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A RESTRICTION THEOREM FOR MODULES
HAVING A SPHERICAL SUBMODULE

NICOLAS ANDRUSKIEWITSCH AND JUAN A. TIRAO

ABSTRACT. We introduce the following notion: a finite dimensional represen-
tation V of a complex reductive algebraic group G is called spherical of rank
one if the generic stabilizer M is reductive, the pair (G, M) is spherical and
dimVM = 1. Let U be another finite dimensional representation of G
we denote by S’(U) (S'(U)%) the ring of polynomial functions on U (the
ring of G-invariant polynomial functions on U). We characterize the image of
S'(UaV)Y under the restriction map into S (U®VM) asthe W = Ng(M)/M
invariants in the Rees ring associated to an ascending filtration of S'(U)M .
Furthermore, under some additional hypothesis, we give an isomorphism be-
tween the graded ring associated to that filtration and S’(U)P , where P is the
stabilizer of an unstable point whose G-orbit has maximal dimension.

I. INTRODUCTION

Let gg = tg®pgr be a Cartan decomposition of a real semisimple Lie algebra
gr and let g = ¢ ® p be the corresponding complexification. Let 6 be the
associated Cartan involution. Also let ag be a maximal abelian subspace of pg
and let a be its complexification. Now let K be the analytic subgroup of the
adjoint group of g with Lie algebra ad, (). Also let M be the centralizer of a
in K and let W be the Weyl group associated to (g, a), i.e., W = Nxy(M)/M ,
where N (S) is the notation for the normalizer in L of S.

If V' is any finite-dimensional complex vector space, let S’(V') be the ring of
all polynomial functions on V. The well-known Chevalley Restriction Theo-
rem states that the restriction homomorphism S’(p) — S’(a) maps S’(p)X iso-
morphically onto $’(a)” . (Here V'L denotes the submodule of an L-module
V' consisting of all L-invariants.) This theorem was generalized by Luna and
Richardson [LR]:

Let G be a reductive complex algebraic group acting linearly (and morphi-
cally) on a finite-dimensional vector space U and assume that (U, G) has
generically closed orbits; i.e., the union of all closed orbits contains a nonempty
Zariski open subset of U. Pick any x € U such that the orbit Gx is closed
and G* is conjugated to G” for all y in an open neighborhood of x. The
conjugacy class of the isotropy subgroup M = G* is called a principal isotropy
class. The generalization of the Chevalley Restriction Theorem given in [LR]
states that the restriction map S’(U) — S'(UM) maps S'(U)¢ isomorphically
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onto S'(UM)¥ , where W = Ng(M)/M . (A word of caution: this is not a
generalization strictu senso because a # p™ in general. The Chevalley Restric-
tion Theorem mentioned in [LR] is the version “gg of type II”, in Cartan’s
terminology).

However, although the Chevalley Restriction Theorem and its generalization
are quite powerful tools, they have a restricted field of applications: indeed,
almost every representation of a semisimple group has trivial principal isotropy
class (see [AP]).

Now let G act linearly on another finite-dimensional vector space N. Then
the restriction map S'(NoU) — S'(NeUM) induces a monomorphism S'(N &
U)¢ — S'(NeUM)Ne(M) whose image seems to be very difficult to characterize.
A first step in this direction was given by Tirao in [T] for the following case:
G=K, U=p, N=t and dima = 1. The proof given there is geometric and
uses a one-parameter subgroup suitably chosen. Another proof can be found
in [A1] and one of the aims of this article is to present a generalization of this
fact, inspired by this second proof.

We make the following additional hypothesison (U, G): (a) The pair (G, M)
is a spherical pair (sometlmes called a Gelfand pair); (b) dim U™ = 1. Then
we say that (U, G) is a spherical representation of rank one.

In this case, the image of the restriction map for any N is characterized, as

in Tirao’s case, by
w
P | P s es, UM .
neNg \yel,

Here S, is the subspace of all homogeneous polynomials of degree n and
={yeG":yM#£0, m(y) <n},

where m(y) is the degree of homogeneity of y* in the harmonic polynomials
in U.

A further generalization is found if (U, G) is a “product” of spherical rep-
resentations of rank one (see also [A2]). Moreover,

G= P s
yEGN : m(y)<n

defines a filtration of C = S'(N)M

The second purpose of this article is to characterize the graded ring associated
to this filtration as the ring of P-invariants in S’(N) for a suitable subgroup
P of G. Inthecase: G=K, U=p, N=2¢, dima =1 and P is the
isotropy subgroup of a principal nilpotent element in p, this was obtained by
Tirao (unpublished) using ideas in the spirit of the proof given in [T]. The proof
depends on the existence of a suitable z € ¢. Our proof, however, avoids this
and it is available for the general case under some additional conditions. We also
remark that one can not expect in general that P contains a maximal unipotent
subgroup of G; for example, this is false when gg = sp(n, 1), although it is
true when gg = so(n, 1) or gg =su(n, 1).

This theorem in some sense reduces the study of S'(U @ N)¢ to the study of
S’(N)P . For example, S’(U @ N)© is a polynomial ring if and only if S’(N)?
is a polynomial ring.
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Finally, we give some applications; for example, we compute explicitly a
presentation of the ring S’(g)X when gg = sp(2, 1).

II. PRELIMINARIES

As usual, L" denotes the set of equivalence classes of finite dimensional
irreducible representations of an algebraic reductive complex linear group L.
We will identify 7 € L™ with the space on which L acts. We will exploit the
following well-known version of the

Schur Lemma. For t, A€ L", dim(t®A)L =1 if t =4*, 0 otherwise.

If E isany L-module, and 7 € L", we denote by E; the isotypic component
of type 7.

Let us recall briefly the notion of a spherical pair. Let G be a reductive
connected algebraic group and H a closed subgroup, over an algebraically closed
field of characteristic zero. (G, H) is a spherical pair if it satisfies one of the
following equivalent conditions:

(i) H has an open orbit in the flag variety of G.

(ii) H has a finite number of orbits in the flag variety of G.

(iii) Let Z be an algebraic G-variety and let z € Z¥ ; then G has a finite
number of orbits in the closure of Gz.

(iv) Let y be a one-dimensional representation of H and let X be the
representation of G induced by x (i.e., the space of global sections of the
associated line bundle over G/H). Then for every y € G*, dimHomg(y, X) <
1.

(See [BLV] for the history of this result.) It follows from Frobenius reci-
procity that (iv) can be also stated as follows: for every y € G",

dimHompy(yx, ) <1,

viewing y as an H-module. In particular, taking x trivial, dimy¥ <1 for all
y € G . On the other hand this implies the above conditions, whenever H is
reductive (see [VK]).

Let G now be a reductive complex linear algebraic group, U a finite-
dimensional G-module. Recall that (U, G) is cofree if S'(U) is a S'(U)°-
free module. In such a case, S'(U)¢ is a polynomial ring (i.e., (U, G) is
coregular) and

S'(U)=S"U)°eH
where ® is given by multiplication and H is a homogeneous G-submodule of
S'(U).

Let M be a principal isotropy group of (U, G) (i.e., the stabilizer of a
point in a closed orbit whose conjugacy class is minimal) and let 4 = UM .
Put W = Ng(M)/M . We know from [LR] that S'(U)® ~ S'(4)¥, via the
restriction homomorphism.

Lemma 1 (See also [Po]). Assume that (U, G) has generically closed orbits and
that dimA = 1. Then (U, G) is cofree and W is a finite cyclic group.
Proof. Clearly, dim A/W cannot be zero. (The unique closed orbit would be

open.) Thus dimA4/W = 1. By [LR] (see the proof of Theorem 4.2) (4, W)
has generically closed orbits. So we have

dimA/W =1=dimA4 — dim W.
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Hence W is finite. It is “contained” in GL(1, C); so it is cyclic and (U, G)
is coregular. Now codimzn~!({) < 1 for every { € U/G; it cannot be 0, so
(U, G) is cofree. (See for example, [Sch, §4.3].) O

Definition. We say that (U, G) is a spherical representation of rank one if it
has generically closed orbits, dim4 = 1, and for all p € G*, dimpM < 1,
where M is a principal isotropy group of (U, G). In particular, (U, G) is
irreducible.

Remark 1. There exists a pair (V', L), where L is a simple connected algebraic
group, having generically closed orbits and such that:

(i) If M is in the principal isotropy class, V'™ is a line but

(i1) (L, M) is not a spherical pair.
Indeed, take L = A¢, V the irreducible representation of highest weight ¢;.
From [E, Table 1] we know that the generic stabilizer is of type G, and hence
(see for example [Po2] or [LV]) (¥, L) has generically closed orbits. Moreover,
dim V'™ =1 [E, Table 1]. One the other hand, (4¢, G,) is not a spherical pair,
as follows from Kramer’s table [VK]. In fact, the intersection of Elashvili’s and
Kramer’s tables gives us all the spherical representations of rank one of simple
groups.

Remark 2. From Lemma 1, (U, G) is cofree. Let H be as above; then the
multiplicity of p in H is < 1. (See [Sch, §4.3].)

Definition. We will say that (U, G) is a spherical representation (of rank s) if
U=U®---oU, G=G; x---x G, each U; is a G;-spherical module of
rank one and G actson U via

(kl, ey ks)(’l)l s ey ’US) = (k|’U|, ceny ks’l)s).
Note that it has generically closed orbits.

III. THE RESTRICTION THEOREM

Now assume that (U, G) is a spherical representation of rank one, S'(U) =
S'(U)*®H andlet T = {p € G: pM # 0}. Then H = @ ,r H, . Moreover,
H, is irreducible and homogeneous. Clearly, p € I' = p* € I". So we put

m(y) = degree of homogeneity of H,., yel.

Now let (U, G) = (U,, G)) @ --- @ (Us, G;) be a spherical representation,
where (U;, G;) are spherical representations of rank one. We introduce the
following notation:

A=A, & A, I'=T, x.---xTIg,
H=H ®- - -®H;, M=M x- - - x M,

where M;,I';, A;, H; correspond to (U;, G;).

Recall now that G" identifies with G x --- x G{*. Thus y € I' if and
only if y appears in H; and in such a case, it does with multiplicity one.
Moreover, let us consider the Nj-grading in S’(U) given by the decomposition
U=U®---®U. Therefore, H is an Nj-graded G-submodule of S'(U)
and for y = y», ® ---® y; € I', y* appears only in H,,,, where m(y) =
(m(y1), ..., m(ys)) € Ny and m(y;) corresponds to (U;, G;), 7i.
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Clearly, M is a principal isotropy group of (U, G) and 4= UM . Let W =
Ng(M)/M . We consider the order in Nj given by (ay, ..., as) < (b, ..., by)
iff a;<b; forall i=1,...,s and we set

I''={yel:m(y)<r},
for every r € Nj).

Theorem 1. Keep the notations and the hypothesis as above. Let N be a finite-
dimensional G-module; then the restriction from N & U to N @& A induces an
isomorphism & of S'(N @ U)° onto

(@(@rmrese))

Proof. The injectivity follows from [LR], Lemma 3.5.
If E,, E, are finite dimensional L-modules, the latter trivial, then
(E1® Ez)L = EL ® E,. Thus
S'(NeU)’ = (S'(N)®S'(U)°
= (S'(N)®S"(U)’ ® H)®
=S'(U)°® (S'(N)® H)¢

=S'(U)°® (@(S/(N)A ® H»)G)

ier
LS e (@ a(S'(N); ® HA.)G) .
ier
Let us look more closely at (S'(N); ® H;.)°. In general, if S'(N), =
@, T;, Ti ~ A, then (S'(N); ® H;-)¢ = @;(T: ® H;-)°. But ¢ is 1-1 and

dim(T; ® Hy)C = dim(T)™ = 1.

So
0(S'(N); ® Hy. )9 = S'(N)Y ® Spy3(A).
Hence
a(S'(N & U)°) (@ S' (N ® Sy 1)(,4)) :
Aer
Therefore, we have

w
o(S'(N o U)° (EB S/ (4 (@ S' (N S;,,u)(A)))

Aer

(Q(@S' Y ®S,(4 ))) . O

neNy
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Remark 3. The theorem remains true if we replace N by any affine variety on
which G acts.

IV. THE ASCENDING FILTRATION

Now let (U, G) be a spherical representation of rank one, X an irreducible
G-variety and M a principal isotropy group of (U, G). Let C = C[X]™ and

set
c= @ cyy, Cs=@pce
A€l , m(A)=e e<d
Theorem 2. Co CC, C---CC;C--- isa filtration of C.
Proof. 1t suffices to show: if A, ye G, feU; CC[X], Uy ~4, m(A) =d,
g€ Uy CCX], Uy=~7y, m(y)=b, f,geC[X]” then f-g€ Chyq.
We have an epimorphism of G-modules y ® A — U, - U, . Let
YRA=0,® - - DIy, 51€GA.

Let us decompose f®g =h +---+hs;, s <t, h; € §;—0, reordering the index
set if necessary. We only need to check that m(d;) < b+d, forall i <s. We
have the following well-known isomorphism of G-modules:

CIG/M]~ @ » ey
yEGN
From the inclusions given by f and g A* =AM ® A* and y* — yY ® y* we
have a morphism of G-modules

Aoyt = MM ey @ M s

Now we claim that (AM @ A*)(yM ® y*) D @f:l,...,s oM ® 6r . Indeed, if
ci €0}, there exist aj € A*, f; € y* suchthat Y ¢;=>a;®f; in I*®y*.
Thus for every x € G :

<Zxci, Zh,—> = <Zxaj®x,lfj,f®g>
=<2xaj,f>-<2xﬂj,g>.

Thatis, ) hi®ci=(1f®a;) - (21 g®8)).
Now, for any v € U such that Gv is closed and G" = M, we have the
following diagram of G-modules

A*@y —_— . ﬁ. — S'

\ / Restriction

C[G/M] — C[Gv]

which is clearly commutative. Hence the homogeneous module, of degree b+d ,
Hj. - H,. contains an irreducible G-module of type J foreach i=1,...,s;
as S'(U);» = S'(U)C - Hs- , we conclude that m(d;) <b+d. O

To generalize the preceding, we need the concept of a A-filtration; it is surely
well known, but as we do not know a good reference, we shall introduce it, along
with some formal generalities.
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Let (A, +, <) be a monoid equipped with a partial order <, compatible with
+, a p.o.m. for short. For example, let 4 be a noetherian commutative k-
algebra, k afield; #(A)={W CA: W isa k-vector space} then (#(A4), -, C)
is a p.o.m.

In such case, a A-ascending filtration (resp., descending filtration) in A4 is a
morphism of p.o.m. sets A & .%(A4) (resp., A° 5 .(4), where A is A with
the order reversed) such that F(a)F(b) C F(a+ b) for all a, b € A (resp.,
F(a)F(b) D F(a+ b)) and if 0 is the identity of A, then k C F(0). Here we
shall only consider the case of ascending filtrations.

So let 4 be as above, equipped with a A-filtration, and put A, = F(d),
d € A. Clearly, Ay is a k-subalgebra of 4, and each A, is an A4p-module.

Now put
=Ay/ (Z Ae) and A-gr(4 @A

e<d deA
The bilinear forms A4 4) x A(p) — A(g+s) are well defined and extend to A-gr(4),
giving it a A-graded k-algebra structure.
Examples. (i) Let A=Nj, C =S'(N)M be as in Theorem 1. For r € N§ put
C =@, S (W){,” . In fact, this gives a Nj-filtration in C, as follows easily
from Theorem 2.
Moreover, we have

Lemma 2. Let D =@, cn (Byer miy<rS'(N)} ©S](4)) and let J be the ideal
of D generated by A*. Then
D/J ~ A-gr(C).
Proof. Left to the reader. O
(ii) As in the classical case, if 4 = @ e, A(g) is a A-graded k-algebra, then
Ag =Y ,<4A4() induces a filtration in A4 its A-graded algebra is again 4.

(iii) Let A=N§, #;, ..., Inv € A; we construct a A-grading in the polynomial
ring B = k[X,, ..., Xny] putting for d € A

By = <{X"“ X th,_ }>

Now let 4 be a noetherian commutative k-algebra equipped with a Nj-filtra-
tion. The following result will be useful later.

Lemma 3. Let x;€ A, (i=1,...,N), & itsimagein Ag, .

(A) If the &; are k-algebraically independent in A-gr(A), then the x; are
algebraically independent in A .

(B) If the & generate A-gr(A) as a k-algebra and A = UdeNg Ay, then the
X; generate A.

Proof (As in [Bo, p. 39]). Consider B 2 4 , X;i — x;. Clearly, ¢(B;) C Ay
and hence we have B % A-gr(4).

(A) wis 1-1;thus w: By/ >, ;Be = Aq/ Y o.q Ae is 1-1. Hence ¢~1(0) C
By. But y: B(o) — A is ¢: By — Ay thus ¢ is 1-1.

(B) Left to the reader. O
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Proposition 1. Let (U, G) be a spherical representation, N a finite-dimensional
G-module, M a principal isotropy subgroup of (U,G), A = UM, W =
Ng(M)/M , C = S'(N)M with the filtration introduced above. Let

D=¢P ( D sy ®S:.<A>)
neNy \yer,d(y)<n

Consider the following statements:

(a) S'"(Ue& N)° = DY s a polynomial ring;

(b) D is a polynomial ring,

(c) grC is a polynomial ring,

(d) S'(N)M is a polynomial ring,
Then (a) & (b) & (c) = (d)
Proof. (b) < (c): Let H,, ..., Hs; be elements of a basis of 4*. As they form
a regular sequence in C ® S’(A4), they do in D. On the other hand, D (and
hence, gr C) inherits the usual graded structure of S'(N)®.S’(4). With respect
to it, let D, (resp., (gr C),) be the maximal homogeneous ideal of D (resp.,
of grC). Thanks to Lemma 2 we have the following exact sequence

0—-(H,..., H) — D./(Dy)* - (grC)./((er C)4)* — 0.

Moreover, D is regular iff Krull dim D = dim¢ D, /(D,)? (idem for grC). Let
J be the ideal of D generated by A*; as it is generated by a regular sequence,
ht(J) = s; since D is an integral C-algebra of finite type

Krulldim(gr C) + ht(J) = Krulldim D.
But
Krulldim(gr C) + ht(J) < dim¢(grC), /((grC)4+)? + s
= dim¢ D, /(D4)? > Krulldim D,

and the announced equivalence follows easily.
(a) & (b) From the proof of (b) < (c) it follows that there exist j(1), ...,
Jj(s)eN), fie E(N, M, j(i)) for each i, such that

D =C[f;H'D, J, ..., H],
where if j € Ny, H/ =T], H,{("). But the f;H/() are W-invariants (see the
proof of Theorem 1); hence
p¥ =cif Y, B, HY,
for some integers v(i).
(c) = (d) follows from Lemma 3. O

Remark 4. The implication (a) = (d) is a particular case of the Luna Slice Etale
Theorem application to Invariant Theory, see [KPV]. (b) & (c) is a standard
fact in commutative algebra; however it provides the interesting implication
(c) = (a). A word of caution: it does not follow from the proof of (a) & (b)
that D is a polynomial ring over C[f;H/()]; see [A2].

V. THE CHARACTERIZATION OF THE ASSOCIATED GRADED RING

Now let (U, G) be a spherical representation, A = N, A-grS'(N)M =
A-gr C as in example (i). We shall make the following hypothesis:
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(T) There exist a closed subgroup P of G and for each y € I', a “natural”
isomorphism of vector spaces

ME =00,
satisfying: for each finite-dimensional G-module N, the bijective isomorphism
A-grC — S'(N)?,
given by the ¢(y) is actually an isomorphism of k-algebras.

Now let (U;, Gy), ..., (U;, G;) be spherical representations and let (U, G)
=U,G)e (U, G)), M=Mx---xM;, P=P x---xPj,etc. Let us
assume that (U;, G;) satisfies (T)for i=1,...,j. If yel', y=»®---®v,,
we define s

M3V, =00 =90(n)® - ® (1))
Then we have

Lemma 4. (U, G), P, {¢(y): y € I'} satisfies (T).

Proof. Itsufficesto treatthecase j = 2. If s; istherankof (U;, G;), s = 51+5>
is the rank of (U, G). Thus if ¢t € N, we shall denote ¢ = (¢, ;) in the
obvious way. Let N be a finite dimensional G-module. We introduce the
following notation:

EN,M,n= @ SWH.
€, m(y)=t

If t=(t, t) observe that E(N, M, t) C E(N, M;, t;) when we consider
N as G;-module via the inclusion in the i-factor. Moreover pM' © yM —
yP @ P is given by the composition (Id®¢(;)) o (#(y1) ® Id) . Let us denote
1 = (¢(y1) ® Id), and similarly ¢, .

Nowlet fe E(N,M,t), g€ EIN,M,r), f-g=ho+ -+ hy, with
hye EIN, M, I). Certainly, if h; #0, [ <t+r. Thatis ; < t;+r;, i=1,2.
Hence ¢;(f)¢1(g) = ¢ ji=t,4r, @1(h;), looking at N as G)-module.

Then ¢1(f) € E(N, M2, 1), ¢1(8) € E(N, M;, r;), and

$2(41(S) - $2(#1(8)) = ¢2(#1(Arsr))
ie., ¢(f) - d(g) = p(hr). O

Now let (U, G) be a spherical representation and let G’ 7, G be a finite
covering. Then we may also consider the spherical representation (U, G').
Furthermore, if there exists a subgroup P of G satisfying the hypothesis (T),
then the inverse image P’ of P in G’ satisfies (T) for (U, G'). (Alterna-
tively, replace N by the G-variety N/Ker f; it corresponds to S'(N)Ker/ =
B,eon S'(N); )

We shall give a characterization, for y € G*, of m(y). We begin showing
that every spherical representation of rank one is visible, i.e., the unstable cone
has only a finite number of orbits, if G is connected.

Theorem 3 [Se, 6.2). If G is a connected reductive linear group and Y is an
irreducible affine G-variety such that C[Y] contains each y € G" at most once,
then G has only a finite number of orbits in Y .

Lemma 5. Let (U, L) be an irreducible representation of a connected algebraic
reductive group L such that S'(U)L is a polynomial ring generated by a single
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invariant, say J. Let n: U — U/L be the application associated to the inclu-
sion, let M=NU, L) = n~'(n(0)) be the unstable cone. Then N is irreducible
and the ideal associated to M is S'(U)J .

Proof. Note that 9 is the zero set of J. If L is semisimple, a standard argu-
ment shows that J isirreducible in S'(U): let J = p; - - - p; be the factorization
of J in primes; then for each i there exists a character y; of L such that for
every k € L, k-p; = xi(k)p;, but L has no nontrivial characters. But in our
case, as (U, L) is irreducible, the “nonsemisimple” part of L actson U by a
single character yx ; hence y; = x9”: . It follows that the image of yx is finite,
but L is connected. O

Proposition 2. Let (U, G) be a spherical representation of rank one, G con-
nected. Then MU, G) contains only a finite number of orbits. Moreover, for
each x e N, (G, G*) is a spherical pair.

Proof. We want to apply the above-quoted theorem of Servedio to Y = 91. We
only need to observe that the restriction S’(U) — C[N] induces an epimorphism
H — C[M]. (Recall the decomposition S'(U) = S'(U)° ® H.) The second
assertion follows from [VK, Corollary 3]. O

Remark 5. The last result reduces drastically the list of candidates of possible
spherical representations; see [Kc]. We now generalize an argument of Kostant:

Let (U, L) be a cofree representation of an algebraic reductive group L,
m as in Lemma 5. Let H be a homogeneous subspace of S’(U) such that
S"(U) =S (UL @H. Weset F(y)=Homy(y, H), for y € L" and we fix y
such that F(y*) #0. Let d,, ..., d, be the degrees of homogeneity of y* in
H; m = dim F(y*). We shall assume that the ideal S'(U)L.S'(U) is prime
and that there exists an x € (U, L) such that the closure of the orbit L - x
is M. Now let P = L*, P'=normalizer of Cx in L; P’ actsin Cx via a
character x . Finally, forany ye U, g € F(y*), a€y*,let B,: F(y*) — 77
be given by

(By(0), a) =a(a)(y).
Proposition 3. B, is one-to-one, moreover, P' acts in Im 8, decomposing it in

P'-submodules of dimension one and the associated characters are precisely of
the form x% ..., x% . Finally, the d; ’s are determined by this fact.

Proof. The injectivity of B, and the following identity, from which the second
assertion is deduced, can be found for example in [K]:

forall a € G: a- Px(o) = Bax(0).

Now L-x isopenin N and C, CN; thus P'-x = L-xNCx is a nonempty
open subset of Cx and hence the image of y cannot be finite. O

If (U, G) is a spherical representation of rank one and x € WU, G) is
such that Lx is dense in 91, B, is an isomorphism of vector spaces for all
y € I', because (G, P) is a spherical pair. Clearly {y € I': ¥ # 0} D T; so let
us assume that the equality holds. This is true if for example, the codimension
in <M of (M- Gx) is > 2 (see [K]: M is normal since it is an irreducible
hypersurface). For those spherical representations of simple groups, one can
check that the condition is fulfilled in view of [Po3]. On the other hand, S, is
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also an isomorphism for every y € UM — 0. Fix such a y. We define ¢ = ¢(y)
by making commutative the following diagram:

M N P
By "\ /" Bi+
F(y")

Remark 6. Let us assume that the codimension in 9t of (M — Gx) is > 2.
Then the equality {p € G*: pM # 0} = {p € G": p¥ # 0} can be viewed as
a generalization of the well-known Cartan-Helgason Theorem. Indeed, when
gr = so(n, 1) the claimed equality is a consequence of Cartan-Helgason.

Theorem 4. The isomorphisms {$(y): y € I'} give rise to an isomorphism of
algebras between gr(C[X]™) and C[X]?, for every G-variety X .

Proof. We shall denote by A the image of h € ™ by ¢. Let f € yM,
g € M. We have
YRA=0,D- - D, (SieGA.

Let us decompose f@g=h +---+h+---+hy, r<s<t, h€d;—0.
Reordering the index set if necessary, we may assume m(d;) = m(y) + m(4) if
i <r and m(d;) < m(y)+m(A) if r <i <s. We only need to check that
fleogt=h+. .. +hl. Let & € F(y*), & € F(1*), & € F(8}) corresponding
to f, g, h;. This means, for example, that if u € y*

(fruy=W)y),  (ff,u) = W) x)

So let u € y*, v € A*; with the above identification, there exist w; € } such
that
URU =W + -+ W,.

Hence
(feog,uv)=(h,w)+ -+ h,w)+ -+ (hs, ws),
1.e.,
& (W)(Y)Z (v)(v) = E(w)(¥) + -+ E(w)(¥) + -+ + E(ws)(¥)-

Let us denote by J a homogeneous generator of S (U)°. As G(w;,) € H
for all i, there exist integers d,,, ..., d; such that J4%(w;) is homogeneous
of degree m(y) +m(4). Put j; = (J%(p))~'. Hence & (u)%(v) and

%l(wl) +- 4+ gr(wr) + ]’r+1Jd'+l r+l(wr+l) e jstsg(ws)

are homogeneous polynomials which agree on y, hence on k-y forall k € G;
if they agree on z, they do on ¢z for all 1 € C*. It follows that they agree on
the whole of U . In particular, as x € 1= {z € U: J(z) = 0}, we have

A (u)(x)Z (v)(x) = Ei(wi)(x) + -+ + G (w,)(x),

ie.,
(ffeg,ucv)=Gh, w)+ -+, w). O

Thanks to Lemma 4, Theorem 4 generalizes to spherical representations of
arbitrary rank, provided that the hypothesis discussed above is fulfilled for each
factor of G. Theorem 4 combined with Proposition 1 gives:
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Theorem 5. Let (U, G) be a spherical representation, N a finite-dimensional
G-module, x € WU, G) such that the closure of the orbit G - x is N and the
codimension in M of (M—Gx) is >2. Nowlet P=G*. Then S'(U® N)C is
a polynomial ring if and only if S'(N)F is a polynomial ring. O

VI. SOME EXAMPLES

Let us retain the notation of the introduction. As a first application, we have:

Theorem 6. S'(g)X is a polynomial ring if ggr = so(n, 1) or su(n, 1).
Proof. We observe that Theorems 1, 2, 4, and 5 apply if (U, G) is (p, K) and

A is a one-dimensional Cartan subspace, even if 4 # pM with the following
slight modification:

gr(CIX1Y) = CIX]f = @,erCLX];.

Now if gg = so(n, 1) then we may assume that K = SO(n, C); it is known
that p is the natural representation. Let E € p be a highest weight vector, with
respect to a fixed Borel subalgebra b = hdn of ¢. We claim that £ € N(p, K)
and that KE has maximal dimension. The firstis clear: 0 = lim,_,g ;ec- A(1)E,
where y is the highest weight of p and A is the one parameter subgroup dual
to y . It is known that dim9(p, K) = dimp —dimp/K = dimp — 1 so for the
second it suffices to prove that dimKFE = dimp — 1, that is

dimK — dimKf = dimp -1,
which is equivalent in our case to
dimKE =(n?-n)/2-n+1,

or even to dim¢f = (n? — n)/2 — n + 1, which is very easy to verify. So let
us put P = K£. Clearly P O N where N is the maximal unipotent subgroup
corresponding to n. Let us denote by V(1) the irreducible &-module of highest
weight 7 € h*. We claim that

F={yeK":y=V(jy), j €N},

and that if y € T' then y? = »V. This second statement is clearly true. Let
¥ be the character of Adh corresponding to v, i.e., ¥ = expy . Clearly
P D Ker¥; if f € S'(p)y then f/ € S'(p)), and hence ' D {y € K":y =
V(jw), j € No}. Butif y € ' has highest weight £ and = = exp¢&, then ¥

is stabilized by KerZ-Ker¥ and the other inclusion follows. Thus

S®F=Ps ey =ps e =Psw®,,

yer j>0 >0

because we know from [K] that an irreducible representation arises in the coor-
dinate ring of the adjoint representation if and only if its highest weight lives in
the root lattice. Now a theorem of Levstein (see Theorem 7 below) guarantees
that S’(€)? is a polynomial ring; we conclude from Theorem 5 that S’(g)X is
a polynomial ring too.

On the other hand, if gg = su(n, 1) then & = sl(n, C) ® C and it is well
known that p = p_ @ p, where sl(n, C) (resp., C) acts in p, via the natural
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representation (respectively, via a nontrivial character) and p_ is the dual of
p+ . In fact, one can choose a realization as follows: g=sl(n+1, C),

A 0) _
E—{<O a).Aeg[(n,(C),trA+a—0},

p={(2 g):ueC”X‘,veC'X”}.

Let b = ®n be the Borel subalgebra of ¢ of upper triangular matrices in ¢,
where h are the diagonal matrices in ¢, and let E, € p, (resp., E_ € p_) be
givenby u=¢;, v=0 (resp., u=0,v=e¢,). Weclaimthat E=E, +E_ €
N(p, K) and that KE has maximal dimension. The first statement is easy and
the second will follow from

dimKf=n>-2n+1,
or even from
dime€ = n? - 2n + 1.
But
tf={Zet: ZE. +ZE_=0}
={Z=Zl+Zz€f:Z|E++ZzE+=Z|E_—ZzE_=O}
z 'w w O

0 4 v O
= 00 2 0 €t:Aegl(n-2,C),zeC; ,
0 0 0 =z

which has the necessary dimension. Thus
S'(®)F = S'([e, e © S'(c),

where ¢ is the one-dimensional center and I" = {y € PSL(n, C)*: y®id e I}.
Let v (resp., w*) be the dominant weight of the natural representation (resp.,
of its dual). We claim that

U'={V(i(y+y")), €N},

and that if y € I" then ¥ = »V . In fact, the second assertion is easy and
we can show that V(j(w + w*)) € I’ by induction on j. The other inclusion
follows as above; again, Levstein’s result and Theorem 5 guarantee that S’(g)k
is a polynomial ring. O

Theorem 7. Let | be a classical simple complex Lie algebra, b a Borel subalgebra
and let y (resp., w*) be the highest weight (with respect to b) of the natural
representation of | (resp., of its dual). Let u = [b, b] ® Ker(yw + w*). Then
S’()* is a polynomial ring.

Proof. See [L]. O

Remark 7. 1t was shown in [A3] that these are the only cases for which S’(g)X is
regular. Moreover, Theorem 6 was proved in [C] by geometric considerations;
and the coregularity of (g, K) when gg = so(n, 1) (resp., su(n, 1)) is also
proved in [AG, B, Sch] (resp., [J]).

In order to get a second application let us recall the following:
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Theorem 8. S’(p)? is a polynomial ring if gg is classical of rank one.
Proof. See [BT, Theorem 3.14]. DO

Theorem 5 says that this is equivalent to
Theorem 9. S’'(p @ p)X is a polynomial ring if gg is classical of rank one.

Remark 8. Theorem 9 follows from classical invariant theory if gg = so(n, 1)
or su(n, 1); so in this case Theorem 8 can be deduced from Theorem 5. On
the other hand, Theorem 9 seems to be new if gg = sp(n, 1). More explicitly,
let V, be the natural representation of sp(n, C); then

S'((Va® 1) & (V ® 17))SFn ©xSP0L©)

is regular.

We conclude this section by giving an explicit presentation of the ring S’(g)X
when gg = sp(2, 1). The case sp(l, 1) ~ so(4, 1) is covered by Theorem 6;
it turns out (at least as far as we know) that sp(2, 1) is the first nonregular
(g, K) of rank one computed in the literature. The strategy is as follows: first
we compute S’(8)F, where P is the isotropy subgroup of a nilpotent element
in p whose orbit has maximal dimension. It turns out that it is a hypersurface;
from Theorem 4 we can conclude that S’(¢)™ is also a hypersurface. Then we
compute the generators and the relation of S’(¢£)™ . Using this information and
Theorem 1, we give the generators and relation of the image by the restriction
morphism of S’(g)X . The details of these last two computations were presented

in [A2].
Let us fix some notation. We have
g=15p(3,C)
(4 L) Z:Z,eC¥3 Z =-1Z4, Z,, Z3 symmetric} ,
Z3 Z4

t={Zeo:Z1=(32), Z2=(53). Z:=(5)).4,B,CeC>?,a,B,7¢
C} ~ & x & where & = sp(2,C), & = sl(2,C). We denote the entries of
A,B,C as a,,..., by, by, b3, ¢, etc. where

4= a a , B = by b , o c; )
as a4 b, b 2

We will think of the a;, b;, etc. as elements of (¢))*. We have

_ T Q toyy). 2x2 |
{((Z 9). (L 2)marzecy rec

s.1. ’TV—‘ZQ:I,’TZ—’ZT:O:’QV—’VQ,tz—yv:1}.

As a £ x t;-module, p is then isomorphic to 4;(¢)®4;(¢), where 4; means
in each case the natural representation on C* or C?. (This is in general true
for sp(n, 1), where & =sp(n, C), etc.). We shall denote p = {(¥ ¥ )} = C+2,
where the action is given by

(¢’}).P:$P—Py (ZGE],%€E2’PEP)‘
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Furthermore, if X € p isgivenby u = w =¢;, r = x = 0, then we can
choose a =C-X and hence M is the connected subgroup of K corresponding
to

a 0 p 0
— 0 a O b o ﬂ )
"= b 0 -a 0 ’(y _a> et'ayﬂ9y>a,b,ce(c s
0 ¢c 0 =-a

m=m; X my, where m; ~sl(2,C), i=1, 2, in an evident way.
As an M-module, ¢, is isomorphic to Adm; + Adm; + p~, where

p~={X€E1:a1=a4=bl:b3:C]=C3=O}.

Remark 9. (¢, M) = (g, K) for sp(l, 1) ~ so(4, 1); as we noted above,
S’(g)X is a polynomial ring in 4 variables.

We shall also fix a Cartan subalgebra t=1t; xt, C £, t;, C ¢ are the diagonal
matrices.

Finally, let Y € p begivenby u=¢,, x =€, w=r=0. Let

(52 (8 D)en

with T=¢I, te€ C. Then y,-Y isgivenby u=te;, x =te;, w=r=0 and
this shows that Y is nilpotent.
The isotropy subgroup of Y in K is

r={((o %) (0 2))er=(0 1) o= (5 7).

V=(__Zy —tv> , tg—ve=zf—yh,tz—yv=1}.

As dimKY = dimK — dim P is maximal, we conclude that Y is principal
nilpotent. It is easy to see that P = RH , where

{6 v) (2)r=()

and

r={((6 9)- (o D)ee=(5 )}

In other words, H is the (abelian, three-dimensional) unipotent radical of
P and R (a copy of SL(2, C)) is a Levi factor.

Our first step is to compute S’(£) ~ S'(¢)¥ ® §'(t;). The action of H in
£, is of course given by

,

(1 Q) (A B )(1 —Q)___(A+QC B—Q’A—AQ—QCQ).

0 I Cc -4 0 I C -CQ-'4
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Thus (] =2) acts as follows in S’(¢)) (if Q = (f,{)) :

ay—a+ec + fc,

a, - a+ec; + fes,

ay— az+ fc; + hey,

a4i—>a4+fC2+hC3,

CiHCi,i= 1,2,3,

by — by —2(ea; + fay) — (e%c; + 2efcy + f2c3),

by by — (fa, + hay + eaz + fas) — (efc1 + (f2 + eh)c, + fhes),
b3Hb3—2(fa3+ha4)—(f2C| +2th2+h2C3).

Let us introduce the following polynomials in &, :

A=c}—cic,
O = a4 + axep — a ¢y — ascy,
0y = biA — adcs + 2a,a3¢; — adey
03 = A(byca + axa3) — (azxc) — arcz)(aqcs — ascs),
04 = A(b3c3 — adcy + 2a3a4c))
+ c1l(axc) — arc2)* + 2(azer — ar62)(aac; — ases)],
Os = A(bacic3 — a1aqcs + azascy + ajascs)
—aaxc) — arcz)(ascy — ascs),
B = A(bscs + a3) + (az0) — a1¢2)?
+ 2(axc1 — a162)(asc2 — azc3),
U7 = Aby + axas(cy — ¢3) + ajas(c; — ¢y),
Og = Aby — (a3c3 — 2azascy + aicy),
09 = det = A(b3 — by b3) + by (a3cs — 2azaqc + ajcy)
+ 2by(ajascy + arascy; — azascy — a,asc3)
+ by(a3c; + alcy — 2a1a:02) + (aya4 — aza3)?,
Bi0 = bicy + 2bycr + bycs + a? + 2aa3 + a;.
Proposition 4. S'(¢))" is generated by the polynomials ¢\, ¢y, c3, 0, 0y, 07,
Ug, U9, Uio-

Proof. A fastidious computation shows that the ¥;’s are invariants. (In the
course of the proof, we will give some indications of how to get them.) Now for
(ai, b;, cx) in a suitable open subset of ¢, the orbit H(a;, b;, c;) intersects
the subspace given by a; =0, a, =0, a; = 0 at the point

(0,0,0,c5'01, ¢1, 2, ¢3, A7102, (0A) 7105, (3A)71Dy).

Similarly, for (a;,bj,c) in another open subset of ¢, the orbit
H(a;, bj, cx) intersects the subspace given by a; = 0, a; = 0, a4 = 0 at
the point

(0’ 0’ _c_lﬁl ) 0’ C1,C2, C3, A_ll92’ (CIC3A)—11957 (C3A)-]l96)‘
3
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Thus if f € S'(¢)f, there exists nonnegative integers », 4, £,/ , » such
that
A f €Cley, e, €3, 01, By, B3, B4,
cf A" f€Cler, 2, 03,01, 02, Os, Bel,
and hence
A+ £ e Cley, @, €3, O, By, B3, B, s, D).

But, as 03 = 97, 04 = 1% +A0g, 95 = c1¢c307, G+ 10, + 20,097 = Ay,
we have that for some nonnegative integer «:

A” feClcr, cr, 3,0, B, By, g, O]
Let us also remark that
(%) 02 — 9,05 = AV, 02 + 10 + 20207 + ¢35 = Ab.
Now consider the obvious application
CICi, G, C3, Y, Y, Y7, Y3, Y, Y]
L Cler, e, ¢3, 91, 8, 1, 05, B, Diol,

(where the C;’s, Y/’s, are algebraically independent) and let us also introduce

a:C[ai,bj,ck]—e(I[@,w,a,»,bj]
0% - 0w, 3 0?, a0 a;, by b,

It is not so difficult to see that Kera is the principal ideal expanded by A. We
claim that

Ker(ao®) = (C3 — C\C3, Y2 + 1 Y2 +20,Y7 + 3 Yy, Y7 — V) Yy).
D is clear. For C, let us introduce the auxiliary variables
T, = a46 — azw, T, = —a0 + a w.
Let us observe that 8, w, T, T, are linearly independent. Thus ao® applies:
Ci—0 Y—-0nh+ol, Y,—=T\T
Cy 0w Yy -T7 Yy —T}
Ci— 0 Yo biTH 426, T\ Ty + b3 T + (a1a4 — aya3)?
Yio — 6% + 200w + byo? + a? + 2a3a3 + al.

Let / € Ker(a o ®). As the images of Yy, Yo are linearly independent, we
can assume that / € C[C}, (3, C3, Y, Y2, Y7, Y3] and even that

/ =P(C, G, CL Y, Y, Yy
+P2(C|’ CZ’ C3’ YZa Y7’ YS)YI'

But the image of the first summand (resp., the second) is a sum of monomials
of total degree in 6, w even (resp., odd) and hence

P(C,C, G, Y, Y7, Yy)
=P (C,C,C3, Y2, Y7, Y3)=0,

and the claim follows.
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Now we are ready to prove the proposition (i.e., that @ is surjective). Let
f € S'(¢))7, ~ a nonnegative integer such that A”f = ®(g) for some g €
ClC,Cy,C3, Y, Y5, Y7, Y, Yy, Yi0]. If »~ =0 we are done. If not, g €
Ker(a o @) and hence (using (x)):

®(g) e ImPA + Im q)(ﬂ% - B,0) +Im @(1912 +c1% + 2007 + c30%),
1.e.,
D(g) € ImPA.
Thus A"~!f € Im® and the proposition follows. O
Let us observe now that 8, 99, 89 are R-invariants. Thus
S'(®)F ~ (8" ()" ® §'(8)"
~ C[8, By, D10l ® (Clc1, 2, 3, B2, V7, D5l ® S'(82))R.

It is not so difficult to see that (3,, §;, ¥g) is R-stable. Let us retain the
notation of the above proposition. Considering

CICi, Gy, C3, 12, Y7, Y3]1®@S'(8y)

—Cler, 2, ¢3, 0,07, %]RS'(8),

and the following theorem by Formanek (see [F]):

Theorem 10. If Ad denotes the irreducible SL(2, C)-module of dimension 3,
then S'(Ad®Ad @ Ad)SY2-O) is a hypersurface generated by the seven elements
tr(X;X;), tr(X,X2X3) (X in the i-copy).

We can conclude

Theorem 11. S'(¢)? is a hypersurface generated by 8 homogeneous polynomials
Di,...,Dg Wwith degrees 2, 2, 2, 2, 2, 4, 4, 5 respectively, satisfying the
relation:
P§ + p1p7 — p2(D3 — pap1 + P7)* + P1DeD3
+ 4pipaps + (p3 — pap1 + PP)psp7 = 0.
Proof. This follows from the explicit description of the generators in For-
manek’s theorem. Let us remark that a naive application of the quoted theorem
will give 10 generators, but it is easy to reduce the number to 8. O
Proposition 5. S'(g)X and S'(e)M are hypersurfaces.
Proof. This follows from Theorem 11 (see [A2]). O
Now we give a system of homogeneous generators for S’(¢£)™ . First of all,
S'(e)X = §’(8,)X ® S'(¢,)X is a polynomial ring generated by
fi =det, =a* + By,
fz = detg, =1V,
= (112 + ai + 2aya3 + bicy + 2byc; + bsces.

We know from Remark 9 that S’(¢,)™ is a polynomial ring of Krulldim4;
indeed, it is generated by f,, f3, fa, fs, where

fa=ai + bscs, fs =a} + bcy.
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Obviously, (&)™ = §'(&)X . So far, we need to find fs, f7, fz, homoge-
neous of degree 2, 4, 5 in S'(¢)™ . This was done in [A2]. We get

fo = (Bc1 + 2aa; +yby)/2,
f1 = B(Rasasc; + byl — ajcs)
+ 2a(araszas — asbycy + arbscy + a3b2C3)
+ v(2aza4b; + b%c_:, - a§b3) ,
fz = B(arasaqcy + azbscicr + am%c; + asbycics
— 2a1a3a4¢) — asbycicy — aybyc3)
+ a(=2ayasbrc; + a3bsc) — adbcs
— b3cics + 2azaghicy + by byc3)
+y(2ayaa4b; — a1a3bs — azbybycs + aibics
+ agb1bycy — arazashy, — azb1b3(_‘2).
As their images in S'(€)M /(S'(¢)¥)? are linearly independent, fi,..., fs
form a system of generators for S’(¢)™ . The relation was found in [A2]:

Theorem 12. S'(¢)M is generated by fi, ..., fy; the generating relation is
R-Hhh-fafs—5fs-fa— 15)%)?
=2 fafs — §(fs— fa— 1)) S o
+ A= fa= )2 Safs — 517
—(fi—fa—f5)2fafE =0
Furthermore, in order to get a system of generators of S’(g)X we need gener-
ators of S'(8)Mg,, ..., pg such that ¢; € @, . ;=g S' ()} for some d;. In
fact, we can deduce the ¢;’s from the f;’s, decomposing the &-module gener-
ated by f; inirreducible components. We need too the d, ’s; all this information
is given below (see [A2] for the proofs):
¢1=‘f25 ¢2=.f25 ¢3=11_0f5§7
of course with d; =0 (i=1, 2, 3),
¢4=%(.ﬁ1_f5)’ d4=27
os=3fat+ fs—32f); ds=4,
06 = fo; ds=2,

ps=fy; dy=4,
p1=fi+3f(fs-4f), di=2.
Therefore, a system of generators for S'(g)X is y; =9, -H%, i=1,...,8,

and yo = H?, where H is a generator of a*.
Finally, we want to give the relation between the y;’s. From Theorem 12
we obtain (after some cumbersome calculations; see [A2]):

Theorem 13. If gg = sp(2, 1) S'(g)X is a hypersurface given by yi — 4y y,y?
— 100y y2y? — wivd + 20u1wswsw? + 2uewivr — Avnawswé — T5wiwswd —
10w w2 wé — 10w wewswr +wo(4uawawd — 253 wawd + 10WsWeways — waw?)
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+W2(=2v1yaw? = T00w w3 ws + 10w wiw? + 28y wawsws — 6ysw? — 2usWeys
— 14yaysyd — 10y3weyr + 20093 w3) +yg(—wiy3 — 1225u1y3 + T4y vays)
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