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HARNACK ESTIMATES AND
EXTINCTION PROFILE FOR WEAK SOLUTIONS
OF CERTAIN SINGULAR PARABOLIC EQUATIONS

E. DIBENEDETTO AND Y. C. KWONG

ABSTRACT. We establish an intrinsic Harnack estimate for nonnegative weak
solutions of the singular equation (1.1) below, for m in the optimal range
((N —2)4+/N, 1). Intrinsic means that, due to the singularity, the space-time
dimensions in the parabolic geometry must be rescaled by a factor determined
by the solution itself. Consequences are, sharp supestimates on the solutions
and decay rates as ¢ approaches the extinction time. Analogous results are
shown for p-laplacian type equations.

1. INTRODUCTION

We will consider nonnegative locally bounded weak solutions of singular
parabolic equations of the type
u—Au™ =0, 0<m<1,in 2'(Qr),

ueC0,T; L2 (Q), u™eL*0,T; WL Q),

loc

(1.1)

and of the type
u; — div(|Dul’~2Du) = 0, l<p<2,
ueC0, T; Ly (Q)NLP0, T; W (Q).

Here Q isanopensetof RV, N>1,0<T < oo, Qr=Qx(0,7T), and
D = (0/0x;,...,0/0xn). The notion of local weak solution (subsolution,
supersolution) in the specified classes is standard and we refer to [6, 10, 13].

For these solutions we prove an intrinsic Harnack inequality, within the
ranges (N —2),/N < m < 1 for (1.1), and 2N/(N + 1) < p < 2 for (1.2),
and show that such ranges are optimal for a Harnack estimate to hold. Our
estimates are independent of local supbounds.

In addition we derive L estimates of the solutions over a compact set

loc
Z C Qr in terms of their L"(%Z’)-norm, over a larger set .#’ C Qr, where

.NQ2-p) N1 -m)
r>max{l,T} for (1.2), r>max{l,T} for (1.1).

(1.2)

We show that such an r is optimal for a supbound to hold. This is in contrast
with the heat equation (m =1 in (1.1) or p =2 in (1.2)) where bounds on the
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solutions over %, hold in terms of their L"(-Z’)-norm for every r > 0 (see
Moser [17]).

The main results are stated in §2. Section 3 contains the statement and
proofs of the L{*-estimates as well as comments on the Cauchy problem and
the extinction rate. The remainder of the paper is devoted to the proof of the
Harnack inequality.

2. THE MAIN RESULTS

The classical Harnack estimate for nonnegative solutions of the heat equation
(see Hadamard [9], Pini [21], Moser [17]), fails to hold for solutions of (1.2)
if p # 2 (see [6, 7] for counterexamples). However, when p > 2 an intrinsic
version takes its place, which reduces to the classical one when p = 2. The
main idea is to work with a time scale that “measures,” the degeneracy of (1.2)
(see [7]). The singular case 1 < p < 2 presented unsuspected difficulties and is
left open.

By contrast, in the elliptic case the classical Harnack estimate holds for all
p > 1 (see Serrin [22], Trudinger [24]) and the theory is fairly complete. Ac-
cordingly, a second motivation of this work is to complete the corresponding
parabolic theory by proving a Harnack-type estimate for nonnegative solutions
of (1.1) and (1.2). We refer to [7] for further comments and a perspective on
this issue.

Equation (1.1) arises in plasma-physics [4, 5, 18] and it is referred to as the
fast-diffusion case (0 < m < 1) of the porous medium equation (m > 1).

There is an analogy between (1.1) and (1.2) both in terms of results (regu-
larity [6, 8, 13, 15], extinction time [3, 6, 13], growth conditions [8, 20]) and
techniques of proof. For example, when m > 1, the theory of an intrinsic Har-
nack inequality can be developed for (1.1) paralleling that of (1.2) for p > 2
(see [7]).

In this note we will work mainly with (1.1) and only briefly indicate how to
modify statements and proofs for the case (1.2).

2-(I). The intrinsic Harnack inequality. Let u be a locally bounded, nonnegative
local weak solution of (1.1) in Q7. Fix Py = (xp, t)) € Qr and assume
u(Py) > 0. For R > 0 we construct the cylinder

(2.1) Qr(u(P)) = {|x = xo| < R} x {to — [u(Po)]'""R?, to + [u(Po)]' " R?}.

By the results of [6], u is locally Holder continuous in Q7 so that u(P) is
well defined.

Theorem 2.1. Assume that
(2.2) K=Nm-1)+2>0.
Then there exist constants § € (0, 1) and C > 1 depending only upon N, m
such that
VPy€e Qr, VYR>O0 suchthat Qsr(u(Py)) C Qr;

(2.3) uP)<C icpg” ulx,to+06); 0= 5[u(P0)]"”’R2 .

Remark 2.1. The proof shows that the constants C~!, J degenerate as
Nm-1)+2 -0 (ie, 6, C"Y(N, m) — 0 as k — 0). However, they are “sta-
ble”as m — 1, 1ie, (N, m), C"'(N,m) - 6(N,1), CY(N,1) € (0,1)
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as m — 1. Therefore letting m — 1 in (2.3) we recover the classical inequality
of Hadamard [9] and Pini [21] for nonnegative solutions of the heat equation,
in the form of Krylov-Safonov [12]. See Figure 1.

Condition (2.2) is equivalent to the range of m

(N-2)

(2.4) ¥ t<m<l1.

Remark 2.2. Such a range is optimal for (2.3) to hold, as shown by the following
argument. Solutions of the Cauchy problem

{ u,—Au™ =0 in RN x (0, o0),
u(-, 0) = ug € L'(RV) n LNI=mI2(RN) Uy >0,
become extinct after a finite time 7™, if k = N(m — 1) + 2 < 0, (see Bénilan-

Crandall [3]); i.e., there exists a time 7™ depending only upon N, m and
lluoll ¥ (1~m)/2, v such that

u(x,)=0, Vt>T*, VxRV,

and u(-, t) is not identically zero for ¢ < T*. The extinction profile, i.e., the
boundary of the set [u > 0]N {t > 0} is the hyperplane ¢ = T* (see [6]). That
is, u(x,t)>0,Vx e RV, Vt < T* (see also Kwong [13] for a similar result in
bounded domains).
It was also shown in [3] that extinction cannot occur in finite time if ¥ > 0.
If (2.3) were to hold for m < (N —2),/N, we could fix (xp, #) so that
T* —ty=¢€ (0, 1) is arbitrarily small and choose R so large that

du'""™(xo, to)R®> =¢,

to get a contradiction.

When Q is bounded and 8Q smooth, solutions of (1.1) with data u|sq = 0
and u(-, 0) = up € L>°(Q) exhibit extinction in finite time for m in the whole
range 0 < m < 1 (see [3] and references therein). In such a case however R
cannot be taken arbitrarily large.

If there is a finite extinction time T*, then u(-, t) decays to zeroas t — T*
at the rate (7™ — t)//(1=™ (see §3-(II)).
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Similar results hold for the p-laplacian equation (1.2). Let u be a locally
bounded nonnegative local weak solution of (1.2) in Q7. Fix Py = (xp, %) €
Qr, assume u(Py) > 0 and for R > 0 consider the box

(2.5)  Qr(u(Po)) = {|x — xo| < R} x {to — [u(Po)P" R, to + [u(Py)" " RP} .
It follows from [6] that u(P) is well defined.

Theorem 2.2. Assume that

(2.6) K=Np-2)+p>0.

There exist constants 6 € (0, 1), C > 1 depending only upon N, p such that

VPy e Qr, VR > 0 such that Qsr(u(Py)) C Qr,

@7y <cC inf u(x, to+9), 0= lo+S[u(R)PIR?.

XEDR
The constants C~' and 6 — 0 as p — 2N/(N + 1) but are “stable” as p /2.
Also, (2.7) cannot hold if p < 2N/(N +2) ie, €<0.

The last statement can be proved as before by making use of the finite-time
extinction property of solutions of the Cauchy problem associated with (1.2)
with initial data uy € L'(RY)n LN@-r)/P(RN) . This property in turn can be
proved by a simple adaptation of the arguments of Benilan-Crandall [3] (see
also Herrero-Vasquez [11]).

The proofs of Theorems 2.1 and 2.2 are more involved than that of their
“degenerate” counterpart in [7]. The two main ingredients are the local Holder
continuity of solutions and an expansion of the positivity set of the solutions
“sidewise” i.e., along the space variables only.

Local Hoélder continuity has been established in [6] and exploits a special
space-time configuration (see §5 and Appendix A). The expansion of positivity
is achieved by constructing suitable comparison functions (see §4 and Appendix
B), sensitive to conditions (2.2) and (2.6).

3. THE L{3-ESTIMATE

Let u be a locally bounded nonnegative local weak solution of (1.1) in Qf
and consider the box

Or=Brx{0,1}, Br={x|<R}.

After a suitable translation, we may assume Qur € Qr, provided R and
t > 0 are sufficiently small.
Let r > 1 be any number satisfying

(3.1 Kr=Nm-1)+2r>0.

Theorem 3.1. Let r > 1 and 0 < m < 1 satisfy (3.1). There exists a constant
y=vy(N, m, r) such that

VYt >0, VR >0 suchthat Qsr C Qr

(3.2) 2/ [\ Vi-m)
sup u(x, t) <yt~ N~ <Sup / u'(x, 1) dx) +y (ﬁ) )
Bir

XEBr O<t<t
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Remark 3.1. The proof shows that u could be a nonnegative subsolution. More-
over the pair of balls Bg, B, in (3.2) could be replaced by any pair Bg, B(jiq)r »
Vo >0 with y depending also upon o, provided Q(14q)r C Qr.

Remark 3.2. The constant y — oo as Kk, = N(m — 1) + 2r — 0. However it is
stable as m — 1. The condition k, > 0 is optimal for a supestimate to hold
(see §3-(I11) below).

The theorem turns the qualitative information u € L (Qr) into the quanti-
tative estimate (3.2). In particular solutions that can be constructed as L[ (Qr)-
weak limits of smooth approximations, satisfy (3.2).

In the next theorem, (3.4) holds for nonnegative weak solutions not neces-
sarily bounded, and YO < m < 1. Also (3.3) holds vVr > 1.

Theorem 3.2. 3y = (N, m, r) such that
VO <t<oo, VR>O0suchthat Qs C Qr,

r o\ 1/(1-m)
(3-3) sup / uW(x,t)dx <y {/ u'(x,0)dx + (I—K) } ,
O<t<t Bgr sz R r

VO<t<oo, VR>O0suchthatQcC Qr,

1/(1-m)
(3.4) sup / u(x,t)dx <y {/ u(x, t)dx + (%) } ,
O<t<t JBg Bz R

where k =k =N(m-1)+2>0.
Remark 3.3. The proof shows that the constant y — 0o as m — 1.

3-(I). L>~-estimates at the same time level. Of particular interest for the proof
of the Harnack inequality is the following supestimate obtained by combining
Theorem 3.1 and 3.2, under the assumptions

(3.5) r=1, k=Nm-1)+2>0.

Lemma 3.3. Let (3.5) hold. There exist a constant y = y(m, N) such that
VO <t <oo, VR>O0suchthat Qsr C Qr,

(3.6) 2/x £\ /a=m
sup u(x, t) < yt= N (/ u(x, t) dxdt) +7y (—2) )
X€Bg Byr R

Remark 3.4. The interest in (3.6) is that the sup of u over a ball Bg at some
level ¢ > 0 is estimated in terms of the L!(B4g)-norm of u at the same level
t. It is precisely this particular feature that will make possible the proof of the
Harnack inequality.

We will use this fact in the following form. Assume the cylinder

Q(4R, 4) = B4g x {—4, 0}
is all contained in the domain of definition of u. By Theorems 3.1 and 3.2:
V-2<1t<0,

(3.7) 2x 1\ a=m)
(-, Dllco, iy <7 sup (/ u(x,t)dx) +y<ﬁ_2> .
Bar

—4<1<0
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By (3.4) we conclude that
V-2<1<0,

2/k
lu(-, Dllco, B <7 </ u(x, 0) dx) + yRZ/(m—I)_
Bur

Remark 3.5. The constant y depends only upon N and m. It follows from
Remarks 3.2 and 3.3 that y — oo aseither k -0 or m — 1.

(3.8)

3-(II). Rate of extinction. Suppose u is a nonnegative local weak solution of
(1.1) in some domain contained in Q x R*, and assume there exists a finite
extinction time 7. This occurs for all 0 < m < 1 in bounded domains and
for N(m — 1) +2 < 0 in the whole R¥ (see [3]).

Applying (3.4) to u within the box

O(T*) = Bag x (T* —t, T*) C Q x R*,

we obtain

.\ M(1=m)
(3.9) / u(x,z)dxgy(T K’) .
Bgr R

Thus the L] () norm of u(-,?) decays to zero as ¢t — T* at the rate
(T* — H)!/(1=m)

If in addition k = N(m — 1) + 2 > 0, by combining the sup estimate of
Theorem 3.1 with (3.4) we have

Corollary. Let N(m—1)+2 > 0 and assume T* > 0 is a finite extinction time
for u. Then 3y = y(N, m) such that

VR >0, Vtsuchthat B x 2t —T*,T*) C QxR*,

(3.10) T+ _ p\ M=-m)
s Ol <7 (Trt)

3-(III). The Cauchy problem with data in L] (R"). We may combine Theorems
3.1 and 3.2 to deduce existence of locally Hoélder continuous solutions for the
Cauchy problem.

Consider the Cauchy problem

U —Aum =0 in St =RY x (0, T),
(3.11) u(+, 0) = up(x) € LI, (RY), uo>0,
0<7T< o0, r>1.

If r > 1 satisfies (3.1) we may construct the solution by approximating u,, in
L (RY), with ug , € C°(RY), n €N satisfying

/uf,’,,dxgy/ ugdx, VYR>1, n=0,1,...,
Br Br

for some constant y = y(m, N). Thenif (x, t) — u,(x, t) are the correspond-
ing solutions of (3.18) with u, replaced by ug,,, we deduce from Theorems
3.1 and 3.2 that 3y = y(m, N), such that

vVi>0, VR>0, VmeN,

3.12 2/, ¢\ Via-m)
(3.12) sup u,(x, t) < yt= N (/ u6dx> +7 (ﬁ) )
Bar

XEBR
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Thus {u,} are equi-bounded over compact subsets of RY x (0, co) and by the
results of [6] are equi-Holder continuous. This suffices to prove existence of
solutions. The initial datum is taken in the sense of L (R"). Uniqueness can
be shown by a technique similar to the one in [§, 10].

Remark 3.6. When ug € L] (RY) existence and uniqueness of solutions is due
to Herrero-Pierre [10]. The point here is to show that a precise local integrability
of the initial datum u, (i.e., up € L] (R")) yields locally bounded and locally
Holder-continuous solutlons

The order of integrability of uy to ensure a C -solution is sharp as shown
by the following example.

Consider the function

— (62 _ |x‘2)il c€ (O, 1)

X X) = a,a;>1
_)g( ) |x|N|1n|x|2|a2, ) 1, &2 5

and set

Z(x,t)=(1-ht),g(x), h>0.
We observe that if a, > 1, ge L'(RY) but g ¢ L[ (RY), vr> 1.
Lemma 3.3. Assume m = (N-2)/N, N > 3. Theconstants ¢ € (0, 1), a1, a3,
h > 1 can be chosen depending only upon N so that

{ Z,—AZ" <0 ae RV x(0, x),

Z(-,0)=¢g().
Now the Cauchy problem associated with (1.1) and initial datum uy = g has
a unique weak solution u satisfying
u>7Z vt>0,

by the comparison principle (see Herrero-Pierre [10], Pierre [20]). Thus if
te (0, 1/h), liminf),_ou(x, t) = 0o
The proof of the lemma is given in Appendix C.

3-(IV). Proof of Theorem 3.1. Let o € (0, 1] be fixed and consider the sequence
of radii and time levels

Ry=R(1+0627"),  ty=L(1-g27").

-2
Set

B, = Bg,, On=B,x(ty, ), n=0,1,2,...,
and let (x, 7) — {,(x, ) be a nonnegative piecewise smooth function in Q,
that equals one on Q,., vanishing on 9B, and such that

n+l n+2
2 2

IDEy| < 0<Cn <

oR "’ == gt
Consider also the sequence of increasing levels

k,,=k<1—2n—l+l>, n=0,1,2,...,

where k > 0 will be chosen later.
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First write (1.1) in the form

(3.13) %v‘/’”—m}=0, v=u".

In the weak formulation of (3.13) take testing functions (v — k,)%~ 'C,,, qg>1
to be chosen, and integrate by parts over Q, . Setting

(3.14) Wy = (v = kn)?*Cn,

we obtain by standard calculations

f(1=m)/m sup wg(f)dx.;.// |Dw,,|2 dxdrt
Qn

tn<t<t JB,

y2 ’ ( + flullt> // w?_,dxdrt
- O'Zl o, QO Ont n—1 .

If ||u||(‘xj”’é0 < t/R? there is nothing to prove. Otherwise we rewrite (3.15) as

(3.15)

k(=m/m sup w2(1 dx+/ |Dw,|*dxdt

t,,<‘r<t

< a2t” I Q// w?_, dxd.

By Holder inequality and the space-time version of the Gagliardo-Nirenberg
multiplicative inequality (see [16, p. 74]) we get
(3.16)

/ wldxdt < (/ wi NN gy de
On On

(3.15")

N/(N+2)
) IAn|2/(N+2)

/(N+2)

2N
< {( sup [ wi(r) dx> (// |Dw,|? dx d‘t)} | A |2/ N+
tn<1<t JB,
where

(3.17) A ={(x, 1) € Qulv(x, 1) > kn} .

From this and (3.15')
(3.18)

2n
2 2 1-m (1=m)/m)2/(N+2) 2/(N+2)
/Qn widxdt < o llull s 6.k~ |4

Since
// wi_,dxdt > 27"tk 4,|,
n—1

we obtain from (3.18)
(3.19)

2 Zﬂ& 1—m 3. —((1—m+r)/m)2/(N+2)
/Qn w;dxdt < py Nulloe "o,k

where we have set

1+2/(N+2)
2
wn—l) 4
Qn—l

(3.20) r=mq, dy = 4119/(N+2)
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From the recursive inequalities (3.19) it follows by virtue of Lemma 5.7 of [16,
p. 96}, that [ an w2dxdt — 0 as n — oo provided k is chosen to satisfy

// vidxdr = CO.N+2t(N+2)/2k(l—m+r)/m"u”;)(15m)(1‘/+2)/2 )
Q P

With these choices it follows that

y 1 t 1/(1=m+r)
u 00, Uoo S — A / / u" X , T dx d‘[
(3.21) 0 [ (W+2) (22 ( 0 JB(.ig)r ( ) )]

1-m)(N+2)/(2(1—-
||u”<(>o go +2)/(2( m+r)).

Consider the increasing family of radii
s
R;=R) 27", s=1,2,...,

let Qs be the family of cylinders defined as before and set
Ys = |[ulloo, g, -

Applying (3.21) to the pair of boxes Qs C Qs for which o = 2=6+1) | we
obtain

p2s(N+2) H(=min) (N+2)(1=m)/ (ks +(N+2)(1—m))
[t(N+2/2 // "(x, 1 dxdr] ‘Y .

If k, = N(m —1) +2r > 0, by Schwarz inequality, Vv € (0, 1)

t 2/k,
Y, Sv¥on +7(N, m, r, 1) [r‘””m [ ] weo dxdr} ,
0 JByr
d, = 22AN+2)/1r .

Iteration of these inequalities yields

t Z/KI
lulloo,0r EYo < VYo + (N, m, r,v) [t“”*z)/z/ / u(x, t)dxdr]
0 JBap

xzs:(ud,,)i, s=1,2,....

Choose v = 1/(2d,) so that >} ,(vd.)' <1 andlet s — co to obtain
1 2/k,
[lloo, 0r < V(N m, 1) 5 (sup / u'(x, 1) dx) .
L% No<r<t JByg

Because of the interpolation technique y — oo as k, — 0.
3-(V). Proof of Theorem 3.2. For n=0,1,2,... let

n
R,=RY 27",  B,=B,,
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and let x — {,41(x) be a smooth cutoff function in B,,; that equals one on

B, and such that
2n+1 2n

2
DGl < S\ Gl <72y

By a Steklov time-averaging we can rewrite (1.1) as

(l.l)h aaluh —A(u’")h =0 a.e. QT,

where Vf € L (Qr), he€ (0, T), see [16]

t+h

f;,(x,t)=%t fx,7)dt, 1e(0,T—h).

Multiply (1.1), by uZ"C,, , integrate by parts over B, x (7, t), VTt € (0, 1)
and let 2 — 0 to obtain
(3.22)
1 4m(r
Z r LAY (m=141)/2{2 42
V/B u()c,t)C,,Hd)c+(m_H_1 // |Du |*Crdxdr

= 1 m+r-—1
=+ [ W O+ s // Ao dxdz.

n+l1

Proof of (3.3). Set

H, = sup/ u(x,1t)dx, Ho=/ u(x,0dx.
Byr

O<t<tJB,

Then from (3.22)
(3.23)

22,, rm t (m—=1+4r)/r N Y
r - m-— r
HnSHo+J’—R2 (_—_m+r—1)/ (/B u(x,s)dx) R ds

n+1

A\
< Hp + y2%" (R_") Hr(lr:-ll i

Finally applying Young’s inequality we get the recursive inequalities

(3.24)
o\ Vi=m)
H+<RK) , ve(,1).

H, <vH,. +y(m, N, v)24nr/(1-m
By choosing v sufficiently small this implies (3.3) by an interpolation argument
similar to the one above.
Proof of (3.4). From (3.22) with r =1

(3.17) H,,_/B u(x, t)dx+R2//B M(x,s)dxds.

n+1

The proof is concluded by interpolation since 0 < m < 1.

Remark 3.7. Inequality (3.4) is due to Herrero-Pierre [10] by a different proof.
Inequality (3.3) for r # 1 seems to be new.

Because of the interpolation technique y — oo as m — 1. A similar be-
haviour of y occurs in [10].
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Remark 3.8. Results in all analogous to the ones above hold for weak solutions
of the p-Laplacian equation (1.2) and can be proved by following the arguments
of [8].

4. LOCAL SUBSOLUTIONS

The main feature of our proof of the Harnack inequality consists in ex-
panding the positivity set of # both in the direction of increasing times and
“sidewise” in the space variables. This will be accomplished by constructing
two suitable /ocal subsolutions of (1.1). It is precisely in this construction that
the range of m given by

(4.1) k=Nm-1)+2>0,

comes into play.
Let b, k, u, 6 >0 and consider the cylindrical domain with annular cross
section

(4.2) OE {%k’”“ <|x]2< 1} x {0, 6}.

Consider the function

k(1 — |x|*)¥"™

(4.3) y= T R-mb|x|2/ )= a>0.
Lemma 4.1. The constants b, o > 0 can be chosen so that
(4.4)
k>0, w0, Mmooy, e=min{(—1:-;1’l‘ﬁ;kl-'"} ,
v, —Ay™ <0 ae Q).
Proof. Set
2
p=|X|, |Z|=k1_mb7’ g=(l+|2|),
k™ ay2 m
w=m_—m—), v=(1-p%7%, y" =wv.

Since y™ isradial Ay™ = (y™)" + %(y/’")’ , where the derivatives are meant
with respect to p.
By direct calculation

w = —2m (w2
T 1l-m\p)F’
2|

4.
(4.5) W' = 2m (E)_(Zm Lz_|+1_£
T 1l-m\p?) F \1l-mF )
(4.6) { v'==2ap7 (1 - p%)s,
: " o_ a—2 a 2 h2a-2
v = =2a(a— 1)p*2(1 — p*), + 2a°p .

Form the expressions (™) = w'v+wv’, and (y™)" = w"v +2w'v' +wv”
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using (4.5)-(4.6) and compute
Awm=12_—mm< )'Zl { N+1+—]gi|+1—§}
(4.7) b () Bt = ). - 2aa - 1) (%) poc1 - ),
+(N-1) [—201 (%) po(1 - p“)+} + 2wa?p??.

Drop the last nonnegative term and observe that the first term in brackets on
the right-hand side of (4.7) equals

{...}z{_N+ﬁ§}.

2m |z| 2 |z|
m —_ -_
i (w)yv{N*l—m?}

+2a(?>p°‘(1—p“)+{%;—l—N+2—a}.

We impose on |z| to be so large that

We obtain

(4.8)

2 |2 Nm-D+2 2
N+timF T 1-m (1-m&
(4.9) 2
>K—(—l't—n—1—)—§>0.

Next we choose a so that the second term in brackets on the right-hand side
of (4.8) is nonnegative. This is accomplished as follows.

22m—1)|z|
2 1-m 9+

If m>1 wetake a =2.If 0 <m <} we estimate
(122417 +2-a,

and we take a =2m/(1 —m).
Combining these calculations we have

m 2m (w) |z 2 m}
(4.10) Ay 21_m<p2)y { N+

for all |z| so large that (4.9) holds. Next calculate

k(1= p)d™ |z _ w/m m1

I/\
:

Vi= Mm@ ua-m+i ¢
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and combine with (4.10) to obtain
(4.11)

F p2(1 —
2(w) = v - A
2 2 |z 1 2
(1=m)/m P~ _ VLS ] B R S S
<w ; 2m(N+1—m.7>Sb 2m<x (l—m)?)’

since s 1 5
w(l—m)/mg_ — k —mbp /t — l |Z| < l
t bF blizl+1 = b
From the definition of the cylindrical domain Q(6) in (4.2), |z| = k'=™b|x|?/t
> u/t sothat 1/ < t/u. These remarks in (4.11) give

1 dmt

* < _ —_— .
f/(t//)_b+(l_m)ﬂ 2mk
To prove the lemma we choose
_ ux(l-m) _ L
(4.12) 0—————4 , b= p—t

4-(I). Scaling and comparison. The constants b > 1, a > 0 being fixed, the
functions

k(A = |x = x|}/ A-2elm
(1 4+ k'=mb|x — x,|2/(t - t,))}/(1-m)°
are subsolutions of (1.1) in the annular cylindrical domain

2 m—1
(4.14) £”z{’l%—<|x—x,.|2<zz}x{z,.,t,uze},

(4.13) wilx —xu5t—t)=

A>0,

provided u is chosen to satisfy
(4.15) uk™ /b < 1.

On the parabolic boundary of Qf,’l) we have

(i) For |x — x.|2 = A2uk™ /b, t, <t<t.+A%0, yy(x —x.t —t.) <k,
(ii) For |x —x,2 =42, t, <t<t.+41%0, y; =0,
(i) For t=t¢., y; =0.

Thus if u solves (1.1) in a domain containing Q,‘.‘) and if
A2 u fm—1

(4.16) u(x, )2k, |x-x|= o

t.<t<t,+A%0,
then by the comparison principle
(4.17) u>y; inQW.

For remarks on the comparison principles see Appendix D.

4-(II). Time expansion of positivity. The next subsolution of (1.1) will be em-
ployed to expand the positivity set of # in the direction of positive .
Let po>0, k>0, set

(4.18) S0 = (g +0). 120,
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and consider the function

2%/m 2\ B/m
(4.19) o(x,0)= b (1—"") ,

(6)e/m NGy
where f,¢6> 1.
The proof of the following lemma can be found in [1].

Lemma 4.2. The numbers &, B > 1 can be chosen a priori only in terms of
m, N so that

kl—m ,02
(4.20) vk, po >0, 0, —Ap™ <0, ae RN><<O,m—€°) .
Remark 4.1. The constants £, f are “stable” as m — 1.
4-(III). Subsolutions of the p-Laplacian equation. We construct here analogues

of the functions y and ¢. Let b, k, u, 68 > 0 and consider the cylindrical
domain with annular cross section

(4.21) 0(0) = {%kﬂ < |xPP < 1} x {0, 6},

where u, b, k are so that uk?=2/b*~1 < 1.
Consider the function
k(1 = x5
[1 + k@=P/e=Dp(|x|p/t)1/P=1)]P=1/2=-p)

(4.22) Y=

Lemma 4.3. The constant b = b(N, p) can be chosen a priori only dependent
upon N and p, so that

4.23
( ) Vk > 0, Yu > 0 satisfying (4.22),

p—1
¥, — div(|DY|P2D¥Y) <0 ae Q(6), 6 = min { (%) TR kz"’} .

The proof is similar to that of Lemma 4.1 and we postpone it to Appendix
B.
The analog of the function ¢ in (4.19), for equation (1.2) is

&/(p—1) p\ V-7 A/(P=1)
(I)(X, t) _ _.kpg— 1 — _|§|_ s
R(t)é/(p—l) R(¥) .

(4.24)
bt
R(t) = (m + Pﬁ) ,
where k, b, &, B, po are positive numbers.

Lemma 4.4. The numbers b, &, B > 1 can be chosen a priori only in terms of
p, N, so that

k2 ph
b )

(4.25) Yk, po>0, @, —div(|DOP~2DD) <0, ae RYx (o,

The proof is analogous to that of Lemma 3.1 of [1].

Remark 4.2. Also &, B are “stable” as p — 2.
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5. SPACE-TIME CONFIGURATIONS

Locally bounded weak solutions of (1.1) are locally Holder continuous in the
interior of their domain of definition, VO < m < 1. When m > (N - 2), /N,
i.e., k > 0, this result exploits a space-time geometry whose precise configura-
tion is needed in what follows.

Let (X, %) € Qr, Ry >0, Bg, = {|x —X| < Ry} and consider the cylinder
Or, = Bg, x {t — w(',"”R(ZJ , [}, where wg > 0 is any number satisfying

(5.1 esssupu < wy.
Or,

For each (X, ) € Qr, VRy > 0 such a cylinder can be constructed (see [6])
provided Ry is so small that Qg, C Qr.

Proposition 5.1. There exist numbers ny € (0, 1), Cy depending only upon
N, m satisfying the following.
For given Ry, wq construct the sequences

(5.2) R, = C; "Ry, Wp = NoWn—y, n=1,2,...,
and the family of nested cylinders

Qn=Bg, x{I-w)™™R2,1}.
Then

(5.3) essoscu < wy,, n=1,2,....

The proposition will be proved in Appendix B.

The construction in (5.1)-(5.3) implies the Holder continuity of u via an
interpolation argument (see [6, 16]). In particular we have

J a constant A = A(N, m) such that VO < p < Ry,

essoscu(-, 1) < Awg L ,
X R

(5.4)

where a = —logc, 1o -

Remark 5.1. The constant 4 can be quantitatively determined a priori only in
terms of Cy, 7.

Remark 5.2. The proof in Appendix B shows that

(N-2),
N b
(N-2),

no(N, m) — 1 asm— ——,

Co(N,m)—>o00 asm—

i.e, as k = (N(m - 1)+ 2) — 0. However, such constants are “stable” as
m—1,ie., Co(N,m)— Cy(N, 1) < oo and no(N, m) — no(N, 1) € (0, 1)
(see also §1-(iii) of [6]).

Even though local solutions u of (1.1) with no sign restriction and for all m €
(0, 1) are in C2 (Qr) for some a € (0, 1), the specific form of Proposition
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5.1 holds only for nonnegative solutions and for m > (N — 2), /N, ie., k >0
(see Appendix B for further details).

6. PROOF OF THE HARNACK INEQUALITY

We let u be a nonnegative locally bounded weak solution of (1.1) in Qr.
Let Py = (xo, to) € Qr, assume that uy = u(Py) > 0 and construct the cylinder
Qr(u(Po)) = {|x — xo| < R} x {to — [u(Po)]'"™"R*, to + [u(Po)]'"" R} .

We assume R is so small that Qur(u(P)) C Qr . Without loss of generality we
may assume that (xo, o) = (0, 0). The change of variable
X = Xp t—to u
= —, T= , V= —— s
‘=R (BT (o]

maps Qsr(u(Py)) into Q4 = By x (—4, 4), and the transformed function v

satisfies .
v =A™ =0 in Q4,
{ v(0,0)=1.
Denoting again with x, ¢, u the transformed coordinates and the new func-
tion, to prove the theorem it will suffice to show that we can determine a priori
constants yy, d € (0, 1) depending only upon N and m such that

(6.1) x‘é‘g. u(x,d8) 2.
6-(I). Locating the sup of u in Q,. For s € (0, 1) construct the family of
“increasing” cylinders
Qs = {|x| < s} x {-ds, 0},
and the numbers
M; = ||ulloo, 0, » Ny = (1 —s)72/0=m
Remark 6.1. Since u € LX(Qr), My = Ny and Ny, — oo as s — 1, the

loc
equation M; = N; has a largest root, say sy. Thus

(6.2) M, = (1 —50)~2/(0=m) M1452 < 2207mM(1 — 50)2/(=m)
Since u € C2.(Qr), My, is achieved at some point (X, 7) € QO and in view
of (6.2)

(6.3) sup  wu(x, ) < 22/(=m)(] — 5)=2/(1=m)
|x—FI<(1-50)/2

See Figure 2.

Remark 6.2. Here 6 € (0, 1) is a small number to be chosen and has the effect
of rendering “flat” the boxes Q;; i.e., points in Q;, s € (0, 1) are at most Js
away from the hyperplane ¢ =0.

Lemma 6.1. There exist a small positive number ¢ € (0, 1) that can be deter-
mined a priori only in terms of N and m, such that

(6.4) u(x, 1) > 3(1 —s)720=m | vlx —%| < &(1 - o) .
Proof. Set (1 —s9)/2 =4R and construct the box

Qir={lx—-X|<4R} x {t—4,1}.
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[ ]
|
>

_ (1-m)/2\~1
Ry=(167" """ (1 -5y

®
—

FIGURE 2

Apply to such a box the estimate (3.8) with the appropriate change of variables,
to obtain

2/k
supu(x, t) <y (/ u(x, 1) dx) + yR~(=m)
Or Bg

where
Or={lx-X|<R}x{t-1,1}.
In view of (6.3) and the definition of R

(65) sup u(x’ t) S yl(l - SO)—Z/(l—m) 5
Q(1-sg)/8

where y; = yi(m, N).
Next consider the cylinder

Qr, = {|x = X| < Ro} x {T—y7™(1 —50) 2R3, 7},
(6.6) (1=m)/2y— 1
Ro = (167, )~H(1 = 50).

By virtue of such a construction we have
(6.7) lttlloo, @y < 71(1 = 50) 7217,

and Qg, satisfies the space-time configuration of §5. Therefore by (5.4) we
conclude that

VO<p<Ry V|x—X|<p, attheleveli,

u(x ) ?) Z u(fa E) - AYI(I - SO)_Z/(l_m) (Ri()) .

Since u(x, 1) = (1—s9)~%=™ by taking p = nRy, n € (0, 1) we find
u(x, 1) > (1 —s50)~"="(1 — Ayyn®),
Vix = X| < nRo = n(167 )7 (1 - 50),

and the lemma follows by taking n small enough.

6-(II). Time-expansion of positivity. The previous arguments are independent
of the number ¢ (see Remark 6.2). We will now determine ¢ .
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FIGURE 3

Lemma 6.2. There exist small positive numbers co, 0 that can be determined a
priori only in terms of N, m, such that

u(x, t) > co(1 —sp)~2=m
Vix - X <e(l-s0), VO<1<26.

Proof. After a translation assume (X, f) = (0, 0) and consider the comparison
function ¢ defined in (4.9) with the choices

k=3(1=s50)”0=m, pg=eg(l-s0).

(6.8)

The function ¢ is a subsolution of (1.1) in RN x (0, 35) where
kl—mpé 822—(1—m)
T omE T mé

For ¢t = 0 by virtue of Lemma 6.1, u > ¢ and ¢ vanishes on |x|*> = S(¢),
t > 0. Therefore by the comparison principle

u>¢ in{|x]*<S)}x{0<t<35}.
In particular for § < ¢t < 3 and |x| <e&(1 —s9),

u(x t) > %(1 —S())_z/(l_m) <1 a ;)ﬂ/m
T T [Bm2(=m) 4 1)e/m (md2l-m 4+ 1)

=2/(1=m)

(6.9) 30

= ¢o(1 - o)
In terms of the original coordinates

u(x, ) > co(1 — so)~2/=m), lx —X| < &(1 = 50),
Vi+d<t<it+30.

The location of 7 in the box Qj, is only known qualitatively. However, as
t ranges over (—d, 0), the intervals [f +J < ¢t < 7 + 34] have the common
intersection [6 < ¢ < 2] and the lemma is proved. (See Figure 3.)
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6-(I1I). The final step: sidewise expansion of positivity. Let O* be the box (see
Figure 1)

0*(x%,0) = {|x —X| < &(1 —s0)} x {8, 26} .

We will expand the positivity set of # over the ball {|x| < 1} at the time level
t = 26 . For this it will suffice to prove that there exist a constant yy = yo(N, m)
depending only upon N and m such that

(6.10) u(x,20)>v, Vx-X<2.

After a translation we may assume that the centre-bottom of Q*(x, ) is (0, 0).
Consider the comparison function ¥ given in equation (4.3) with k =
co(1 — s9)~2/(0=m)  where ¢, is determined in Lemma 6.2.
Observe first that if y is a subsolution of (1.1) in Q(8), via the change of
variable x — Ax, t — A2t, the functions

A—2a/mk(/1a _ lea)i/m

(611) W, = (1 + kl_mblxlz/t)l/(l—m) ’

are subsolutions of (1.1) in the annular regions
(6.12) oW = {%k’”“/lz <|x]? < 12} x {0, 426},

for the same values of b, u, 6 as determined in Lemma 4.1.
The number u here can be determined by imposing

Lymer o E2(1—s0)2 . b &
—k™ ST, 1.€., /lSCT_—”—Iﬁ

0
T B
4= min Z’céTmﬂ._z ,

and pick 6 according to (4.12). By further restricting either u or the number
6 of Lemma 6.2 we may assume that § = 12§ . Take A = 3 in (6.11). Then on
the parabolic boundary of Q) we have

(1) |x|=3,0<t<0, ulx,t)>wy(x, 1) =0,
(i1) |x|=¢€(1—-s0), 0<t<6 by Lemma 6.2,

We choose

wa(x, 1) < co(1 —50)" ™ < u(x, 1),
(iii) for e(1 —sg) < |x| <3, w3(x,0)=0.
Therefore by the comparison principle for ¢t =4, V|x| < 2

Co(l _ SO)——Z/(l—m)(3a _ 2a)2/m3—2a/m _ yO(N m) .

u(x9 6) 2 (1 T [Co(l —S())_Z/(l_m)]l_m4b/5)l/(l—m) -

6-(IV). The case of m near 1. The previous proof makes use of (3.8) so that
the constants J, yp in (6.1) tend to zero as m — 1 (see Remark 3.5). We will
give a proof of (6.1) that holds only for m near 1 but it is “stable” for m — 1,
ie., (N, m), yo(N, m) - (N, 1), po(N,1)e(0,1) as m— 1.
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Theorem 6.1. There exists m, € (N-2),/N, 1) and constants y; = y;(N,m,),
0« =0.(N, m,) € (0, 1) such that if m, <m<1
u(x,d.) >y, VYxe€B.
Proof. As before construct the family of increasing cylinders Qs = {|x| < s} x
{-ds, 0} and the numbers
M =|ullw,0,, Ns=(1-5)"7,

where y 1is a positive number to be chosen. The definition of the numbers N;
differs from that in §6-(I) in the arbitrariety of the exponent y.

Since u € LX(Qr), My = Ny, and N; — oo as s — 1, the equation
M; = N; has a largest root, say sy. Thus

(6.13) M, =(1-50)77, M52 <27(1—50)77.
Since u € C2.(Qr), My, is achieved at some point (X, ) € @So and in view
of (6.13)

So - 1 — 80

(6.14)  wu(x,t)<2'(1—s0)77, |x—7|<1_2 , 1-90
Let

<t<7.

Ro = 5277072 (1 — 5p)7 =M (1 - ),
and consider the box
Qo = {Ix — X| < Ro} x {1 —[2"(1 —50) 771" "™/*R§, 7}

Assume first sg is so close to 1 that § > %(1 —5o) , so that from the definitions

of Qs, Ry we have Qo C Q1452 -
By virute of (6.14) ||u|le,0, < 27(1 —50)~7 and Qp satisfies the space-time
configuration of Proposition 5.1. Therefore

Vix -X| < p, lu(x,?) —u(x,1)| < A2?(1 — s9)~7 (RL) .
0

By taking p = Ry and then 7 sufficiently small we have

Lemma 6.1'. There exists a small positive number ¢ € (0, 1) that can be deter-
mined a priori only in terms of N, m such that

(6.16) u(x, ) > 5(1-s5)77, Vjx—X| <eg(l—s5)r0-m+2/2,
Remark 6.3. The constant ¢ depends upon y but it is “stable” as m — 1 since
no use has been made of (3.8).

We now expand the positivity set of # by using the comparison function ¢
in (4.9) with the choices

k = %(l —50)77, po = &(1 — 50)(1=m+D/2
Proceeding as before we find
u(x, tl) > 1(1 —So)_y,

6.17
e |x = X| < (1 +0)po = &(1 +a)(1 — 50) 7 =m+D/2

&2

e2(1 — 50)?

(6.18) 1 =T+ e

(1 — 5p)?I=m+2(] — 59)7(1=mM) =7 4
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where ¢, t are numbers that can be determined a priori only in terms of N, m
and are “stable” as m — 1.

We apply again the comparison function ¢ starting from the level ¢, , with
po replaced by (1 + a)po and k replaced by 7(1 —sp)~7, to obtain

u(x: t2) > ‘[2(1 - SO)—y ’

6.17
(6.172) Vix —%| < (1 +02)pg = (1 4 0)%(1 — 50)P1=m+2/2
e2(1 —50)%(1 + ¢)%¢c!—m
(6.185) =t + =M mE .
By iteration we find a sequence of expanding balls
B, = {|x —X| < &(1 4+ 0)"(1 — 50)7=m)+D/2} n=1,2,.
and time levels
(6.19) =1,  ti=lit (1 _SO)g (14 g)gt=mn,
satisfying
(6.17,) u(x, tn) 2 7"(1 —50)77, in B,.

We choose n so large that B, covers the ball centered at zero of radius 1,
1e.,

(6.20) e(1 4 0)"(1 = 5o)P=m+2/2 = 2
where we have assumed, without loss of generality that the solution of (6.20) is
an integer n. Then from (6.17,) for |x| < 1

(6.21)  u(x,ty)>1"(1-5) "=

- 2
(E)zy/(y(l m)+ )[1(1 +g)2/(G=m)+2)pn

Choose y so large to satisfy 7(1+ ¢)?"/3 = 1. Then if m is so close to 1 as
to satisfy y(1 — m) < 1, we obtain from (6.21)

. e\ /(1-m+D)
u(x, ty) >y = (5) .

It remains to estimate the time level ¢,. From (6.19)

201 —
(6.22) t,,—7+82((11m~‘0€ Z (1 4 6)20-mYG-D

Then if m is so close to 1 as to satisfy in addition (1 + )2t~ > 1 we find
from (6.22) and (6.19), (6.20)

- (1 —50)2 [(1 + g)2gt—mn—t

=14 J=mmE (14 0)2c0-m — 1
4 p1—
2 =0+ ST (1=50) 71

> -0+

4 &\ 27/(r(1-m)+2)
20=-m) & (_) :
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To prove the theorem we choose J so small that

4 (g)zwwu—mwm b

—6+m E =—_=..5

2

Finally, the numbers J, y being fixed, if 6 < (1 —sp) we have (1 —sp)”" <
(20)~7. Therefore we have a quantitative estimate of the sup of u in the
cylinder Q. We may assume without loss of generality that % < s < 1.
Indeed if not, from the definition of the numbers M, and N; it would follow
that "u"oo,Ql/z <2

In either case we conclude that there exists an absolute constant ¥ such that
luloo,0,, <V,  u(0,0)=1.
By the Holder continuity
u(x,0)>c, |x| < &,

where the numbers ¢, &y depend upon V' and can be a priori determined by
applying Proposition 5.1. We are now in a position of expanding the positivity
set of u by using the comparison function ¢ of (4.9).

Remark 6.4. Our results generalize to the case when the right-hand side of (1.1),
(1.2) is replaced by f(x, t, u) provided 0 < f(x,t,u) < F(1 + |u|) for a
constant F . The growth conditions insures the Holder continuity as well as the
sup estimates of §3. The positivity permits the application of the comparison
principle.

APPENDIX A: ON THE HOLDER CONTINUITY OF SOLUTIONS

Let u be a locally bounded local weak solution of (1.1) in Q7 , with no sign
restriction and for any m € (0, 1). Fix h € (0, 1), (X, f) € Qr and construct
the cylinder

(A.1) W = {|x —X| < Ro} x {T— w) ™R}, T+ hw) ™R3},

where wq is any positive number satisfying essoscu . < wg, and Ry is so

oy
0
small that Qg:)) cQr.

The Holder continuity of u can be established by adapting the arguments of
[6, see also Remark (d), p. 323], leading to

Proposition A. There exist numbers 1y, Cy depending only upon N, m, and h
satisfying
for given Ry, wqg construct the sequences
ancl_nRO; wnznown—l, n=192,”"
(A.2) and the family of nested cylinders

W) = Bp x {T— w\"™R2, T+ hw! "R%}.

n

Then

(A.3) ess(gscugw,,, n=1,2,....

The numbers Cy /oo and 79~ 1 as h — 0.
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The new information contained in Proposition 5.1 is that if u > 0 and if
m > (N —2),/N, then h can be taken to be zero. This fact is connected
to Remark 2.2 of §2. Indeed, if Proposition A were to hold with # = 0 and
Co < 0, no € (0, 1), then a Harnack estimate would hold for all m € (0, 1).
We will point out, in the course of the proof of Proposition 5.1, where such a
circumstance occurs.

A-(I). Proof of Proposition 5.1. The proof follows mainly the ideas of [6] and
therefore familiarity with that work will be assumed. The new fact is an expan-
sion of positivity (Lemma A.1, below) which is possible because of the compar-
ison function y of §4.

If R, v >0 consider the N-dimensional cube

Kr(x,v)= {121,?5\/ |xi — x| < V“_m)/zR} s

and the (N + 1)-dimensional box
Cr(X,1;v; wo) =Kp(X, v) x {f - w(',”"Rz, t},
where wq is any number satisfying

(A.4) essosc  u < wyg.
Car(X, 157, )

Proposition 5.1 will be a consequence of

Proposition A.2. There exist v > 1, ny € (0, 1) that can be determined a priori
only in terms of N and m such that

essosc U < nowo .
Cr(xX,t;v, wo)

Proof. We let v = 25", where s* is a large positive integer to be chosen only
dependent on m and N . Without loss of generality we may assume that

p=m)2 = 95" (1=m)/2) =

is an integer and, following [6], subdivide K,g(X, 2°") into vy pairwise dis-
joint subcubes Kygr(x;, 1), j=1,2,..., Vé" . We consider also the boxes

CH = Kar(xj, 1) x {T-wb™Q2R?, T},  j=1,2,...,4).

The proof is based on the following two alternative statements.

Lemma A.1. There exist numbers ag = ag(N, m) and ng = no(N, m) € (0, 1)
such that,

Ifforsomelngl/éV,

(A.5) () ()
meas{(x, t) € Cyglu(x, t) > wo/2} < agmeas{C,3},

then

(A.6) ux, ) >mw,  (x,t) € Crpa(X,%;2, wy).

Lemma A.2. If (A.5) fails to hold for all j=1,2, ..., vy, then

(A7) u(x, 1)< esssup  u—(l—no)wo, V(x,1) € Crp(X,1;2°, wy).
Cr(X,1;25" , )
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The proof of Lemma A.2 follows step by step the same arguments of §5 of
[6] and we omit it.
Proof of Lemma A.1. By adapting the proof of Lemma 3.1 of [6] we deduce
ulx,t)>lwg,  (x,0ecCy.
We switch from the cubes Kr(x;, 1), Kgr(X, 2°") to the balls
Br(x;) = {|Jx - xj| < R}, Bgr(X, 2°7) = {|x — x| < 25" (U=m/2)gR} |
and from CI({) and Cgzr(X, 7; 25 wg) to the cylinders
QY = Br(x;) x {T— 0} ™™ R?, 7},
Qsr(X, 1; 2%, wo) = Bar(X, 2 ) x {T— w0} "™(8R)?, 7} .
Thus inside the cylinder Qggr(X, 7; 25", wp) there exists a cylinder Qg) such
that
(A.8) ulx,t) > wo/d, (x,0)eQ¥.
Consider the comparison function y;(x — x.; ¢t —t.) defined in (4.13) with
the choices
k=1, A =25 ((1=-m)/2)(4R),
(A.9) (X« , t.) coincides with the bottom center
of Q¥ ie., (xj,7- wy "R?).
The function y; is defined in the annular region

(A.10) OW = {R? < |x — x.|* < A2(4R)?} x {1, , t. + A26}.
The condition A2uk™~'/b = R? implies

bwy™™
(A.11) u= Bms(om) ?

and by (4.4) if s* is sufficiently large we choose
(A.12) A20 = w{"™R2.

By the comparison principle, in view of (A.8) we have for |x — x,|? <
2R25°((1-m/2) and ¢, + w) ™R} /4 <t <1, +wy "R?,

. —1/(1-m)
3 a/m o wo 1-m 4R22s (1—m)
> — —_ — _— =
u(x,t)_(4) 2 1+(4) R4 Moo »
Mo =no(N, m,s").

Remark. The comparison function y; holds for ¥ > 0 and 79 above depends
upon the constants b, a of Lemma 4.1. From (4.9) and (4.12) it follows that
a—0 and b — oo as k — 0,sothat np—0 as k —» 0.

APPENDIX B: PROOF OF LEMMA 4.3

The function x — ¥(x, t) is radial and decreasing, so that writing (1.2) in
polar coordinates we have
Z(¥) =Y, - div(|DYPP~DY)

v+ () oyt - - ey,

(B.1)
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where P
d

_ r_ % n_ “

= |x|, Y = dp\P’ ¥y dpz‘l’.
We write

(YL Y) = (V)Y + Z(Y),
B.2 N— 1 ! !
(8.2 %(T)ET(—‘I’)—(p—l)‘I",

and calculate #Z(¥) as follows.
First we set

p\ l/(p—1)
|2| = k@=P)/=Dp <|xt| ) L o1+,
k 2yp/(p—1)
W=y V== PPN W =w
Then by direct calculation

(=5

w= (2%)2 (Iﬁ) e e (%) o (2—;)’(21» -0 (p2> e

- _2L1’1(1 _ p)e-n,

p—
" p 21 _ p2\@=p)o=1) _ _2P_ (1 _ 2\1/(-1)
V= e 1)24/)(1 p) p—l(l p*)
> _%(1 — )=
\ —

We calculate the expressions ¥’ = wv' + w'v and ¥’ = w"v + 2w'v’' + wv”
from (B.3) and combine them into % (¥) to obtain

R(Y) < 57 (1= PP/ ”(,,2)'9?'
(B.4) x{N—l—(p—l)[zpr,|+1]+ %}

_oye-n [N =D 2p |z }
+ 2pw(l — p7) {p—l 7 p? 1

Rewrite the first factor in braces on the right-hand side of (B.4) as:

We will impose on |z| to be so large that

__p |7
(B.5) N 2_1737<0.

This is possible since N(p —2)+p=k > 0.
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The second term in braces on the right-hand side of (B.4) is negative if we
choose |z| to satisfy (B.5). If N =1, 2 this is a direct consequence of (B.5).

If N>3
_pn{N=1_ 2 |7
v 1){1)-1 2—p9+1}
=(N-LE)+—-"—;(3—2p)H+(p—2).

The first term is negative in view of (B.5) and the second is negative since
p>2N/(N+1)> % if N > 3. We drop the last negative term on the right-
hand side of (B.4) and estimate

p w |z| p_|Z|
: < — | = | N-—Z]].
(B.6) %%-meﬂ)7h -5
We return to (B.2) and estimate above the term (—¥')2~?¥,. First using
(B.3)
w [ 2p D ) (w)
_~yf<_(_+_ =5 (Y).
=2 \p-172-p)77\5
Also | 2| 1
zZ
lPt = 7= pvw?? .
Therefore )
i -p
_\p\2-p _r (¥ Hl
(-¥) \P’SZ—p(p) VW
We combine this with (B.6) into (B.2) and set
_ 2
Z(¥) = (—¥e, - div(peppw 22T 2
vw|z|
to obtain ) o
* 2-p P~ __p 1=
L) S ywtPE +p{N 2—p,7]'

From the definition of w and |z|

Mwﬁz(u|y”ww51

t 14|z br-1’
and
* 4 p p

We will choose |z| so large that p/# < k/2. From the construction of the
cylinder Q(6) in (4.21) we have

|x|P/P—1f(2=P)/(=Dp > yl/e=1)
and to prove the lemma it will suffice to choose 0 <t < 6 = (k/2p)P~!u.

APPENDIX C: PROOF OF LEMMA 3.3
Let |x| = p so that

_(E-p)Y
pVIn p2|a

4

b
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and compute within the set p2 < &2,
__& _ [Ny 2a | 20
Dg = szx, F_{N+lnp2+£2—p2}’
4a, 4a, p? da, p*

SR Y A AR T
mg" mgm
Dg'”=———/—)€2—Fx, Ag™ = pg; 2,

where
4ay 4a, p? B 4a, p*
(Inp2)? &2 —p2 (e2-p?)?°
We estimate # below by using the fact that
N-2

= - > 3.
m N N>3

# =mF?— (N -2)F +

We have Vp? < ¢?

(N-2) , 4a, p? 4a, p*
> —2LF*—(N-=-2)F - —
S N G S
(N=2) _]__p* . 2AN-2a
> 4a [al N 1 @ p2)_2'_ In 2
2a;(N - 4)p* (N-2) p?
————— +8aja .
€= p?)s TN ) (e - pY)s
Choose
_ 2N 2 —_ —azk
(C.1) Q=57 e =2e ,
where a;, k > 1 will be chosen later. Then if ka, > In4
2(N -2)a, p? { p? N-4 4N—2}
S Y= R re e o [ W B S v

On the set & = {e %2 < p? < 2}, we have p?/(e2 — p?), > 1 and

_4(N-2) p? {N—2_2(N—2)}
(C.2) x> % + 4a, GEYOR > Nk .
Thus we may choose k so large that
(C.3) Z >0 iné&.

On the set & = {p? < e *®}, we have
2AN-2)a, 8N p? (4-N),  2AN-2)
In p? N —-2(e2-p?), 2 Nk )
Next if Z = (1 — ht), g, by computation we have

(C4) #>

P(Z)=Z—AZ™ = —hg— (1 — hz)'r’"p—f"%

m—1
- g{—h— (1 —hz)Tmi %} .

2
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On & in view of (C.3), £(Z) < 0. On the set &

m—1

m(e? — p)Y
Z(Z)<¢g {_h + pNm=1)+2|In p2|ax(m—1)

mp?  N2@-p,)\ 2 T nwk

Since N(m —1)+2 =0, we may select a; = N/2 to find X (Z) < g{-h+ C}
where C is a constant depending only upon N (and the choices of a,, a,, k).
To prove the lemma we take 7 = C.

><[2(1\1-2)(12 8N p? ((4—1\7)+ 2(N—2))]}.

APPENDIX D: ABOUT THE COMPARISON PRINCIPLE

One of the main tools in the proof of the Harnack estimate is the compar-
ison principle. Let ¢ > 0 be a smooth subsolution of (1.1) and consider the
cylindrical domain

0=Q. x(t1, ), Q,cQ, 0Q, smooth, O<h<h<T,

whose parabolic boundary is '=00N{t<t}. If u>¢ on T then u> ¢
in Q. This fact holds trivially if u, € L] (Qr) by L' techniques. In the weak
formulation of

(0/08)(9 —u)s —Alp™ —u"), <0 inQ,

we take as testing function an approximation of sign(g™ — u™), to yield, after
standard calculations and limiting processes, (¢ —u), =0 in Q.

If u ¢ LL (Qr) we first observe that, since Du™ € L2 (Qr), and u is
locally Holder continuous, # is locally unique.

This can be seen by adapting the method of Oleinik-Kalashnikov-Yui-Lin
Chzhou [19]. If u, u both solve (1.1) in Q and u =% on I', then in the weak
formulation of

(8/ot)y(u—u)—-AW™ -u") =0,

we may take the testing function
~
n=[ r-wedn n<i<r <o,
t

to deduce u(-, t*) =u(-, t*), Vty < t < t* < 1, (see [19] for details).
Then within Q, we work with the smooth approximations
{ Zu,—Aur =0 inQ,
Ulr=u+e, e€(0,1),
and deduce u, > ¢ in Q,Ve € (0, 1). By the results of [6], u, € C*(Q)
uniformly in ¢, for some a € (0, 1), depending only upon N, m. Thus u > ¢

in Q.
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