =2{ —dktx® + (1 — 4k)'2(1 —kr®) + (1 + kr?)}~L.

We also define 7;(6, t) and jy by (2.6a) and (2.6b) even when k£ = 0. Then
itlo =1 and Ty(6, 7) is identical with normalized isometry given by (1.7). Thus,
for each k € R, we call Ty (@, t) a normal form of the isometry of R3(k).

3. A DIFFERENTIABLE STRUCTURE OF .

Recall that G, is the identity component of the isometry group of M3(k),
namely
SO(4) (k>0),
Gr={ SOB3)x R? (k=0),
SO*(3,1) (k<0).
Let # ={(k, E) : E € G}. Then each of the subsets

Fr={k,E)eF 1 k>0}=(0,)xS04),
“={(k,E)eS : k<0}=(-00,0)xSO0*(3, 1)

has the canonical differentiable structures as a product. In this section we shall
prove the following theorem.
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Theorem 3.1. There exists a differentiable structure on ¥ whose restriction to
F* (resp. F~) is compatible with the canonical product structure of ¥+ (resp.

F ).
Let . be a subset of .# defined by

F = F\{(k, E) =: k >0and E € SO(4) maps
the north pole of M>(k) to the south pole}.

For each (k, E) € .7, we put
(3.1) w(E)=yioEoy '(0) (i=1,2,3),

32 w'(E)=|ZwieEoyH](© (.I=1,2,3),

ax!
and define amap # : ¥ — R by
¥ (k,E)=(k, w'(E), w!(E)); j1=1,2,3€ R,

where y, (k # 0) is the stereographic projection defined in §1 and yq is
the identity map of M3(0). The map # is injective, since every isometry
E € G is uniquely determined by the data (3.1) and (3.2). Moreover, it is
easily verified that the restriction of the map 7| Fne, is an embedding for each

keR.

Now we introduce some terminology. Let U C R’ be an open subset. Then
animmersion ¢ : U — R 13 is said to be admissible if it satisfies (Image of ¢) C
(Image of %) . Then we have the following

Lemma 3.2. The image of #  has a unique differentiable structure as an embed-
ded submanifold of R'3 such that any admissible immersion induces its local
coordinate system.

Theorem 3.1 can now follow easily from Lemma 3.2:

Proof of Theorem 3.1. Since #'| s+ and 7’| - are locally admissible, the dif-
ferentiable structure on ¥ induced by % is compatible with the canonical

product structures of ¥+ and ¥~ . Thus . = FUF+UF" has a differ-
entiable structure stated in the theorem with respect to the topology generated

by {F,F*,#°}. O

Before we prove Lemma 3.2, we define the following transformations of
R 3(k), which may have singular points when k > 0:

x! (1 —4dkt®)1/2 0 0 x!
Sik,0,0) | x2 | =m 0 cosf —sinf x2
x3 0 sinf cos@ x3
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x! cos 6 0 —sin@ x!
Sk, 0,0 x| =w| 0 (1-4k)2 0 2
x? sin 6 0 cosd | \ x?

0
+u(1—kr?)| ],
0

x!
S3(k’ 03 T) (XZ) = Tk(e, t)

x3

0 cosf —sinf\ [ x! 0
=3 0 sinf cos@ x2 ) +us(1 =k 7 |,
(1-4k)1/2 0 0 x3 0

where |7| < 1/2vk for k >0, and
pi=pik, 0,1, x", x2, x3)
=2{—d4ktx' + (1 —4kt>)'2(1 —kr) + (1 + kr))}™'  (i=1,2,3).

By the same argument as that for S3(k, 6, 7) = T, (@, 1) in the previous sec-
tion, we can show that y; 'oSi(k, 8, 7)oy, € Gy (i=1,2). Infact, if k<0
for instance, the corresponding three matrices in G, are given by

coshv 0 0 sinhv
B B 0 cosf —sinf 0
yeloSi(k, 0, 1)oy = 0 sinf cos§ O |°
sinhv 0 0  coshv

cos 6 0 —sinf 0

1 _ 0 coshv 0 sinh v
Vi oSk, 0, Tow=| oo Ty cos § 0 ’
0 sinhv 0 coshv
cosf —sinf 0 0
. _ | sinf cos6 0 0
¥ oS3k, 0, 1)oy = 0 0 coshv sinhv |’
0 0 sinhv coshv

where 7 = (sinhv)/2/|k| (cf. (2.5)).
Using these, we define a smooth map 4 : R® — G, (k € R) by

hk(ela 02, 03, Tla 12, 13)
=y oSi(k,0,1") 08k, 0,1%) 083k, 0, %)
OSl(ks el,O)OSZ(k’ 0230)°S3(k, 03, O)OWk’

Then one can easily verify that A, defines locally a diffeomorphism from a
neighborhood of the origin onto a neighborhood of the identity.

Proof of Lemma 3.2. By the implicit function theorem, it is sufficient to show
that for each (k, E) € .# , there exists an admissible immersion ¢ : U ¢ R7 —
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R!3 such that (k, E) € (Image of ¢). Since # |+ and Z |- are locally
admissible, the existence of such a ¢ is obvious for (k, E) € 5 (k #0).
Now let (0, E) € 5. Then, since Ay : R® — Gy is surjective, there exists a
point a € R® such that E € hyg(a). We define a smooth map ¢ : R7 — R!3
by

ok, 0', 6%, 6%, 1", 1%, 0) = (hy(a) o by (6", 67, 6%, 7', 22, ).

Since #'|¢, is an immersion and A, is nonsingular at the origin, it is easy to
see that the rank of ¢ at the origin is 7. (We need not calculate the derivative
of ¢ with respect to k& because both the domain and the range of ¢ have
the same parameter k.) Thus ¢ defines an admissible immersion on some
neighborhood of the origin such that (0, F) € (Image of ¢).

These results can be extended to a higher-dimensional case. In fact, let
M"(k) be a complete simply connected Riemannian n-manifold of constant
sectional curvature k, and G}(") the identity component of its isometry group.
Then by the same argument as above a differentiable structure on #(" =
{(k,E): E € G}c"), k € R} can also be introduced. Furthermore, Tasaki-
Umehara-Yamada [3] developed these results for symmetric spaces. We apply
these results to hypersurfaces in M"(k) as follows. Let M be a compact hy-
persurface of M"(k). Then the induced metric g and the second fundamental
form A satisfy the Gauss and Codazzi equations:

(Gak) R(Xa Y.z, W)=k{g(X’ Z)g(Y’ W)—g(X’ W)g(Ya Z)}
+h(X, Z)R(Y , W)= h(X, W)K(Y , Z)
X, Y, Z,WeTM),

(Co) (Vxh)(Y,Z)=(Vyh)(X, Z) (X,Y,ZeTM),

where V is the Levi-Civita connection of g and R denotes its curvature ten-
sor. Now, let g, (k € R) be a smooth one-parameter family of Riemannian
metrics on a compact (n — 1)-manifold M and A, (k € R) a smooth one-
parameter family of symmetric 2-tensors such that g, and A, satisfy (Gay)
and (Co) for each k. It then follows from the fundamental theorem for hy-
persurfaces that there exists an immersion f; : M — M"(k) whose induced
metric and second fundamental form coincide with 7*g, and n*h, respec-
tively, where 7 : M — M is the universal covering of M . Note that each deck
transformation T of M preserves n*g, and 7n*h;, and hence T extends to
an isometry of M"(k) by the rigidity of f,. Thus, for each k, we have a

representation p, : 7 (M) — Gf(") . Then the following holds.
Proposition 3.3. The family of the representation
peim(M) - G cF™  (keR)

depends smoothly on the parameter k with respect to the differentiable structure
of FM.

Proof. We confine our discussion to the case #n = 3. But the following proof is
valid also for the higher-dimensional case. Let p € M and choose a reference
point ¢, € n~!(p). Then each deck transformation 7 determines uniquely a
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point ¢ € n~!(p) such that T(q,) = q. If we normalize y o fi(¢,) =0 and
take a frame (e;, e;) of (M, g) at p, then the isometry E;, corresponding
to T satisfies

E )= w0 filg),  dEu(&) =&,
d(Ei o yic o fi)l(dn") ()] = d(wi o fi)l[dnY)y(e))] (i =1,2),

where E; = ypoE oy, ! : R3(k) — R3(k) and ¢ is the unit normal vector field
of fo. Since the coefficients of the Frenet equation with respect to the canonical
coordinate system of R3(k) depends smoothly on k, so does wy o fi : M —
R3(k). Thus (3.3) implies that 7 (E) € R!? is smooth with respect to k.
So, by the definition of our differentiable structure of .# , E; depends smoothly
on k. O

(3.3)

4. SMOOTHNESS OF NORMAL FORM

Let
N~ ={(k, E)eF : k<0 and all the eigenvalues
of E € SO*(3, 1) are 1},
W% ={(0, E) € . : E is the identity or a translation of R*},
Nt ={(k,E)eF:k>0and § >v or cosv <0
in the decomposition (1.2) of E € SO(4)},

and define a closed subset in .# by

(4.1) N =",
Then for each (k, E) eﬂ%f there exists (k, P) € . such that
(4.2) P 'oEoP =T, 1)),

where T} (0, 1) is the normal form defined in §2. In §1 it was proved that # and
7 are determined up to Z z-ambiguity;vln this section, we will see that locally

0 and 7 are smooth functions on .#\.# with respect to the differentiable
structure defined in §3.

Theorem 4.1. Let (k, E) € L?\/V . Then there exists a neighborhood U C

ﬂ/f” of (k, E) such that, by taking suitable branches, 6 and t in (4.2) are
defined as smooth functions on U .

If kK # 0, the theorem is obvious. So we may assume k = 0. Since each
E € Go\#? is equivalent to a normal form Ty(a, f) (a, BER, o ¢ 2nZ)
by (4.2), it is sufficient to prove the following lemma.

Lemma 4.2. Let % : R7 — .7 be a map defined by
#k,0', 6%, 0, 1,1, ) =8(k, 0", 1) oSk, 6%, 1%) 0 T(6?, ©°)
oSy (k, 62, 1) o S7 (K, 6, 1Y)

Then the Jacobian of % does not vanish at the point (0,0,0,a,0,0, 8) (o« ¢
2nZ).
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Proof. Consider the map #Z o% : R7 — R!3 Then
ok, w', wi)
(k,0',02%, 63, 1!, 12, 13)
A(wt, wi)
(61,0%,0%, 11,12, 13)|,_,

at the point (0, 0, 0, , 0, 0, B). By a straightforward calculation, the deriva-
tives on the right-hand side are given by

dw'=(0,-8,0,0,1—cosa, sina),
dw?=(-$,0,0,0, —sina, 1 —cosa),
dw3=(ﬂ,ﬂ,0,2/3, 26, 1),

dw'' = (0,0, —sina, 2cosa, 2cosa, 0),

rank(d(# o %)) = rank 3

=1+rank6

dw* = (0, 0, cosa, 2sine, 2sine, 0),

dw' = (=sina, —1+cosa, 0,0, 0, 0),

dw® = (-1 4 cosa, —sina, 0,0, 0, 0),
which yield

dw', w?, wl, w', w3, w3
det b b b b b
a0, 602,03, 1, 12, 13)
d(w', w2, w3, w', wh, W)
det b b b b bl
{ a(6', 6%,0%, 1!, 12, 73)
Hence, d7%/ is nondegenerate at (0,0,0,,0,0, 8),since o ¢ 27Z . O

_ By Theorem 4.1, we may regard ¢ and 7 as globally defined functions 6 :
F\N - R/2nZ and 7: F\A - R.

} = 8sina(l —cosa)?,

} = —8cosa(l — cosa)?.

5. DEFORMATION OF THE IMMERSION

Let Q(ag, by) = (—ag, ao)x(—bg, by) be a rectangular domain of R2. Then
the Dirichlet problem of the sinh-Gordon equation

(5.1) Aw + coshw sinhw =0

on Q(ag, by) has a unique positive solution wy if ay?+ by2 > 4n~2 [7, 1,
2]. By the odd reflections about 9€Q(ay, bg), this solution can be extended to
a doubly periodic solution @y of (5.1), which has a rectangular fundamental
domain. To get solutions with twisted fundamental domain, we can perturb g
in the following fashion.

Lemma 5.1 [6, Theorem 1]. For sufficiently small ay, by > 0, there exist a
neighborhood U of (ay, by, 0) € R and a smooth function w(u,v; a, b, c)
on R2x U which satisfy the following conditions:
(1) For each (a,b,c) € U, w(u,v; a,b,c) is a solution of (5.1) on
R2Z.
(2) Let py =(2a,0) and p, = (2¢, 2b). Then
(5.2) wu+p;; a)=wu+p;; a)=0(-u; a)=-w(u; a),

where u= (u,v) and a=(a, b, ).
(3) w(u,v; ap, by, 0) = wo(u, v).
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Let w(u,v) = w(u,v; a, b, c) be a doubly periodic solution determined
as above. Define the first fundamental form ds? by

2w

2 _ e 2 2
(5.3) ds* = TiZEEwS) +k)(du +dv?),
and the second fundamental form 4 = h;;du? + 2h;2dudv + hydv? by

P He*  cos2B
WTAHI k) 4HE+ K2

_ sin2f

(5'4) hlZ—_4(H2+k)l/2,

B = He® N cos2p
2T aH k) " AHI+ )T

Then it is not hard to see that for H = 1/2 and k > —1/4, ds? and h sat-
isfy the Gauss and Codazzi equations in R3(k). Hence, by the fundamental
theorem for surfaces, they determine, up to an isometry of R3(k), an iso-
metric immersion f; = fi(a, b, c, B): (R2,ds?) — R3(k) with constant
mean curvature H = 1/2. Since the Frenet equation of f; with respect to
the canonical coordinates on R3(k) depends smoothly on k, the immersion
fela, b, c, B): R2 = R3(k) also depends smoothly on the parameters a, b,
¢, B,and k.

Since w has the doubly periodicity condition (5.2), there exist motions
E;=Eik,a,b,c,B) (i=1,2) of R3(k) such that

(5.5) Se(w+2pis a,b,c, B)=Eiofi(w;a,b,c,B) (i=1,2).

It follows from Proposition 3.3 that E;(k,a, b, c, B) (i=1, 2) are smooth
with respect to the parameters a, b, ¢, f,and k.

Properties of the immersions f; = fi(a,b,c, B) at k = 0 are carefully
analyzed by Wente [8], in which those of the form fy(a, »,0,0) (a=2+b"2>
4n—2) whose images are compact are called symmetric examples. The existence
of symmetric examples has been shown in Wente [7], Abresch [1], and Walter
[S]. Now we assume that fy(ao, by, 0, 0) yields a symmetric example. Then

we may put
1 00
E.(O,ao,b0,0,0)= 010 N

0 01

0 0 1

where 1 < a<2m and a €2nQ (see [1, 8]).
Note that, since E;(0, ag, by, 0, 0) € .#, Theorem 4.1 cannot apply di-
rectly. So we change a generator p; of the lattice I' = {p,, p,} for

cosa —sina 0
E5(0, a9, by,0,0)=| sina cosa O],

P3 =P + P2
Let

E3(k,a, b,c,ﬁ)=E|(k,a,b,c,ﬂ)oE2(k,a, b,C, ﬂ)
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Then it is obvious that

(5’6) ﬁ((“+2p3;a,b,c,ﬂ):E30fi((u; aabac9ﬂ)‘
Now we prove our main result:

Theorem 5.2. Let T? be a compact 2-manifold with genus 1. Then for suffi-
ciently small ¢ > 0, there exists a 1-parameter family of immersions f, : T* —
R3(k) (|k| < &) with constant mean curvature H = 1/2.

Proof. Using Theorem 4.1, we can define smooth functions §; and %; (i =
2, 3) on some neighborhood of (0, ag, by, 0, 0) € R3 by

éi(ka a, ba c, ﬂ)=0(Ei(k,a, b) c, ﬂ))
%i(k,a,b)ca ﬂ)=T(Ei(k,a,b,C, B))
Thus, to prove the theorem, it suffices to show that the set

{(kya,b,c,B)eU: Gitk,a,b,c,B)=ac2nQ
and tj(k,a,b,c, B)=0(i=2,3)}

(i=2,3).

defines a regular curve with respect to k through the point (0, ag, bg, 0, 0).
To see this, we define amap ¢ : U — R’ by

otk,a,b,c, B)=(k, 0,03, 1, 13).

In [8] Wente introduced functions 6,, 6,, 7,, and 7, of variables a, b,
¢, and B in such a way that E;(a,b,c, ) (i = 1,2) are equivalent to
To(6;, ;) , for which he showed that

8(01 5 02a Ty, 12)
(5.7) det{ 3@.b.c. p) }760

at (ag, by, 0, 0). It is easily verified that these functions are related to 6,, 05,
7, and %3 by

6,0,a,b,c, B)=0ya,b,c, B),
65(0,a,b,c, B)=6i(a,b,c, B)+6(a,b,c, ),
%(0,a,b,c, B)=12(a,b,c, B),
%3(0,a,b,c, B)=1(a, b, c, B)+12(a, b, c, B).

Hence we have from (5.7)

rank(d¢) = rank { ok, 62, 63, 12, 13) }

dk,a,b,c,p)

30, 03, 12, t3)
= 1 4+ rank

{ d(a, b, c, ) k=0}
_ (601, 60,, 11, 72) | _
_1+rank{ 3. b,c, B }—5

at (0, ag, by, 0,0). Thus ¢~ '(k, a, 0, o, 0) determines a regular curve on
some small neighborhood of (0, ag, by, 0,0) e U. O
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Corollary 5.3. Any open subset of the 3-sphere or the hyperbolic 3-space contains
a torus with constant mean curvature.

Proof. Let {fi : T* —» R3(k)}jx|<. be as in Theorem 5.2. Then, for sufficiently
small ¢, the images {/fx(T?)} /<, are uniformly bounded. Namely, f(T?) is
contained in the ball of radius a with respect to g, for each k € (—¢, ¢),
where a > 0 is a universal constant.

Assume k < 0 and define

F= Ikl - wg o ) T2 = M3(-1),

where y; is the stereographic projection (2.1) and - is the scalar multiplication
in M3(k) c L*. Then f gives an immersion of T2 into the hyperbolic 3-
space M3(—1) with constant mean curvature 1/2,/k|. Moreover, f(T2) is
contained in the ball of radius /|k|a in M3(—1), since f;(T?) is bounded
by the ball with radius a.

Hence, taking a sufficiently small k < 0, we can find an immersion of 7?2
with constant mean curvature into the hyperbolic 3-space with sufficiently small
radius.

Similarly, assuming k > 0, we have the conclusion for the 3-sphere. O

By using (5.7), the existence of nonholomorphic harmonic maps of tori gen-
erated by any lattice into the unit sphere has been shown in Umehara-Yamada
[4], which is based on the fact that Gauss maps of surfaces with constant mean
curvature in R3(0) are harmonic.
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