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AN ASYMPTOTIC ESTIMATE
FOR HEIGHTS OF ALGEBRAIC SUBSPACES

JEFFREY LIN THUNDER

ABSTRACT. We count the number of subspaces of affine space with a given
dimension defined over an algebraic number field with height less than or equal
to B . We give an explicit asymptotic estimate for the number of such subspaces
as B goes to infinity, where the constants involved depend on the classical
invariants of the number field (degree, discriminant, class number, etc.). The
problem is reformulated as an estimate for the number of lattice points in a
certain bounded domain.

INTRODUCTION

The purpose of a height is to give an explicit quantification for how “com-
plicated” an object is. If .S is a one-dimensional subspace of Q", the distance
between integral points in .S is one way to measure how “complicated” S is.
For such a subspace, the integral points are of the form Zp, where p is a
primitive lattice point, i.e., a point in Z" with coprime coordinates. We define
the height of S, H(S), to be the Euclidean norm of the point p. Now two
primitive lattice points, p; and p,, will be integral points in the same sub-
space if and only if p; = +p,. Thus, the number of one-dimensional subspaces
of Q" with height < B is one-half the number of primitive lattice points in
the ball of radius B. By [5, Theorem 459], this number is asymptotically

V(n)
m 2¢(n)

as B — oo, where { is the Riemann zeta function and V'(n) is the volume of
the unit ball in R”".

The present paper is concerned with a generalization of this asymptotic for-
mula, where the one-dimensional subspaces of Q" are replaced by d-dimen-
sional subspaces of K", where 0 < d < n and K is an algebraic number
field. It turns out that there is a natural way to define the height of a d-
dimensional subspace of K" (see the end of this introduction). Fix the field K
and let M(n, d, B) be the number of d-dimensional subspaces S C K" with
H(S) <B.

Theorem 1. As B — oo, we have
M(n,d, B)=a(n,d)B" + O(B"b".4))
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where a(n, d) and b(n, d) are explicit positive constants and the constant im-
plicit in the O notation depends only on K and n.

The values of the constants above are as follows:

b(n,d)=max{-xl—d, m} ,

where k is the degree of K over Q. Write k¥ = r; + 2r,, where r; is the
number of real embeddings of K into the complex numbers C, and r, is the
number of pairs of complex conjugate embeddings. Let J be the discriminant,
R the regulator, A the class number, and w the number of roots of unity of
K. Further, let {x be the Dedekind zeta function of K, and introduce the
function V,(n) = V(2n). Given a function f defined for n =2, 3, ... and
having nonzero values, introduce the generalized binomial symbol
(= L= D) fn - d 4 1)
4 f(2)f(3)--- f(d) ’

defined for 0 < d < n, with f(2)f(3)--- f(d) to be interpreted as 1 when
d = 1. Note that (f|}) = (f]7_,). With this notation,

n O\ () rin
atn, dy = 1R (—2—) (G) v,

wn \ /]

Note the symmetry of the result: M(n,d, B)= M(n,n—d, B). It is known
(see [11, p. 433]) that

(2) H(S)=H(S1),
where S+ is the “orthogonal complement” of the space S in K"; St consists
of all vectors a = (ay, a3, ..., a,) € K" such that

a-B=ofi+afr+--+anfn=0

for all B € S. Since dimg S* = n —dimg .S, this explains the symmetry.

Theorem 1 generalizes two previous results. W. Schmidt [12] proved The-
orem 1 in the special case K = Q. Also, S. Schanuel [10] has done the case
d = 1 with a general number field, although with a slightly different definition
of height. When K =Q and d =1, we have

V(n)
D=2y
so that our theorem implies the asymptotic formula (1).

Theorem 1 has an interpretation in the context of algebraic geometry. As is
well known, subspaces of given dimension 4 in K" correspond to points on
a Grassmann variety (see below). Our result may thus be interpreted as count-
ing the number of points of height < B on this (projective) variety. Recently,
Franke, Manin, and Tschinkel [4] have studied the asymptotic behavior of the
number of points with height < B on Fano varieties (i.e., those varieties for
which the anticanonical bundle w~! is ample) which includes Grassmann vari-
eties as a specific example. However, they provide no formula for the constants
in the asymptotic relations. Also, they use the Arakelov height, so the exponent
on B is different. There is no method for counting integral points of height
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< B on a general variety. In our case we succeed because of the definition of
the Grassmann variety in terms of subspaces.

We end this introduction with the definition of the height of subspaces. Such
a definition had first been given in [11]. Let M(K) be the set of places of
K, and let a — o) (1 < i < k) denote the embeddings of K into the
complex numbers, ordered so that the first r; are real and alit2) = a() for
ri+1<i<r +ry, where @ denotes the complex conjugate of the number «.

To each nonarchimedean place v € M(K), let | -|, be the corresponding
absolute value on K, normalized to extend the p-adic absolute value on Q,
where v lies above the rational prime p. We also have the absolute value,
|+|», for each archimedean place v € M(K), defined by

af {la(i| for1<i<r,

al, =

Y laDa+2) |12 forry < i<r +ry,

where v corresponds to the embedding o« — a') and |-| denotes the usual
absolute value on R.

For each place v € M(K), let n, be the local degree. We have the product
SJormula (see [8, Chapter 5]):
I lalte =

vEM(K)
for all a € K* = K\{0}.
Given a vector a = (o, a3, ..., a,) € K" anda v € M(K), put
(X0, lail2)™/? if v is archimedean,
leelly = . .

max;<;<n |a;ly’ otherwise.

Note that, by the product formula and the definitions,
IT taelv= IT falze- I lelo= TT el
veM(K) veEM(K) vEM(K) vEM(K)
for all a € K*. Thus, we may define the height of a one-dimensional subspace,
KacCc K", a#0,by
HKa)=H(a)= ][] lal».
vEM(K)

There are other definitions of height. We use this one here in order to simplify
our argument (in particular, the statement of Theorem 2 below).

Let a € K" be as above and denote by [« ] the fractional ideal generated
by the components, a;, a;, ..., a, of a. Itis well known (see, for example,
[8, Chapter 5]) that

II lelo=N@a)™
veMy(K)
where My(K) denotes the nonarchimedean places of K and N is the norm of
the ideal.
We thus have

rn+r;

H(a)= N([a]) Hna N(a]™"- Hua“ I,
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where | - || denotes the usual norm on C":
n 12
ot = (L)
i=1

{l ifi<ry,
e; =
! 2 ifi>r1.

and

It will be convenient to write

r+r

Heo(a) = T I,
i=1

so that H(a) = N([a])"'Hy(a).

Now suppose S is a d-dimensional subspace of K", where 1 <d <n. If
a, ar, ..., ay are a basis for S over K, we can form the wedge product (see
[7, Chapter 7]):

ajNoay A ANay GK(Z),
n

where (}}) is the binomial coefficient, 3.(%? Also, we have
ajAaz A--Nag € K*(BiABa A+ A Ba)

if and only if the a’s and the B°’s span the same subspace. (For proofs, see
[7].) Thus, the wedge product will give a one-to-one (though not generally onto)
mapping of d-dimensional subspaces of K" to one-dimensional subpaces of

k@) . Any such x=a;Aay A---Aay is called a set of Grassmann coordinates
of S. Such an x is determined up to a scalar multiple. We define the height of
the subspace S as H(S) = H(x). Finally, define

H({0}) =H(K") =1.

A vector in K(3) is called decomposable if it is of the form a;Aay A+ Aay
for vectors a;, a3, ..., ag in K". Such vectors, for a fixed d, form a variety,
called the (affine) Grassmannian or Grassmann variety. Given a subspace S,
we may choose [x], where x is a set of Grassmann coordinates of S, up to
multiplication by a principal ideal. One may fix an ideal 2 in each ideal class
and count the number of points x on the Grassmann variety with height < B
and with [x] =2. After dividing out by the action of the units, this translates
loosely into counting “lattice points” on the variety. This is how S. Schanuel
proceeds in [10], when the Grassmann variety is just K” .

Last, but not least, the author would like to take this opportunity to thank
his thesis advisor, W. Schmidt, for the help and encouragment he has given.

2. A SKEWED HEIGHT AND A REDUCTION

The definition of height for a subspace of dimension greater than one given in
§1 seems somehow removed from the idea that the height should measure how
“complicated” it is. Recall that we started with a one-dimensional subspace
of Q" and used the distance between integral points of the subspace as the
height. In this case, the integral points are of the form Zp, where p is a
primitive lattice point. In other words, the integral points of a one-dimensional
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subspace of Q" form a sublattice of dimension 1 of Z" (see below). Similarly,
one sees that the integral points of a d-dimensional subspace form a sublattice
of dimension d. Thus, the determinant of the lattice of integral points of the
subspace gives a measure of how “complicated” the subspace is. In fact, this is
what our definition of height turns out to be in the special case K = Q.

Now for a general number field, the integral points of a d-dimensional sub-
space will form an Og-module, where Og is the ring of integers in K. But
this module will not in general be free, so one cannot apply the idea of a deter-
minant without more work. Our first task is to get an alternative definition of
height which generalizes the ideas above.

For X € R™ @ C?" we write

X=(X|,X2,...,Xx),

where )
{R" for1<i<n,
X

C" forr<i<k.
Let E™ c R™ & C>" be given by the set of points satisfying

Xiyr, = X; for n<i<ri+nr.
For X and Y in E™, we define the inner product of X and Y tobe XY,
the usual inner product in C™. Thus, for X = (x;, X3,...,X¢) and Y =
(¥Y1,¥2, ..., ¥x) in E™,
r ri+2r;
X-Y=) x-yi+ Y x-¥.
i=1 i=rj+1

One easily verifies that, under this inner product, E™ is a Euclidean vector
space of dimension nx . In particular, X-Y isrealand X- Y=Y -X.
We embed K" into E™ as follows: let p: K" — E™ be defined by

p(a) = (a(l)a a(2), ey a(K)),

where the maps a — a() denote the embeddings of K into C, ordered as
above.

By a lattice A in a Euclidean space E, we will mean a discrete subgroup of
the additive group E. The dimension of the lattice A is the dimension of the
subspace spanned by A. Suppose X;, X5, ..., X,, are a basis for A, so that

m
A=PzX;.
i=1
The determinant of A, written det(A), is defined to be

det(A):( det (xi*x,))m,

1<i, j<m

where X x Y denotes the inner product in E of X and Y. By convention,
det({0})=1.

For a subspace S c K", we write I(S) for the set SNO?% , the integral points
of S.




400 J. L. THUNDER

Theorem 2. If S is a d-dimensional subspace of K", where 1 <d < n, then
p(I(S)) is a dk-dimensional lattice in E™ with

H(S) = VIo] * det(p(I(S))).
(Recall that ¢ is the discriminant of K .)

This is basically [11, Theorem 1], where a slightly different embedding is used.
The proofs are entirely similar. Theorem 2 is the tool needed to compute the
height of subspaces using a geometric object which is more easily studied than
a point on some variety. Of course, everything we do will have an associated
meaning in the context of Grassmann varieties. But the insight is from the
setting of lattices in a Euclidean space, not from the variety.

We wish to prove Theorem 1 inductively, which means we will need a way to
build up d-dimensional subspaces from smaller pieces. If S isa d-dimensional
subspace of the (d + 1)-dimensional space S*, then S* = S ® Ka, where
a € K\S. The lattice p(I(S*)) will consist of the lattice p(/(S)) and a piece
coming from «. In particular, the height of S* will be the product of the height
of S and a term depending on . We will determine this term explicitly.

For S a subspace of K", S) = {a(): a € S} will be a subspace of

. R" ifl1<i<n
K(‘)”c{ oo
(K™) C" ifri<i<k.

For a subspace V € R", let V1 be its orthogonal complement. Similarly, for
V' a subspace of C",let ¥+ be the orthogonal complement:

L={xeC":x-y=0forallye V}.
Let n() be the orthogonal projection from R” or C" onto (S())L when 1<
i<r orr <i<k, respectively. Define
m=10 x 1@ x .. x )

so that
2(X) = (xV(x1), ..., 7" (xc))
for all X =(x;, ..., xx) € E™. Note that mo p is linear on K" and vanishes
only on S. We remark that (S())* is not necessarily defined over K(). When
we write 7 we assume the subspace, S, is given.
Let & be a nonzero element of the factor space K"/S. We define

={aeK:aaeS+9O%}.

Note that the definition of J(a) indeed only depends on the class, &, of a.
Clearly, J(&) is a fractional ideal. We define the height of & € K"/S to be

=NO(& H |7 (e

where ||-|| denotes the usual norm on R” 1f 1<i<rn,oronC"if ry<i<k.
Now J(aa) = (1/a)3(&) for any a € K*, where (1/a) denotes the principal
ideal generated by 1/a. Also

K K K K
[T172(@a) = [T 1a"1- [T 1=l = N(@ [ 1= (@)
i=1 i=1 i=1

i=1
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Hence, we may define the height of the one-dimensional subspace K& C K"/S
as H(Ka&) = H(é&). Note that this skewed height reduces to the usual height
when S={0}.

Theorem 3. Let S be a d-dimensional subspace of K", where 0 <d < n, and
let & be a nonzero element of the factor space K"/S. Set S* =S® Ka. Then
H(S*)=H(S)H(Ka).

Proof. We will use Theorem 2. After multiplying by a suitable constant, we
may assume J(&) is an integral ideal. Let a;, a3, ..., ax be a Z-basis for
A=7J(&). Foreach i, 1 <i<k,thereisa B; € S with

Bi +aia € Of,

by the definition of J(&). Each integral point in S* will then be the sum of
an integral point in S and rational integral multiples of the points B; + a;a.
Thus,

3) pI(S*)) = pI(S)) @ D Zp(Bi + aser).

i=1

Now for x € S and y € K", we have p(x) and 7o p(y) are orthogonal. Using
the linearity of mo p, and since 7o p vanishes on .S, we obtain

(4) det(p(I(S™))) = det(p(I(S))) - det (@ Zmo p(aia)) :

i=1

Since 2 is integral, N(2) is the index of 2 in Ok . Thus, as Dg-modules,
Aa has index N(2) in Oga. This gives

K
@Zn o p(aija) = mo p(Aar)
i=1
has index N() in
K
Pz o p(bicr) = mo p(Dka),

i=1

where b, by, ..., b, is a Z-basis for Og.
We have

2
K
(det (EB Zmo p(bia))) =, Jet_(ai-a)),
i=1 ==

where «; is defined to be 7o p(b;a) for 1 <i < k. From the definition of #
and p, we see that

K
Ny
ai-a; =3 6B |20 (@),
I=1
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so that the matrix (a; - a;)i<;, j<« 1S the product

R EA G LA

bW (@M ... b (el
bV @)) ... Bl (@M
PN (@) ... BY||a®) (@)

and the determinant

det_(ay - 6H||7r” @Dy)12.

1<i,j<

We thus have

(5) det(@znop ,a) |§|'/2H||n ).

i=1
Theorem 3 now follows from (4), (5), and Theorem 2.

In what follows, we will also need the following result.

Lemma 1. Let M be an Og-module in K" spanning a subspace of dimension
d and let 2 be any ideal. If we let AM denote the set of finite sums

{Za,mi:ai teandmieﬂJt},
then we have
det(p(A9M)) = N(A)? det(p(M)).

Proof. First suppose 2 is a prime ideal. We will localize. Let S = Og\2 and
Oy =S~ 1Ok . Then My = S~ !9 and S~ !AMy are both Oy -modules with

[Ty : ST'AMy] = [M: AM] and [y : S™'A] =[Ok : Al = NA)

(see, for example, [1, Chapter 13]). The purpose of localizing is that Oy is a
principal ideal domain, so that 9y is a free Oy-module of rank d. We thus
have
[901: AM) = [My : S AMy] = [Oa : S™'AN = N

Since p is one-to-one on K", the result holds for 20 prime, and hence for any
integral 2.

In general, let 2 =B~'¢, where B and € are both integral ideals. By what
we have shown,

N(B)? det(p(29M)) = det(p(¢IM)) = N(€)? det(p(M)),

which proves the lemma in general.

3. THE MAIN TERM AND THE MAIN ERROR TERM

We will prove Theorem 1 by induction on n. We will need the following
result.
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Theorem 4. For 1 < d < n, we have M(n,d, B) < B", where the constant
implicit in the notation depends only on K and n.

This is one half of [11, Theorem 3]. This will also be a corollary of Lemma
15 below.
We think of K"~ ! as being embedded in K”:

K"™'={a=(a, a1, ..., a1, 0) €K"}.

By Theorem 4, M(n — 1,d, B) = O(B"!). Thus, it suffices to count d-
dimensional subspaces S of K" satisfying S ¢ K"~!. Suppose S is such
a subspace. We then have a unique (d — 1)-dimensional subspace of K"~ !,
namely S~ =SNK""!, and a one-dimensional subspace K& C K"/S~ with

S=S"oKa.

Since S ¢ K"~!, we may choose the unique representative a of the class &
with last coordinate equal to 1. So « is of the type (81, B2, ..., Bn-1, 1) =
(B, 1), say, where B € K" 1.

Now suppose S~ isa (d — 1)-dimensional subspace of K"~!. Let

p: Kn—l _)]E(n—l)x

be defined as above, with n — 1 in place of n. For B in the factor space
K*1/8, let
JB)={acK:afpeS +O%"},

)=

as above. Define J*( B

~

IB).
Let (B/TI) € K"/S be the class of (B, 1). We easily have
J(B,1)={acK:a(B,1)eS+k} =T"(B).

We summarize this discussion with a lemma.

J(B)N Ok, the largest integral ideal contained in

Lemma 2. Let S~ be a (d — 1)-dimensional subspace of K" 1, where 1 <d <
n, and B € K"'/S~. Then the d-dimensional subspace S c K" given by
S=S"®K(B,1) has height

r+r;

(6) H(S)=H(ST)N(3*(B)) H (D B2 + 1)5/2,

i=1

where n'!) is defined as above, with respect to S~ . Thereisa 1-1 correspondence
between such pairs (S~ , B) and d-dimensional subspaces S C K" with S ¢
K" 1, ie, if

Sy oK(pi,1)=S;, ®K(B2, 1),

where Sy, S; C K"! and B; e K"'/S] for i=1 and 2, then
S;=8; and  Bi=h,

and every S C K" with S ¢ K" has such a decomposition.

Proof. The only statement remaining to be > proven is (6). This is an easy ap-
plication of Theorem 3, using J*(B) = ([} 1).
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It will be convenient to have a more compact notation for
r+r
IT Uz B2 + 1)e2.
i=1
We will henceforth write Hg( B, 1) for this quantity.
Define the following sets:
- P - B
— n—1 . N ——M
L@, s, 8)={Bek/s: B#0, 3B)>Band H(B. 1)< g
and _ X N
LA,S,B)={BeL(™A,S,B):3(B) =42},
where S is a (d — 1)-dimensional subspace of K"~! and 2 is any fractional
ideal. Note that L(2, S, B) is empty if 2 is not integral, since J*(p) is
always integral. Denote the cardinalities of L(%, S, B) and L(%, S, B) by
A, S, B) and A%, S, B), respectively. We will compute L(, .S, B) and
recapture L(2A, S, B) with an inversion.

Let u be the Mobius function on ideals: u(Og) =1, u(P’)=-1 if P isa
prime ideal and v =1 and =0 otherwise, and u(AB) = u(A)u(B) if A and
B are relatively prime.

One easily verifies that, as in the case for the rational integers (see [5]),

1 if Ok,
™) Sum={ o ok

o 0 otherwise.

Lemma 3. For 2 integral,

A, S, B)=Y u(@OiAC', S, B/N(Q)).
¢l
Proof. For 2 integral,

BN(€)
5.8 = 37 (e. 5. )
o2
Setting B = A¢~! gives

A%, S,B)=) AAB~', S, B/N(B)).
B|A

Thus,

};mm(u-l,s N(¢>
=Y Y wer (xS, yv))

¢ Bjac -!

— -1
Y (QlJ , S, NG ) > w(©)
J|2 ¢|7

=A%, S,B)  (by (7)),

where J = B¢.
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Lemmad. For 1 <d<n,
M(n,d,B)=>Y" u@raec',s, B/N(©)+0B""),
A S ¢

where the first sum is over integral ideals 2 satisfying N(A) < B, the sec-
ond sum is over (d — 1)-dimensional subspaces S C K"~! satisfying H(S) <
B/N(2), and the constant implicit in the O notation depends only on K and
n.
Proof. Note that Hg( B, 1) > 1. Thus,

LA, S,B)CL(®,S,B) =0 ifﬁ(mfw<

By [11, Lemma 8], H(S) > 1, so both sets are empty if N(2) > B. By Lemma
2 and Theorem 4,

M(n,d,B)=)Y_ > 2(%,S,B)+0(B" ).
A S

1.

The lemma follows from Lemma 3.

We estimate M(n,d, B) by estimating A(%A¢~!, S, B/N(¢)) and using
Lemma 4. We transform this into estimating the number of lattice points in a
domain.

For the remainder of this paper, the constant implicit in the <« notation will
depend only on n and K, unless specifically stated otherwise. Also, we will
use the notation B"~! for the subset of K",

BxBx---xB,

~
n—1 times

where B is any fractional ideal.
We map E"~Y* into R"V* by a linear transformation T:E"~-Dx _
R"~D* | defined by

TX)=T((x1,X2, ..., X))

= (X] > X2, e, Xpy xIr|+l’ x/r|+2’ (] x:'|+r2),
where, for x; = (Xi1, Xi2, ..., Xin—1)) and i=ri+1, rn+2,...,r+r, we
define
x; = (Re(x;1), Im(x;1), ..., Re(Xj(n—1)) , Im(Xj(n—1))) .
One sees that the determinant of 7 is 2~2("=D  For Y € R"~ V¥ we write
Y=(y1,¥2,-.--, Yr|+r2)a
where
R*!  forl<i<r,
yi € { R2*=D forr+1<i<r +r.

Now let A be an /-dimensional lattice in R* spanning a subspace V. Let
Ay < 43 <--- < A; be the successive minima of A with respect to the unit ball
in V. Pick linearly independent points y; € A (the choice is not necessarily
unique) satisfying |y;| =4; for i=1, 2,...,/. Define

1-i
A=An@Ry, fori=1,2,...,1-1
j=1
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and A~/ = {0} . Minkowski’s second convex bodies theorem [2, Chapter VIII]
asserts that
2!
T det(A) < AjAy--- AV (1) < 2'det(A).
Since the successive mmima of A~! are, by construction, 4; < A, < -+ < A,
for i <, we have det(A™’) is minimal among sublattices of A of dimension
[ —i.

We have that A(2¢~!, S, B/N(€)) is precisely the number of nonzero lattice
points X € wo p((€A~1)""1) c E#~D¥ in the domain

x B
(n=1yx . 1? < e
{x €E" VX :X eV and [[l(lllel +1)7 < H(S)N(Ql)} ’

where V is the subspace of E"~D% spanned by mop((€2%~1)"~1). Equivalently,
if we denote by 7" the composition T omo p, then A(AC~!, S, B/N(€)) is
the number of nonzero lattice points Y € T((€2~')*~1) in the domain

ry+r B
{YGR” D<:Y e T(V) and H lyill* + e'/z—-ﬁm}

For x € (0, B/N()] and 0 < m < (n—d)x, let V(A, x, B, m) denote
the sum of the m-dimensional volumes of the projections of the domain

r+r
_ B
D(x) = {YeR‘" e L (il + )92 < xN(Ql)}

i=1

on the various coordinate spaces obtained by equating (n — d)x — m of the
coordinates to zero. Let V(A, x, B, 0) = 1.
We define the Main Term to be

H(S), B, (n—-d)x)
EZZ det (T'((cA-1)n-1))

A ¢a S

and the Main Error Term to be
(n—d)k—1

m H(S), B, m)
Z Z Z Z det[ Tl )n l))—[(n—d)x—m]] ’

A A S m=0

where in both cases the first sum is over integral ideals A satisfying N(2) < B
and the third sum is over (d — 1)-dimensional subspaces S C K"~! satisfying
H(S) < B/N(2).

Lemma 5. For 1 <d<n,

|M(n, d, B) — Main Term| < Main Error Term + O(B"™").

Proof. Fix a (d — 1)-dimensional subspace S ¢ K"~! and integral ideals 2
and €. After applying a unitary transformation, 7, of R(*~D<_  we have
A(ea~1, S, B/N(€)) is the number of nonzero lattice points

Yer(T'(€a ) 1) =AcRIx

in D(H(S)).
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Notice that D(H(S)) is a domain such that any line intersects it in a set of
points which, if not empty, consists of the union of at most (n—d)x intervals.
Also notice that if

Y=(J’1,y2,--- ’y(n—d)k)eD(H(S))a

then
Y =1, Yes oo s Vin—ap) € DH(S))

if |yi| <l|yi| for 1 <i < (n—-d)x. Lemma 5 thus follows from [13, Theorem
2 or the appendix] and Lemma 4.

4. REFINEMENTS IN THE MAIN ERROR TERM

The terms in Lemma 5 look fairly nasty as they stand, especially the lattices.
It is the goal of this section to get a more workable formulation of Lemma 5.

Let A be a lattice in a euclidean space E, with inner product %, spanning
a subspace V. The polar lattice, A, is defined to be the set of all points y € V
with rational integral inner products y * x for all x € A.

Lemma 6. Let S be a (d — 1)-dimensional subspace of K"~! and let S"~4 be
the “orthogonal complement” of S in K"~! defined in the Introduction. Let
B be any fractional ideal. Then, for X = (x|, X3, ..., X¢) € o p(B"~ 1), the
complex conjugate of X lies in the polar lattice:

X = (X1, X2, ees Xry» Xryals -+ » Xn) € (p(BH(S"9)))P.
Proof. We have X =Y +Z, where Y = (y(V, y®, y('c ) € p(®B"~!) and
Z=(z,1,,...,1) satisfies z; € S¥) for i=1, 2 . Let
W=wD w? . w)e p(‘B"I(S"‘d)).

Then (recall the definition of inner product in E"~9* )

K
X-W:ixpwi=Zy(i)'w(i)+izi°w(i) =i(y-w)(i),
i1

i=1 i=1 i=1

since z; -wl) =00 =0 forall i=1, 2, ..., k. But since the components of
y are in B and the components of w are in B~!, the product y-w will be
integral. The last sum is the trace of an integer, hence a rational integer, and
the lemma is proved.

We may replace the 7'((€2~!)"~!) occurring in the Main Error Term with
mop((€A~NH"1), since T is a linear transformation which only introduces a
constant multiple dependingon K and »n in the determinant of mop((€2A~1)""1).
By Lemma 6, we may replace this lattice with (p(%€~'1(S"~%)))f. One may
well ask if we are “giving up” too much by doing this. We will show here that
we are not: making this change will only introduce another constant multi-
ple depending on K and n, and, in fact, the two lattices are the same when
K=Q.

Every vector in p((¢2A~1)"—1) will either be in p(¢A~1I(S)) or will be the
sum of a vector in p(S) and a vector in 7 o p((€A~1)"~1). We thus have, by
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Theorem 2 and Lemma 1,
det(p((€c2~")" 1))
det(p(cA-11 (S)))

(8) __ N(eah)- I6|
N(ea-)d-1 /18] (S)

= Nea )= /e

It is easily shown (see [2, Chapter 1, Lemma 5]) that the determmant of the polar
lattice is the reciprocal of the determinant of the original lattice. Therefore, by
Theorem 2 and Lemma 1,

det(p(AC~I(S"~4))P) = [det(p(AC~ I(S"~4)))]"!
= N(ea =48] (S 4) !
101%™ det(n o p(e A1 1(S))),

det(n o p((€A~H)"" 1)) =

since H(S"%) = H(S).
For the moment, let A = p(AC~11(S"~9)). Let 4 <Ay <+ < A(n_gye be
the successive minima of A and u; < uy < -+ < Un—aye be the successive

minima of AP with respect to the unit ball in the space spanned by A. By
Mahler [9] (Theorem VI of Chapter VIII in [2]),

€ < Aipn-gy—iv1 < fori=1,2,...,(n-d)x,

where ¢ and ¢’ are constants depending only on (n —d)k .
Using this fact together with Minkowski’s theorem yields

(n—d)x—i —d)k
[det(AP)™H]™! « H wit< I 4
Jj=i+l

H‘"“”" det(A)

M4 Gei(A-(=e)
for i=1, 2,..., (n—d)x. We summarize our discussion up to this point.
Lemma 7. The Main Error Term is

(n—d)x—1 1
det(p(AC™1(S)))
€LY D VEHES) B m g e

A CA S

where the first sum is over integral ideals A satisfying N() < B and the
third sum is over (n — d)-dimensional subspaces S C K"~ satisfying H(S) <
B/N().

We now determine the growth of the successive minima of p(A€~'1(S)).
Lemma 8. Let o € BI(S), where S is any subspace of K" and ‘B is any frac-
tional ideal. Suppose o # 0 and let A = ||p(a)|. Then there are o, a, ...

a, € BI(S), linearly independent over Q, satisfying ||p(a;)|| < 4 for 1 <i <
K. In particular, if a € K* we have

9) lp(ac)l| < c(a)i,
where c(a) is a constant depending only on a.
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Proof. We have

. 1/2
lp(a)ll = (Z lla(j)llz) .
j=1

Letting c(a) = max;<;<x |aV)| gives (9).

Now choose a Z-basis S, f2,..., fx of Ox. We let a; = fia. Then
a; € BI(S) and || p(ai)| < ||p(e)|| for 1 < i< k. Since the B;’s are a basis
for K over Q, a;, a,..., a, are linearly independent over Q.

Lemma 8 says that the successive minima grow in groups of x. This suggests
that they are coming from lower-dimensional subspaces. We will follow through
with this line of thought.

Let S be an /-dimensional subspace of K" and let B be a fractional ideal.
Let A4, < 4; < --- < 4 be the successive minima of p(BI(S)). We define
i-dimensional subspaces S; C S and minima yu; < uy < --- < yu;, as follows:
So={0}, and recursively

Uiv1 = min{4; : there exists an ;| € BI(S)
with a;41 ¢ Si and ||p(eiry)ll = 4}
and
Sir1 =Si®Kajy for 0<i</i-1.
These subspaces are not necessarily uniquely defined by these conditions; at
each stage one may need to make a choice.

Lemma9. Let S, B, and u, U, ..., u; beasabove. Let 1 <i <! and let
A <A) < <A, be the successive minima of p(BI(S;)). Then

Miciwsj KM S Ai_pey;  Jor 1<j<k.

Proof. Let a;, a3, ..., a; be as above in the definition of the u;’s. Let
Bi, B2, ..., B bea Z-basis for Og. Then,for 1 <j<k and 1 <k<i,

Bjax € Si and | p(Bjcu)ll < llp(eui)ll = pis
by Lemma 8 and the construction of S;. This shows that
limtperj SApe < i for 1 <j<k.

Next, for 1 < k < (i — )k + 1, pick Y, € p(BI(S;)), linearly independent
over Q, satisfying ||Yi| = A,. Say Yi = p(Bi). Since Y, Yz, ..., Y1)t
span a subspace of dimension (i — 1)k + 1 > (i — 1)k in E"™, there must be
Bi. B;, ..., B] among the B ’s which are linearly independent over K. Thus,
there are i linearly independent points B, B85, ..., B; € BI(S;), satisfying
le(BI < %_1),”1 for 1 < k <i. This implies u; < %‘-1)”,‘ for 1<j<k.

We now have a workable method for dealing with the lattices occurring in
Lemma 7.

Lemma 10. Let S be an (n—d)-dimensional subspace of K"~!. Let B be any
fractional ideal. For 1< j<k and 1<i<n-d-1,

. j/x
}iifé't;))} >« det(p(BI(S)) " n=d=ix=Jl)

N(B) % H(S)) (
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Proof. Let 4] < A, < --- < A, be the successive minima of p(BI(S;)), let
Al <A< < l”l 1y D€ the successive minima of p(BI(S;y;)), and let
Ay £ A2 < --- £ A(u—qyc be the successive minima of p(B(S)). By Lemma 9,

with l—n d and n—l in place of n,

(H—I)KA[/ il iK (i+1)x ilx )
Hl’(l’[_ A") >< [ % 1‘[ W o»< (Hl’) hest)

k=1 k=ik+1 k=1

iK+j
>L (H'lk) ('luc+1 >><< H 'lk

k=1 k=1
But by Theorem 2, Lemma 1, and Minkowski’s theorem,

ix (i1 30\ 1/ . R
I (—k=1—k> >< N(B)H(S) (N (2) .H(S';‘))
k_

I 4 NEBYHS:
= i+j/x \ (H(Six) i
vy ) ()
and
iK+j
[T A >< det(p(BI(S))ln=d=0x=),
k=1

Lemma 10 is fairly sharp. However, we will not need to use quite so strong
a result to prove Theorem 1. We now state our final version of the Main Error
Term, the version we will compute below.

Lemma 11. The Main Error Term is < the maximum over 1 <i<n-d and
1<j<k of

S S V@, H(S), B, [n-d—(i- )}~ j)N@e i TS
A ega T S H(T)

where the first sum is over integral ideals A satisfying N() < B, the third sum
is over i-dimensional subspaces T c K"~ satisfying H(T) < (B/N(2))!/("=9)
and the last sum is over (n — d)-dimensional subspaces S C K"~! satisfying
H(S) < B/N®) and T = S;, where S; is defined with respect to the ideal
AL,

Proof. Lemma 10 implies that, for S an (n — d)-dimensional subspace of
Kn—l

[det(p(mQ:_II(S))—["-d_(i—l)]K+j)]_l < N(Q[Q:_l)_(i_l)_j/KH(Si)_j/K
for 1 <i<n-d-1and 1 <j < k. Hence, by Lemma 7, the Main Error
Term is

n—d k

<Y S S S v, HS), B, [n—d - (i- )]k - j)

A CA S i=1 j=1

. —I\n—d—i+1—j/x
N@e 7
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By Lemma 9, if A} < 4, < --- < ], denote the successive minima of
p(ACI(S)) and 4, < 4 < - < An—ayc denote the successive minima of

p(ACI(S)), then
i (n—d)x i(n=d)
k=1 k=1

Hence, by Minkowski’s theorem, Theorem 2, and Lemma 1,
N@e Y H(S;) < (N@e Y4 H(S))!/n=)
and H(S;) < H(S)/"=4) | The lemma follows.

5. SOME TECHNICAL LEMMAS

In estimating the Main Error Term and the Main Term, we will often make
estimates by partial summation. All of these estimates follow the same general
pattern, so we carry out the arguments here and simply quote the following
result when needed.

Lemma 12. Let S be a set together with a function g taking & to the ray
[1, o0). Suppose the cardinality of the inverse image of [1, x] satisfies

card{g~'([1, x])} = c;x* + O(x®),

where ¢, ¢, and c3 are positive constants. Let M > 1 and let F be a
C!'-function on (0, M) such that F'(x) <0 and increasing on (0, M). Then

M
Z F(g(w))<</ x271VF(x)dx,

wes 0
and if F(M)=0, then

M 2 M
_ o8 nll c—1 _ 4% Al
Y F(g(w)) =—c /0 x2F'(x)dx+0 ( /0 x2VF(x)dx /2 x F(x)a'x),

wes
where the sums are over elements w € & with g(w) < M and the constant
implicit in the O and < notation depends on ¢, and c,.

Proof. Let M =s+t, where s € Z* and t € [0, 1). Define P;(x) to be the
number of w € & with x < g(w) < x+1 and Py(x) = P;(x — 1). Suppose
F(M)=0. Since g(w) >1 and F is decreasing,

(—1) ) F(g(w)) > (1) (P{(t)F (1) + Pyt + )F (¢ + 1)
weS

+-+Pi(s+t-—1F(s+t-1))
= (=D/(P()(F(1) = F(t + 1))
+ (Pi(t) + Pi(t+ 1))(F(t+ 1) - F(t+2))
+ o+ (Pi()+Pi(t+1)+---+ Pi(s+1-1))
“(F(s+t=1)=-F(s+1))),

for j equaling 1 or 2, since F(s+1¢)=0.
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Define R;(x) to be the number of w € & with g(w) < x + 1, and define
R;(x) = Ri(x — 2). Since F'(x) is increasing, the mean value theorem gives
Z F(g(w)) < —-Ry()F' (1) =R {(t+1)F'(t+1)—---—Ry(s+t—=1)F'(s+t-1)
wes
and

Y F(g(w)) > —Ra(t+2)F'(t+2) — Ry(t + 3)F'(t + 3)
wes
— —Ry(s+t-1)F'(s+t-1).

This gives

s—1
Y F(gw) +er Y (14 ))2F'(t+))

wes j=2

s—1
K R(OF' () - Ri(t+ DF' (1 +1) = (t+ ) F'(t +)).
j=2

Since

2
— RUOF'(1) = Ry(t+ 1)F'(t + 1)<<—/ X F'(x) dx
0

2

2
=xC2F(x)|3+cz/ xc2“F(x)dx<</ x27'F(x)dx,
0 0

the second part of the lemma follows. For the first part, we have

Y F(g(w)) < — R{(F'(1) = Ry(t+ 1)F'(1 + 1)
wes
— - —Ri(s+t-1DF'(s+t—1)+Ri(s+1)F(s+1)

M
< - / XF'(x) dx + M@ F(M)
12

M
= ——chF(x)I{‘f2+/ x2~1F(x)dx + M“F(M)
1/2

M
< / x2F(x)dx.
0

For m a positive rational integer, define
Z”' ={(n|,C1, ny,C,...,M,m, cm): Ci € {1, 2}
and ¢; < n; < ci(n—d) for all i}.
For 0 € 2, and x € (0, 1], define
m
j‘d(x):x// Hu;j—lduj,
o (X) Jj=1

where Dy (x) is given by [[}_ (43 +1)%/2 < 1/x and u; >0 forall j. Such
integrals will appear in the summands of

V@, HS), B, [n—d—(i— 1)k —J).
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Lemma 13. Let 0 € X,,. Unless o = (1, 1), we have f,(x) <0 and increasing
on (0, 1].
Proof. We will prove the lemma by induction on m. If m =1, then

(x—Z/Cl 1)1/2 x
fo(x) = x/ u;‘l_l du, = n_l(x—Z/c, _ 1)"1/2’
0

f,;(x) = ;11_(x—2/c; _ 1)n|/2—l _ cix—2/cl (x—Z/c, _ l)”'/2—1
1 1

= L emra _ymie (x—z/c. (1 _ ﬂ) _ 1) ,
ny C|

f(x )_ -2 xHe- 1( -2y _ 1)n|/2—1 (1 _x~a (1 _ ﬂ))

4]
+ 3 no_ 1 x—z/fl—l(x—Z/m _ 1)n1/2—1
C1 \ O ’
proving the lemma in this case, since n; > 2.
Now suppose m > 1 and that the lemma holds for m — 1. Let o* =
(n2,¢2,..., Ny, Cm). Unless 6 = (1,1, 1, 1), thelemma holds, without loss
of generality, for f;.. Suppose o # (1,1, 1, 1). We have

and

(x—Z/cl 1)1/2
folx) = / W (0 1) e (0 + 1)02) du
0

| x
— =2/t _ ym/2=1gy=2/cr £ [ 2
x(v il Y S A (v) dv,

41
where v = (42 +1)~/2, Since f! certainly exists, we have f(x) is

ahl—l»o— l/ (v=2er — (ymi2=ly=2e g (x:h) dv

_/ (=21 — 1ym/2=1y=2/e
X

(fa.(x+h) fa-( v ) f,,. _)) v-
) [hll,‘{,‘_ / (w=2e — 1 nl/Z—lv_z/clf;‘( ) ]

=2/ei _ 1ym/2=1,~2/c, X+ny _ x -
+ lim /x(v 1)n/2=ly (ﬁ,( . ) ﬁ,.(v)>dv

- [‘ (2 — 1yl g2 £ (1)

1
=2/c; _ 1\m/2—1,,=2/c;—1 41 f
+/x (v=Ha — iy THaT i £, (v) dv}

1

1
= =2/ey _ 1\ym/2=1,=2/ci=1 g1 (X
o) ) fi- (Z) dv <
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since f).(x/v) <0 on [x, 1]. By the same type of argument, we have f)'(x)
is equal to

1
=2/cy _ 1\mi/2=1,,=2/c;=2 o1 f
+/x(v L )misT iy Tea fa‘(v)dv]ZO

It remains to prove the lemma when g=(1,1,1,1). In this case, an easy
computation gives

(x~2=1)'2
LOO=A (2 + 1)1 = x) 2 .

Arguing as above, we get
(x"2_p2

ﬂ(x)=_xA ((u2+1>—l_x2)—l/2du

(x—Z 1)1/2
—- [ @y oy,
0

which shows the lemma in this case.
Lemma 14. For u>v—-1>0

/oo XU—v— 1 dx — uV(u)

0o (x2+ 1w (u—v)V(u-vivV)’

Proof. Let y = (x24+1)"/2, so that (y=2-1)1/2 = x and xdx = —y~3dy.
The integral is then

0 1
_[ (y— 1)(u v— 2/2y y—3 dy / (1 _y2)(u—'u)/2—1yv—-ldy.
Now let z = y%. Then
1 1
/ (1 = y2)=)/2=1pv=1 gy, — %/ (1 = z)u=0)2=170/2-1 4
0

GO
T

by the theory of gamma functions.
Using V(m) = 2a™/2/mI'(m/2) gives the result.

6. THE CASE n =2 OF THEOREM 1

We will assume in this section that ¥ # 1, i.e., that K is not Q. For this
case, we may simply quote [12, Theorem 1].

In the case n = 2 of Theorem 1, we have d = 1. Then there is only one
(d — 1)-dimensional subspace of K"~!, namely {0}. Since H({0}) =1, we
get the Main Term is

Via,1,B,k .
o> u cz:)d t(T’(QZQ[ ); (letting A = BE)
(10) A ¢

2"
= ¢ V(Be,1,B, k) N(B)—,
Y uw(@©> v ( x)()m

¢ B
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where the first sum is over integral ideals ¢ with norm < B and the second
sum is over integral ideals 8 with norm < B/N(€), since

det(T" (%)) = det(T o p(B)) = 2" det(p(B)) = %N(%)

by Lemma 1 and Theorem 2. Now V(BC, 1, B, k) is the volume of the

domain
r+r B
YeR": vilP+ 1) < ————
{ If v -

Letting u; = ||y;||, we have

(11) EV (%BE, 1, B, k)N(B) = — V(1)1 (2V(2)) ’ZZﬁ, (B)N(€)/B),

( )

where 0 =(e;, 1,...,e,,1,€,41,2,...,€r4n,2) (see [3, Chapter 2]). De-
fine F(x) = f;(xN(€)/B). By Lemma 13, since k # 1, F satisfies the hy-
potheses of Lemma 12. By the Dedekind-Weber theorem (see [6]), the number
of integral ideals with norm < M is hyM + O(M'~1/¥)  where

2r|+f2n"2R
w+/|9]

By Lemma 12, letting M = B/N(€), we have
(12)

M i 2 M -1/ gt
%:F(N(%))=—hx/0 xF (x)dx+0</0 F(x)dx—/2 x F(x)dx).

Integration by parts yields

M M
—hx/ xF'(x)dx = —hyxxF(x)|}¥ + hx/ F(x)dx
0

r+r

—hx/ / / du;dx
s (x/M) H
r+r
=th/ y// Hdu,dy
0 aY) J 1
o0 oo'l+"2 "”2 (W3+1)” "1/2
0 0
th]'[/ uj” "ud +1)"% du;
2 J

- %" N?e:) (V?IV)(VZ()U) (V(Iz/)(;)a))rz ’

by Lemma 14. Similar computations give the first integral in the error term
in (12) is < 1 and the second is <« (B/N(€))!~!/%. We thus have, by (11)
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B
2
hR [ 2n 1
= e | — 2ty OoON1(V(4 r2B2 Q:NQ:_z
w(m) 521 (V(2)1(V(4) ;#() ©)
+0 (Bf’--'/" > N(Q:)‘(z"/")) :
'

Now
Y. WON@T= Y wONQT - Y wON@?
N(¢)<B Q:CDK N(¢)>B
aeTD)) (2) +0(B™Y),
and

Y N@F <2 -1/k) = 0(1).

N(€)<B

Thus, the Main Term is a(2, 1)B2 + O(B"~%2.1)),
Now the Main Error Term is <« the maximum over 1 < j <k of

YSTveu, 1, B, k- j)N@€)! =i/ (letting % = BC)
A ¢

13
(13) =YY v(®Be,1,B, k- j)N(B) X,

where the first sum is over integral ideals ¢ with norm < B and the second sum
is over integral ideals 8 with norm < B/N(¢), by Lemma 11. For j = k,
we have the inner sum in (13) is « B/N(€). For j < k, the inner sum in (13)

is of the form )
B . [N(B)N(@) i
Z,}N(e)ﬁ’( g N

Letting
F(x) = fo(xN(€)/B)x~/*,

we have that F satisfies the hypothesis of Lemma 12, even in the case ¢ =
(1, 1). Thus, by the Dedekind-Weber theorem and Lemma 12, we have

ZF )<</B/N(c>F(x)dx= (%@)H/K Olfa(y) "/"<<(N1(9¢)) 1—j/x

by a straightforward computation. So the inner sum is always < (B/N(€))!~J/¥ .
Hence, the Main Error Term is

< BZ—]/K

for k > 2, and Theorem 1 is proven in the case n = 2.
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7. COMPUTATION OF THE MAIN ERROR TERM

For the remainder of this paper, we will assume # > 2 and that Theorem 1
holds for n — 1. We will also exploit the symmetery:
M(n,d,B)y=M(n,n—-d, B).
In this section we will prove
Proposition 1. For d > n/2 the Main Error Term is < B"~'/x(n=d)
In order to use Lemma 11, we need the following estimate.

Lemma 15. Let B be a fractional ideal and let S be a d-dimensional subspace
of K", where 0<d <n-2. Let H(S?) = By and B > By. Then the number
of (d + i)-dimensional subspaces S O S¢, where 1 <i<n—d—1, i.e., where
1<d+i<n-1,satisfing HS)< B and S; = 8% is < B"4B¢*~"_ (The
ideal B is needed for the definition of S;, though the bound is independent of
it.)
Proof. We use induction on i. For i = 1 we will simply quote [11, Lemma
10], which is actually stronger than the stated result.

Now let i > 1. Suppose S D> S§? with H(S) < B and S; = S9. Consider
the subspace S’ =S;,,. We show that

B\i
(14) H(S') < By (B_) .
0
Let 2} < A, <.+ < 4}, be the successive minima of p(BI(S9)), let A} <
Ay < < lﬁi +1)c D€ the successive minima of p(BI(S’)), and let 4; < 4; <

- < A(d,,,)x be the successive minima of p(*BI(S)). By Lemma 10, Lemma 1,
Theorem 2, and Minkowski’s theorem,
(d+1)x de  (d+Dx

NBYHES) »>< [ 4 »><][4 [ &
Jj=1 j=1 Jj=dk+1
(d+1)x
>< HS)NE®) [ 4.
Jj=dx+1
giving
(d+1)x
H(S) < HSY)NEB)™ ] 47
Jj=drx+1
We also have
(d+i)x dx (d+1)k (d+i)x
N(B)H(S) »< H wes<[I4 IT » II &
Jj=1  j=dx+1  j=(d+1)k+1
(d+1)k '
>< H(S?)N(B)? ( II x;’) ,
Jj=dx+1
giving
H(S 1/i (d+1)x
N(8) (H((Sd))> > [ #.

Jj=dk+1
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We thus have

(d+l)x
H(S) < HS)NB)™! [ 4
Jj=dk+1
d 5
«HeS )<H(Sd>> <B\&)

giving (14).

Now suppose a subspace S’ of dimension 4 + 1 is given. By the induction
hypothesis, the number of (d + i)-dimensional subspaces S D S’ satisfying
H(S) < B and Sy, = §' is <« B" @+ H(S")4+-" We therefore must es-
timate the sum Y g, H(S")4+~" over (d + 1)-dimensional subspaces S’ > S¢

with
/ B\
< —_— .
H(S) < Bo (Bo>

We apply Lemma 12 and the case i = 1, with F(x) = x4*~" and M =
Bo(B/Bo)'", to get

M
ZH(S/)d+l—n < Bg+1—n/ xn—d—lF(x) dx
s 0

M
< Bg+l—n/ xl-—ldx < Bg+1_nMi — BBg+'_".
0

The lemma follows.
We are now in a position to estimate the Main Error Term. Note that in

Lemma 11, when i = n —d, the third sum is irrelevant. We will handle this
case later. For now we will concentrate on the case i < n —d.

Lemma 16. Let d > n/2 and fix i and j with 1 <i<n—-d and 1< j<k,
sothat [n—d—(i— 1)k —j> 1. Let T be an i-dimensional subspace of K"~!.
Then

. ' ~ B n—i
ZS:V(m, H(S), B, [n~d ~ (i~ Dlk - ))H(S) < H(T)'™ (W) ’

where the sum is over (n—d)-dimensional subspaces S C K"~! satisfying S; =T
and H(S) < B/N(2).

Proof. 1t suffices to show this for each summand of V (A, H(S), B,[n—d —
(i = 1)Jx — j). Such a summand will be the volume of a domain of the form

r+r, . B
{Y=(YIaYZ’---’Ym)' I1¢ ”yf”2+l)’/2-N(91) H(S )}’

Jj=1

where, unlessitis 0, y; e R” and 1 <n; <ej(n—d) for j=1, 2,...,r+n.
After the change of variables u; = ||y;||, we see that such a summand will be

m
i
j=1

of the form




AN ASYMPTOTIC ESTIMATE FOR HEIGHTS OF ALGEBRAIC SUBSPACES 419

where the domain of integration is given by
m
(u? +1)9/2 <

_B .
1 = N@HS) -

where ¢; € {1,2}, 1 < nj < cj(n—-d), C is a product of measures of
unit spheres, and m < r; +r,. If nj, =1 and c;, = 2 for some j, the

integral is made larger by changing c¢j, to 1. Thus, for each summand of
VL, HS),B,[n—d - (i—1)]k — j), we are estimating a sum of the form

o (12),

where 0 € X;, g # (1, 1) for some s between 1 and r; +r,. We apply Lemma
12 and Lemma 15 to the sum

Zfa( e

letting g(x) = H(T)'~4x"=i-! and

F(x)=f; (x@) .

We get that this sum is

m 0o
H/O u;’ (u3 + 1)~ (=04l dy;

n—i—1 m 00
< H(T)'™ %) 1+H/1 uy” Hud 4+ 1)-0- ”J/Zdu)

since (n—i)>d>n/2>(n—-d)>nj/c;. The lemma follows.

We now apply Lemma 12 and the induction hypothesis to Theorem 1, with
glx) = x"!', F(x) = x!74-i/x and M = (B/N(%))/"=9 to the sum




420 J. L. THUNDER

S H(T)\=4-J/% . We get

M
Y H(T)'F « /0 g (x)F(x)dx
T

M
(15) <</ xPl-d=ilk g « MP—4-Jlx
0

~ B (n—d—j/x)i/(n—d)— B \i-ii/k(n=d)
V@) “\N®) '

We now consider the case i = n — d. By an argument entirely analogous to
that in the last section, we have
B

n—j/x
(16) V@, H(S), B,k — HH(S)' " « | == ,
> (v)

where the sum is over (n — d)-dimensional subspaces S ¢ K*~! with H(S) <
B/N(%).
By Lemma 16, (15), and (16), the Main Error Term is

' . B n—ij/x(n—d)
< max ZZN(mc-l)n—d—zH—j/K (W)

A ¢

= max Bn—ij/x(n—d) Z N(Ql)—d—i+l+ij/x(n—d)—j/x Z N(Q)d—n+i—l+j/x
A c|A
< Bn—l/x(n—d) Z N(Ql)—d+l—l/x Z 1.
% ¢l

But the number of integral ideals € with € |2 is < ¢, N(2)?, where ¢, is a
constant depending only on K and €. Letting ¢ = 1/2k gives that the Main
Error Term is

< B”_l/"("_d)ZN(Q{)_‘“’]_‘/ZK
A

< BrRn=dp(d — 1+ 1/2k) <« Br=1/xn=d),
since d > 2.
8. COMPUTATION OF THE MAIN TERM

As in §6, we will assume x > 1. In this section we prove

Proposition 2. For n > 2 and n>d > 1, the Main Term is
a(n, d)B" + O(B"™").

We first consider the sum over subspaces.

Lemma 17. For n>2 and n>d > 1,

V(d,H(S),B, (n—d)x) Cx(n) . B \"
2 det(T"((€A-1)»-1)) =a(n, d) N~y (W)

{k(d)
n—b(n—1,d-1)
+0 (N(m-‘)"-d (%(m)) ) ,

N
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where the sum is over (d — 1)-dimensional subspaces S C K"~' of height less
than or equal to B/N(2).

Proof. By (8), we have
det(z o p((€2™")"™")) = (N(€A™) Vo))" “H(S)'
giving
2n
By definition, V (2, H(S), B, (n —d)x) is the volume of the set

r+nr B
(nede . P+t —2
{YeR T Alwall? + 1o/ < NHS) [

i=1

_ n—d
dCt(T’((CQl_l)n_l)) — (N(QQ( 1)\/|6_|> H(S)—l

Thus, setting u; = |ly;|| for j=1, 2,...,r +r;, wehave
Va, H(S), B, (n—d)x)=((n-d)V(n—d))"(2(n—d)V(2(n - d)))”

B H(S)N()
NEHS) ( B )

where
o= (ej(n—d), e ,ex(n—d),er,...,en(n—d), e r,) #(1,1)

since k¥ > 2. We then have

V4, H(S),B,(n—d)p) [ 2~ "
(17) Z ot (€T ( ) (n—d)V(n-d))

2l = DY @n = )N EE ) s T (7).
We will estimate 3¢ fo(H(S)N(2)/B) . Define f(x) = f;(xN(2)/B). By Lem-

mas 12 and 13 and the induction hypothesis to Theorem 1, we have
(18)

B/N(®)
S AH(S) = ~a(n—1,d - 1)/ X" f(x) dx
S 0

2 B/N(%)
+0 (/ x"2f(x)dx —/ x”“"’(”“’d“)f’(x)dx) )
0 2

A straightforward computation gives the integrals in the error term in (18) are
< (B/N(Ql))”_l_b(”_' ,d—1) .
It remains to estimate the main term in (18). We have

B/N® —1 0 n—1 B/N(%) B/N@) n-2
—/0 X" f(x)dx = =x"7" f(x)lo +(n—- 1)/0 X" f(x)dx

/
=(n-1) /OB e x"2f(x)dx.
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Letting y = xN(2)/B, we have

/ T ey dx = (im))l / V) dy

B )nl/ nl/ / ’ﬁzun d)e;— du dy
() D, ()

+ —ei/2
B > /oo ¢)(n—d)— /HjllZ(u +l) j |
- [ —— u’ " dvdu;:
((9l o’ 0 yau
1
n

N
B n—1n+rn ,co d
( ) H/ u&n— )ej—l(u§+ 1)-e,-n/2 du,-
0

j=1

(N(m)n_l ([ oot eira)
-(/Ooov(" D=1l 4+ 1)” "dv)r2

- (7\’%)1 ((n = d);(z(f)ci>dV<d>> "

) nV(2n) "
<2(n )V (2n= d))dV(2d)> :

3= 3

by Lemma 14. We thus have

-1)( B \""
Zf(H(S) )=a(n-1, d—l)( - )(W)

‘ ((n —d) ) 2( nV &= ))dV(2d>)r2

“aava) (2
+o((m .

Hence, by (17),

v, HS), B, (n - d)x)
2 det(T"(€A-1yn—1)

=a(n—l,d—1)(jlr;_|)_ (n—1) (Z_)'nm
() (i) e (5t)

(1)
n b(n—1,d-1)
+0 (N(m-l)"- ( )
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Since
n—d
- 2" (n—1) rn\n+n
a(n,d)—a(n—l,d-1)<\/m) . (3)
. (V(n)>" (V(2n)>’2 Lk (d)
V(d) vd)) Ck(n)’
we are done.

Proof of Proposition 2. We first show

(19) Y N Y w@N@d = 9 | o,
P {k(n)

Letting % = BC, we get
E N> u(@N = Y w@N > N®).
c|a N(€)<B N(B)<B/N(¢)

Usmg the number of integral ideals of norm < M is O(M) and partial sum-
mation estimates, we get

> N®B)Y=(kd)- ), N@®B)™
N(B)<B/N(¢) N(B)>B/N(¢)
= {k(d) + O((B/N(€))'™9),

Y. HON@© ™= ) wONOT - Y wEONE©)

N(€)<B eCHx N(¢)>B

and
> WON@TT < k(n+1-d)=0(1).

N(€)<B
Since d > 2, (19) follows. Similarly,
Z N() b(nldl)dzu N(Q:
N()<B ¢l
- O(Bl+b(n—l ,d—l)—d) - O(Bb(n—l ,d—l)—l).
Proposition 2 now follows from Lemma 17.

Proof of Theorem 1. By Lemma 5, §6, and Propositions 1 and 2, Theorem 1
is true for d > n/2. But by symmetry, this implies Theorem 1 is true for all
d=1,2,...,n-1.

REFERENCES

1. M. Auslander and D. Buchsbaum, Groups, rings, modules, Harper’s Series in Modern Math-
ematics, Harper & Row, New York, 1974.

2. J. Cassels, An introduction to the geometry of numbers, Grundlehren Math. Wiss., vol. 99,
Springer-Verlag, Berlin, 1959.




424

w

10.
11.

12.

13.

J. L. THUNDER

. G. Folland, Real analysis, Wiley, New York, 1984,

. J. Franke, Y. Manin, and Y. Tschinkel, Rational points of bounded height on Fano varieties,
Invent. Math. 95 (1989), 421-435.

. G. Hardy and E. Wright, An introduction to the theory of numbers, Clarendon Press, Oxford,
1954.

. E. Hecke, Lectures on the theory of algebraic numbers, Graduate Texts in Math., vol. 77,
Springer-Verlag, Berlin, 1981.

. W. Hodge and D. Pedoe, Methods of algebraic geometry, Cambridge Univ. Press, Cam-
bridge, 1947.

. S. Lang, Algebraic number theory, Graduate Texts in Math., vol. 110, Springer-Verlag,
Berlin, 1986.

. K. Mahler, Ein Ubertragungsprinzip fiir Konvexe Korper, Casopis Pést. Mat. Fys. 68 (1939),
93-102.

S. Schanuel, Heights in number fields, Bull. Soc. Math. France 107 (1979), 433-449.

W. Schmidt, On heights of algebraic subspaces and Diophantine approximation, Ann. of
Math. (2) 85 (1967), 430-472.

—_, Asymptotic formulae for point lattices of bounded determinant and subspaces of bounded
height, Duke Math. J. 35 (1968), 327-339.

J. Thunder, The number of solutions of bounded height to a system of linear equations (to
appear).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 48109-
1003




