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ON THE GENUS OF SMOOTH 4-MANIFOLDS

ALBERTO CAVICCHIOLI

ABSTRACT. The projective complex plane and the “twisted” S bundle over S!
are proved to be the unique closed prime connected (smooth or PL) 4-manifolds
of genus two. Then the classification of the nonorientable 4-manifolds of genus
4 is given. Finally the genus of a manifold M is shown to be related with the
2nd Betti number of M and some applications are proved in the general (resp.
simply-connected) case.

1. INTRODUCTION

Throughout the paper, we consider smooth or combinatorial (PL) closed 4-
manifolds indifferently. In fact, a well-known result states that if M is a PL
4-manifold, then M possesses a C°-differentiable structure compatible with
the triangulation (see [20]).

For the topology of 4-manifolds we refer to [9, 15].

We recall the definition of (regular) genus for a closed (PL) n-manifold as
introduced in [10].

An (n + 1)-colored graph is a pair (G, c), where G = (V, E) is a finite
multigraph, regular of degree n+ 1, and ¢c: E - A, = {0, 1,...,n} is an
edge-coloration on G with n + 1 colors (i.e.,, c(e) # c(f) for any pair of
adjacent edges e, f € E). The graph (G, c) is said to be contracted if the
partial subgraph G; = (V, ¢='(A, — {i})) is connected for each color i € A, .
An n-pseudocomplex (see [14]) K = K(G) can be uniquely associated with
(G, ¢) so that |G| becomes its dual 1-skeleton (see [5]). A crystallization of a
closed (PL) n-manifold M is a contracted (n+ 1)-colored graph (G, ¢) which
represents M ,i.e. |K(G)| ~pL M .

It is well known that each closed connected (PL) n-manifold admits a crys-
tallization as proved in [17].

Given a crystallization (G, c), the minimum genus of a closed (connected)
surface into which (G, ¢) regularly imbeds (see [19]) is denoted by g(G). The
regular genus (or simply called the genus) of a closed (PL) n-manifold M is
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defined as the nonnegative integer (see [10])
g(M) =min{g(G)/(G, c) is a crystallization of M}.

Given a closed smooth connected 4-manifold A , the following results are
well known. If g(M) =0, then M ~p; S* (4-sphere) (see [6]). If g(M) =1,
then M ~p; S! xS3 (see [2]). If I1;(M) is the fundamental group of A , then
g(M) > rankII| (M) (see [1]). If M is nonorientable, then g(M) is even (see
[10]). In [7] bounds were determined for the genus of any 4-manifold which is
a product of S! by a closed 3-manifold or a product of two closed surfaces.

Remark. Let (G;, c¢;) be a crystallization of a closed connected n-manifold
M; (i =1,2), and let f;: |Gi| — S; be a regular imbedding of G; into
the closed connected surface S; or genus g(M;). By direct construction it
is very easy to obtain a regular imbedding of G;#G, into the surface S;#S,.
If M, and M, are both orientable (resp. nonorientable), then the genus is
subadditive, i.e. g(M;#M,) < g(M,) + g(M;), since the genus of S;#S, is
exactly g(M;)+ g(M,). If M, is orientable and M, is nonorientable, then we
have g(M,#M,) < 2g(M,)+ g(M,) since the genus of S1#S, is just 2g(M;)+
g(My).
Now we state the main results of the present paper:

Proposition 1. Let M* be a smooth (or PL) closed connected 4-manifold of genus

(a) If g =2 and M is orientable, then M is (PL) homeomorphic to either
the projective complex plane CP? or the connected sum #2(S I'x$3).

(b) If g = 2 and M is nonorientable, then M is (PL) homeomorphic to
St x 83 (the “twisted” S3 bundle over S').

~

(c) If g = 4 and M is nonorientable, then M is (PL) homeomorphic to
either #,(S! x S%) or (S! x $}H)#(S' x S3).

Corollary 1.
g(RPHY =g (agf(sl x SH#(S! x S3)) = g(£CP*#S!' x $3) =6,

where RP* denotes the real projective 4-dimensional space.
The formulae, used in the proof of Proposition 1, imply the following

Proposition 2. Let M* be a closed connected smooth (or PL) orientable 4-
manifold of genus g. Then by(M) < [(5/2)g]. If M is simply-connected,
then by(M) < [g/2]. Here [x] and b,(M) denote the integer part of x and
the kth Betti number of M respectively.

Corollary 2.
(1) g (#s'x59) =k,
(2) g (f :hCP2> =2k,

(3) g (7}(#(52 x S2)) = 4k.
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Now we can apply the Freedman classification of simply-connected smooth
4-manifolds (see [9]) to obtain the following consequence of Proposition 2:

Proposition 3. If M* is a closed simply-connected smooth 4-manifold of genus
g < 31, then we have either

M = #ECPY) or M = #(S*xS5?)
TOP r TOP r

where r = by(M).

Other applications of these results and some open questions related with the
4-dimensional Poincaré conjecture complete the paper.

Acknowldgement. The author wishes to thank the referee for his useful sug-
gestions.

2. PROOF OF PROPOSITION 1: THE ORIENTABLE CASE

In order to prove Proposition 1.a, we recall some constructions and results
given in [2].

Let M be a closed connected orientable smooth (or PL) 4-manifold of genus
g. Let (G, c) be a crystallization of M and {v;|i € A4} the vertex-set of K =
K(G). If {i, j} =A4—{r, s, t},then K(i, j) (resp. K(r, s, t)) represents the
subcomplex of K generated by the vertices v; and v; (resp. v,, vs and v;).
By gt (resp. gij) we denote the number of edges (resp. triangles) of K(i, j)
(resp. K(r,s,t)). It is very easy to see that g, and g;; also represent the
numbers of components of the subgraphs Gy,  ;; and G{; j; respectively.

Here Gp denotes the subgraph (V, ¢~!(B)) for any subset B of A4.

If SdK is the first barycentric subdivision of K, let H(i, j) be the largest
subcomplex of Sd K disjoint from Sd K (i, j)USdK(r, s, t). Then the polyhe-
dron |H(i, j)| is a closed orientable 3-manifold which splits M into two com-
plementary 4-manifolds N(i, j) and N(r, s, t) with common boundary. Fur-
ther N(i, j) and N(r, s, t) are regular neighborhoods in M of |SdK(i, j)|
and |SdK(r, s, t)| respectively.

Following [2], we can always assume that (G, c¢) regularly imbeds into the
closed orientable surface of genus g and of Euler characteristic 2 — 2g =
o1 + &2+ &23 + 34 + 840 — 3P, where p is the order of G divided by 2.

As proved in [2], we have

(1) gozs=1+g-8 — &, (6) ga=8ua+8— 8>
(2) go3=1+g-8 —8&, () gnu=8g12+8&-8&,
(3) goa=1+g—-g—&;, 8) &g3=823+g-8,
4) gia=1+g-g—&;, (9) gu=gu+g-g,
(5) gia=1+g-g -8, (10) go3 = go3a + & — &>

(11) x(M)=2—2g+Zg;

where g; (0 < g; < g) is the genus of an orientable closed surface into which
the subgraph G; (i € A4) regularly imbeds and x (M) is the Euler characteristic
of M.
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If g =2, then the sum
R=goi3+ 803+ 8na+ 8ua+ 83a=5+5¢-2> &

1
belongs to the set {5,7,9, 11, 13, 15} since R (R >5) is odd.
Now we show that the cases R € {9, 13, 7, 11} give a contradiction, while
the cases R = 5 and R = 15 imply that M is (PL) homeomorphic to the
complex projective plane and the connected sum #2(S ' x 83) respectively

Case R=9.1f R=9, then ) ;g = 3 and the manifold M is simply-
connected because at least one of the above g;;x’s equals 1 (see [11] for the
generators of the fundamental group of AM). This implies that y(M) = 2 +
by(M) > 2, i.e. a contradiction since x(M)=1 by (11).

Case R=13.If R=13,then ) ;g =1 and x(M) = —1. The fundamental
group of M is trivial or cyclic since at least one of the above g;;x’s must be
< 2 (see [11]). The inequality b,(M) < 1 implies that y(M) =2 - 2b;(M) +
by(M) > by(M) > 0, i.e. a contradiction.

Case R=7.1f R=7,then ) g =4 and x(M) = 2. Because at least
one of the above g ;’s equals 1, the manifold M is simply-connected, whence
x(M) =2 implies that b,(M) =0.

Now the addendum of the sum R may assume the values listed in Table 1.

The fifteen cases to verify can be reduced to three by cyclic permutations in
the color set. In fact, doing this type of change of names in the color set A4
the permutation of A, giving regular imbedding of G does not change. Thus
we can only examine the cases 7.1, 7.6 and 7.7.

(n. 7.1) If go23 = 8024 = 8124 = &134 = | and gp;3 = 3, then the relations
(1),...,(5) imply that gg=¢; =2 and g =g;=¢;=0. By (6), ..., (10)
we obtain g14 = go14, £o2 = Lo12, 813 = 8123 +2, L4 = &34+ 2 and go3 =
go3s + 2. Since gy34 = 1, then K(0, 2) consists of exactly one edge, hence
N(0, 2) is a 4-ball. Furthermore K(1, 3) and K(1, 4) are also formed by one
edge, each one as gpy4 = 8023 = 1. Thus all triangles of K(1, 3, 4) have two
edges of K(1,3) and K(1,4) in common. The other edge of each triangle
of K(1, 3, 4) is free since gop, = go12- Therefore K(1, 3, 4) is a cone which
collapses to a point, i.e. N(1, 3, 4) is a 4-ball. This implies that M is (PL)
homeomorphic to the 4-sphere S* which is a contradiction since g(S*)=0.

(n. 7.6) If go13 = go23 =2 and goz4 = 124 = gi3a =1, then g5 =g; = g =
&=1,8=0, gu=guut+1l, g2=8%mn+1, g3=82n+1, g4=28gs3+1
and go3 = go34 + 2. The manifold N(1, 3) is a 4-ball since gpp4 = 1. Further
K(0, 2) (resp. K(2, 4)) consists of exactly one (resp. two) edge since gj34 =1
(resp. go13 = 2). Because gy3 = gy23 + 1, the pseudocomplex K(0, 2, 4)
contains many triangles but one as there are edges in K(0, 4). The two triangles
of K(0, 2, 4), which have two edges (v;, v4) and (vg, v4) in common, cannot
have the same boundary since FHy(M)~ 0 and H,(N(1, 3)) ~ 0 imply that
H)(N(0, 2, 4)) ~ 0 (use the Mayer-Vietoris sequence of the pair (N(1, 3),
N(0,2,4)). Thus K(0, 2, 4) collapses to a point, i.e. N(0,2,4) is (PL)
homeomorphic to a 4-ball. This gives a contradiction since M ~p; S* (4-
sphere) and g(M)=2.

(n. 7.7) If go13 = go24 = 2 and go23 = g124 = &134 = 1, then we have gy =2,
& =8=0, 8 =8 =1, &4 = 8a, &2 =812 =1, 3 = 8oza =1,
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TABLE 1

n. goiz 8023 L0224 L1124 8134
7.1 3 1 1 1 1

7.2 1 3 1 1 1
7.3 1 1 3 1 1
7.4 1 1 1 3 1
7.5 1 1 1 1 3

7.6 2 2 1 1 1
1.7 2 1 2 1 1
7.8 2 1 1 2 1
7.9 2 l 1 1 2
7.10 1 2 2 1 1
7.11 1 2 1 2 1
7.12 1 2 1 1 2
7.13 1 1 2 2 1
7.14 1 1 2 1 2

7.15 1 1 1 2 2

g13 = g123+2 and gyy = g23¢ + 2. Because gop3 + 1 and (g4 = g134 + 1,
g14 = &o14) , the contradiction follows as in the case n. 7.1 by using the pair
(N(1,4), N(O,2,3)).

Case R=11.If R=11,then ) ;g =2 and x(M) = 0. The manifold M
cannot be simply-connected since x(M) = 0. Thus we have g;jx > 2 for any
i, Jj,k,whence the addendum of R may assume the values listed in Table 2.

TABLE 2

n. 8013 8023 8024 8124 8134
11.1 2 2 2 2 3

1.2 2
1.3 2
2
3

2 2
2 3
11.4 3 2
2 2

3 2
2 2
2 2
2 2

11.5
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All these cases are equivalent to one by the same reason that R = 7.

The fundamental group of M is cyclic and nontrivial since b,(M) # 0 and
at least one of the above g;;i’s equals 2. This implies that H(M) ~ H3(M)~ Z
and FHy(M)~0 (use (M) =0).

(n. 11.1) If go13 = 8023 = 8024 = 8124 = 2 and gy34 = 3, then we have
& =81 =8&=0,8=g=1, g3=8a+1, g4=283+1, g13=_g21+2,
g2 = o2+ 2 and g4 = goisa + 2 (use (1),...,(10)). Since go;3 = 2,
then K(2, 4) is formed by two vertices joined by exactly two edges, whence
N(2, 4) is (PL) homeomorphic to S! x B3. Here B3 represents a (closed)
3-ball. Furthermore K(1, 3) and K(O, 3) consist of exactly two edges each
one as gy24 = go24 = 2. Because g4 = g234+1, the pseudocomplex K(0, 1, 3)
contains many triangles but one as there are edges in K(0, 1). However any
two triangles of K(0, 1, 3) cannot have the same boundary since F Hy(M) ~ 0
and H>(N(2, 4)) ~ 0 imply that H,(N(0, 1, 3)) ~ 0 (use the Mayer-Vietoris
sequence of the pair (N(2, 4), N(0, 1, 3)). Thus K(0, 1, 3) collapses to a
circle, whence N(0, 1, 3) is (PL) homeomorphic to S' x B3. By [16, Theorem
2], we have that M ~p; S! x §3 which is a contradiction since g(S' x §3) =1

by [7].

Case r = 15: The connected sum. #,(S!xS3). If R =15, then it follows that
8013 = 8023 = £024 = &124 = &34 = 3 and g; = 0 for each i € A4. The rank
of II;(M) is < 2 as each one of the above g;;i’s equals 3. This implies that
bi(M) = bs(M) = 2 and b,(M) = 0 since y(M) = —2. Because go = 3,
the pseudocomplex K(1, 3) consists of exactly three edges, hence N(1, 3) is
(PL) homeomorphic to the connected sum #,(S! x B3). Furthermore K (0, 2)
and K(2,4) are also formed by three edges each one as gj34 = go13 = 3.
Because g13 = g123 + 2 (use (8)), the complex K(0, 4) has many edges but
two as there are triangles in K(0,2,4). Since (M) ~ H3(M) ~ Z & Z,
FHy(M) ~0 and H,>(N(1, 3)) ~ 0, the Mayer-Vietoris sequence of the pair
(N(1, 3), N(0, 2, 4)) gives

0—Z®Z —Z&Z — Hy(N(O,2,4)—0,

whence H,>(N(0, 2,4)) ~ 0, i.e. there are no two triangles of K(0, 2, 4)
with common boundary. Now it is very easy to see that the pseudocomplex
K(0, 2, 4) collapses to a one-dimensional subcomplex formed by two vertices
joined by three edges. Therefore N(0, 2, 4) is (PL) homeomorphic to the
connected sum #,(S! x B3).

Thus M ~p_ #,(S! x §3) by Theorem 2 of [16]. Now the result in Propo-
sition 1 follows as g(#,(S! x $3)) = 2 by [7] and the subadditivity of the
genus.

Case R = 5: The projective complex plane. If R = 5, then gg3 = go23 =
8024 = 8124 = 8134 =1 and x(M)=3. By (1),...,(5) it follows that g; =1
for each i € A4. In fact, suppose on the contrary that g; = 2 (recall that
& < 2). Then we have g; =g; =2 and g3 = g; = 0. This is a contradiction
since ), g =5.

Furthermore, if g; = 0, then g; = g5 = 0 and g3 = g; = 2 which give a
contradiction as shown above.

Therefore we must have g; = 1, whence gy = g5 = g5 = g = 1. By
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(6), ..., (10) the relations g4 = goia + 1, o2 = Qo2+ 1, &3 = g3 + 1,
224 = &34+ 1,and go3 = go3s+ 1 hold. Since ggy4 =1, then K(1, 3) consists
of exactly one edge, hence N(1, 3) is a 4-ball. Further K(0, 2) and K(2, 4)
are also formed by one edge each one since gy34 = go13 = 1. Thus all triangles
of K(0, 2, 4) have two edges in common. Because g3 = g123+1, the complex
K(0, 2, 4) has many triangles but one as there are edges in K(0, 4).

Therefore K(0, 2, 4) collapses to a combinatorial 2-sphere, formed by ex-
actly two triangles 7, T of K(0, 2, 4), with common boundary. Then
we have that Hy(N(0, 2, 4)) ~ H>(N(0,2,4)) ~ Z and HI(N(O 2,4)) ~
H3(N(0,2,4))~0. By isotopy we can always suppose that 7) is the standard
2-simplex in M . Let T, be the barycenter of 77 and Sd’K be the second
barycentric subdivision of K = K(G). Then N(0, 2, 4) is the orientable bor-
dered 4-manifold obtained by adding a 2-handle (a regular neighborhood of T
in Sd*K) onto the boundary of a 4-ball (a small regular neighborhood of 75
in M) along a knot N. Since the surgery is given by attaching 2-handles in
dimension 4, the surgery coefficient associated to N must be an integer and by
homological reasons equal to +1. Therefore N(0, 2, 4) = S3 so by Gordon
and Luecke!, Theorem 2, N is the trivial knot and the manifold N(0, 2, 4) is
(PL) homeomorphic to +C P?-(4-ball), whence M is the projective complex
plane as required. Now the proof is completed because a crystallization of C P?
with genus 2 is really constructed in [12].

3. PROOF OF PROPOSITION 1: THE NONORIENTABLE CASE

Let M be a closed smooth (or PL) nonorientable connected 4-manifold of
genus /. As proved in the orientable case, we can obtain the following relations:
gonn=1+h/2-g-g, 81a=8oa+h/2—g,
go3=1+h/2-g—8&,  8u=8gn2+h/2-g,
gou=1+h/2—-g — g, g3=gin+h/2-g,
gia=1+h/2—g — g, gu=gu+h/2—-g;,
gua=1+h/2—g,-8;, 803 =8+ h/2—g;,

M)=2-h+) g.
i

(Statement 1.b). If & =2, then the sum
R=goi3+ g3+ gooa + L124 + L13a = 10-2)  g;

is even, hence R belongs to the set {6,8, 10} as R > 6 and g; > 0. Now
we show that the cases R = 6 and R = 8 give a contradiction, while the case
R =10 implies that the manifold M is (PL) homeomorphic to the “twisted”
S3 bundle over S!,i.e. M ~p S' x S3. If R =6 or R = 8, then at least

one of the above g;;i’s equals 1. Thus the fundamental group of M is trivial
so that M is orientable, i.e. a contradiction.

If R =10, then we have (M) = 0 and g = 0 for each i € A4. Fur-
thermore the relations g124 = go13 = £023 = Lo = £13¢ = 2 imply that

IG. McA. Gordon and J. Luecke, Knots are determined by their complements, Bull. Amer. Math.
Soc. (N.S.) 20 (1989), 83-89.
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/(M) ~ H(M)~Z. Since gpns =2, then K(1, 3) consists of two vertices
joined by two edges, hence N(1, 3) ~pp (S! x B3) or S! x B3 (the “twisted”

B3 bundle over S!) and ON(1, 3) ~p. S! x §? or S! x S§? respectively. The
Mayer-Vietoris sequence of the pair (N(1, 3), N(0, 2, 4)) gives

0 — FH3(M) — FH,(ON(1, 3))~Z — Hy(N(0, 2, 4))
— Hy(M)—Z —-Z®H(NO0,2,4))—>2Z—0,

whence H>(N(0, 2,4)) ~0 since FH3(M)~Z and FH(M) ~ Hy(M) ~0
(note that H;(N(0, 2, 4)) ~ Z). In this case the relations g4 = go1a+1, go2 =
goiz+ 1, g13=283+1, g4=g3s+1 and go3 = go34 + 1 hold too. Now the
formulae go13 = g134 =2 and g3 = g123+1 imply that K(0, 2, 4) collapses to
a circle since H,(K(0, 2, 4)) ~ 0. Therefore the manifold N(0, 2, 4) is (PL)
homeomorphic to either S! x B3 or S! x B3. Since M is nonorientable, it

follows that M ~p; S! x S3 by Theorem 2 of [16]. Now the proof is completed

because a crystallization of S! x $3 with genus 2 is shown in [13, Figure 1, p.

155].
(Statement 1.c) By the “subadditivity” of the genus we have that

g (ﬁ(s‘ x S3)> <2g(S'x 8% =4

and g(S' x S3#S! x §3) < 2g(S! x $3) + g(S' x S¥) =4. If h = 4, then

the sum R = 15-23%,g; is odd, whence R € {5,7,9, 11,13, 15}. We
show that the cases R € {5,7,9, 11, 13} give a contradiction while the case
R =15 implies the statement (c) in Proposition 1.

If Re {5,7,9}, then at least one of the g;;’s in R must be one, so that
I1;(M) =0 and M is orientable, i.e. a contradiction.

If R=11,then } ;g =2 and x(M) = 0. Thus the addendum of R may
assume the values listed in the table n. 11 (§2). Since these cases are equivalent
to one, we can suppose that go;3 = 8023 = £o24 = €124 = 2 and gy34 = 3.
As in the case n. 11.1 (§2), the formulae gy = g = & =0, g3 =g =1,
803 =8oza+1, ga=ga3+1, g13=823+2, g2 = go12+2 and g4 = go1a+2
hold too. Since gq;3 = 2, then rk I1;(M) < 1, whence b (M; Z;) <1 and
x(M)=0=2-2b(M; Z;) + b,(M; Z,) implies that Hy(M ; Z;) = 0. Then
by the same arguments used in the proof of n. 11.1 (§2), we have that N(1, 4)
and N(0, 2, 3) are both (PL) homeomorphic to either S' x B3 or S' x B3.

Since M is nonorientable, it follows that M ~p; S! x S$3 by Theorem 2 of

[16]. This is a contradiction because g(S! x S3)=2.

If R =13, then ) ;g =1 and (M) = —1. Since the manifold M
cannot be simply-connected, at least one of g;j’s in R equals 2. Thus we
have rkIl;(M) <1, by(M;Z;) <1 and y(M) = -1 =2 -2b)(M; Z,) +
by(M ; Z;) > 0, which is a contradiction.

If R=15, then goi3 = 823 = 8o24 = 8124 = &34 = 3 and g; = 0 for each
i € Ay. The rank of II;(M) is < 2 as each one of the above g;;’s equals 3.
This implies that H\(M ; Z,) = H3(M ; Z,) = Z, ® Z; and H>(M; Z;) =0
since x(M) = —2. Then by the same arguments used in the case R =15 (§2),
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it follows that N(1, 3) and N(0O, 2, 4) are both (PL) homeomorphic to either
#,(S! x B3) or S! x B3%#S! x B3. Note that the case #,(S! x B3) can be
avoided since M is nonorientable. Thus we have M ~p #,(S! x $3) or
M ~p; S! x S3#S! x S3 as required.

Now Corollary 1 Eirectly follows from Proposition 1 and the “subadditivity”
of the genus (see §1). Furthermore there exists a crystallization of RP* with
genus six as shown in [11].

4. THE GENERAL CASE
Proof of Proposition 2. The sum

R = g134 + £124 + o024 + Lo23 + Lo13 = 5+5g—2zg;
i

1s odd (resp. even) whenever g is even (resp. odd). Therefore it follows that

0< Z g <I[(5/2)gl,

whence
2-2g+by(M)<2-2b(M)+ by(M)

=x(M)=2-2¢+3 g <2-28+[(5/2)¢]

since b (M) < g (see [1]). If M is simply-connected, then the inequality
2+ by(M)=x(M)<2-2g+1[(5/2)8]
implies that b,(M) < [g/2] as required. O

Proof of Corollary 2. (1) Use g(S! x $3) =1 (see [2]), the subadditivity of the
genus and

g (ag(sl x s3)) > rank 1, (f(sl x 53)) =k
(see [1]).

(2) Since CP? is simply-connected, we have
k= b (#2CP?) < (g2,

whence g > 2k . Now the relation g(CP?) =2 (see [2]) and the subadditivity
of the genus prove the statement.
(3) Since #(S' x S2) is simply-connected, we have

2% = b, (Jgf(s2 x SZ>) <[g/21,

whence g > 4k. Then the statement follows by g(S? x S$?) < 4 (use the
crystallization shown in [7]) and the subadditivity of the genus. O

Proof of Proposition 3. Since r < [g/2] < [31/2] = 15, the intersection form
w)s , induced on M by the cup product, has rank < 15. Recall that w), may
only be either odd or indefinite even whenever M is smooth. In the last case the
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signature o(M) of M is divisible by 16 (see [3, 4, 9] and the Rohlin theorem).
Furthermore w), is equivalent (over the integers) to either (1)@ --- & (£1)
(r times) or a Eg & b(?é) where a iseven, b # 0 and a,b € Z (see
[3, 4]). Since the rank of a Eg & b(91) is 8|a| + 2/b|, it follows that a = 0,
(use rankwy < 15 and a even). Now the Freedman classification of simply-
connected smooth 4-manifolds implies the statement (see [9]). O

Corollary 3. (1) Let M* be a smooth homotopy 4-sphere. Then there exists an
integer k such that

g (M#f(SZ x S2)> =4k .

(2) If V,, is an algebraic nonsingular hypersurface of degree n in CP3, then
nd—4n?+6n-2<[g/2].
: /(g]) If V is a simply-connected complex surface, then 12p; + 10 — c}[V] <
g/2?].

If V is minimal elliptic, then 12pg + 10 <[g/2].
Here pg; and c|[V] denote the geometric genus and the first Chern class of V
respectively.
Proof. (1) If M is a homotopy 4-sphere, then there exists an integer k such
that M##,(S? x S2) ~pirr B4 (S? x $2). Now use Corollary 2.

(2) Recall that by(V,) = n —4n? + 6n — 2 (see [15]). Now use Proposition
2 as V, is simply-connected.

(3) It is well known that by(V) = 12p, + 10 — c3[V'] (see [15]). Furthermore
we have that ¢?[V'] =0 for the minimal elliptic case. Now we use Proposition
2. O

5. RELATIONS WITH THE POINCARE CONJECTURE

Let P(4) be the Poincaré conjecture of 4-dimension. Now we state some
conjectures which are related with P(4).

Conjecture C(1). If M is a closed smooth simply-connected 4-manifold, then
g(M) =2b(M).

Conjecture C(2). The genus is additive with respect to the connected sum of
simply-connected smooth (or PL) 4-manifolds.

The conjecture C(2) and its relation with P(4) are also established in [8].
We prove that C(1) and C(2) are equivalent:

C(l) = C(2). Let M;, M, be closed smooth (or PL) simply-connected
4-manifolds. Then we have }g(M#M,) = by(M#M>) = by(M)) + by(My) =
18(My) + 1g(My), whence g(M#M,) = g(M)) + g(M>).

C2) = C(1). If M is a closed smooth (or PL) simply-connected 4-
manifold, then there exist two integers p, ¢ € Z such that

M## CPHH#(-CP?) ~ #CPH#(-CP?)
J q DIFF a b
where

a=p+i(b(M)+ao(M),

b=q+3(by(M)-a(M)),
o(M) = signature of M,
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(see [15]). Thus we have
g (M#t# CP*# #q#(—czﬂ)) =g (# CPz?'-bf(—CPz)) =2(a+b)

—2(p+q)+ 25y (M) = g(M) + ¢ (#; CPZ#agf(-cpz))

=gM)+2(p+4q),
whence g(M) = 2by(M) as required. O

Obviously C(1) (or C(2)) implies P(4) as follows. Let M be a closed
smooth (or PL) homotopy 4-sphere. Since b,(M) = 0, we have g(M) =
2by(M) =0, whence M ~p; S* (4-sphere).

We also have the following

Conjecture C(3). If M is a smooth (or PL) homotopy 4-sphere, then
g((M)#F#(S? x §7) > g(M) + 4k

for any integer k.

We prove that P(4) and C(3) are equivalent.

C(3) = P(4). If M is a homotopy 4-sphere, then there exists an integer
k (see Corollary 3) such that 4k = g(M##,(S? x S2)) > g(M) + 4k , whence
g(M) =0 and MZPLS“.

P(4) = C(3). If M is a smooth homotopy 4-sphere, then M ~p; S*,
whence

g (M##(Sz x S2)> =g (#(52 x 52)) =4k > g(M) + 4k

since g(M)=0.

We conclude the paper by noting that it is an open question whether the
number of closed smooth (or PL) connected 4-manifolds of a fixed genus g is
finite or not.

REFERENCES

1. J. Bracho and L. Montejano, The combinatorics of colored triangulations of manifolds,
Geom. Dedicata 22 (1987), 303-328.

2. A. Cavicchioli, A combinatorial characterization of S* x S! among closed 4-manifolds,
Proc. Amer. Math. Soc. 105 (1989), 1008-1014.

3. S. K. Donaldson, An application of gauge theory to four-dimensional topology, J. Differential
Geom. 18 (1983), 279-315.

4. ., Connections, cohomology and the intersection forms of 4-manifolds, J. Differential
Geom. 24 (1986), 275-341.

5. M. Ferri, Una rappresentazione delle n-varieta topologiche triangolabili mediante grafi
(n + 1)-colorati, Boll. Un. Mat. Ital. 13-B (1976), 250-260.

6. M. Ferri and C. Gagliardi, The only genus zero n-manifold is S" , Proc. Amer. Math. Soc.
85 (1982), 638-642.

7. —, On the genus of 4-dimensional products of manifolds, Geom. Dedicata 13 (1982),
331-345.

8. M. Ferri, C. Gagliardi, and L. Grasselli, A graph-theoretical representation of PL-manifolds
—A survey on crystallizations, Aequationes Math. 31 (1986), 121-141.




214

10.

1.

14.

15.

16.

ALBERTO CAVICCHIOLI

. M. H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17

(1982), 357-453.

C. Gagliardi, Extending the concept of genus to dimension n, Proc. Amer. Math. Soc. 81
(1981), 473-481.

—, How to deduce the fundamental group of a closed n-manifold from a contracted tri-
angulation, J. Combin. Informat. Systems Sci. 4 (1979), 237-252.

. —, On the genus of CP?, Aequationes Math. 37 (1989), 130-140.
13.

C. Gagliardi and G. Volzone, Handles in graphs and sphere bundles over S! , European J.
Combin. 8 (1987), 151-158.

P. J. Hilton and S. Wylie, An introduction to algebraic topology—Homology theory, Cam-
bridge Univ. Press, Cambridge, 1960.

R. Mandelbaum, Four-dimensional topology: an introduction, Bull. Amer. Math. Soc. (N.S.)
2 (1980), 1-159.

J. M. Montesinos, Heegaard diagrams for closed 4-manifolds, Geometric Topology (J.
Cantrell, Ed.), Proc. 1977 Georgia Conference, Academic Press, New York, 1979, pp. 219-
237.

. M. Pezzana, Sulla struttura topologica delle varieta compatte, Atti Sem. Mat. Fis. Univ.

Modena 23 (1974), 269-277.

. D. Rolfsen, Knots and links, Math. Lecture Ser. 7, Publish or Perish, Berkeley, Calif., 1976.
. A. T. White, Graphs, groups and surface, North-Holland, Amsterdam, 1973.
. J. H. C. Whitehead, Manifolds with transverse fields in euclidean space, Ann. of Math. (2)

73 (1961), 154-211.

ISTITUTO DI MATEMATICA, UNIVERSITA DELLA BASILICATA, VIA NAZARIO SAURO N. 85, 85100
POTENZA, ITALIA

Current address: Dipartimento di Matematica, Universita di Modena, via Campi 213/B, 41100
Modena, Italia




