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ABSTRACT. Let G be an analytic group. Let Q(G) be the union of all compact
subgroups of G . We give a necessary and sufficient condition for Q(G) to be
dense in G in terms of the action of a maximal compact torus 7 of G on
the nilradical N of G.

Let F be a locally compact group. Let Q(F) be the union of all compact
subgroups of F . We study the problem: when Q(F) is dense in F. If F is
not connected, the problem is too broad to have any meaningful answers. On
the other hand, if F is almost connected, i.e., F/Fy is compact where Fy is
the identity component of F, then the problem is quickly reduced to the case
where F is a Lie group with finitely many components. This is so because an
almost connected locally compact F has a maximal compact normal subgroup
M so that F/M is a Lie group with finitely many components. It is easy
to see that Q(F) is dense in F if and only if Q(F/M) is dense in F/M .
Let G = F/M. Let Gy be the identity component of G. Since the identity
component Gy of G is an open subgroup, so Q(G)N Gy is dense in Gy when
Q(G) is dense in G (the converse is also true, cf. Theorem 2.10). Therefore,
for most of this note we shall assume that G is an analytic group. Now, let G
be an analytic group with Q(G) dense in G. Let M be the maximal compact
normal subgroup of G. Again, Q(G) is dense in G if and only if Q(G/M) is
dense in G/M , so we may assume that M is trivial. Let N be the nilradical
of G, i.e., the maximal analytic nilpotent normal subgroup of G. Then N
is simply connected since M is trivial. Furthermore, by an argument due to
Djokovic [1] we can show that N is uniform in G . This implies that G is a
semidirect product N-K with K a compact analytic group. Hence K acts on
N as a group of automorphisms. The purpose of the present note is to show
the following statement.

Theorem 2.7. Let G be a semidirect product N - K with N a simply connected
analytic nilpotent group and K a compact analytic group. Let T be a maximal
torus of K. Then Q(G) is dense in G if and only if the only element in N
fixed by T is the identity element.

Another characterization of Q(G) being dense in G is the following condi-
tion.
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Theorem 2.8. Let G be an analytic group. Then the closure of Q(G) has nonvoid
interior if and only if Q(G) is dense in G.

The present study was partially motivated by the well-known result in alge-
braic groups which says the union of all the Cartan subgroups of an irreducible
algebraic group G over an algebraic closed field of characteristic zero is an open
and dense subset of G. For previous work on this subject, we refer to [1] and
the references therein.

I am grateful to the referee who suggested I use results from algebraic groups
(Lemma 2.4) to prove the main theorem (Theorem 2.7). This approach is much
more elegant and clearer than my original elementary and lengthy proof (which
implicitly duplicates argumerts from algebraic group theory).

1. PRELIMINARY

Let F be an almost connected locally compact group. It is well known that
F has a maximal compact normal subgroup M and F/M is a Lie group with
finite components. Let G = F/M and n be the canonical homomorphism
from F onto G. Let Q(G) and Q(F) be the union of compact subgroups of
G and F respectively. Then Q(F) = 2~ (Q(G)). It is obvious that Q(F) is
a group if and only if Q(G) is a group.

1.1. Lemma. Let G be a Lie group with finitely many components. If the union
Q(G) of compact subgroups of G is a group, then Q(G) is the maximal compact
normal subgroup of G .

Proof. Let H be the closure of Q(G). Since Q(G) isagroup, H is a Lie group.
Let Hy be the identity component of H. Since Hy is open in H, HyQ(G)
is open (hence closed) and dense in H . Therefore, H = HyQ(G) is a dense
subgroup of Hy. Every compact subgroup of Hj is also a compact subgroup
of G, so the union of all compact subgroups of Hj is exactly Hy N Q(G), i.e.
Q(Hy) = Hy N Q(Gp). In other words, Hy is an analytic group with Q(Hp)
dense in Hy. Let RS be a Levi decomposition of Hy with R the radical
of Hy and S a maximal semisimple group. Let N be the nilradical of Hj.
Since Q(Hp) is dense in Hy, so Q(Hy/N) is dense in Hy/N . This implies
that Hy/N is compact. (Cf. Proposition 2.1 [1] or the proof of Theorem 2.8
of this article.)

Now, for simplicity, we first assume that N is simply connected. Then Hy =
K- N (semidirect product) with K a maximal compact subgroup of Hy. Let n
be any element of N and k be any element of K. Then nkn~! € Q(H,). Since
Q(Hy) is a group, so nkn~'k~! is a compact element. But nkn='k=!' € N.
Therefore nkn='k~! is the identity of Hy. This implies that H, is in fact a
direct product K x N. Because Q(Hp) is dense in Hy, N must be trivial and
Hy is a compact analytic group.

Now, in case N is not simply connected, N has a maximal compact normal
subgroup Q such that N/Q issimply connected. Q is a characteristic subgroup
of Hy,. From the above argument, Hy/Q is compact. Therefore H, is a
compact analytic group.

Now H = HyQ(G). By Theorem 2 of [1], H/H, is compact. Hence Q(G)
is a compact subgroup of G.

What remains to be shown is that Q(G) is normal in G. Since Q(G) =
Ugea g0g~! with Q a maximal compact subgroup of G, Q(G) is G-invariant,
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ie. gQ(G)g~' = Q(G). Therefore Q(G) is the maximal compact normal
subgroup of G. The proof of the lemma is complete.

1.2. Proposition. Let F be an almost connected locally compact group. If
Q(F) is a group, then Q(F) is the maximal normal subgroup of F .

Proof. Let M be the maximal compact normal subgroup of F. Let G = F/M
and 7 be the quotient map from F onto G. The assertion follows immediately
from Lemma 1.1 and the relation Q(F) = z~1(Q(G)).

Now, we assume Q(F) is a group where F is an almost connected group.
Let H = Q(F). In general H is not compact. However, it has the following

interesting property.

1.3. Proposition. Let F be an almost connected locally compact group. Let
H=Q(F)~. If H is a group, then H is almost connected and Q(H) is dense
in H.

Proof. Let M be the maximal compact normal subgroup of F. Let G = F/M .
G is a Lie group with finitely many components. Let n be the quotient map
from F onto G. Then H = n~'n(H), since M c H. And n(H) = Q(G),
Q(G) is a group. Since Q(G) is G-invariant (under the conjugation), Q(G)
is a closed normal subgroup of G. Let E = Q(G). Then E = Q(G)E,.
Since E; is a characteristic subgroup of E, Ej is normal in G. We are
going to show that E has only finitely many components. Let E; = EN
Go = QG)EyNnGy. Then E|/E, is a discrete normal subgroup of Gy/Ey. So
E,/Ey is central in Gy/E,. Since every element in E;/E, has a representative
from Q(G), E,/E, is a torsion central subgroup of Gy/E,. Hence E,/Ej is
finite. Since EGy/Go = E/EN Gy, and G has only finitely many components,
therefore E/E, is finite. We conclude that E is a Lie group with finitely many
components. Let Q be a maximal compact subgroup of E. By a result of
G. D. Mostow, such a subgroup exists and any two of them are conjugate by an
inner automorphism. Since E = Q(G), Q is also a maximal compact subgroup
of G. QG) =U,cq g0g ' = Uger g0g~! the last equality follows from the

fact: gQg~! is a maximal compact subgroup of E. Hence E = Q(G) = Q(E).
Finally, H = Q(F) = n7'Q(G) = n~'(E). Hence H is almost connected

and Q(H) = H as desired. Now, the proof is complete.

In view of Proposition 1.3, the problem of when Q(F) is a group can be
reduced to the following situation.

1.4. Proposition. Let F be a Lie group with finitely many components. Let M
be the maximal compact normal subgroup of F. Let G = F/M . If Q(F) is
dense in F, then G = N - Q a semidirect product with N a simply connected
nilpotent normal analytic subgroup and Q a compact Lie group. Furthermore
Q can be identified faithfully as a group of automorphisms of N .

Proof. Since G has no nontrivial compact normal subgroup, the nilradical N
of G is a simply connected analytic group. Let R be the radical of G and S
be a semisimple Levi factor of G. Since Q(G) is dense in G, so is Q(G/R)
dense in G/R. The group G/R is a finite extension of the semisimple group
S. Let us first remark if E is a Lie group with finitely many components and

Q(E) = E, then Q(Ey) = Ey since Ejy is a open normal subgroup of E. If S
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has nontrivial noncompact simple factor S’, Q(S) cannot be dense in S’ by
the structure of S’. (Cf. Proposition 2.1 of [1] or the proof of Theorem 2.8 in
this article.) Therefore S must be compact. Note that NS is a closed normal
subgroup of G, G/NS is a finite extension of an analytic abelian group 4. If
the vector part of A4 is nontrivial then Q(G/NS) cannot be dense in G/NS.
Hence we conclude that G/N must be a compact group, a fortiori, G=N-Q.
Let p be the homomorphism from Q into the group of automorphisms of N
defined by p(q) = ¢, where ¢,: N —» N, ¢,(n) = gng~"'. Since the kernel p
is a compact normal subgroup of G, it is a trivial group. Hence p is a faithful
representation, i.e. Q can be identified as a group of automorphisms of N .

2. ANALYTIC GROUPS WITH DENSE SUBSETS OF COMPACT ELEMENTS

Let F be a locally compact almost connected group. Let M be the maximal
compact normal subgroup of F . By Proposition 1.5, Q(F) isdense in F if and
only if Q(F/M) is dense in F/M . Let G' = F/M . When Q(F)~ = F, then
G' = N-Q where N is a simply connected nilpotent analytic normal subgroup
of G’ and Q is a maximal compact Lie group which can be identified as a
group of automorphisms of N. Let K be the identity component of Q. Then
G = N - K is the identity component of G’. In this section, we shall show
that Q(G’) is dense in G’ if and only if Q(G) is dense in G. We first give a
necessary and sufficient condition for Q(G) to be dense in G.

From now on we shall always assume that G = N - K a semidirect product
with N a simply connected nilpotent analytic group and K an analytic com-
pact group. Furthermore, K can be faithfully represented as a subgroup of
automorphisms of N. With this identification, sometimes it is convenient to
write k(n) instead of knk~! for k € K, n € N. We shall do so in the future.

We shall always use 7 to denote a maximal torus of K. Let W be the
normalizer of 7 in K, W = #,(T). Then W/T is finite. Let x be an
element of G. Wesay x is a compact element if the smallest closed subgroup of
G containing x is compact, i.e. (x) is compact where (x) = {x": n integer} .
An element ¢ of T is a dense elementin T if (t)=T.

Since all the maximal compact subgroups of G are conjugate by inner auto-
morphisms induced by elements from N, the following statement is obvious.

2.1. Lemma. Q(G)=U,c;gKg ' ={(nk(n'),k):neN,keKk}.
2.2. Lemma. If Q(N-T) isdensein N-T, then Q(G) is dense in G.
Proof. Given any element (n, k) of N-K, k = xtx~! for some ¢ in T and
x in K. Since Q(N-T) is dense in N-T, there exists a sequence of compact
elements (niti(ni"), t;) in N -T which converges to (x~!(n), t). Then
lim(1, x)(niti(n "), 6:)(1, x)™!
= (1, x)(x"(n), 1)(1, x)~'
=(n, xtx™ " =(n, k), (n,k)e Q(N-K).

2.3. Lemma. If Q(G) isdensein G, then N-T = Q(N-T)¥ (notation: x
and y are elements of G, x¥ = yxy~!).

Proof. Let t be any dense element of 7. Let n be any element of N . Since
Q(G) is dense in G, (n,t) is the limit of a sequence of compact elements
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(niki(n;7'), k;) in Q(N - K). Express k; = yit;y;' with y; from K and
t; from T. Then ¢t = limk; = limy;t;y; ' Since K is compact, taking a
subsequence, we may assume that y = limy;, ¢ = lim¢;. Hence ¢t = yt'y~!.
Because ¢ is a dense element of T, so t' is also a dense element of T, a
fortiori, y leaves T invariant, y is in the normalizer W of T . Now,

»~'(n), ) = lim(y;  (n)t; ' i(n7 1), 1) € AN - T).

Hence (n,t) = (1, y)y~Y(n), ¢)(1,y)"' € Q(N-T)¥ . The proof is now
complete.

It is clear that G = N - K can be embedded as a closed subgroup of some
general linear group GL(n, R) with N as its unipotent radical. Let us identify
G with its image. So G is an algebraic group over the real number field,
and we can apply results from the theory of algebraic groups. Since K is a
compact analytic group, every element in K is a semisimple element. For
each k € K, define the function 6,: N — N by 6;(n) = k(n)n=!. Let
N¥ ={n € N:k(n) =n}. Let C(k, N) = 6;(N) = {k(n)n=': n € N}. The
results we need from algebraic groups is the following statement.

2.4. Lemma. Let k € K. We have the following conditions.

(i) N* and C(k, N) are algebraic varieties over the real number field.
The product map from N* x C(k, N) — N is a surjective isomorphism of va-
rieties. Furthermore: 6,: C(k, N) — C(k, N) is a rational automorphism of
Ck,N).

(ii) The element (n, k) € N - K is a compact element if and only if n €
C(k,N).

Proof. The statement (i) is a special case of a general result due to Borel and
Tits (Lemma 11.1 of [3]). So we show (ii). Since K is a maximal compact

subgroup of N-K, (n, k) is a compact element if and only if there exists an
element ng of N such that

(n09 1)("} k)(nO, 1)—1 € {1} K.

Equivalently, (nonk(ny N, k)= (1, k). Hence (n, k) is compact if and only
if n=ny'k(ng) € C(k, N).

2.5. Lemma. For each t € T, 6, = 0>, C(t*, N) c C(t, N). Let ty be a
dense element of T. Then C(t, N)C C(typ, N) forany teT.

Proof. The fact 6, = 6? follows from a simple computation. Hence C(#?, N)
Cc C(t, N). Let ty be a dense element. Then ¢ =lim t(')" for some sequence tg .
Hence 6,(n) = lim Bfg(n) € C(ty, N) since C(ty, N) is topologically closed, a
fortiori, C(t, N) c C(t, N).

2.6. Lemma. Let tqg € T such that C(ty, N) = N. Then there exists a neigh-
borhood V of ty in K such that C(t, N)=N forany te K.

Proof. Let Z be the center of N. Then Z is T-invariant. If Z = N, then
0, =1 — Adt is just a linear transformation of Z . If 6,, is surjective, then
there exists a neighborhood V of #, in K so that 6, = I — Ad¢ is surjective
for t € V. Now, we assume the lemma has been proved for nilpotent groups
with shorter length of upper central series of N. Since N = {1}, so the
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restriction of 7y on Z has no nontrivial fixed element. Therefore, there exists
a neighborhood ¥} of fy in K such that 6,: Z — Z is surjective for each
t € V1. On the other hand, 6,, is clearly surjective on N’ = N/Z , therefore,
there is a neighborhood ¥; of ¢, in K such that 6, is surjective on N’. Let
V=VinV,andlet t€V and n e N. Since t € V;, there exists an element
n’ € N such that 6,(n’) = nz for some z € Z. There exists an element z' € Z
such that 6,(z') = z=!. Then 6,(n'z’) = 6,(n')(6,(z")) = n. Now the proof is
complete.

2.7. Theorem. Let G = N-K a semidirect product with N a simply connected
analytic nilpotent group and K a compact analytic group. Let T be a maximal
torus of K. Let Q(G) be the union of all compact subgroups of G. Then Q(G)
is dense in G ifand only if T does not leave any element in N fixed except the
identity of N . Furthermore, when Q(G) is dense in G, Q(G) contains a dense
open subset of G .

Proof. Let NT = Nier N', the set of T-fixed elementsin N . Let o be a dense
element of T. Then N7 = N,

(I) Assume that N7 is nontrivial, i.e. N7 # {1}. By Lemma 2.6 and (ii) of
Lemma 5, Q(N-T)c C(ty, N)-T. Since C(tyg, N)-T isclosed, Q(N-T) C
C(ty, N)-T. Since W/T is finite, (C(ty, N)-T)" is properly contained in
N -T if N% is nontrivial. Therefore Q(G) is not dense in G by Lemma 2.4.

(IT) Assume that N7 = {1}. Let D be the set of dense elements of 7. Then
NT = N4 = {1} and C(d, N) = N for every d € D. By (ii) of Lemma 2.5,
N-DCQ(N-T). Since N-D isdensein N-T, Q(N-T) isdensein N-T.
By Lemma 2.3, Q(G) is dense in G . Finally, if Q(G) is dense in G, then
interior of Q(G) is dense in G by Lemma 2.6. Now the proof is complete.

2.8. Theorem. Let G be an analytic group. Then Q(G) is dense in G if and
only if the closure of Q(G) has nonvoid interior.

Proof. If Q(G) is dense in G, trivially, the closure of Q(G) has nonvoid
interior. So, we show if the closure of Q(G) has nonvoid interior then Q(G) is
dense in G . Clearly we may assume that G has no nontrivial compact normal
subgroup. Now, if Q(G)~ has nonvoid interior, then every quotient group of G
also enjoys the same property. Hence the quotient of its noncompact semisimple
factor S also has the same property. Recall all the eigenvalues of the compact
elements have module one (when we consider the adjoint representation). By
assumption there exists an open set in S such that every element has all its
eigenvalues of module one. This is clearly impossible (in view of Iwasawa
decomposition S = KAN) unless S is a compact group. Hence G has no
noncompact simple factor. Then G is faithfully linear representable (since it
has no nontrivial compact normal subgroup). Thus the commutator [G, G] is
closed and G/[G, G] is an abelian analytic group. It is clear the closure of
Q(G/IG, G]) cannot have nonvoid interior unless G/[G, G] is compact by the
structure of abelian analytic group. Therefore we conclude G = N - K with N
a simply connected nilpotent normal analytic group and K a compact analytic
group. Let L = intQ(G)~, interior of the closure of Q(G). Then LNN - T
is a nonvoid open subset of N - T where T is a maximal torus of G. Now,
suppose (G) isnotdensein G, then Q(N-T) isnotdensein N-T by Lemma
2.2. Hence there exists a dense point ¢ in 7 such that N’ is nontrivial and
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Q(N-T)c C(t, N)x T. This shows that LN N-T isnotopenin N-7T. We
have a contradiction. Therefore we conclude that Q(G) is dense in G. And
the proof is now complete.

Previously, we have concentrated our discussions on analytic groups. Now,
we shall study Lie groups with finitely many connected components.

In view of Proposition 1.4, we may assume that G’ = N - Q where N is
a simply connected normal nilpotent analytic group and Q is a compact Lie
group. Let K be the identity component of Q. Let G=N-K. Let K=0n
Go. Then K is a maximal compact subgroup of G. It is known that there
exists a finite subgroup D of Q such that Q = KD (cf. the appendix).

We reserve all the notations in the following discussions.

2.9. Lemma. Let d € D. Let (d) denote the cyclic group generated by d .
Then Q(G)N{d)G = Q({d)G).

Proof. Since Q(G) =U,cqx0x . Let g€ Q and x € G. If xgx~! €d'G,
then g € d/G c (d)G. Hence xgx~' € Q((d)G).

2.10. Theorem. Let G' be a Lie group with finitely many components. Let G
be the identity component of G'. Then Q(G') is dense in G' if and only if
Q(G) isdensein G.

Proof. In essence, we only need to show Q(G')~ = G’ when Q(G)™ = G.
For this purpose, we may write G' = N - KD with N a simply connected
nilpotent analytic group, K a compact analytic group, and D a finite group
which normalizes K. By Lemma 2.9, we may assume that D = (d), a finite
cyclic group. We assume that Q(G) is dense in G.

Now, we assume that N is an abelian group first. Given any k € K, then
k belongs to some maximal torus of K, say T. Since Q(G) = G, T acts
on N without any nontrivial fixed points. There exists a residue subset of
dense elements ¢ of T arbitrarily close to k such that d~! —¢ is a surjection.
Suppose this is not true, i.e., d~'(n) —t(n) = 0. Because d~'(n) = t(n),
(d=")!(n) = #!(n) forany integer /. Since d is a torsion element, so (d~')! =id
for some positive integer /. Then we have t/(n) = n. Since ¢ is also a dense
element, it does not have any nontrivial fixed vector, we reach a contradiction.
Hence (d~!—1)(N) = N,d~! —1t is a surjection. Now, let n be any element
in N, there is an element m such that (d~! —#)(m) = d~!(n), equivalently,
d(d~' — t)(m) = n. From this we have

(m, 1)(1, dt)(m, 1)~' = (m —dt(m), dt) = (d(d~" - 1)(m), dt) = (n, d1).

Hence dG = (Q(G')ndG)~.

Now, we use the induction on the length of central series of N to show that
Q(G') isdense in G'. Assume N iscentralin N and Q(G'/N")) is dense in
G'/NU) . Let k be an element of the maximal torus 7', and U a neighborhood
of k in T . There exists a residue subset S of dense elements of 7 such that
(1) S is dense in U (2) for each s € S and m € N/N\) there is an element
x in N/NO such that xds(x~') = m. Let n be the quotient map from G’
onto G'/N). Let n be any element in N. Let m = n(n). Then we have
xds(x~') = nz forsome z in N . Since N) iscentralin N, it is an abelian
group. We know there exists a residue subset S’ of U such that (1) S’ is dense
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in U (2) S’ consists of dense elements of T. And for each z € N() | there
exists z/ in N() with the property: z'ds’(z’~!') = z~!'. Now, choosing any
se€SNS’, we have

xZ'ds(z"'x Y)Y =n.
And the proof is now complete.

2.11. Examples. We have expressed the condition for the density of Q(G) in
terms of the actions of its maximal torus 7 on the nilradical N of G. The
following example illustrates the usefulness of such criteria:

Let G be the subgroup of GL(4, R) which consists of the following matrices

X

A y

z

0 0 0 1
where 4 € SO(3, R) and x, y, z are real numbers. Then G = R3-SO(3, R)
with N = R3 and K = SO(3, R). The maximal torus T of K is a circle
group. Since dimension of N is an odd number, T does not act effectively on
N . Therefore Q(G) is not dense in G'. Observe SO(3, R) acts on N without
any nontrivial fixed element.

Now, replace GL(4, R) by GL(5, R) and SO(3, R) by SO(4, R) in the
above construction of G,i.e. G = R*.S(4, R), then Q(G) is dense in G since
the maximal torus acts effectively on N .

2.12. Proposition. Let G be an analytic group, let H be a subgroup of Q(G)
andlet F = H~ . If Fy is solvable then Fy is compact and F C Q(G).

Proof. Since F is a Lie group, Fy is an open subgroup of F . Hence F = FH
and H N Fy is a dense subgroup of Fy. Since HN Fy C Q(G), (HNFy)~ is
compact by Theorem 5.2 of [2], a fortiori, Fy C Q(G). Therefore F = H- =
FyH c Q(G).

Now, we consider a closed analytic subgroup H of a semisimple analytic
group G which is contained in Q(G). First, we need the following lemma.

2.13. Lemma. Every unipotent element x of SL(2, R) is in the closure of the
union of all compact subgroups of SL(2, R); x € Q(SL(2, R)).
Proof. Every unipotent element x of SL(2, R) is conjugate to a matrix of the

following form
_(t
A= (0 1).

To show x € Q(SL(2, R)), we only need to show 4 € Q(SL(2, R)). First,
assume 7 is positive. Then y = 6%, 6 > 0.
By computation

1 7\ _ lim on on
0 1) no\1/dn 2/6n

(1 —1/n*1/2 1/n? 2/6, —dn
( 1/n? (1—1/n4)l/2> (—1/5n on )

Hence 4 € Q(SL(2, R)). When y is a negative number, A is the inverse of
(¢7)» hence 4 € Q(SL(2, R)).
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2.14. Remark. One may consider the matrix B = (g’l’) in SL(2, R). The
characteristic polynomial of B is A2 — (a + d)A+ 1. When (a +d)? < 4, the
eigenvalues of B have absolute values 1, B is an elliptic element (compact
element). It is easy to see we can find compact elements which approximate to

a unipotent matrix (;7) since we can choose suitable numbers for b and c.

2.15. Proposition. Let G be a linear semisimple analytic group. Then every
unipotent element of G is in the closure of Q(G).

Proof. It is known that every unipotent element x in G belongs to an analytic

group which is locally isomorphic with SL(2, R). By Lemma 2.13, x € Q(G).

2.16. Corollary. Let G be a linear semisimple analytic group. Let G = KAN
an Iwasawa decomposition. Then every closed analytic subgroup H of G con-
tained in Q(G) is conjugate to a subgroup M - Q (a semidirect product) with
M c N and Q C K. Conversely, every conjugate of M - Q is a subgroup in
Q0).

Proof. (1) Assume H is conjugate to M -Q with M C N and Q C K. By
Proposition 12 M - Q ¢ Q(G). Hence every conjugate of M - Q is also a
subgroup of Q(G) since (G) is invariant under conjugation.

(2) Assume H c Q(G). Every element 4 of H has all its eigenvalues of
absolute value 1. Hence H = E - P where E is the nilradical of H consisting
of unipotent elements and P is a compact analytic group. Since the compact
subgroup of G is conjugate to a subgroup of K, we may assume that P C K.
Since E is a group of unipotent elements, it is known that E is conjugate to a
subgroup of N by the conjugation defined by an element from K . Therefore,
H is conjugate to a subgroup M -Q with M c N, Q c K. The proof is now
complete.

APPENDIX

Here, we shall give a shorter proof of the following useful statement originally
due to D. H. Lee (Math. Z. 104 (1968), 28-49).

1. Proposition. Let G be a Lie group with finitely many components. Then
there exists a finite subgroup D of G such that G = GyD.

Proof. Since G has only finitely many components, by a result due to G. D.
Mostow, G = KE where K is a maximal compact subgroup of G and F is a
simply connected manifold. £ C Gy. Hence, G = KGy. Let T be a maximal
torus of the identity component K, of K. Let S be the normalizer of T
in K. Then S is a compact Lie group with its identity component T . Let
x be any element of K. Since xTx~! is also a maximal torus of K, there
exists an element y in K such that xTx~! = yTy~!. Therefore y~!x € S.
Hence x € Sy € SKy, K = SKy, G = GoK = GoKpS = GpS. Once we
show there exists a finite subgroup D of S such that S = TD we will have
'G=GyS =GoTD = GyD.

In passing, we note the above method reduces our original problem to an
extension problem: 1 - T — S — S/T — | with an abelian divisible kernel
T . So, we can apply a method from cohomology theory.

Let X = S/T the left coset space. X is a finite set. Let r be the cardinality
of X. Let o be a cross section of S over X, i.e. 0 = X — S such that
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noo = id. Here n is the canonical map from S onto S/7. Define the
function ¢ from S into T by the rule ¢(s) = [],cxs0(x)a(sx)™' . Let t€ T.
Then ¢(¢t) =¢". Since T is a divisible group ¢(7T) = T . The function ¢ has
following basic property

d(sis5) = [ 5185 o(x)a(sisy ' %)™
xeX

I 5155 o (x)a(ss ' x) " sy s10(s3 ' x)a(s1s5 ' x)
(*) xXEX

=31{Hs2‘10(x) o(sy'x } T sioGsr x)a(sisy )

xeX xeX
=s519(s; s p(s1).

Now, let D = {s € S: ¢(s) = 1}. By the above equality, D is a group. Let s be
any element of S. Since ¢(T) = T, there exists an element ¢ in T such that
@(s) = @(t). Since ¢(t7's) =t 'p(s~)td(t) = 1. Hence t~'se D, S=TD.
Then D/DNT =~ S/T is a finite coset space. Since DN T is the kernel of the
homomorphism ¢: T — T, ¢(¢t)=¢", DN T is a finite group. Hence D is a
finite group. Now the proof is complete.

Using the above proposition, we have the proof of the following theorem
which was also due to D. H. Lee (in the same article cited above).

1

2. Theorem. Let G be an almost connected locally compact group. Then there
exists a compact totally disconnected subgroup D of G such that G = GyoD .

Proof. Since G is almost connected, by a theorem of G. D. Mostow, G = GoK
where K is a maximal compact subgroup of G. Let 4 be a maximal compact
connected abelian subgroup of K. Let B be the normalizer of 4 in K.
Since the maximal compact connected abelian subgroup of K 1is conjugate by
inner automorphisms defined by elements from ky, K = KyB. The identity
component By, of B is the compact connected abelian group 4. We are going
to show there exists a compact totally disconnected subgroup D of B such that
B = AD . From this we shall have the statement G = GoD.

Let X be the left coset space B/4. X is a compact totally disconnected
space. It is known that there is a global cross section o: X — B. (Cf. K. H. Hof-
mann and P. S. Mostert, Elements of compact semigroups, Appendix II, Theorem
1.13, p. 318.) Let J be the canonical homomorphism from B onto X . Then
doad: X — X is the identity map.

Since B is the inverse limit of compact Lie groups with torus groups as its
identity component; there exists an inverse system of compact normal subgroups
{L;} of B such that B = !El B,, B, = B/L;. Let Ay = AL;/L;. Then
A= lin A; and A; is a torus group for all A. Let X; = B/AL;. We have the
following commutative diagram:

X 2 B

X
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Here, p;: X — X;, n;: B — B; are the canonical maps and ¢, is the cross
section from X; into B; induced by ¢. For each A, define the function
¢1: By — A; by the rule ¢;(b;) = [1, cx, baga(xa)oa(baxa)™" . Let Dy = {b; €
B;; ¢i(b)) = 1}. Then B; = A;D; and D; is a finite group by the above
proposition. Let 6,: D; — B, be the inclusion map, let 6: !in D, — !ln B, =
B,andlet D =6(lim D;). Then D is compact and totally disconnected since
!iﬂl D; is compact and totally disconnected. Moreover B = AD. Now, the
proof is complete.

3. Remark. We may approach the proof of above theorem in the following
way. For each 1 and every b in B, the set (), 7;'n;'(n(b)) consists of
only one element of A4, so we have a well-defined function ¢: B — 4, ¢(b) =
N, 7, ' @a(pa(b)). The function ¢ satisfies (x): ¢(bi1by) = bip(by)b; ' d(b1).
Let D = {b € B; ¢(b) = 1}, then D = ll_l’_l‘l D,. D is a compact totally
disconnected subgroup of B and B = AD. Thus G = GyD as desired.

Added in Proof. Professor D. Z. Djokovic kindly informed us that Theorem
2.10 has also been obtained by M. 1. Kabenyuk, Connected groups with dense
sets of compact elements, (Ukrainian Math. J. 33 (1981)).

REFERENCES

1. D. Z. Djokovic, The union of compact subgroups of a connected locally compact group, Math.
Z. 158 (1978), 99-105.

2. S. P. Wang, Compactness properties of topological groups. 11, Duke Math. J. 39 (1972),
243-251.

3. A. Bord and J. Tits, Groupes reductifs, Inst. Hautes Etudes Sci. Publ. Math. 27 (1965),
659-755.

DEPARTMENT OF MATHEMATICS, CASE WESTERN RESERVE UNIVERSITY, CLEVELAND, OHIO
44106




