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ON THE RESOLUTION OF A CURVE LYING
ON A SMOOTH CUBIC SURFACE IN P3

SALVATORE GIUFFRIDA AND RENATO MAGGIONI

ABSTRACT. Let C be any reduced and irreducible curve lying on a smooth
cubic surface in P3. In this paper we determine the graded Betti numbers of
the ideal sheaf 7 .

INTRODUCTION

In this paper we continue the study of curves C on a smooth cubic surface
S of P3 begun by the first author in [G and G1].

We obtain a complete description of the graded Betti numbers of the ideal
sheaf %~ of C in terms of the seven integers which describe C as a divisor
on S.

A consequence of our results is that the graded Betti numbers of a reduced
and irreducible curve C, lying on a smooth cubic (or quadric) surface S, do
not change within the same linear equivalence class, i.e., they are determined by
the class of PicS to which C belongs. Observe that the starting point of our
argument is the knowledge of PicS as the group freely generated on a suitable
basis.

We would like to bring the reader’s attention on the algorithm of Remark
4.7. This was the key tool which first allowed us to understand the behavior of
generators and syzygies of a curve on S.

As far as we know this kind of problem has been solved, in general, only
for arithmetically Cohen-Macaulay curves in P3: the characterization of the
graded Betti numbers for these curves was done in [E], where the work begun
in [PS] is completed.

The content of the various sections is the following: in §1 we review some
basic facts about curves on a smooth cubic and connect the graded Betti numbers
of a curve with its Hilbert function.

In §2 we determine the number of minimal generators of the homogeneous
ideal I(C), for each degree n, using the intrinsic geometric properties of the
curveson S.

In the third and fourth sections we find the numbers of the first and second
syzygies for each degree n, completing in this way the description of the graded
Betti numbers of % . Particular attention is devoted to curves generated in
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degree < h, h+ 1, which give some particular problem (4 is the least degree
of a surface containing C but not S).

1

Let S be a nonsingular cubic surface in P? = ]P’,3( , where K is any alge-
braically closed field. S is isomorphic to the blow up of P? in six points
P, P, ..., Ps in generic position [H, V, 4]. If we denote by L the transform
of a generic line of P? and by E; the exceptional curve (which is a line) cor-
responding to P;, then PicS ~ Z’, with free basis [L], [E}], [Ea], -.. , [Es],
where [L], [E;] are the linear equivalence classes of L, E; respectively.

Let D beadivisoron S and let &;(D) be the corresponding invertible sheaf.
We say that D (or &;(D)) isof type (a; by, b2, ..., bg) if D ~ aL—Zf=l biE;.

Throughout this paper a curve is a locally Cohen-Macaulay scheme of pure
dimension one; a curve on S is an effective divisor; following [H] we say that
a curve is integral when it is reduced and irreducible.

If C cS isacurve of type (a; by, ba, ..., bg), then C has degree d =
3a- Y%, b and arithmetic genus

= (1315 (3):

If C’ is another curve on S, of type (a’; b}, b}, ..., b;), then the intersec-
tion multiplicity is given by

6
C-C'=ad - bbj,
i=1

and the union of the two curves is the divisor of type (a +a’; by + b}, by +
by, ..., be+bg).

We denote by 7 the generic plane section of S ; this curve isof type (3; 1, 1,
1,1,1,1).

If C c S is a reduced and irreducible curve of degree d > 3, of type
(a; by, by, ...,bg), with by > by > --- > bg, then the following numerical
conditions hold (see [H1, Proposition 2.3}):

a>0, bg>0, a>b +by,
(*) - , 2 T
202 b, a*>) b}
i=1 i=1

We shall say that a curve C C S is of type (x) if it is zero, a line, a conic
or, when d > 3, if the numbers a, b, b,, ..., bg satisfy the conditions (x).
In fact a curve C is of type () if and only if the generic ¢lement of the class
[C], to which C belongs, is a smooth connected curve (see [H, p. 407]).

If C isacurveon S we denote by %, 7 ¢ the sheaves of ideals of C in P3
and in S respectively, and by I(C) = @, H°(P?, #(n)) the homogeneous
ideal of C in K[xg, x1, X2, x3]. If C is of type (a; by, by, ..., bg), then
Fc is of type (—a; —b;, —b,, ..., —bs) and &,(C + nn) is of type (a +
3n;by+n,by+n, ..., bsg+ n). For every sheaf ¥ on a scheme X we put,
as usual, A{(X, %) =dim H'(X,¥).




RESOLUTION OF A CURVE 183

Let C C S be a curve of type (x); we denote by H(C, —) its Hilbert
function and by P(C, —) its Hilbert polynomial. If C is an integral curve, then
H(C, —) has been calculated in [G1]; we shall see that H(C, —) is independent
of the choice of C in its linear equivalence class (see below, Remark 2.5).

Definition 1.1. Let C C S be a curve of type (x). We put
h =min{n : H(S, # ¢(n)) # 0},

i.e., h is the least degree of a surface containing C but not S.

For any n > h we denote by C, the curve linked to C in the complete
intersection of § with a surface of degree n containing C but not S. We
denote by k the minimum degree n such that C, is a reduced curve.

Observe that there exists a natural isomorphism 7 ¢(n) ~ @s(C.); in fact
Fc~0s(-C),and Fs(C,) ~Os(nn - C).

Recall that, for n > k, H(C,n) = P(C, n) (see [Gl, Theorem 1.4]) and
that, for a given curve C C S of type (x), the numbers # and k can be
determined by simple algorithms. To determine 4 we can alternatively use the
algorithm of Harbourne (see [Hal), or that of Remark 1.2 in [G1]. The number
k can be determined even in a simpler way: if C isof type (a; by, by, ..., bs)
with by > b, > --- > bg, then (see [G1, p. 278])

6
k=min{m:m2h;mzb1—l;mZa—bs—b6—1;m22a—Zb,~—1}.
i=2

In the sequel we suppose, for curves on S, that # > 3, i.e,, C is not
contained on a quadric surface (except for Theorem 4.8).

In this paper we use the sequences A’H(C, —) of the ith differences of the
Hilbert function, which are defined in the following way: for each n > 0 we
put

AH(C,n)=H(C,n) - H(C,n~-1),
ATH(C, n) = AA™'H(C, n)).

In particular we shall deal with the sequence A*H(C, —).
For each curve C c P3 its ideal sheaf .% has a minimal free resolution
with morphisms of degree zero:

p q r
0-Po(-c) - Po-b:)» Pl(-a) » I -0,
1 i=1

i=1

i=

where @ = @p; ; this notation will be used throughout the paper. Here r is the
number of elements of a minimal set of generators of the homogeneous ideal
I(C), a; are the degrees of these generators; g (resp. p) is the number of a
minimal set of generators of the module of first (resp. second) syzygies and b;
(resp. ¢;) are their degrees.

Weassume a; <a, <---<a; b <bh<---<b500<c<---<¢p, and
for each n we put

ap=#{a;:a;=n}, PBo=#b:bi=n}, y,=#{ci:ci=n}.
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The integers ay, 8., y» are the graded Betti numbers of the ideal sheaf
¢ . From the above resolution one can compute the following numbers: ¢ =
max{n : H'(P?, % (n)) # 0}, ¢ = e(C) = max{n : H*(P?, % (n)) # 0}.

A curve C C P? is arithmetically Cohen-Macaulay (shortly ACM) if and
only if p = 0; the resolutions of such curves are given by Ellingsrud in [E].
The graded Betti numbers of ACM curves having assigned Hilbert function
have been studied by several authors [GP, C, MR1], and in [S] the graded Betti
numbers of smooth ACM curves are characterized; a general survey on the
relations among the results of these authors is given in [GeMil].

The graded Betti numbers of ACM curves lying on a smooth quadric are well
known (see e.g. [G1, §6]); the same problem on a smooth cubic surface is solved
in [W, G1, and P] by different methods. In particular in [G1] it is shown that
the graded Betti numbers of an ACM curve C lying on a smooth cubic depend
only on the degree and the genus of C ; hence they can be read in an explicit
way from the sequence A*H(C, —) (see (5) of the next lemma). In fact, for
these curves there are no generators and syzygies in the same degree.

Lemma 1.2. Let C C P? be a non-ACM curve. With the above notation we have:

() p+r=q+1l,and -¥_a;+ 3% b - 3% ,c;i=0,

(2) a2<b1,b2<c1,bq>a,,

(3)if 0 > ¢, then c, > by,

(4) for every n >0,

(n+3) = e o fn—i+3
me.n=("} )—’X_;(a. g ("5,
(5) for every n >0, A*H(C, n)=—ay+ Bn—n.
Proof. Ttems (1) and (2) are standard.

(3) (Ph. Ellia). We prove that b, > ¢, implies o < ¢. Splitting the resolution
of # we get

p q

(i) 0> Po(-c) - Pe(-b)—& -0,

i=1 i=1
r

(ii) 0-& >Pl(-a)—»H -0
i=1

where &€ is a locally free sheaf.

From these short exact sequences, tensoring with @ (n) for suitable n, taking
cohomology and applying Serre duality, we have

H* (P}, &(n)) ~ H' (P, #(n)) forany n;
0 — H*(P*, &(n)) - H* (]P3, é(ﬁ(—q + n)) -
i=1

thus we see that H!(P?, #-(n)) = 0 forany n > c,—4. Thisimplies ¢ < ¢,—4.
From (i) we get

p q
S H3 (IP3, Pe(—ci+b, - 4)) L (11”3, Pe(-bi+b, - 4))

i=1 i=1

— H3(P?, &(b, — 4)) — 0.
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Since the resolution of % is minimal, whether ¢, < b; or ¢, = b, the matrix
of f must have at least one row of zeros, hence the map f is not surjective,
and H3(P3, &(b, —4)) #0.

Similarly, from (ii)

0 — HX(P?, (b, — 4)) —» H*(P*, &(b, — 4))
— H? (]P3, @ﬁ(—ai+bq —4)) — e

i=1
Now, since H3(P3, @!_, 7 (—a; + b, —4)) = 0 (see item (2)), we conclude that
e>b,—4>c,-4>0.

For item (4) we have

_(n+3 " (n-a;+3 g n—b;+3 4 n—-c+3
H(C,n)-( 3 )—Z( 3 )+Z 3 —Z 3 ,
i=1 i=1 i=1
where we assume that (3) =0 for m < 3. The assertion follows by definition
of a;, Bi, vi.
The proof of (5) needs explicit computation; the first step is

AH(C, m) = (”’52)—f(m—ﬂ#w)(”j”)—(an—ﬂnw,.)

i=0
= (ngz)*g(ai—ﬂi-!-)’i)(n_;-FZ)- 0

Remark 1.3. When C is an ACM curve, it is easy to see that (1), (2), (4), (5)
hold, making the necessary changes.

Lemma 14. Let C C S be a curve of type (x) which is not ACM and does not
lie on a quadric. Then o > ¢.

s |l

Proof. First observe that ¢ < A — 1 since C is not a complete intersection;
if ¢ > h— 1 we are done, so we can assume that ¢ < 2 — 1. We show
that A'(P3, % (h — 2)) > 0 and h%(P3, % (h — 2)) = 0. By the previous
assumptions AH(C, h) =d (d = degC), and since C is not ACM we have
AH(C, h—1) > d (see [HE, Remark 3.1.1]). Thus H(C, h—1)-H(C, h-2) =
P(C,h—1)=P(C, h—=2)+h'(P?, F(h-2))—h*(P?, F(h-2))>d;hence
we have
h'(B3, Fo(h - 2)) - B (B, F(h—2))>0.
Now we use the formula [MR, Applications]
W (B, SFc(n)) = H(X, ) — H(C,, ),

where C, C; are linked in the complete intersection X of S with a surface
of degree h,7i=h—1—n. Setting n = h — 2 we conclude

W (P, S(h-2))=H(X, 1) - H(C;, 1) =0,

because C; is not a plane curve. O

By Lemmas 1.2 and 1.4, for non-ACM curves of type (*) on a smooth cubic
surface we always have c, > b, . This fact is frequently used in §§3 and 4. The
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same is true for non-ACM curves lying on a smooth quadric, i.e., for curves of
type (a, b) with 1 <a < b -1 [GM, Theorem 3.10].

2

Let C C S be a curve of type (x), not contained on quadric surface (see
Theorem 4.8 for curves on a quadric). In this section we find the number a, of
minimal generators of the homogeneous ideal I(C), for each degree n. Clearly
ap=0 for n<h, n#3, and of course a3 > 1 because of S.

Theorem 2.1. Let C C P? be an integral nondegenerate curve, s the minimum
degree of a surface S containing C, and let k be the minimum degree of a
surface T containing C but not S, such that C', linkedto C in SNT, isa
reduced curve.

Then the homogeneous ideal I(C) is generated in degree <s+k —2.

Proof. We need only to show that the ideal sheaf % is (s+ k — 2)-regular (see
[M, lecture 14]). From the exact sequence

0 — Ssar(n) - F(n) - wc(n—e+4) -0,
where w¢: is the dualizing sheaf of C', e = k + 5, we get
0— HY(P?, #(n) » HY(C', wc(n—e+4) — .
By duality
HY(C', wci(n—e+4))~HY(C', Oci(e —n—4)V,
and the last group vanishes when e —n—4<0,ie., n>s+k -3, since C’

is a reduced curve. Hence H'(P3, % (n)) =0 for n>s+k —3.
Now, from the exact sequence

0— Fc(n) = d(n) - Ic(n) =0,

we get
HZ(IP3,%(S+k -4)~HY(C,Oc(s+k—-4)=0,

by the speciality theorem (see [GP, §1]) (if C =S N T, the theorem is trivially
true).
Finally H3(P3, #(s+k-5)~H3P3,0(s+k-5)=0. O

When s = 3, the ideal sheaf % is (k + 1)-regular, so I(C) is generated in
degree <k+1,and a, =0 for n >k +1.
We shall need the following lemma.

Lemma 2.2. Let C C S be a curve of type (x) or composed with a pencil, and
let L CS be a line intersecting C. Then C + L is a curve of type (x).

Proof. If C =0 or C is a line, the lemma is true. Let (a; by, by, ..., bg) be
the type of C; suppose that L is, say, of type (2;1,1,1,1,1,0). We must
check that the 7-tuple (a+2; b, +1,..., bs+ 1, bg) satisfies conditions (x).
The only nontrivial checks are the following:

5 5
2a+2) 2 (bi+1), (@+2)*>) (bi+1)*+8.
i=1

i=1
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The first inequality is 2a— Zf=1 b; > 1, and this is true because L 1is a secant
for C; the second one is true because the hypothesis on C gives a2 > 26 2

i=1"i
(see [G, p. 255]), and 2(2a - ZL, b;) > 1 because L intersects C.
For lines of different types one can use similar arguments. 0O

Let D be an effective divisor on a smooth cubic surface, of type (a; by, b,
..., bg) ; we want to determine h°(S, @s(D)). This dimension is already known
(see [G1]); but we want to show the technique that will be used because it is
interesting in its own right.

Throughout the paper we shall say that a curve D’ is a fixed component of
the curve D if D' is a fixed component of the complete linear system |D|.

We say that a curve C C S is isolated if h%(S, ds(C)) =1, ie., if C is
not linearly equivalent to any other curve on .S'. By Corollary 1.3 and Theorem
1.4 of [G] we see that the integral isolated curves on S are the 27 lines of S
(recall that for each of these lines L one has L? = —1) ; hence for any effective
divisor D C S the integral fixed components of D are necessarily lines. Now
we want to see how to check when a line L is a fixed component of D: this
happens when L-D = —s < 0; in this case L-(D — L) = —s + 1. Hence the
line of type (1;1,1,0,0, 0, 0) is a fixed component of D, with multiplicity
s,if s = by +by—a > 0; the line of type (2;1,1,1,1,1,0) is a fixed
component of D with multiplicity s, if 5 = E?=1 b; — 2a > 0; the line of
type (0;-1,0,0,0,0,0) is a fixed component of D with multiplicity s, if
s = —b; > 0. The same is true for the other 24 lines, since they are obtained
from the previous three by permutations.

We add to Lemma 2.2 the following remark: if C C S is any curve and L
is a line on S such that C-L =0, then L is a fixed component of |C + L|:
in fact we have L-(C +L)=L?>=—1.

By subtracting from D all its fixed components, say L;, L,, ..., L,, each
with its own multiplicity s, §2, ..., §p, we get

(1) D=siLi+8L,+ - +s,L,+ D,

where either D is a curve of type (x) (bﬂt not a line) or it is composed with a
pencil of conics [G, §2]. In any case, if D is of type (a; by, b, ..., bg), one
has [G, Theorem 1.4]

— 6 —
Y a+2 41
H(S, &5(D)) = h(S, &5(D)) = ( 2 ) _.2; (b'; ) :
I=
Recall that one can decide if a curve D, free from fixed components, is

composed with a pencil: this happens if and only if D = 0 (see [G, proof of
Theorem 2.5])).

Remark 2.3. We say that (1) is the Zariski decomposition of D [Z, §7]; for it
the following relevant facts hold:

(i) Li-L;j=0 (i,j=1,2,...,p;1#j) ie., the distinct lines which form
the fixed components of |D| are mutually skew. This is easily seen: if two
of these lines were not skew, say L;-L; =1, then L; + L; would be linearly
equivalent to a conic, hence it would move in a pencil (see [G1, Proposition
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2.2)). In this case the linear system |L; + L; + D| might not have fixed compo-
nents. A consequence of this fact is that p < 6: in fact it is well known that
on a smooth cubic surface there exist at most six mutually skew lines.

(i) L;+D=0 (i=1,2,...,p) ie., the lines which form the fixed compo-
nent of D are skew with the “moving component” of D . In fact, if L;-D > 0,
then the divisor L; + D is of type (x) by Lemma 2.2, so the linear system
|L; + D| has no fixed components.

(iii) Observe that A!(S, @s(D)) = h'(S, #(n)), where C is an integral
curve linked to D by a complete intersection of S with a surface of degree n
large enough; hence the superabundance of |D| is given by: h!(S, s(D)) =

P 1(3) (see [G1, Theorem 2.4]). Note that if D is reduced it has no super-

abundance.
Remark 2.4. Let C C S be a curve of type (x); we shall often deal with
the Zariski decomposition of the linked curves C, (see Definition 1.1). It
is easy to verify that if C, = s;L; + 5Ly + -+ + S,L, + C, then C.,, =
(ss =)Ly + (s = 1)Ly + -+ (sp — 1)L, + Cpyy , that is, the fixed components
of C,,, are those of C;, each with multiplicity decreased exactly by one (if
si =1, of course, L; is not a fixed component of C,_ ). Indeed if C is of type
(@a; by, by, ..., bg),then C; isof type (3n—a; n—-by, n—b,, ..., n—bg),and
C,,, isoftype (3n+3—a; n+1-b;, n+1-b,, ..., n+1-be). If L; is of type
(1;1,1,0,0,0,0), then s, = (n-by)+(n—-by)—(3n—a)=a—-by—b,—n >0,
and (n+1-b)+(n+1-b)-B3n+3-a)=a-b—-by—n—-1=s5-1.

A similar computation can be done for any other line.

Remark 2.5. By the above argument one can directly compute the Hilbert func-
tion of C. Indeed from the exact sequence

0 — F5(n) = F(n) » Fc(n) -0,
where % is the ideal sheaf of § in P3, one has, for any n > 0:

W, Seln) = 1S, Fem) + ()

SO

mCn = ("53) -1 )

_3 (””ZL 1) 1S, O5(Cn)).

This shows that the Hilbert function of a curve C C S depends only on
the equivalence class to which the curve belongs; that is, on the seven numbers
(a; bla sz ey b6)'

Moreover, since passing from C; to C,,, decreases the multiplicity of the
fixed lines exactly by one, the knowledge of the Zariski decomposition of C}
allows us to determine the number k (see Definition 1.1); namely, if C; =
siLy+s;Ly+ - +8L, +Cp, (51 >5,>--->5,), then k =h+s, — 1 when
sy > 1, k = h otherwise. In fact if 5, > 1 the curve C; +s—1 is reduced, while
Ch +5,—2 18 DOt if s, =0 or s; = 1 of course 4 = k. Then the algorithm used to
calculate the multiplicities s;, together with the above formula, can substitute
for the algorithm (given after Definition 1.1) to find k.
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Proposition 2.6. Let C C S be a curve of type (x). A line L is a fixed component
of C,,, with multiplicity s, if and only if L is a (n+ s)-secant of C.

Proof. Assume that C is of type (a; b1, by, ..., bg), so C,, is of type (3n —
a;n—by,n—by,...,n—bg). Theline (1;1,1,0,0,0,0) is a fixed com-
ponent of C,, of multiplicity s, iff (n —b;) +(n—by) — (3n —a) = s, that is
iff a— by — by =n+s, that is iff the line is a (n + s)-secant of C. The same
argument holds for any other lineon S. O

The following result has an important role in the next theorem.

Lemma 2.7. Let C C S be a curve without fixed components. Then the cup-
product morphism

9 :HY(S, O5(C)) @ H(S, F5(1)) » HY(Os(C + n))
is surjective.

Proof. If C is of type (x) the conclusion follows by [GM, Lemma 3.2]. So we
can suppose that C is composed with a pencil of conics; we know that it is cut
out on S by a pencil of planes having for axis a line L ¢ S. Call I" a conic
of the pencil and let C = A", 4> 1: then degC =24, h%(S, Fs(C)) =i +1,
ho(S, @s(C + n)) = 3A+ 4, as one can compute starting with any conic (e.g.
I' of type (1;1,0,0,0,0,0)). Following the proof of the quoted lemma we
shall produce 34 + 4 independent elements in Im ¢ .

Let Cy, C,, ..., Ciyy be a basis of HO(S, ds(C)); we prove that the fol-
lowing elements are linearly independent:

Ciny, Gmyy .o, Gy, A+ 1 elements,
Cimy, Gomy,y ..., G, A+ 1 elements,
Cinsy, Comsz, ..., Ciy 73, A+ 1 elements,
Cing, 1 element.

Here we choose 7;, m, such that 7y N7, = L' C S is skew with L, C; does
not vanish at #m; Nn, N3 = {P}, and P ¢ m4. The elements in the first
two rows are independent; C;m4 does not vanish at P, while all the others do.
Finally, any element (a;C;+---+a;,1Ci41)73, a; € K, vanishes at the generic
point of L' only when «; = 0 since no element of |C| can contain L'; the
conclusion now follows. 0O

Theorem 2.8. Let C C S be a curve of type (x) not lying on a quadric. Then
the generators of 1(C), besides S, are in number:

ap =h%(S, T5(Cy)),
and for any n > h

Qp = hO(S’ ﬁS(En)) - ho(S’ ﬁS(En—l + ﬂ)) s

where m is the generic plane section of S .
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Proof. From the commutative diagram with exact columns
0 0

l

HYP, A(n-1)@H'P,0(1)) — HOP*, H(n) — 0

l

HOP3, F(n— 1))@ HO(P3, #(1)) 2 HO(P?, #(n)) — Cokerp, — 0

l

HO(S, Fe(n—1))® HAS, F5(1)) 2 HYS, Fc(n)) — Cokerg, — 0

J

0 0

by the snake lemma we get Coker ¢, ~ Cokerp, . Hence a, = dim Coker9g, ;
to find this number we need to know dimIm®g,, .

Suppose n > h and put C._, = s;L; + Ly + -+ + 5L, + Cp_y, with
51 >8> >5,>0. Since F¢(n) ~s(C,), we can write

7, HYS, O5(C,)) @ HY(S, O5(1)) — H(S, E5(Cy)).

It is clear that Im@, contains Y %_, s;L; in its fixed part, so
p
Imp, c H° (S, Os (c,', - ZL,)) ,
i=1

hence we may consider the map

v :H(S, O5(Cp-1)) @ HY(S, I5(1)) —» H° (S, s (En _ZLi)) -

i=1

On the other hand we have on S the equivalence C, — SO Li~ Cp1+7 50
that we can apply Lemma 2.7 to . Now the conclusion follows since

dimIm®, = dimImy = 4°%(S, G5(Cp— Ly — Ly —--- — L))
=ho%S, O5(Cp_, +1)).
In the case n = h one has
Coker@, ~ H(S, Zc(h)),
hence oy, = h%(S, @5(Cy)). O

Lemma 2.9. Let D C S be a curve, and let L C S be a line meeting D in |
points, | > 0. If D— L is a reduced curve, then

h(S, &s(D - L)) = h%(S, Gs(D)) — 1 - 1.
Proof. Consider the exact sequence

0—0ds(D—-L)— (D) —IL(D) -0,
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and observe that A%(S, @y (D)) =1+ 1, and h'(S, @s(D — L)) = 0. The last
assertion is true because D — L is a reduced curve (item (iii) of Remark 2.3).
Now the lemma follows taking cohomology. O

Theorem 2.10. Let C C S be a curve of type (x). For n > h if C,_, =
siLy+s3Ly+ -+ 8Ly, + Cp_y, then o, =p.

Proof. We have already seen that, for n > A,

Qp = hO(S’ ﬁS(—Cv—n)) - hO(Sa ﬁS(Cn -Ly-Ly—---— LP))
where the lines L;, Ly, ..., L, are the fixed distinct components of C,_, .
We have two cases.
(1) L; (i=1,2,...,p) is a fixed component of C): in this case it is a
zero-secant for C, (see Remark 2.3(ii)).
(2) L; (i=1,2,...,p) is not a fixed component of C,: then L; is a

fixed simple line of C;_,, hence it is a zero-secant for C, and for C,: in fact
L,‘°C,/, =Li°(C,l,_l +n)=-1+1=0.

In any case, we can apply Lemma 2.9 since C,—L; —---—Li~Cp_; + T+
Lisy+---+L, isareduced curve (i=1,2,..., p); hence we have
h(S, G5(Cr)) = k%S, E5(Cr —Li—Ly—--- = L,))=p. O

Remark 2.11. The last proposition shows that for curves on S the bound of
Theorem 2.1 is attained in most cases. If 4 < k then C; has fixed lines, so
agy1 > 0. If A=k we have two possibilities.

(1) Cj, has p fixed lines (necessarily simple), so we have a,,; =p.

(2) C}, has no fixed components. In this case a;,; = 0 and the homogeneous
ideal I(C) is generated by S and by h°(S, &5(C;)) polynomials of degree A .

Corollary 2.12. Let C C S be a curve of type (x) not lying on a quadric.Then
an <6 foreach n>h.

Proof. In fact, using the terminology of Theorem 2.10, we have a; = p; now
p <6 byitem (i) of Remark 2.3. O

Remark 2.13. We can see that for curves C C S of type (x) generated in degree
h, the number a; is not bounded. The curve C;, linked to C in a complete
intersection (3, h) is a curve without fixed components and such that C; — =
is not an effective divisor on S.

Let us take a curve D of type (n;n—1,0,0,0, 0, 0): it has no fixed lines
and D-m,of type (n—-3;n-2,-1,-1,-1, -1, —1), is not an effective
divisor on §. Choose # > 2n,h > 2;let C be of type Bh—n;h—n+
1,h,h,h,h,h); for this curve we have C; = D and o, = h%(S, &5(C})) =
2n + 1. So if we set, e.g., h = 2n, we have a curve of degree 4n — 1 with
ap=2n+1.

We shall see in §4 that for any curve of type (x) one can construct a curve
of type () which is generated in degree /& by «; elements.

3

Let C C S be a curve which is generated in degree < & (h > 3) and is not
ACM; we want to show that the graded Betti numbers of % are determined
by the fourth differences of the Hilbert function of C.
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When C is generated in degree 4 its linked curve C; has no fixed compo-
nents, however two possibilities can arise: either C, is of type () (ie., itis
linearly equivalent to a reduced and irreducible curve), or C; is not connected
and in this case it is composed with a pencil of conics (see below).

If H2(P3, #:(h—1)) # 0 then, by the speciality theorem, C is the complete
intersection of S with a surface of degree /: in this case it is well known that
the graded Betti numbers of .% can be seen in A*H(C, —). Hence we may
assume H*(P3, % (h—-1))=0.

Now we want to characterize the curves C such that C; is not connected:
this precisely happens when H!(P3, #-(h— 1)) # 0. In fact we know that, for
any n, the following equality holds [R, §2]:

hl(P39 ‘]C,"(n)) = hl(]PB’jC(h - 1-n)),

and since C; is reduced it follows that: C; is disconnected if and only if
hY(P3, #(h — 1)) > 0, and in this case, h!(P3, % (h — 1)) = A — 1, where
A = #{connected components of C;},and A>1.

The components of C; must be 4 conics of S belonging to the same pencil
(see [G, Proposition 2.2 and following]). If, for instance, the pencil of conics is
of type (3;1,1,1,1,1,2),then C; must be of type (34;4,4,4,4,4,24)
sothat C isof type 3h—3A;h—A, h—A, h—A,h—A, h—A, h—2A), where
A < h/2 to make C effective. In any case, whatever may be the type of the
pencil of conics, we have d = degC = 3h—2A, and h'(P3, %(h—1))=A—1.

Since H(C, h—1)=3(4)+1=P(C,h—1)—A+1, an easy computation
shows that the sequence A*H(C, —) is the following:

n 0o 1 2 3 4 ... h-1 h h+1 h+2 h+3 h+4

A*H 1 0 0 -1 0 - 0 -A-1 A A 1-2 0

Theorem 3.1. Let C C S be a curve of type (x) generated in degree < h, such
that h'(P3, #-(h—1)) = A—1 > 0. Then a minimal free resolution for % has
the form

0 @(—h -394 L, @ (—h-2)%a@(—h—-1)®
- @(-h)®WH) g @(-3) - % - 0.

Proof. The number «, of generators of I(C) is already known by Theorem
2.8. By the minimality of the resolution the first syzygies cannot begin before
h + 1, and the second syzygies cannot begin before % + 2 ; since we know the
Hilbert function, ;. is known (Lemma 1.2). Now we want to check that in
degree h + 2 there are not second syzygies.

By assumption o;,, = 0, so we may have f,,, =A+p and y,,o =p for
some p > 0. We have to prove that p = 0, i.e. that the A first syzygies in
degree h + 1 are not related by second syzygies in degree # + 2. To do this
we choose suitable generators for I(C): by the isomorphism HO(S, 7 ¢(h)) ~
HO(S, ds(C})), it is enough to choose A+ 1 generators in HO(S, F5(C})) .

Let I'y, I, ..., I, I, I, ..., T be 24 distinct conics belonging to the
same pencil of the conics of C},andlet H,, H,, ..., H;, H|, H;, ..., H] be
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the planes containing them: denote by L the axis of this pencil. Then the
following A+ 1 divisors:
M+t 4+ Ty,
1+ 0+ + T,

1+ 4+ T,

single out a basis for H%(S, # ¢(h)), hence 4+1 generators of I(C) of degree
h . In this way we can find A+ 1 surfaces Fy, F, ..., F;,; in P? such that:
ENS=C+T1+I+---+17;,
EnS=C+T+h+---+0,
FENnS=C+TI+---+I_,+T1,
FFaunS=C+I+Ih+---+T75.
It is easily seen that the generators of I(C), Fy, F>, ..., Fi,1, S are related
by the following independent syzygies:
(H{,-H,,0,...,0,0,G)),
(0,H;,-Hy,...,0,0, Gy),

0,0,0,...,H;,-H;, Gy),

where Gy, G,, ..., G; are suitable surfaces of degree h — 2.

These syzygies are not related by second syzygies of degree A4+ 2, as one can
easily check, so y,,, =0 and B,,, = 4. Finally, by Lemma 1.2, item (3), one
has f,,3=0, hence y,,3=4-1. O

Now consider the case H'(P3, #-(h — 1)) = 0. Since we assumed that in
degree h — 1 there is no speciality, H(C, h—1) = P(C, h—1); so the Hilbert
function of C is known and one can compute the sequence A*H(C, —):

n 3 4 ... h-2 h-1 h h+1 h+2 h+3
AH - -1 0 - 0 0 d-3 6h-2d-3 d-3n+3 0

where, as usual, d is the degree of C.

Theorem 3.2. Let C C S be a curve of type (x) generated in degree < h, non-
ACM, and such that h'(P3, #-(h — 1)) = 0. Then a minimal free resolution of
S has the form:

0 — @(—h —2)®Ck=d=3) _, @(_p _ 1)®(6h-24-3)
— O(-h)®Ch-) g@(-3) - % - 0.

Proof. By the minimality of the resolution we have o) = 3k —d, and By, =
6h —2d — 3. Now we apply Lemma 1.2, (3) to conclude that y,,, =3h—d -3,
since we know (Lemma 1.4) that 0 >¢. O
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Remark 3.3. Recall thatif C C S is an ACM curve generated in degree < 4, its
resolution is known (see [G1, §3]). For these curves, if we except the complete
intersections, we have two possibilities:

(1) Curves linked to a conic. The resolution of these curves may be obtained
by Theorem 3.1 for A =1.

(2) Curves linked to an ACM cubic curve. In this case d = 34 — 3, and one
can check that for such curves the conclusion of Theorem 3.2 is still true.

4

In this section we determine the graded Betti numbers of a minimal free
resolution of any curve C C S of type () with A > 3.

For each m such that h <m <k + 1 consider C,, and its Zariski decom-
position: C,, =s1L; +85Ly+ -+ s,L, + C, . In the sequel we often use the
curves Y,, defined in the following way: for each m as above we set

Ym=C+S1L1+SzL2+"'+Spr.

By Lemma 2.2 we have that Y,, is a curve of type (x) since each L; is a
(s; + m)-secant of C by Proposition 2.6; moreover it is easy to check that for
these curves the following facts are true:

-Y,, islinked to C,, in a complete intersection (3, m), so it is generated in
degree < m. Moreover if m > h then H(Y,,,n) = P(Y,,n) for n>m-1;
hence A*H(Y,,,n)=0 for n>m+3.

-The minimum degree of a surface containing Y,, and not containing S is
still /.

Now we want to compute the Hilbert function of Y,,. To this end observe
that for n < m we have h%(S, @s((Ym),)) = h%(S, @s(C,)) because for a
complete intersection nz containing C, since n < m, we have: nn ~ C +
S sili+3_ riLi + C,, and one sees that the curves

p t t
Cr=Y siLi+Y riLi+Cn;  (Ym)p=Y_ riLi+Cy,
i=1 i=1 i=1
linked to C and to Y,, respectively, differ only in their fixed component. In
conclusion we have

AH(C,n) forn<m,
AP(Y,,n) forn>m,

moreover AH(Y,,, n) = degY,, for n > m, because (Yy),,_, is already a
reduced curve.

We shall use these curves to determine inductively the graded Betti numbers
of the curve C: by knowing the graded Betti numbers of Y,,_; and the Hilbert
function of Y,, we obtain the Betti numbers of Y,, ; in conclusion we describe
the resolution of Y., = C. The first step is a somewhat special situation, so
we first consider curves generated in degree < h+ 1.

Let C C S be a curve of type (*), generated in degree < 4 + 1. Suppose
that o, =1 and a,,; =4,where 1 <A<6 (if A=1, C is an ACM curve
and its resolution is known); in this case C; is the union of A skew lines, and

C}., has no fixed components. By a simple computation one can see that the

AH (Y, n) ={

sequence A*H(C, —) is the following:
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n 0o 1 2 3 4 .. h—1 h h+1 h+2 h+3 h+4

AH 1 0 0 -1 0 - 0 -1 -4 22 —-A+1 0

Proposition 4.1. Let C C S be a curve of type (x), generated in degree < h+ 1
and such that a, = 1, ap,y = A > 1. Then a minimal free resolution of S is
of the following kind

0— ﬁ(—h _ 3)69('1—1) N ﬁ(—h _ 2)@2,1
—O(-h-1)®* a0 (-h)a0(-3) - 5 — 0.

Proof. One has B,,, = 0 because a complete intersection (3, #) has only one
first syzygy of degree h + 3; B., = 24 since ajy = Ypip = 0; finally, by
Lemma 1.2(3), we have y,,3=4—1. O

Remark 4.2. We want to give a deeper insight into the above situation: in fact
it happens that the curve Y, has one first syzygy in degree 4 + 3 (the trivial
one), but C has no first syzygies in this degree. We shall see later that the
trivial syzygy is generated by the 24 syzygies of degree h + 2.

This fact (a first syzygy which “disappears”) can take place only when o) = 1:
for this reason we want to clarify the geometrical meaning of the situation.

Let C C S be a curve of type (x) with o =1, apy = 4. We may assume
that the A components of C} are the exceptional divisors E;, E;, ..., E; [H,
V, Proposition 4.10]; thus the type of C is

(3h;\h+1,...,h+14,h,...,h).

A times

Further we have

Cp:(0;-1,...,-1,0,...,0); C,:(0;0,0,0,...,0);
|
A times

Che1:(3;0,...,0,1,...,1).

A times

We want to choose A suitable generators of I(C) of degree 4 + 1: it is the
same to take a basis of the vector space

L HYS, 855G
Img,,,

where 9, , has been defined in the proof of Theorem 2.8.
Consider the following basis of V:

Ci+Ey+Ey+---+E; G+ E+E3+---+Ej; ...

b

C+E +E,+- -+ E;_y,

where C,, C3, ..., C; are reduced and irreducible curves of type (3;0,1, 1,
1,1,1),(3;1,0,1,1,1,1),...,(3;1,...,0,1,...,1) respectively.
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This basis of V allows us to find A surfaces F, F;, ..., F;, of degree h+1,
such that

FNS=C+C+E;+E3+---+Ej,
ENS=C+C+E +E3+---+Ej,

.....................................

FNS=C+C,+E,+E;+---+E;_;.

If we denote by G the generator of I(C) of degree 4, a set of minimal
generators of I(C) is the following:

S,G,F,F,...,F.

To find the syzygies among these generators consider (for i =1,2,...,4)
two planes H;, H in the pencil of axis E; and denote I';, I'; the conics in-
tersected on S by these planes (I'y and I"| are of type (3;2,1,1,1,1,1),
and so on). Let us take the quadrics Q;, Qj which meet S in C; and I, C;
and I'; respectively.

We observe that the surfaces H;F; and Q;G intersect .S in the same divisor,
namely C+ C;+T';+ E, +---+ E;. So we have the following 24 syzygies:

Si = (—Ai’ Qi, 0, ey _Hi’ ey O)s
S/ =(-4;,0;,0,...,-H/,...,0) (i=1,2,...,4),
where 4; and A) are suitable surfaces of degree 4 — 1.
From the equalities
QiG-HF; =4S, QG-HF =AS,
multiplying the first by H], the second by H;, and subtracting, one gets
(HQi - HiQ})G = (H;A4; — H;4})S,

so H/Q;-H;Q; =S, H/A;— H;A; = G since S is irreducible and G does not
contain S. In particular we have obtained the trivial syzygy between S and
G.

Looking at S;, S one sees that there are the following 4—1 second syzygies
of degree h + 3:

H,-'_]S,'_l - H,‘-]S,{_l - H,’S, + H,S: =0 (i= 2,3,..., ﬂ) .

Finally, we see that these are the only second syzygies of degree 2+ 3. In
fact if ZLI(L,S[ + L!S!) = 0, where L; and L] are linear forms, then the
Jjth component (j=3,...,A+2) is —L;H; - L;.HJ’. , and this vanishes only if
Li=H;, L;=-H;.

When C C S is a curve generated in degree < £+ 1 and a; > 2, we have
no remarkable differences with the general case; we insert the next proposition
for completeness and for a better clarification of the inductive step.

Proposition 4.3. Let C C S be a curve of type (x) generated in degree < h+1,
with o, > 2. Then the graded Betti numbers of - are determined by the
resolution of %y, and by the sequence A*H(C, —).

Proof. Since C is generated in degree 4+ 1 the curve C; is reduced (and has
aps, fixed lines), hence h = k; in this case H(C, n) = P(C, n) for n > k,
thus A*H(C,n)=0 for n>h+4.
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According to the different resolutions of %4 (see §3) there are two possibil-
ities.

(a) H'(P?, A,(h—1)) # 0. By Theorem 3.1 we know o}, B;. 1, Bhiss Yhes
the Betti numbers of Y, . Recalling Lemma 1.2, for the graded Betti numbers
of /, one has: o, = a) and oy, is given; By = B, and B, =
A*H(C, h+2). In fact ayy = 0 and 4, = y;,, because (since now) we
have only the syzygies B’, and y,,, = 0 by Theorem 3.1 (see the picture).
So to the former g; , first syzygies (relating the o, generators of degree h)
one must add B, = A*H(C, h+2) - B;,, “new” syzygies which link the
generators of degree A+ 1. Finally y,,3 = —A*H(C, h+3) and, as before, one
can distinguish the y; , “new” second syzygies from the y, , former ones.

n -+ 2 34 - h h+1 h+2 h+3
#gen. 1 ap  opy
ﬂi/1+2
#1st syz. Bhi
Brs
Va3
#2nd syz.
Yhes
AHYC, =) - 0 =1 0 -+ —ap By —ns1 Bre2  —Vhes

(b) H'(P?, A,(h — 1)) = 0. By Theorem 3.2 we know s Bpits> Yhya - SO
ap = @y, apy isgiven; applying again Lemma 1.2 we have By, = B, Bri2 =
A*H(C,h+2)+ Yhyo and of course y,.5 = 7;,,; finally one gets y,,.3 =
-A*H(C,h+3). O

Now the inductive step can be proved without any difficulty.

Theorem 4.4. Let C C S be a curve of type (x). For any n > h+ 1 the
graded Betti numbers of %,,, are determined by the resolution of %, and by
the sequence A*H(Y,,,, —).

Proof. By assumption we know o}, B/, y;, the Betti numbers of %, , and that
A*H(Y,y1,r) =0 for r > n+ 4 (see at the beginning of this section). For the
graded Betti numbers «;, f;, y; of %,,, one has

a;=oaf for i <n,and ay4; is given,

Bi=P for i<n+1,and Buir =A*H(Ypp1,n+2)+7,,,,

yi=7y for i<n+2,and yp3=-A'H(Yy41,n+3). O

Remark 4.5. Summing up the results of the last two sections we may observe
the following relevant facts about the graded Betti numbers of a curve C C S
of type (x).

(1) The following fact is true in general (i.e., for any n > A if C, is not
composed with a pencil and o, > 1; forany n > h+ 1 if o = 1; for
any n > h+ 3 if C, is composed with a pencil): the graded Betti numbers




198 SALVATORE GIUFFRIDA AND RENATO MAGGIONI

of Y,,, are obtained from those of Y, just adding a,,; “new” generators,
Briz=AH (Y, 1, n+1)+y,.2 “new” first syzygies which link the “new” a,,
generators to the others, and 7,,3 = —A*H(Y,;, n+3) “new” second syzygies
which link the “new” B,,, syzygies to the others (see Theorem 4.4).

The cases that are left out have been explicitly studied in this section.

(2) For any n > h consider the graded Betti numbers of Y,, say o}, B}, v;.
If y,,, >0 then B, ,=0;if y, , =0 then either Y, is an ACM curve or
B,.»>0 and y,, ;>0 (see Theorem 3.1).

Example 4.6. We want to illustrate how one constructs the resolution of a curve
on S.
Consider the curve C : (15;8,7,4,4,2,2). It has degree d = 18 and
=9, k =

k

genus ¢ = 28. For C we have 10, and AH(C, —) is the
following:
n 2 3 4 5 6 1 8 9 10 11 12
AH(C,-) -~ 6 9 12 15 18 21 24 24 20 18 18

We have Cy:(12;1,2,5,5,7,7)=2(1;0,0,0,0,1,1)+2(2;0, 1,1,
1,1,1)+(2;1,0,1,1,1,1)+(4;0,0,2,2,2,2); so Cy has three fixed
lines with multiplicities 2,2, 1,and Co:(4;0,0, 2, 2, 2, 2) is union of two
conics of the same pencil (note that we are not in the general case of Remark
4.5(i). Thus a9 =3, aj9p=3, and a;; =2 (see Theorems 2.8 and 2.10).

Yy is of type (23;9,9,7,7,7, 7); by Theorem 3.1 we get for this curve
the following Betti numbers: ag = 3, B9 =2, Bi1 =2, 712 = 1 (see in the
picture below the underlined numbers).

Yo is of type (18;8,8,5,5,4,4); looking at the Hilbert function of C
we get

A*H(Yjo,-) 1 0 0 -1 0 0 0 0 0 -3 -1 8 —4 0

and by comparison with the Betti numbers of Yy (Theorem 4.3) we obtain
Bi1 =6, 712 = 3 (see the barred numbers).
Y1, = C: as before we can calculate A*H(C, —)

n 3 4 5 6 7 8 9 10 11 12 13
A*H(C,-) - -1 0 0 0 0O 0 -3 -1 6 0 -2

ard comparing with the previous numbers we have S, =4, y;3 = 2 (numbers
with the hats).
Summing all we have the following graded Betti numbers:
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n 0 1 2 3 9 10 11 12 13
# gen. 1 3 3 2

#1st syz. 2 2+6 4

#2nd syz. 143 2

Remark 4.7. In this section we have found an algorithm to determine the graded
Betti numbers of any curve C C S of type (x), based on the curves Y,,. Now
we want to explain another algorithm which achieves the same result, perhaps
in a simpler way.

Given a curve C of type () which is not a complete intersection compute
first the numbers /4 and k (see Definition 1.1 and Remark 2.5), and the num-
bers a, of generators foreach n=h,h+1,...,k+1. Then, for any n such
that A < n < k+ 3, compute h°(S, @s(C,_3 + 3n)), h%(S, O5(Cn_2 + 27)),
ho(S, @s(Cn_, + 1)), assuming h%(S, @s(Cn_; + in)) = 0 whenever C,_; is
not an effective divisoron S (i=1, 2, 3),i.e., when n—i<h.

Consider the numbers:

By =4a,_1 —h%(S, Ts(Cyp_1 + 1)) + h%(S, G5(Cpz + 27)),
Gn = 4Bu—1 — [10an_3 — h°(S, @5(Cp_y + 271)) + h°(S, @5(Cr3 + 31))].
Three cases can occur:

(1) C, is not composed with a pencil and «a; > 1. In this case we have, for
each n:

Bn=Bn and Yn=Gn~

(2) C, is composed with a pencil, say C, = AI', where T is a conic on S
and A > 1. In this case we have

ﬂh+l =/1,

Bri2=A+Bp2,  P2=0,

Bhis = Bpys, Yhe3 =A— 14 Gpys,

Bn=Bn, Yn=Gn, forn>h+3.

(3) ap = 1. Inthiscase By, Buias Yhe2s Yhes are given in Proposition 4.1;
Bn=B, and ypy1 =Gpyy for n>h+3.

The formula for B, is based on Remark 4.5(1), and on Lemma 2.7: in fact
the number B, is the dimension of the kernel of the map

Ve HS, s(1)) = W,

where V is the quotient of H(S, @5(C,_;)) modulo HY(S, &s(C,_,+n)) and
W is the quotient of HY(S, @5(C,_; + 1)) modulo HO(S, @s(C,_s + 2m)).
Observe that this map is surjective since it is induced by the cup-product mor-
phismon C,_, .

The formula for G, can be obtained with a similar argument.

Finally we consider curves lying on a smooth quadric; this case is very simple,
since, as we now see, the graded Betti numbers of such curves only depend on
their Hilbert function.
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Theorem 4.8. Let C C P3 be a curve contained on a smooth quadric; if C is of
type (a, b), with 0 < a<b—1, then a minimal free resolution of % has the
following form:
0— @(—b—2)80b-a-1) _, g(—p - 1)®2b-24)
— Ops (b2t g 7(-2) - A — 0.

Proof. Recall that if b =a or b =a+ 1, then C is an ACM curve and its
resolution is known. Computing the Hilbert function of C (see [G1, §6]) we
have the following sequence A*H(C, —):

n 0 1 2 3 b—1 b b+1 b+2 b+3

AH* 1 0 -1 0 0 a-b-1 2b - 2a a+1-b 0

hence the result follows by Lemma 1.2. 0O
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