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PRODUCTS OF COMMUTATIVE RINGS
AND ZERO-DIMENSIONALITY

ROBERT GILMER AND WILLIAM HEINZER

ABSTRACT. If R is a Noetherian ring and »n is a positive integer, then there
are only finitely many ideals / of R such that the residue class ring R/I has
cardinality < n. If R has Noetherian spectrum, then the preceding statement
holds for prime ideals of R . Motivated by this, we consider the dimension of an
infinite product of zero-dimensional commutative rings. Such a product must
be either zero-dimensional or infinite-dimensional. We consider the structure
of rings for which each subring is zero-dimensional and properties of rings that
are directed union of Artinian subrings. Necessary and sufficient conditions are
given in order that an infinite product of zero-dimensional rings be a directed
union of Artinian subrings.

1. INTRODUCTION

All rings we consider are commutative and have a unity element. If R is a
subring of S we assume the unity of S is contained in R, and hence is the
unity of R. We use dim R to denote the (Krull) dimension of a ring R, and
|S| to denote the cardinality of a set .S.

If n is a positive integer, if {/,} is the set of ideals I, of a ring R such
that |R/I,| < n, and if I =), 1,, then we prove (in Theorem 2.2) that: (a)
either R/I = (0) or dimR/I = 0, (b) if R is Noetherian, then the set {/,}
is finite, (c) if R has Noetherian spectrum, then the set {/,} contains only
finitely many prime ideals. The proof of Theorem 2.2 led us into consideration
of the main themes of this paper: the dimension of a direct product [], R, of
commutative rings and of its subrings, particularly in the case where each R,
is zero-dimensional.

We use N(R) and J(R), respectively, to denote the nilradical and Jacobson
radical of the ring R. If x € N(R) we define n(x) = k if x¥ = 0 but
xk=1'£ 0, and we define the index of nilpotency of the ring R, denoted #n(R),
to be sup{n(x) : x € N(R)}. In Theorem 3.4 we show that if {R,}.c4 is a
family of zero-dimensional rings and R =[], R, , then the following conditions
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are equivalent: (1) dimR =0, (2) J(R) = N(R), (3) N(R) =[], N(R.), (4)
there exists a positive integer k such that {a € 4 : n(R,) > k} is finite, (5)
dimR # oo.

In §4 we consider conditions under which each subring of a ring S is
zero-dimensional. A ring S with this property is said to be hereditarily zero-
dimensional. We also consider this zero-dimensionality condition in a relative
context: if R is a subring of S, we say that (R, S), is a zero-dimensional pair
if each subring of S containing R is zero-dimensional. Corollary 4.3 states
that a ring R is hereditarily zero-dimensional if and only if for each prime
ideal P of R, the ring R/P is an absolutely algebraic field of nonzero charac-
teristic. In Theorem 4.9 it is shown that if {R,}.c4 is a family of rings, then
R =TI, R, is hereditarily zero-dimensional if and only if each R, is heredi-
tarily zero-dimensional and there exists a positive integer n such that the set
B = {a € A:n(R,) > n or there exists P € Spec(R,) with |R,/P| > n} isa
finite set. In Theorem 4.10 we classify the hereditarily zero-dimensional rings
that are hereditarily Noetherian as rings R of the form R=R, & ---® R, &S,
where each R; is an absolutely algebraic field of nonzero characteristic and S
is a finite ring, or alternatively as rings R for which N(R) is finite and R/N(R)
is a finite direct sum of absolutely algebraic fields of nonzero characteristic.

In §5 we consider the structure of rings that are the directed union of Artinian
subrings. Corollary 5.5 implies that if (S, M) is a zero-dimensional quasilocal
ring, then there exists an Artinian subring R of S such that R C S is a zero-
dimensional pair. In particular, S is a directed union of Artinian subrings.
We present, in Example 5.6, an example of a ring R that is the directed union
of Artinian subrings but is such that R is not integral over any subring with
Noetherian spectrum.

§6 deals with the question of conditions under which a direct product of
rings is expressible as a directed union of Artinian subrings, or more generally,
of subrings with finite spectra. Theorem 6.7 states that if {R,},c4 1s a family
of ringsand T =[], R, , then T is a directed union of Artinian subrings if and
only if each R, is so expressible and there exists a positive integer n such that
the set {a € 4: n(R,) > n or R, has a residue field K, with |K,| > n} isa
finite set. There is an analogous result concerning rings that are a directed union
of subrings with finite spectra. We conclude the paper with several questions
concerning directed unions of subrings.

We use Z to denote the ring of integers, Z* to denote the positive integers,
and Q to denote the field of rational numbers.

2. IDEALS OF FINITE NORM IN A NOETHERIAN RING

If I is an ideal of a ring R, we denote by n(I) the cardinality of the residue
class ring R/I (n(I) = oo if R/I is infinite); n(l) is called the norm of
I [BW, Gy, G4, p. 466]. Ideals of finite norm and rings R such that n([)
is finite for each nonzero ideal / of R have historically commanded strong
interest. (Chew and Lawn [CL] and Levitz and Mott [LM] have considered
the class of such rings. We follow the terminology of [CL] and call such rings
residually finite.) The reason for this historical interest stems from algebraic
number theory. For example, any subring of a finite algebraic number field (or,
more generally, of a global field) is residually finite, and in fact, since residually
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finite rings are Noetherian, it follows from results of [G;] that global fields are
characterized by the property that each of their subrings is residually finite.
More recently, ideals of finite norm have been shown to play an important role
in the study of rings of integer-valued polynomials of an integral domain D,
particularly in the case where D is Noetherian. (See, for example, [CC, C,
Mc, and SSY].) In this section we consider the following question: If R is a
Noetherian ring and k is a fixed positive integer, is the set of ideals I of R
such that n(R) = k finite? We provide an affirmative answer to this question
in Theorem 2.2.

Proposition 2.1. Let % = {R,} be a family of finite rings such that the elements
of # lie in a finite number of isomorphism classes. Let R = [[ R, and denote
by m the prime subring of R. There exists a monic polynomial h(X) € Z[X]
that vanishes identically on R. Hence R is integral over m, and each subring
of R containing n is zero-dimensional.

Proof. We prove the assertion concerning 4(X) first for a finite ring S =
{s;};_,. Thus, if s € S, the powers s, s% ... are not all distinct, so there
exists a monic polynomial Ag(X) = X™ — X" € Z[X] with s as a root. Hence
h(X) = IIi_, hs(X) € Z[X] is monic and vanishes on S.

In the problem at hand, partition % according to its isomorphism classes—
Z = Ji_, #D—and choose R, € Z for each i. By the preceding para-
graph, there exists a monic polynomial #;(x) € Z[X] that vanishes identically
on R, , and hence on each element of #(). Consequently, the monic polyno-
mial A(X) = []i_, hi(X) € Z[X] vanishes identically on R. It follows that R
is integral over 7. Because the set {|R,|} is bounded, R has nonzero charac-
teristic. Hence 7 is finite and dim.S = O for each subring S of R containing
T.

We remark that if % = {R,} is a family of finite rings, then there are only
finitely many isomorphism classes of elements of # if and only if {|R,|} is
bounded; this is true since rings of different cardinalities are not isomorphic and
since, for a fixed positive integer n, there are only finitely many isomorphism
classes of rings of cardinality .

We observe that under the hypothesis of Proposition 2.1, each subring of R,
even one without an identity element, has dimension < 0. To see this, we
note that if 7 is a ring with identity element e and if (1) each subring of T
containing e has dimension < m, then (2) each subring of 7 has dimension
< m, by the following argument: If S is an arbitrary subring of T and if
S* = S+Ze, then dimS < dimS* [AG, Corollary 3.4], and hence dimS < m.

Theorem 2.2. Let R be a ring, let m € %, let %, = {I,} be the set of ideals
I, of R such that |R/I,|<m,andlet I =, 1,. Then
(a) Either R/I = (0), or else R/I is zero-dimensional.
(b) If R is Noetherian, %, is finite.
(c) If R has Noetherian spectrum, then %, contains only finitely many
prime ideals.

Proof. The proof of Theorem 2.2 is trivial if .%, = {R}, so we assume through-
out the proof that _#%, contains a proper ideal.
(a) The diagonal imbedding ¢ of R into [] (R/I,) has kernel I and ¢(R)
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contains the prime subring of [] (R/I,). Hence Proposition 2.1 implies that
dim(R/I) =dim¢(R) =0.

(b) If R is Noetherian, then R/I is zero-dimensional Noetherian, and hence
is the direct sum of a finite family {(R;, M;)}?_, of Noetherian primary rings
[ZS, Chapter IV, §3]. We have N, (I./I) = (0), so given j, there exists I,, € 5
suchthat R; & I, /I . We write I,,/I = B|®---®B, , where B; isan ideal of R;
and B; < R;. Then (R/I)/(la;/1) ~ R/1s; =~ (R|/By)®---®(Ry/By) is a finite
ring, so in particular, R;/B; is finite. Because B; < R;, it follows that R;/M;
is finite, and since R; is Noetherian and primary, an inductive argument on the
order of nilpotence of M; easily shows that R; is finite. Hence R/I is finite
and has only finitely many ideals. Because the map I, — I,/ is an injection
of %, into the family of ideals of R/I, we conclude that .7, is finite.

(c) Suppose R has Noetherian spectrum. Then any prime ideal P € .%,
is a minimal prime of I since dim(R/I) = 0. Because / has only finitely
many minimal primes, it follows that .%, N Spec(R) is finite, as asserted. This
completes the proof of Theorem 2.2.

We remark that the conclusion of (b) fails badly if R is assumed merely to
have Noetherian spectrum. For example, if F is a finite field with ¢ elements
and if W is an infinite-dimensional vector space over F , then the idealization
R=F(+)W of F and W is a zero-dimensional quasilocal ring with infinitely
many ideals of norm g" for each n > 1. In this example, the intersection of
the family of ideals of R of norm ¢” is (0) for each n > 1. We note that if
D is the polynomial ring F[{X,}], where |{X,}| = dimW , then R ~ D/M?,
where M = {X,}D.

3. THE KRULL DIMENSION OF [[ R,

Proposition 2.1 shows that if {R,} is a family of finite rings and if the set
{|R4|} 1s bounded, then dim[] R, = 0. In this section we consider the problem
of determining dim S, where S = [[S, is the product of an arbitrary family
{Sa}aca of rings. Theorem 3.5 gives a complete answer to this problem. In
connection with the problem, it is clear that dim S > sup{dim S,}, so equality
holds if the set {dim S,} is unbounded; of course, it is well known that dim .S =
sup{dim S, }.c4 if the set A4 is finite. An important case to consider in the
determination of dim[]S, is that in which each S, is zero-dimensional, and
there is a known result, due to Maroscia [M, Proposition 2.6], in this case.
We record this result below as Proposition 3.1; recall that N(-) denotes the
nilradical.

Proposition 3.1 (Maroscia [M]). If S = [[S. is a product of zero-dimensional
rings S, , then S is zero-dimensional if and only if N(S) =[] N(S.) or, equiv-
alently, if and only if N(S) D [IN(S.).

A special case of Proposition 3.1 is the basic result that an arbitrary product
of zero-dimensional reduced rings (that is, von Neumann regular rings) is von
Neumann regular, and hence is zero-dimensional. In Theorem 3.4 we show that
dim[]S, € {0, oo} if each S, is zero-dimensional.

Proposition 3.2. Suppose {R,}.c4 is a family of rings, each of dimension >k,
where k > 1 and A is infinite. If R=T1], R, then dimR >k + 1.
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Proof. For a € A, let D, be a domain of dimension > k that is a homo-
morphic image of R, . Since [], D, is a homomorphic image of R, we may
assume that R, = D, for each «.

The conclusion holds if dim D, > k for some «, so we assume without loss
of generality that dim D, = k for each «. Also, we may assume that 4 =
Z*, for if B is a countably infinite subset of A, then dimR > dim ]'[a,E 5 Da
since [],cp Do is a homomorphic image of R. Hence, for R = [[;2, D; and
dim D; = k for each i, we prove the result by induction on k.

If k =1, choose for each i a nonzero nonunit, d; € D; and let r = {d/}$° €
R. Then r is a regular element of R, and hence dimR > dim(R/(r)) + 1.
Now R/(r) ~[I7°(D;/(d!)), where D;/(d!) is zero-dimensional. The element
{di+(d!)}32, belongs, however, to [I7° N(D;/(d})) butnotto N(I[;°(Di/(d))),
and hence dim(R/(r)) > 0 by Proposition 3.1. Consequently, dimR > 1 and
the desired conclusion holds for k = 1. At the inductive step, we assume that
dimD; = k for each i, where k > 1, and we assume that the result is true
for domains of dimension k — 1. For each i, choose a prime ideal P; of D;
such that dim(D;/P;) = k — 1 and choose a nonzero element x; € P;. Again
X = {x,}°° isa regular element of R, and hence dim R > dim(R/(x))+ 1. But

R/(x) ~TI{°(Di/(x;)) has as a homomorphic image the ring []{°(D;/P;), which
has dlmensmn > k by the induction hypothesis. Therefore dimR > k + 1,
and Proposition 3.2 follows.

Theorem 3.3. Suppose {R.}aca is afamily of ringsand R =[], R, . Ifinfinitely
many of the rings R, have positive dimension, then R is infinite-dimensional.!

Proof. As in the proof of Proposition 3.2, there is no loss of generality in as-
suming that 4 = Z* and that each R; = D; is an integral domain of pos-
itive dimension. To prove Theorem 3.3, we first establish by induction the
following assertion: For each positive integer k, R has a homomorphic image
E® =TI, Efk) , where each E}k) is a domain of dimension > k. For k=1,
we can take E(!) = R. We assume that the assertion is valid for a fixed integer
t > 1. Partition Z* into an infinite number of infinite subsets: Z* = J2, W;.
Then R = [[{2| R, where R; = [];cy, D;. Applying the induction hypothe-
sis to R;, we conclude that R; admits a homomorphic image that is the direct
product of a countably infinite family of domains of dimension > ¢, and hence,
by Proposition 3.2, dimR; > t+1. Let Ef’*” be a domain of dimension > ¢+1

that is a homomorphic image of R;. Then E‘+) =[] EY*" is a homomor-
phic image of R = [[{°, R;, and hence the assertion follows by induction. It
is clear that the assertion implies that dim R is infinite.

For the statement of Theorem 3.4, we use the following notation. If S is a
ring and x € N(S), we denote by 5(x) the index of nilpotency of x—that is,
n(x) =k if xk =0 but x*~! # 0. We define 7(S) to be sup{n(x): x € N(S)};
if the set {n(x): x € N(S)} is unbounded, then we write 7(S) = oo. Theorem
3.4 is an extension of Proposition 3.1; recall that J(-) denotes the Jacobson
radical.

'In 1963, J. Keisler showed the first author a proof that Z¢ , the countably infinite product of Z
with itself, is infinite-dimensional. To our knowledge, this proof has not appeared in the literature.
Keisler’s proof, which used ultrafilters, seems to have been disjoint from the proof given here.
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Theorem 3.4. Suppose {R,}.ca is a family of zero-dimensional rings and let
R =TI R.. The following conditions are equivalent.?

(1) dimR=0.

(2) ( ) N(R).

(3) N(R)=]IN(R

(4) There exists k e Z+ such that {a € A: n(R,) > k} is finite.
(5) dimR # .

Proof. The equivalence of (1) and (3) is the content of Proposition 3.1, and the
implications (1) = (2) and (1) = (5) are patent. That (2) implies (3) follows
from the fact that J(R) = [[J(R.) 2 [I N(R,). To complete the proof, we
show that (3) and (4) are equivalent and that (5) fails if (4) fails.

(3) = (4). If (4) fails, then there exist an infinite subset {a;}{° of 4 and
elements x, € N(R,,) such that x, # 0. Let x = {x,} € [[ N(R,), where
Xe = 0 if a € A\{e;}$°. Clearly x' = {x)} # 0 for each i, and hence
x ¢ N(R) and (3) also fails.

(4) = (3). We need to show that (4) implies that [[ N(R,) C N(R). Thus,
let x = {x,} € [[N(R,) and let {a;}7, be the finite subset of 4 consisting
of elements o such that n(R,) > k. If ¢t = sup{k, n(xq,, ..., n(xam)} it is
clear that x’ = {x.} =0, that x € N(R), and hence that [[ K N(R,) C N(R).

(5) = 4). If (4 falls we partition the set 4 into a countably infinite
family of subsets A4,, A4,,... such that, for all i, k € Z*, the set {a € 4; :
n(R,) > k} is infinite; this is easy to do via a traditional diagonal process. If
Si = [lae 4, Ro , then since (1) and (4) are equivalent, it follows that dim.S; > 0.
Hence a homomorphic image D; of S; is an integral domain of dimension > 1,
and [[;° D; is a homomorphic image of [];°S; = R. Theorem 3.3 shows that
dim[[D; = oo, and hence dimR = oo as well. This completes the proof of
Theorem 3.4.

It follows from Corollary 8 of [GH4] that the conditions of Theorem 3.4 are
also equivalent to the condition that R is imbeddable in a zero-dimensional
ring. We record in Theorem 3.5 the complete answer to the problem of deter-
mining dim([] R,) in the general case; Theorem 3.5 follows immediately from
(3.3) and (3.4).

Theorem 3.5. Let {R,}aca be a family of finite-dimensional rings, let B = {a €
A:dimR, >0}, let C=A\B, andlet R=T1][R,.

(1) R is finite-dimensional if and only if B is finite and there exists k € Z*
such that {y € C: n(R,) > k} is finite.
(2) If dimR is finite, then dim R = sup{dimR,: a € A}.

We remark that an alternate way of expressing the equivalent conditions
n (1) of Theorem 3.5 is to state that there exists k € Z* such that the set
{a€ A: dimR, > 0} U{a € 4: n(R,) > k} is finite.

To conclude this section we record a corollary that follows from Theorem
3.5 and the proofs of Theorems 3.3 and 3.4.

2In a conversation with the second author in November 1983, M. Hochster and R. Wiegand
outlined a proof that []3°,(Z/p"Z), p a prime, is infinite-dimensional. The results presented
here as Proposition 3.2, Theorem 3.3, and Theorem 3.5 were known to Hochster and Wiegand, but
to our knowledge they have not appeared in print.
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Corollary 3.6. If {R,}.c4 is afamily of finite-dimensional rings, if k € Z*, and
if R =[l,c4Ra is infinite-dimensional, then R admits a homomorphic image
[172, D;, where each D; is an integral domain of dimension > k .

4. HEREDITARILY ZERO-DIMENSIONAL RINGS

Motivated by its usefulness in the proof of Theorem 2.2, we consider in this
section conditions under which each subring of a ring is zero-dimensional. We
refer to a ring with this property as being hereditarily zero-dimensional. We
also consider this zero-dimensionality condition in a relative context: if R is
a subring of S, we say that (R, S) is a zero-dimensional pair if each subring
of S containing R is zero-dimensional. Thus a ring R is hereditarily zero-
dimensional if and only if (7, R) is a zero-dimensional pair, where 7 is the
prime subring of R.

If dimR = 0 and if S is an integral extension of R, then it is clear that
(R, S) is a zero-dimensional pair. To establish the converse, we use the follow-
ing result.

Proposition 4.1. If R is a subring of S, then S is integral over R if and only
if for each prime ideal Q of S, S/Q is integral over R/(QNR).

Proof (cf. [GH>, p. 227]). If S/R is integral, the given condition clearly holds.
Thus, we establish the converse.

For a fixed s € S, let G = {f(s): f(X) € R[X] is a monic polynomial}.
Then G is a multiplicative system in S and s is integral over R if and only if
0e€ G.If 0 ¢ G, then there exists a prime ideal Q of S such that QNG = 2.
It follows that the image of s in S/Q is not integral over R/(QNR).

Corollary 4.2. If R is a zero-dimensional subring of the ring S, then (R, S) is
a zero-dimensional pair if and only if S is integral over R . In particular, a ring
T is hereditarily zero-dimensional if and only if charT # 0 and T is integral
over its prime subring.

Proof. Clearly (R, S) is a zero-dimensional pair if S/R is integral. Con-
versely, if (R, S) is a zero-dimensional pair, then for each prime ideal Q
of S, (R/(QNR),S/Q) is a zero-dimensional pair of integral domains. And
for integral domains D C F, it is clear that (D, E) is a zero-dimensional pair
if and only if D and E are fields and E/D is algebraic. Therefore S/Q is
integral over R/(QNR) for each prime ideal Q of S, and by Proposition 4.1,
S is integral over R.

Corollary 4.3. A ring R is hereditarily zero-dimensional < for each prime ideal
P of R, thering R/P is an absolutely algebraic field of nonzero characteristic.

Proof. (=). This implication follows from Corollary 4.2 and Proposition 4.1.

(<) . The hypothesis implies that R is zero-dimensional. Moreover, (4.1)
shows that R is integral over its prime subring n. Therefore n is zero-
dimensional and char R # 0. Thus, by (4.2), R is hereditarily zero-dimensional.

Remark 4.4. (i) If R is a ring and Spec(R) = {P,}ac4, then charR # 0 &
char(R/P,) # 0 for each a and {char(R/P,)}.c4 1s a finite set.

(i1) Suppose R is a zero-dimensional ring with family {K,}.c4 of residue
fields. If the set
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Z(R) = {charK,: a € A}
is infinite, then 0 € #(R).

If {K,}acq is a family of fields, it would be interesting to have necessary and
sufficient conditions in order that, up to isomorphism, {K,}.c4 is the family of
residue fields of a zero-dimensional ring R (i.e., such that Spec(R) = {Pa}ac4 >
where R/P, = K, for each «); part (ii) of (4.4) indicates that some restrictions
on the family {K,} are required. We have been able to show that if {K,}sca4
is a family of subfields of a field and if the set {K,} contains a finite subset
{K;}", such that each K, contains some K;, then there exists such a zero-
dimensional ring R, but the full story here remains to be explored.

Concerning the structure of zero-dimensional pairs, we observe the following.

Proposition 4.5. Assume that R and S are zero-dimensional rings, R is a sub-
ring of S, and that S is a finitely generated R-algebra. Then (R,S) is a
zero-dimensional pair.

Proof. We need to show that S is integral over R, and to do so, it suffices, by
(4.1), to show that S/Q is integral over R/(QNR) for each Q € Spec(S). Since
R and S are zero-dimensional, S/Q is a field that is a finitely generated algebra
over the field R/QNR). By the field-theoretic form of Hilbert’s Nullstellensatz
[K, p. 16], S/Q is algebraic, and hence integral, over R/(QNR).

If K is a transcendental field extension of a field F and if A4 is a subset of
K such that K = F[A], then it is known (see, for example, [G3, Theorem 2.5])
that |4| = |K|. Replacing the reference to Hilbert’s Nullstellensatz in the proof
of Proposition 4.5 by this result, we easily obtain the following related result.

Proposition 4.6. Assume that R and S are zero-dimensional rings, that R is a
subring of S, and that S is generated as an R-algebra by a set of cardinality
B, where B < |R/M| for each maximal ideal M of R. Then (R,S) is a
zero-dimensional pair.

Remark 4.7. If R is a zero-dimensional ring and S is an extension ring of
R, then we have seen that the following conditions (i)-(iv) are equivalent: (i)
(R, S) is a zero-dimensional pair; (ii) S is integral over R; (iii) for each
Q € Spec(S), S/Q is integral over R/(QNR); (iv) (R/(@NR),S/Q) is a
zero-dimensional pair for each Q € Spec(S). Therefore the problem of de-
termining whether (R, S) is a zero-dimensional pair reduces in some sense to
consideration of the case where R = K is a field. Up to isomorphism we have,
of course, that
S = K[{Xa}aed)/1,

where {X,}ac4 1s a set of indeterminates over K and / is an ideal in the
polynomial ring K[{Xa}.ca]. In this situation we have that (K, S) is a zero-
dimensional pair if and only if /N K[X] # (0) for each X € {X,}.

We next turn to the problem of determining conditions under which the
product of a family {R,},c4 of hereditarily zero-dimensional rings is again
hereditarily zero-dimensional. Such need not be the case; for example, the ring
R =TI, GF(p;), where {p;}52, is an infinite set of primes, has characteristic
0, and therefore admits a one-dimensional subring. The next result records two
basic properties that are related to the problem just mentioned.
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Lemma 4.8. Let {R} U{R;}\_, be a finite collection of rings.

(i) If R is hereditarily zero-dimensional, then so is each homomorphic im-
age of R.

(i) @;_, Ri is hereditarily zero-dimensional if and only if each R; has this
property.

Proof. Apply Corollary 4.3.

Theorem 4.9. Let {R,}ac4 beafamily of rings. Thering R = [],c 4 Ra is hered-
itarily zero-dimensional if and only if each R, is hereditarily zero-dimensional
and there exists a positive integer n such that the set B = {a € A:n(R,) > n
or there exists P € Spec R, such that |R,/P| > n} is a finite set.

Proof. (=). Clearly each R, is hereditarily zero-dimensional. Suppose there
does not exist a positive integer n such that the corresponding set B is fi-
nite. Since R is zero-dimensional, Theorem 3.4 then implies that there exists
a countably infinite subset {o;}?°, of A4 such that, for each i, there exists
P,, € Spec(R,,) such that |R,/P,| > i. Set K; = Ry, /P, . Then K; is
an absolutely algebraic field of nonzero characteristic, and since S =[], R,
is a homomorphic image of R, the ring S is hereditarily zero-dimensional.
Part (ii) of Remark 4.4 shows that the set {charK;}?°, is finite; hence by pas-
sage to an appropriate homomorphic image of S, we may assume without loss
of generality that each K; has characteristic p and that |K;| > p’ for each
i. Choose, for each i, a; € K;, such that the degree of a; over GF(p) is
greater than /. Then a = (a;, ay,...) € S is transcendental over the prime
subring 7 ~ GF(p) of S, contrary to the assumption that S is hereditarily
zero-dimensional. Thus, the set B is finite.

(«). Corollary 4.3 implies that R is hereditarily zero-dimensional if and
only if R/N(R) is hereditarily zero-dimensional. By Theorem 3.4, N(R) =
[T,c4 N(R,), and hence R/N(R) =~ [],c(Ra/N(R,)). Thus in proving that R
is hereditarily zero-dimensional, we may assume that each R, is reduced. Let
C={aj,...,am}. Then R=R, & ---®R,, & T, where T = HQGA\CR(,,
and to show that R is hereditarily zero-dimensional, it suffices, by Lemma
4.7, to show that T is hereditarily zero-dimensional. Thus we assume without
loss of generality that each R, is reduced and that each of its residue fields
has cardinality at most n. The reduced ring R, is canonically imbedded in
[I{Ra/P : P € SpecR,} = S., and hence there exists a canonical injection of
R into the ring [],.,S.. Proposition 2.1 shows that [] ., S, is hereditarily
zero-dimensional, so R has the same property, as we wished to show.

Aring R is said to be hereditarily Noetherian if each subring of R is Noethe-
rian. In Theorem 4.10 we determine those hereditarily zero-dimensional rings
that are hereditarily Noetherian.

Theorem 4.10. Let R be a hereditarily zero-dimensional ring. The following
conditions are equivalent.

(1) R is hereditarily Noetherian.

(2) The nilradical N(R) of R is finite and R/N(R) is a finite direct sum
of absolutely algebraic fields of nonzero characteristic.

(3) R=R®---® R, &S, where each R; is an absolutely algebraic field
of nonzero characteristic and S is a finite ring.
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Proof. (1) = (2). Set N = N(R) and choose t € Z* such that N' = (0). To
see that N is finite, it suffices to see that N’/N‘*! is finite for 1 <i<t—1;
finiteness of N'/N'*! follows because N is a finitely generated n[N]-module,
where 7 is the prime subring of R, and n[N]/N ~rn/(mrN N) is a finite ring.
The ring R/N is reduced, Noetherian and zero-dimensional, and hence is the
direct sum of a finite family {F;}% | of fields; because F; is a residue field
of R/N for 1 <i <k, it is absolutely algebraic of nonzero characteristic by
Corollary 4.3.

(2) = (3). If (2) holds, then R has a composition series as an R-module,
so R is obviously Noetherian. Write R as the direct sum of a finite family
{(Ri, P)}, of primary rings. Then N(R) = N(R|))®:--® N(Ry,) = P, @
---@®P,. Since R/N(R) = (R,/P))®---®(R,/Py), each R;/P; is an absolutely
algebraic field of nonzero characteristic. Since N(R) is finite, each P; is finite,
and to complete the proof, it suffices to show that P; # (0) implies that R;/P; is
finite, and hence R; is finite. Thus, let £ > 2 be an integer such that P,-" =(0),
but P¥~! # (0). Choose a nonzero element ¢ € PX~!. Then R;c is a one-
dimensional vector space over R;/P;. Since R;c C P;, R,c is finite, and hence
R;/P; is also finite.

(3) = (1). If (3) is satisfied, then S and each R; is hereditarily Noetherian,
so Corollary 2.2 of [GHj3] implies that R 1is hereditarily Noetherian.

Remark 4.11. Since, by Corollary 4.2, a hereditarily zero-dimensional ring is
integral over its prime subring, conditions (1), (2), and (3) of Theorem 4.10 are
also equivalent to each of the following.

(2)) R=R;®---® R, &S, where each R; is a field and S is a finite ring.
(3)’ The nilradical N(R) of R is finite and Spec(R) is finite.

If R is a subring of a ring S, then (R, S) is said to be a Noetherian pair if
each subring of S containing R is Noetherian. In Theorem 4.12 we determine
those zero-dimensional pairs that are Noetherian pairs.

Theorem 4.12. Let (R, S) be a zero-dimensional pair. The following conditions
are equivalent.

(1) (R, S) is a Noetherian pair.

(2) R is Noetherian and S = S\ @ --- ® S, is a finite direct sum of local
Artinian rings such that each S; that is not a field is a finitely generated
R-module.

(3) R is Noetherian, Spec(S) is finite, and the nilradical N of S is a finitely
generated R-module.

Proof. Corollary 4.2 implies that S is integral over R. The equivalence of
(1) and (2) follows from Proposition 1.2 and Theorem 1.6 of [GH3]. The
equivalence of (1) and (3) follows from Theorem 1.5 of [GH3], and the fact
that if the nilradical N of S is a finitely generated ideal in S and if S/N is
Noetherian, then S is Noetherian.

5. DIRECTED UNIONS OF ARTINIAN SUBRINGS

If R is a commutative ring with prime subring 7, then R is the directed
union of its family of subrings that are finitely generated over n. Each of these
subrings is Noetherian, so R is a directed union of Noetherian subrings. If
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R is hereditarily zero-dimensional, it follows that R is a directed union of
Artinian subrings. We present in Propositions 5.1 and 5.2 examples of rings
that are the directed union of Artinian subrings, but are not hereditarily zero-
dimensional. We then consider the condition on a ring R that it is expressible
as a directed union of Artinian subrings; in §6 we narrow our focus to the case
where R is a direct product of zero-dimensional rings. Initially we note that
if R is the directed union of a family {R,} of subrings, each of dimension at
most n, then dim R < n; this follows since any chain Py < P; < --- < P, of
prime ideals of R contracts to a chain of distinct primes on some R, . Thus,
a ring that is a directed union of Artinian subrings is zero-dimensional, and
hereditarily zero-dimensional rings satisfy the given condition. We emphasize
that in considering R as the directed union of a family {R,} of subrings in
this section, we assume that each R, contains the identity element of R.

Proposition 5.1. Let F be a field, let R = F®° be the countable direct product
of F with itself, and let S be the subring of R consisting of all sequences {a;}°
that are eventually constant. Then S is a (von Neumann) regular ring that is
the union of an ascending sequence of Artinian regular subrings containing n,
the prime subring of S. The ring S is hereditarily zero-dimensional if and only
if F is an absolutely algebraic field of characteristic p # 0.

Proof. For j > 0, let S; be the subring of S consisting of all sequences

{ai}¢° € S such that a; =aj,, =--- . Each §; contains n (in fact, Sp is the
diagonal imbedding of F in R), and to within isomorphism, S; = F/*! an
Artinian regular ring. Moreover, S CS; C..., S= U;‘;’O Sj,and § is regular.

According to Corollary 4.2, S is hereditarily zero-dimensional if and only if
charS = charF = p # 0 and S/=m is integral. Clearly S/n is integral if and
only if each S; ~ F/ is integral over n ~ GF(p) if and only if F is algebraic
over GF(p)—that is, if and only if F is absolutely algebraic of characteristic
p#0.

Proposition 5.2. Let F be a field, let o be an infinite cardinal, and let R be the
direct product of a copies of F with itself. Let S be the subring of R consisting
of all elements {az} that have only finitely many distinct coordinates. Then S is
a regular ring expressible as the directed union of Artinian regular subrings, and
S is hereditarily zero-dimensional if and only if F is an absolutely algebraic
field of nonzero characteristic.

Proof. Let A be a set of cardinality . We consider R as the set of functions
f: A — F under pointwise addition and multiplication and S as {f € R: f(A)
is finite}. Let ##: 4 = A, U---U A, be any finite partition of the set 4. Then
S = {f € R: f is constant on each A;} is a subring of S containing =,
and S» ~ FS, where s is the number of indices / such that A4; is nonempty.
The family {S»} is directed, for if & = {4;}/_, and & = {B;}}_, are finite
partitions of 4, then £ N& = {4;,NB;: 1 <i<t,1<j<wv} isa finite
partition of 4 and S»USg C Sene . If f €S, we can define a finite partition
2P on A by considering the equivalence classes of the equivalence relation ~
defined by a ~ b if f(a) = f(b). Clearly f € S»,s0 S is the directed union of
the family of all such subrings Ss» . Each S5 is Artinian and regular, and hence
S is regular. According to Corollary 4.2, S is hereditarily zero-dimensional if
and only if charS = charF = p # 0 and S/zm 1is integral. Clearly S/m is
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integral if and only if each S» ~ F/ is integral over n ~ GF(p) if and only if
F is algebraic over GF(p)—that is, if and only if F is absolutely algebraic of
characteristic p #0.

We omit the straightforward proof of the following basic result.

Proposition 5.3. Suppose R is a ring.

(1) If R is a directed union of Artinian subrings, then each homomorphic
image of R has the same property.

(2) If R=R,®---®R,, then R is a directed union of Artinian subrings if
and only if each R; has this property.

Theorem 5.4. Let (S, M) be a zero-dimensional quasilocal ring, and let A be
an Artinian subring of S. Then there exists an Artinian subring R of S such
that R contains A, and R C S is a zero-dimensional pair.

Proof. Let P=MnNA. Since A is a subring of .S, and since the only idem-
potent elements in S are 0 and 1, A4 is local with maximal ideal P. Let
{x:} be a subset of S such that {x; + M} is a transcendence basis for S/M
over A/P. Let {Y;} be a set of indeterminates over 4 and consider the
natural map ¢ : A[{Y;}] — A[{x;}]. If f € A[{Y;}] has unit content, then
o(f) ¢ M, and hence ¢(f) is a unit of S. Let U be the multiplicative sys-
tem in A[{Y;}] consisting of all polynomials of unit content. Then ¢(U) is a
multiplicative system in A[{x;}], and ¢ extends to a surjection of A[{Y;}]u
onto R = A[{x3}]yw) € S. Since A is Artinian, the ring A[{Y;}]v = A({Y}})
is known to be zero-dimensional and Noetherian [N, p. 17, GH,], hence Ar-
tinian, so R is also Artinian. To see that .S is integral over R, we need only
see that S/M is integral over R/(MNR); this follows since, by choice of {x;},
S/M is integral over A[{x;}]/(M N A[{x;}]) and A[{x;}]C R.

Corollary 5.5. If S is a zero-dimensional ring with finite spectrum, then there
exists an Artinian subring R of S such that (R, S) is a zero-dimensional pair.
In particular, S is a directed union of Artinian subrings.

Proof. S is the direct sum of a finite family {(S;, M;)}!_, of zero-dimensional
quasilocal rings. If A4; is an Artinian subring of S; such that (4;, S;) is a zero-
dimensional pair, then 4 = 4, & --- ® A, is Artinian, and since S is integral
over A, (A, S) is a zero-dimensional pair. Thus, it suffices to prove Corollary
5.5 in the case where (S, M) is quasilocal, and in light of Theorem 5.4, this
case follows if we show that S admits an Artinian subring. If char(S/M) =0,
then S contains Z, and since ZNM = (0), Q is an Artinian subring of S. If
char(S/M) =p # 0, then p is nilpotent so the prime subring of S is a finite,
hence Artinian, subring of S. In any event, S contains an Artinian subring,
and this completes the proof of Corollary 5.5.

The proof of Corollary 5.5 uses the fact that if a zero-dimensional ring S is
integral over a Noetherian subring, then S is the directed union of a family of
Artinian subrings. The last result of this section, Example 5.6, shows that the
converse of the preceding statement fails. The construction used in Example
5.6 is a modification of that of Proposition 5.1.

Example 5.6. Let F be a field that has finite transcendence degree over its
prime subfield =, let {X;}$°, be a set of indeterminates over F', and for each
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positive integer n, let F, = F(X,, X2, ..., X,). Let R be the subring of
[1i2, F; consisting of all sequences {a;}$°, that are eventually constant. We
show that R is a von Neumann regular ring expressible as the union of an
ascending sequence of Artinian rings, but that R is not integral over any subring
with Noetherian spectrum. The first assertions of the preceding sentence follow
as in the proof of Proposition 5.1. To wit, if R, is the set of sequences {a;}$°,
in R such that a, =a,,1=...,then R, ~FioFK&---®oF,, RRCR,C...,
and R =2, R;. Suppose A is a subring of R such that R/A4 is integral. To
show that 4 does not have Noetherian spectrum, we analyze Spec(R). Thus,
for i € Z*, we let ¢; = {6,~,~};“;l € R, where J;; is the Kronecker delta. If
P € Spec(R), then either (1) e; ¢ P for some i, or (2) e; € P forall i.

If (1) holds, then 1 —¢; € P, and since 1 —¢; generates a maximal ideal of
R with R/(1 —e¢;) ~ F;, it follows that P = (1 —¢;) in this case.

If (2) holds, then P D P,,, the ideal of R consisting of all sequences that are
eventually 0. P, is the kernel of the surjective homomorphism ¢ : R — Ji2, F;
defined by taking ¢({a;}) to be the eventual value of the sequence {a;}. Hence
Py, is a maximal ideal of R, P = P, ,and R/P, ~ F({X;}{°). Clearly P is
not finitely generated. We observe that P, is the only prime ideal of R whose
associated residue field has infinite transcendence degree over its prime subfield
T.
Now R/P,, is integral over A/(P5, N A), so A/(P-x N A) has infinite tran-
scendence degree over n. Consequently, P, is the only prime of R lying over
P..NA in A. Therefore Py, = /(P> N A)R, and because R is von Neumann
regular, \/(Pox NA)R = (P, N A)R. Thus P, = (Px NA)R, s0 P, NA is
not finitely generated since P, is not finitely generated. Because R/A is inte-
gral, the ring A4 is zero-dimensional and reduced, hence von Neumann regular.
Therefore A does not have Noetherian spectrum since A4 is not Noetherian.
This completes the presentation of Example 5.6.

6. H R, AS A DIRECTED UNION OF ARTINIAN SUBRINGS

In this section we consider the problem of determining conditions under
which a direct product [[ R, is expressible as a directed union of Artinian
subrings. Obvious necessary conditions on [] R, are that it should be zero-
dimensional and that each R, is so expressible. Hence each R, is zero-
dimensional and Theorem 3.4 shows that the set {a« € 4 : n(R,) > k} is
finite for some k € Z*. To obtain a third necessary condition on [[R,, we
observe that if S is any ring expressible as a union of subrings with finite spec-
tra (hence if S is expressible as the union of Artinian subrings), then the set
& (S) = {char(S/P) : P € Spec(S)} is finite. To verify this assertion, we note
that if char(S/P) # 0, then char(S/P) = char(R/(RnN P)) for each subring R
of S containing the prime subring of S; hence #(S) is finite because there
exists such an R that has finite spectrum. In particular, if [[ R, is a union of
subrings with finite spectrum, then the set {J ., ' (R.) is finite.

Theorem 6.7 provides a definitive answer to the main question addressed in
this section. Theorem 6.7 is preceded by three special cases thereof. These
special cases are covered in Theorems 6.3-6.5; these three theorems treat a
direct product [][D, of integral domains: they state that, under appropriate
hypotheses, [[ D, is not a directed union of Artinian subrings. In fact, the
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conclusions of Theorems 6.3-6.5 are the stronger statement that [[ D, is not a
directed union of subrings with finite spectra. Lemma 6.1 is a key result in the
proofs of Theorems 6.3-6.5.

Lemma 6.1. Assume that R is a subring of the ring T and that {N,} is a family
of prime ideals of T, each of which lies over the prime ideal P of R, where
R/P is a normal domain. For b € T, let b, denote the image of b in T/N,,
and if b, is integral over R/P, denote by f,(X) the minimal polynomial for
b, over the quotient field of R/P. Since R/P is normal, f,(X) € (R/P)[X].
If there exists b € T such that the corresponding set {f;(X)} C (R/P)[X] is
infinite, then for any subring S of T containing R[b], the set {N, NS} is
infinite. In particular, T is not the union of a family {S,} of subrings, where
each S, contains R and has finite spectrum.

Proof. Choose a sequence {f;(X)}2, of distinct elements of {f;(X)} and as-
sume that N; € {N;} is such that the image b; of b in T/N; has minimal
polynomial f;(X) € (R/P)[X]. Suppose S is a subring of T containing R[b]
andlet Q; = N;nS. Then R/P CS/Q, C T/N; and b; € S/Q; . If Q; and Qj
were equal for some i # j, it would follow that f;(X) = f;(X) in (R/P)[X],
contrary to the choice of the sequence {f;}. We conclude that Q; # Q; for

i # j, and this establishes the desired assertion.

We note that the proof of Lemma 6.1 shows that, in fact, |{N; NS} >
[{f1(X)}|. The next result is an analogue of Proposition 5.2; again we omit the
straightforward proof.

Proposition 6.2. Suppose R is a ring.

(1) If R is a (directed) union of (zero-dimensional) subrings with finite spec-
tra, then each homomorphic image of R has the same property.

(2)IfR=R, @& ---®R,, then R is a (directed) union of (zero-dimensional)
subrings with finite spectra if and only if each R; is a (directed) union of (zero-
dimensional) subrings with finite spectra.

Theorem 6.3. Suppose D, is an integral domain of characteristic zero for each
a € A, an infinite set. Then T = [],.,Da is not the union of a family of
subrings, each with finite spectrum.

Proof. Since the set A4 is infinite, and since it suffices, by (6.2), to show that
a direct summand of 7 is not such a union, we may assume that 4 = Z*
and T = [[;2,D;. Denote by R ~ Z the prime subring of 7. We apply
Lemma 6.1 to the element b = {n}32, € T and to the prime ideals P, of
T, where P, consists of those elements of T = [[;2, D; with nth coordinate
0. The image of b in T/P, is n, and the minimal polynomial for n over
R/(P,NR)=R/(0)~Z is X — n. We conclude from (6.1) that T is not the

union of any family of subrings, each with finite spectrum.

Theorem 6.4. Let {D,}.c4 be a family of integral domains, all of the same
characteristic p > 0. If D, is not algebraic over its prime subfield Z, for
infinitely many elements o € A, then [] D, is not the directed union of a family
of subrings, each with finite spectrum.

Proof. As in the proof of Theorem 6.3, it suffices to consider the case where
A = Z* and D; contains an element b; transcendental over Z, for each
i € A. Consider the elements b = {b;}32, and ¢ = {b!}2, in T =[I°D;.

i=1
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Let R = m[c], where n ~ Z, is the prime subring of 7. Assume that T
is the directed union of a family {Rg} of subrings of 7. Then there exists
S € {Rg} such that both b and ¢ belongto S. Moreover, R = n[c] C S since
n C S. Let N; be the prime ideal of T consisting of those sequences with
ith coordinate 0. Then N;N R = (0) and the image of R in T/N; ~ D; is
Z,[b!], a simple transcendental extension of the field Z,, and hence a normal
domain. Let N;NS = Q;. The image of b€ S in S/Q; CT/N,=D; is b;.
The minimal polynomial for b; over Z,[b!] is X' — b} € n[b!][X]. Lemma
6.1 implies that there are infinitely many distinct Q; (in fact, the ideals Q;
are distinct), and hence that Spec.S is infinite. We conclude that T is not the
directed union of subrings R, , where Spec R, is finite.

Theorem 6.5. Let {D,}.c4 be a family of integral domains, all of the same
characteristic p > 0, and let F, denote the algebraic closure of Z, in D,. If
for each n € Z* the set {a € A:|F,| > p"} is infinite, then T =[] D, is not a
union of subrings with finite spectra.

Proof. Again we assume without loss of generality that 4 = Z* and that |F,| >
p" for each n. Choose b, € F,, C D, of degree at least n over Z, for each
neZt,let b={b;}2,,and let R~ Z, be the prime subring of T'. Applying
Lemma 6.1to R, T, b, and to the family {N;}%, of ideals of T, with N; as
defined in the proof of (6.4), we obtain the desired conclusion, as in the proof
of Theorems 6.3 and 6.4.

We now direct our attention to the general direct product [] R, ; Theorem
6.6 considers the case where each R, is quasilocal.

Theorem 6.6. Let {(R,, M,}oca be a family of zero-dimensional quasilocal
rings, let K, = R,/M,, and let T =[] R, . The following conditions are equiv-
alent.

(1) T is a directed union of Artinian subrings.

(2) T is adirected union of zero-dimensional subrings with finite spectra.

(3) T is a directed union of subrings with finite spectra.

(4) There exists n € Z* such that the set {a € A: n(Ry) > n or |K,| > n}
is a finite set.

Proof. The implications (1) => (2) and (2) = (3) are clear.

(3) = (4). If (3) holds, then the introductory paragraph of this section
shows that the set H = {charK,},c4 is finite. If 0 € H, then Theorem 6.3
implies that {a € 4 : charK, = 0} is finite, and if p € H, p > 0, Theorems
6.4 and 6.5 imply that for some n € Z* the set {« € 4 : charK, = p and
|Ko| > p"} is also finite. Consequently, if (4) is not satisfied, then there exists
a sequence {R;}%2, C {R,} such that n(R;) > i for each i. But then Theorem
3.4 and Corollary 3.6 show that T has a homomorphic image that is an infinite
product []ic, D; of integral domains D; of positive dimension. Since [];2, D;
is a union of subrings with finite spectra, then as we observed at the beginning
of this section, the set |J;2, #(D;) is a finite set. Hence infinitely many of
the domains D; have the same characteristic. But then Theorems (6.3)-(6.5)
yield the contradiction that [];°, D;, and hence T, is not the directed union
of subrings with finite spectra.

4)=(1). Let L={a€ A:n(R,) > n or |K,| >n}={a;,..., e} and
let B=A\L. Then T = ([[,cp Ra) ® Ro, ®--- @ R,, . Each R, is hereditarily
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zero-dimensional by Corollary 4.3, so Theorem 4.9 implies that [],.z R, is
hereditarily zero-dimensional. Thus [],.z R. and, by Theorem 5.4, each R,,
is a directed union of Artinian subrings; by Proposition 5.3, T shares the same
property, and this completes the proof of Theorem 6.6.

Theorem 6.7. Let {R,}.c4 be a family of rings and let T =[[Ry. Then T is
a directed union of Artinian subrings (respectively, of zero-dimensional subrings
with finite spectra) if and only if each R, is so expressible and there exists
n € Z* such that the set {a € A:n(R,) > n or R, has a residue field K, with
|K,| > n} is finite.

Proof. We give the proof in the case of directed unions of Artinian subrings;
the proof in the case of zero-dimensional subrings with finite spectra is quite
similar.

(=). The assertion concerning R, follows from (5.3). Suppose the condi-
tion concerning existence of n € Z* fails. Then either

(i) there exists a sequence {R;}°, C {R,} such that R; has a residue field
K; with |K;| > i, or else

(i) there exists a sequence {R;}?°, C {R,} such that n(R;) > i for each
I.

If (i) holds, then Theorem 6.6 shows that the homomorphic image [], K;
of T =[] R, is not expressible as a directed union of Artinian subrings, and
hence neither is 7. If (ii) holds, then as in the proof of (6.6), T is infinite-
dimensional, and hence not a directed union of Artinian subrings.

(). Let B ={a € A: n(R,) < n and each residue field of R, has cardi-
nality < n}. By hypothesis, 4\B is a finite set. Since each R, is a directed
union of Artinian subrings and since 7 is the direct product of [],.pRa
and the finite family {R,}.c4\5, it suffices to show that [] .z R, is a di-
rected union of Artinian subrings. For each R € {R,},ep, R is imbedded
in J[{Rap: M is a maximal ideal of R}, and hence [], gz R, is imbedded in
[Taes(TTarem specr,) (Ra)ar) . Corollary 4.3 and Theorem 4.9 show that the latter
of these two rings is hereditarily zero-dimensional, and hence [] .5 R. is also
hereditarily zero-dimensional. Thus [],.; R, is a directed union of Artinian
subrings, as we wished to show.

Theorem 6.7 admits a parallel statement for rings expressible as a directed
union of subrings with finite spectra. We omit the proof of this result because
of its similarity to the proof of Theorem 6.7.

Theorem 6.8. Let {R.}.ca be a family of rings and let T = [],c4Ra. Then
T is a directed union of subrings with finite spectra if and only if each R, is so
expressible and there exists n € Z* such that the set {a € A : dim(R,) > 0 or
n(R,) > n or R, has a residue field K, with |K,| > n} is finite.

Remark 6.9. If aring R is expressible as the directed union of a family {R,}.c4
of zero-dimensional subrings with finite spectra, it would be interesting to know
whether R is then necessarily the directed union of a family of Artinian sub-
rings. In this connection we note that Corollary 5.5 shows that each R, is a
directed union of Artinian subrings, so R is at least a set-theoretic union of
Artinian subrings. A factor that comes into play here is that although R, is
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known by Corollary 5.5 to be a directed union of Artinian subrings, it is unclear
as to whether the family of all Artinian subrings of R, is directed. It would be
interesting to know necessary and sufficient conditions on a zero-dimensional
quasilocal ring S in order that the family of all Artinian subrings of S forms
a directed family.

Remark 6.10. In relation to directed unions, a question we have considered but
not resolved is the following. If T is a zero-dimensional ring with nilradical
N and if T/N is a directed union of Artinian subrings, does 7" have the same
property? Corollary 5.5 yields an affirmative answer in the case where T has
finite spectrum.

Added in Proof. In connection with (6.10) we can show that T is a set-theoretic
union of a family {S;} of Artinian subrings. We can obtain such a family {S;}
with the property that each finite subset of T is contained in some S;, but do
not know whether there exists a directed family.
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