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ON THE POSITIVE SOLUTIONS OF SEMILINEAR EQUATIONS
Au + Au — hu? =0 ON THE COMPACT MANIFOLDS

TIANCHENG OUYANG

ABSTRACT. In this paper, we study the existence, nonexistence, and uniqueness
of positive solutions of semilinear equations Au + Au — hu? = 0 on compact
Riemannian manifolds as well as on bounded smooth domains in R" with
homogeneous Dirichlet or Neumann boundary conditions.

1. INTRODUCTION

In this paper, we study the existence of positive solutions of the semilinear
equation
Au+Au—hu? =0

on compact Riemannian manifolds as well as on bounded smooth domains in
R" with homogeneous Dirichlet or Neumann boundary conditions.

Analysis on Riemannian manifolds is a field currently undergoing great de-
velopment. Analysis proves to be a very powerful tool for solving geometric
problems (see e.g. [1]). A basic problem in Riemannian geometry is to deter-
mine what curvatures a given manifold can possess.

In this paper we shall limit our discussions to a compact connected smooth 7n-
dimensional manifold without boundary, n > 3. (Throughout, M will always
denote an n-dimensional compact connected Riemannian manifold.) Since we
consider several Riemannian metrics on the same manifold M , we denote by
(M, g) the Riemannian manifold with metric g. In the tangent space Tp at
a point P on M , the Riemannian metric g defines an inner product g(X,Y)
of two vectors X and Y on Tp, and the angle & between X and Y is given
by
8(X,7Y)

VEeX, X)V/g(Y,Y)

Let there be given two metrics ¢ and g* on M. If the angles between two
vectors with respect to g and g* are always equal to each other at each point
of the manifold, we say that g is pointwise conformal to g*. A necessary and
sufficient condition for g to be pointwise conformal to g* of M is that there
exists a function p > 0 on M such that g* = pg (see e.g. [2]).

Now let (M, g) be a Riemannian manifold of dimension > 3 with scalar
curvature k£ and let K be a given function on M . One may ask the question:

cosf =
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Can we find a new metric g* on M such that K is the scalar curvature of
g* and g* is pointwise conformal to g (i.e., g* = uﬁg for some u > 0
on M )? This is equivalent to the problem of finding positive solutions of the
equation (see e.g. [4, Chapter 6; 11])

A'(n—_l)Au—ku+Kuﬁ% =0,
n-2

where A is the Laplace-Beltrami operator (simply say Laplacian) in the g met-
ric.

Yamabe [5] attempted to show that any Riemannian structure on a compact
manifold of dimension > 3 could be pointwise conformally deformed to one
with constant scalar curvature. It was found by Trudinger [6] that Yamabe’s
paper contained an error. Trudinger was able to correct Yamabe’s proof in the
case when the total scalar curvature (i.e., the integral of the scalar curvature)
is nonpositive. In this case the constant scalar curvature is negative. A couple
of years later, Eliasson [7] and Aubin [8] showed that every compact manifold
of dimension > 3 possesses a metric whose total scalar curvature is negative.
This, together with Trudinger’s results, shows that every compact manifold of
dimension > 3 admits a Riemannian metric with constant negative scalar cur-
vature.

Kazdan and Warner in [3] studied the first eigenvalue A,(g) of the operator
L with corresponding eigenfunction ¢,

4(n—1
Lp=-(M=Pap—ko) - 1i(02p on o,

and obtained that if A;(g) < O then one can always pointwise conformally
deform g to a metric of constant negative scalar curvature. In this paper
we shall only consider the case where the given metric already has a constant
negative scalar curvature k < 0.

We now free our problem from geometry and consider instead a general
nonlinear equation

(L1) {Au+lu—-hu"=0 on M,
’ u>0 onM,

where A >0, p > 1 are constants and A(x) >0 isa C'-function on M .

In [3] Kazdan and Warner observed that if # > 0 in (1.1) then there exists
a solution of (1.1) for any constant A4 > 0, and posed the question of whether
one can prove the same result for the case £ > 0. It turns out that the problem
is more subtle than one might expect. The purpose of this paper is to give a
complete answer to this question.

Let M, = {x € M|h(x) >0} and My = M\M, .

Our main result may be stated as follows.
Theorem 1. Assume that h > 0 (£ 0) is a smooth function on M .

(i) If My = @, then for every A > O there exists a unique solution u(A) of
problem (1.1).

(ii) If My # @, then there is a positive A € (0, o) such that for any A < A
there exists a unique solution u(2) of (1.1), and for A > A there is no solution
of (1.1). Moreover

lim ||u(A)|| L2(ary = 00
A—A
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Furthermore, for the open subset My C M one can define the first eigenvalue
A(My) of the Laplacian operator on My with zero Dirichlet boundary condition
in a natural way (see §2, Definition 2). Let A(My) > O be the first eigenvalue
and ¢ >0 be the corresponding unit eigenfunction, i.e.,

Ap+Aip=0 in M,
=0 ondM,.

Then 2=1,.

The conclusion in (ii) of Theorem 1 is independent of the norm and the
shape of /4, only depends on the support of %, and is also independent of the
power p > 1.

Returning to the original geometric problem, our result implies that

(1) if K <0 on M, then there exists a conformal metric g* such that K is
the scalar curvature of the manifold (M, g*);

(ii) if the zero set of K (i.e., {x € M|K(x) = 0}) is not too “large,” then
the same conclusion as in (i) is also true. More precisely, if —k is smaller
than the first eigenvalue of the Dirichlet problem on My, = M\M,, where
M, = {x € M|K(x) > 0}, then there is a conformal metric g* such that K is
the scalar curvature of the manifold (M, g*);

(iii) if the zero set of K is too “large,” then k is not pointwise conformal
to K. More precisely, if —k is greater than or equal to the first eigenvalue of
the Dirichlet problem on Mj, then there is no conformal metric g* such that
K is a scalar curvature on (M, g*).

Therefore negative constant scalar curvatures are not always pointwise con-
formal to nonpositive scalar curvatures; it depends on the measure and the
shape of the zero set of K but is independent of the norm and the shape of
K.

We also have similar results for the Neumann problem and Dirichlet problem
of equation (1.1) in a bounded domain Q C R". The result for the Dirichlet
problem is the following.

Let Q be a bounded smooth domain in R” . Consider the following problem

Au+Au—hu? =0 in Q,
(1.2) u>0 inQ,
u=0 ondQ,

where A >0, p > | are constants, and A(x) is a function in Q.
Letting Ay be the first eigenvalue of the Dirichlet problem in Q and

Q, ={x € Qh(x) > 0}, Qp = Q\§+,
we have

Theorem 2. Assume that h > 0 (£ 0) is a smooth function in Q.

(1) If Qo = @, then for every A > Ay there exists a unique solution u(i) of
problem (1.2).

(il) If Qo # @, then there is a positive A € (Ay, oo) such that for any A €
(Ao, A) there exists a unique solution of (1.2), and for A > A there is no solution
of (1.2). Moreover

lim ||“()~)||L2(Q) = 0.
A2
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Furthermore, suppose Ay > 0 is the first eigenvalue of the Laplacian in M,
with zero Dirichlet boundary condition and ¢ > 0 is the unit corresponding
eigenfunction, i.e.,

Ap+Aip=0 inQy,
=0 ondQy.
Then A =1,.

For Neumann problems we have the following result.
Let Q be a bounded smooth domain in R”. Consider the problem

Au+Au—hu’ =0 in Q,

(13) u>0 inQ,
g—Z=0 on 0Q2,

where A >0, p > 1 are constants, v is the unit outer normal vector on 9Q,
and A(x) is a function in Q.
Letting
Q, ={x € Qlh(x) > 0}, Qo =Q\Q,,
we have

Theorem 3. Assume that h > 0 (£ 0) is a smooth function in Q.

(i) If Qo = @, then for every A > O there exists a unique solution u(l) of
problem (1.3).

(i) If Qo # @, then there is a positive A € (0, oo) such that for any A € (0, 1)
there exists a unique solution of (1.3), and for A > A there is no solution of (1.3).
Moreover

lim [|u(4)|| 2q) = oc.

Furthermore, suppose A, > 0 is the first eigenvalue of the Laplacian on
with zero Dirichlet boundary condition, and ¢ > 0 is the corresponding unit
eigenfunction i.e.,

Ap+Aip=0 inQyp,
0=0 ondQy.

Then A = 4,.

2. PRELIMINARIES

The following theorems will be needed in the proof of Theorem 1. The first
one, Strong Maximum Principle, is a manifold version of the regular strong
maximum principle in R" domain.

Strong Maximum Principle. Let (M", g) be a smooth compact and connected
manifold without boundary, A the Laplacian on M , and u € C*(M) satisfying
Au+cu<0 onM,
u>0(£0) onM,

where ¢ is a bounded function on M. Then u>0on M.

Proof (this is a modification of the proof of Theorem 3.5 in [10, p. 35]). Let
M, = {x € Mju(x) > 0}. If M, = M, then we are done. So we assume

My ={x € Mju(x) =0}, M, # 2.
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By the definition of the Riemannian manifold (M", g), for all x € M there
1s a neighborhood U, of x and a diffeomorphism
¢y U —V CR", V is a open set in R".

Since M is compact, we have

m
M=) U ={Us
i=1

XEM
and .
M =M, uM =|]U,.
i=1
Let
Ur= |J Us. U= |J Us.

Ux,-CM+ Ux,CMO
Then U, Cc M,, Uy C My. We claim that U, U U g M, except for u=0.

Suppose M = U, U Up; we claim Uy = My. In fact, Vx € My, we have
x ¢ U, (by definition of U, ), so x must belong to Uy. Hence M, C U,
and Uy = My, and therefore M, is both an open and closed set. By the
connectedness of M , we have My = M and therefore u =0 on M .

This means that if u # 0, then there is a U, such that

UnNM, #2, UNMy+#2

and a corresponding ¢,: Uy, — V C R" which is a diffeomorphism of U, onto
an open set ¥ C R". In the coordinate neighborhood V', the Laplacian is

I 9 ( . a)
A=—> —|¢g —,
M%ax, \/Eaxk

where |g| = det(gi;), (g/%) = inverse(g;;), and g; = g(¢7'(x;), ¢! (x;))).
Since g is a symmetric, positive definite, bilinear form and M is compact,
it follows that A is uniformly elliptic. Also u(¢~') is a C?-function in V
satisfying

Au(dp™") +cu(¢p=") <0 inV,
u(¢~')>0(£0) inV,

and the set
Vi={xeV|u@e ")(x)>0}

satisfying V, c; V. Let
Vo={xeV|u@")(x)=0}
Choose xg € V, such that
dist(xp, Vo) < dist(xg, V)

and consider the largest ball B c V, centered at xo. Then there is a point
y € 0B NV such that

ueHy) =0, u(¢~')>0 inB.
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The Hopf boundary lemma implies Du(¢~!)(y) # 0, which contradicts the
fact that y is an interior minimum in V. Hence ¥ >0 on M. O

Definition 1. A function v € C?(M) is said to be a super-solution (sub-solution)
of the problem
(2.1) Au+ f(x,u)=0 onM,

where f(x,&) € M x R — R is a smooth function on M, if v satisfies the
inequality

(2.2) Av+ f(x,v)<(>)0 on M.

Proposition 1. Let (M", g) be a C*-compact Riemannian manifold without
boundary, f(x,&) € M x R — R be a C'-function, and u,, u; € C*(M) be
super-solutions of

(2.3) Aui+ f(x,u))=0 onM, i=1,2,

Let
u(x) =min(u;(x), us(x)), xe€ M.
Then u is a super-solution of (2.3) in the following weak sense:

/VuV¢—/ fox, up>0  VheC®(M), 0.
M M
Proof. Let

My ={xeM]|u(x)<uxx)},
M,={xeM|u(x ) > ux(x)} .

First, we assume 9M; is a piecewise C!-boundary.
Forall ¢ >0, ¢ € C*(M),

/MVqub—/Mf(x,u)¢= /M] Vu, Vo — le(X,u1)¢

+/MZVqu¢—/Mf<x, 12)h

Using the divergence theorem, we have
(2.5) / VUV = 6“’¢ / A,  i=1,2.
am, OV

Combining (2.4) with (2.5), we have
/ VuVe — / f(x, u)o
~ [ 1w+ g0 o= [ A+ Sx w0
M, M,

3141 6‘u2
+ /a Quiy [ Oty

M, ov oM, ov

(2.4)

=) Wt o ulé = | [+ f(x, w2l + O —u) ,

M, oM, ov

=1L+ 5L+ 1.
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From the definition of super-solution, we have I; >0, I, > 0. To show I3 > 0,
we note

Uy —u; <0 in M, and Uy —u;=0 ondM,.
It follows that
0(uy — uy)

>
ov 20,

oM,

and therefore I35 > 0. Hence
/ VuV¢—/ f(x,u)¢>0.
M M

Next, assume OM, is not a C'-boundary. Suppose u; — u, € C*(M) By
Sard’s theorem there is a sequence &, > 0 such that lim,_ &, = 0 and the
boundary of {u; — u; < &,} belongs to the C!-class.

Denote

M, . ={xeM|lu —u;<e,},

M, ., ={xeM|lu —u;>e,},

Ug, (X) = min{u;(x), uz(x)+€n}.
Forall ¢ >0, ¢ € C*(M),

/Vue"VQS—/ Sf(x, ug,)d
M M
=/ Vu; Ve — fl(x, u|)¢+/ V(uy +€,)Ve
M M,

1.en Ml.:,,

JEn

- S(x, uz + &)

}”2‘5,,

- - / By + 0, u)lo— [ Bz + f(x, uz + )l
M M-

1.en 2.en

ouy / ou, + €,
+ —¢+ ——¢
/6M1'E,, ov oM, ., ov

=—/ [Au|+f(x,u1)]¢—/ [Aus + F(x , u2)lo
M, ¢, M) .,

O(uy — uy — &) ~
" /aM,J" 7 /MZ [f(x, u2) = f(x, uz + &)1

=L+ L+13+ 14

JEn

Since
uy—u;—e <0 in M, and Uuy—uy—&e, =0 ondM, .,

it follows that
0(uy —uy — &,)

>
ov 20

IM, .,

and

/ 8u1—u2—e,,¢>0
aMl.e,, -

ov
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By using the definition of super-solutions #; and u,, we have I; > 0 and

L >0.
And since
[ Utem) = s ree) < [ 1htr i+ 0l
3M2,cn a 2.en
< ”‘fé”C(Mx(—”“ZHC(M)_sn > ”“2”(‘(44)"’5"))”¢”C(M)8n ’
we have

/M Ve,V = /M Sl ue,) 2 _”fé“C(MX(—lluzllc(M)_sn , ||“2||C(M)+5n))”¢”C(M)8"'

Letting &, — 0, we have lim,_. o u,, (x) = u(x) and
/ VquS—/ fix,uw)p>0 Vo>0,¢ec C®M).
M M

Finally, if u; —u, ¢ C"(M) and since u;, u, € C*(M), then u; and u, can
be approximated by u,, and u,. respectively such that u,, u. € C" and for
e>0

lui — uiellc2ppy <& fori=1,2,

and
Aujg+ f(x,u)<e onM, i=1,2.

Let u, = min(u;,, 42) . Then it follows from the above argument that

/ Vi,V —/ fx, u)$ > Ce V>0, ¢ € Co(M).
M M
Letting ¢ — 0, we have

/Vuv¢—/f(x,u)¢20 Vé>0, e C®(M). O
M M

Proposition 2 (Sub-super-solution method). Let u (u) be a super-solution (sub-
solution) of the equation

(2.6) A+ f(x,u)=0 onM,
where f(x,u) € CY(M x X), and satisfy
u<u onM.

Then there exists a solution u of equation (2.6) satisfying
u<u<u onM.
Proof. This is a well-known result (see e.g. [3]).

Next, let us define the first eigenvalue of the Laplacian operator A on M.
We can decompose M, into at most countably infinitely many connected com-
ponents and express M, as

o0
M0=UM,- and MnM;=@2 fori#].

n=1
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For each M; € My, M; is a compact and connected subset of M with dM; #
@ . The first eigenvalue 4,(M;) of the Laplacian operator A on M; with zero
Dirichlet boundary condition is defined as

(2.7) AM(M;)= inf / Vol
peH} (M) M
“¢”L2(M,»)=l

Definition 2. The first eigenvalue of the Laplacian operator A on M, with zero
Dirichlet boundary condition is

(2.8) A1(Mo) = inf 2i(M)).

It is not difficult to show that there is an M;, 1 < i < oo, such that
(2.9) A(My) = A (M;).

In fact, if M has only finite, say N, components M;, where 1 <i < N, then
(2.9) is true. If M, has infinite components M;, 1 < i < oo, and since M is
compact, we have

lim Vol(M;) = lim | dV =0.

1—00 1—00 Mi

Therefore
lim 4;(M;) = oo,
1—00
and we have
A(Mp) = lSnl,leNM(Mi)
for sufficiently large N .

Definition 3. The inner boundary 9’'Q2 of a subset @ C M consists of the
points on 9Q which are not on the boundary of any component of M\ Q.

From the smoothness of /# and the definition of Mj in the previous section,
we have that

(2.10) o' My = @.

3. MAIN PROOF

Lemma 1. Assume h(x) > 0. Then, for any A > 0, there exists at most one
positive solution u(A) of (1.1).

Proof. Suppose, for some 4 > 0, there exist two positive solutions #; and u,
of (1.1) with u; # u;. We may assume

(%) u>u, onM.
If uy 2 u, and u, 2 u,, then we set

u(x) = min{ u;(x), uz(x)}, X€E M.

It is easy to see that ¥ > 0 on M and from Proposition 1 in the previous
section we know that u is a super-solution of (1.1). It is also easy to check that

uc(x) == const < min { <%) ! , minﬁ(x)} ,

XEM
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where H = ||h|| Leo(m) > 18 @ sub-solution of (1.1). By the sub-super-solution
method there is a solution v of (1.1) satisfying

u.<v<u onM.

So we may choose v to replace u, such that the new pair of solutions satisfy
(*) . Moreover, we can assume

uy>u,; onhM.
In fact, if u; > u> and u;(xp) = uz(xy) for some xy € M, then set
w(x) = uy(x) — uz(x).
It follows that

Aw+Aw+ f(x)w=0 onM,
w>0 onM,
w(XO)—_—O’ Xo € M,

where f(x) = —h(uf —ub)/(u; —u,) is a continuous function on M . Since M
is compact, f is bounded on M and therefore

Aw + f(x)w <0 on M.

By using the Strong Maximum Principle, we have w > 0 on M , hence u; > u;
on M. Since u; and u, are solutions of (1.1),

(3.1) Auy +Auy —hu! =0 on M,
(3.2) Auy + Auy —huf =0 on M.
Multiplying both sides of (3.1) by u; and integrating by parts over M , we have
(3.3) —/ Vu,Vu2+,l/ uluz—/ hufu, =

M M M
Similarly, we have
(3.4) —/ VuVu, +l/ uluz—/ hu‘z’u. =0.

M

Subtracting (3.4) from (3.3), we obtain
/ huyuy(u\?~ - zp‘l)=0.

But £ >0 (£0) and u; > u; > 0, so the left-hand side of the above equation
must be positive. This contradiction means u; = u,. 0O

In order to prove the existence of a positive solution of (1.1) we need the
bifurcation theorem below.

Let X and Y be Banach spaces and let F : R x X — Y be continuously
differentiable. Suppose F(A,0) = 0 for A € A, where A C R is an open
interval containing g, and that every neighborhood of (4g, 0) contains a zero
of F (A, x) which does not lie on the curve i = {(4, 0); A€ A}. Then (4¢, 0)
is said to be a bifurcation point of F(4, x) with respect to k.
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Bifurcation theorem [9]. Let X ,Y be Banach spaces, let V be a neighborhood
of 0 in X, andlet F:(—1,1)xV — Y have the properties:

(1) F(t,0)=0for|t|]<1;

(2) The partial derivatives F,, F,, and F,, exist and are continuous;

(3) N(Fy(0,0)) and Y/R(Fx(0, 0)) are one dimensional;

(4) Fix(0, 0)xy ¢ R(Fx(O, O)) where N(Fx(0, 0)) = span{xp} .
If Z is any complement of N(F;(0, 0)) in X, then there is a neighborhood U of
(0, 0) in RxX, aninterval (—a, a), and continuous functions ¢: (—a, a) —» R
and y: (—a,a) — Z such that ¢(0)=0, y(0)=0, and

F7H0)NU = {(¢p(a), axo + ay(a))||a| < a} U{(t, 0)|(t, 0) € U}.

Lemma 2. Assume h(x) > 0 (£ 0). Then for any fixed p > 1 there exists a
bifurcation solution curve (A, u(A)) of problem (1.1) starting from (0, 0) which
is positive.

Proof. In order to apply the Bifurcation Theorem, let
X ={ue (M) uly = llulcz.omn} >
Y = {ue CO2 N ully = oo}
where 0 < a < 1 is a fixed constant. Obviously X, Y, are Banach spaces. Let
F(A, u)=Au+ Au— hu”.
We have
Fi(A,u)=u, F,&,uv=Av+iv—-phuwr~'v, Fi, uv=uv,
and for / =0, u =0, we have
F;(0,0)=0, F,(0,0v=Av, F;,(0,0v=no.

A has O as its first eigenvalue with a constant as a corresponding eigen-
function. Obviously N(F,(0, 0)) = N(A operator) and Y/R(F,(0, 0)) are one
dimensional with

N(F,(0, 0)) = span{1},

R(F,(0. 0)) = {fe Y| /Mf=0} ,
Fru(0, 0)1 ¢ R(F(0, 0).

So by the Bifurcation Theorem, there is a bifurcation curve (A(s), u(s)) start-
ing from (0, 0) with

A=As), u(s)=sl+sy(s) for s near 0,
where 1:(-a,a) — R and y : (—a, a) —» C*(M), such that
A0)=0,  w(0)=0,
~1(0) = {(A(s), u(s)), Is| <a}u{(4,0), A€ (~a,a)}

in a neighborhood of (0, 0) in R x X . Replacing u and 2 in equation (1.1)
by the above expressions, we have

(3.5) Au + Au — hu? = sAy(s) + A(s)(s +sw(s)) — h(s + sy (s))?
=0 onAM,
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u(x,s)=s(1+w(s))>0 onM,
for s > 0 small enough. Integrating both sides of (3.5) over M, we have

A(s)s(l+0(l))—s1’/ h(1+o(1)y =0,

M

l(s):s"“/ h+o(s*~')>0 fors >0 small
M

Hence from the point (0, 0) € Rx C?(M) there is a bifurcation curve (4, u(4))
such that

Au(A) + Au(A) — hu(A)» =0 on M
and

1
A>0, u(l)=£—+o(lﬁ) for A near 0. O

Remark 2. Elementary arguments show that there is a maximum number e
(0, co] such that there exists a continuous function u : [0, 1) — C?(M) satis-
fying
F(A,u())=0 onM

and -

F, (A, u(2)) is nonsingular (invertible) for A < A.
This means we can continue to extend the above bifurcation (4, u(4)) to all
[ < I. To study the properties of the bifurcation curve (4, u(4)), we claim

Lemma 3. For all . € (0, 1), u(A) is differentiable with respect to 4, and is
monotone increasing, i.e., u' (1) >0 on M, where u'(A) is the derivative of u(A)
with respect to .

Proof.

Step 1. We claim u(4) is nondecreasing for 4 € (0, 4).

In fact, suppose the claim is not true. Then there are two pairs of solu-
tions (A;, u(4)) and (A, u(43)) such that 4; < 4, and, for some x € M,
u(A)(x) > u(A2)(x). Since

Au(Ay) + Au(A) — huP(A2) =0 on M,
we have
Au(Ay) + Au(dy) — huP (Ay) = —(A2 — A)u(42) <0 on M.

Therefore u(4;) is a super-solution of (1.1) at A = 4,. It follows from Propo-
sition 1 that
u(x) = min(u(4;)(x), u(42)(x)) on M

is a super-solution of (1.1) and
0<u<u(d) onM.

We also know that u, = constant small enough is a subsolution of (1.1) with
u. < u. Using sub-super-solution methods, there is a second positive solution
up(4;) of (1.1) at A = A;. This contradicts the uniqueness in Lemma 1. Hence
the claim is true.
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Step 2. First, we claim that for A € (0, A), F,(A, u(l)) is invertible.
Let (u, v) be the first eigenvalue and eigenfunction of F,(4, u(4)), which
satisfy

(3.6) Av +Av — phu?~'(A)v = —uv on M,
v>0 onM.
Recall that
(1.1) Au(A) + Au(A) — hu?(A) =0 on M.
Multiplying both sides of (3.6) by #(4) and integrating by parts, we have

(3.7 / VuVu +,1/ uv —p/ hu’y = —u/ uv.
M M M M
Multiplying both sides of (1.1) by v and integrating by parts, we have

(3.8) / VuVy +/1/ uv —/ huPv = 0.
M M M
Subtracting (3.8) from (3.7), we have

(r- 1)/Mhu"v=u/Muv.

Since u, v > 0, we have y > 0. Therefore F,(4, u(4)) is invertible. It follows
from the Implicit Function Theorem that u(4) is differentiable with respect to
A. Combining this with the fact that u is nondecreasing we have

u'(A)>0 on M forde (0, A).
Differentiating (1.1) with respect to 4, we have
Av'(A) + A’ (A) — phw?~ ')/ (A) + u(A) =0 on M,
u'(A)>0 on M.
By using the Strong Maximum Principle we have w'(A) >0on M forall A€
(0,4). O

Remark 3. We claim that there exists a function 4* € C'(M) satisfying
(1) supp h* =M, ;
(2) 0<h*(x)<h(x)VxeM,;
(3) supyep, |VA*/h*' 7% < C(e) = C/e? for Ve > 0.
For example, let d(x) denote the distance between x and OM, , i.e.,
d(x) =dist(x,o0M,) forxe M,.
Choose 6 > 0 small enough and define #* as follows
e~ /"X for x e M, and d(x) < 6,
h*(x) =< h(x) for x € M, and d(x) > 24,
0 for x € M\M,.

It can be shown that A* satisfies our assumption.
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In fact, when d(x) < d, we have that Vh* = e'ﬁvh/hz(x) and
Vh* ek
h*l_e < C‘( h? )

Moreover, it is easy to verify that the maximum of e~# /A2 for d(x) near zero
is bounded by C/&? In fact,

=5\ e fe—2het
W) T T e

when h(x) =¢/2 it gets its maximum, and therefore
Vh*
h*l_s
Lemma 4. For any € > 0, if u(A) is the positive solution of (1.1) with 4 < %,
then h*uP~'-¢ € L*°(M,) and

sup B uP~'"¢ < C(e, A).

XEM,
If A is finite, so is C(e, A).
Proof. Again let (u, v) satisfy (3.6). From Lemma 3 we know that u(4) >
0 for all A € (0,4). By the variational properties of the first eigenvalue of
F,(A, u(A)), we have that for all ¢ € H!(M)

(3.9) /IWIZ A/ p +p/ hu?- '¢2>u/ 0.

Choosing ¢ = (h*)*u* in (3.9), where s > 0 and k > p will be determined
later, we have

£

= |Vh| |55

< CK8)=:EE'

Vo =sh*)'ukV(h*) + k(h*)u*'Vu,
|V¢|2 - SZ(h*)Zs—Zqulv(h*)P + kz(h*)ZSqu‘2|Vu|2 + 2Skh2s——lu2k——lvhvu.
Replacing the terms in (3.9) by the above expressions, we have
(3.10)
52 /M (B*) "2k T ()2 + 25k / (R Vv

+k2/ (h*) P w22y — ,1/ 25u2k+p/ h(h* )2 up= 142k
Recall

(1.1) Au+Au+hu? =0 on M.

Choosing y = kuz""(h*)zs , multiplying both sides of (1.1) by y, and inte-
grating by parts over M , we have

2Sk/ W= (W) (h*)Vu + k(2K - )/ w2 () |Vuf?
M

—uc/ ) Fuk +k/ h(h*)*urt2K-1 = .

(3.11)
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Subtracting (3.11) from (3.10), we have
2 [ (B — ke = 1) [ (a2
M M
walk=1) [ ey - k) [ btz [,
M M M
Since k > p, we have
Ge=p) [ () Pwr k=) [ ey vup
M
<t [y w )P a1 [ )i,
M

By using (3) in Remark 2, we have

(3013) /ju(hau)2s—2qu|V(h:or)|2=/]u (h*)l(s—s)uzk

C w2(s—2) . 2%k
< —
-84/M+‘h) u

C st | For T _.
< S| ety

(3.12)

v(h*) |2
()™

Setting (s—e)Rk+p-1) _, +2s
(3.14) k ’
’ (1+2e)k 1+ 2¢
wehave s=—"—+¢, s—¢= k.
p—1 p—1
2k
- TG R
By using Young’s inequality, we have
S2/ (h*)2S—2u2k|V(h*)|2
M,
C52 . _ 735—_1 -1
(3.15) <o [ /M (h*) 2wk ‘] | M| 77T

2k+g 1

2
<[ oy ()5

l(k— 1)/ (h*)Zsqu

+

(3.16) < Ak = 1) sup (") 2EI/ ") 2Ty

2k+p—1

S/ (ht)l+2su2k+p—l+ (ﬂ(k—l)sup|(h*)2e|> -l IM+|
M, M,
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Combining (3.12), (3.14), (3.15), and (3.16), we have

2k+p—1

2 p—1
[t g (Shaei) T,
M,

and
C ) 2kp+_g_l—l
[ < (Sheen) T,
where s = (1 +2¢)k/(p — 1)+ ¢ and k > p + 3 will be determined later.
By using (3.14) and the fact s = O(k), we have

p+2k—1

. _ 2 p—1
(3.17) et < (C—S +c1<) M.,
and
. 2 =
(3.18) ’ (h*) P22 gy < <C5 + Ck> M.,

where C = C(supy,, |h*|, supy, |VA*|, 4, p)and 0<e < 1.
S
Now set w = (h*)ku, where s/k = (1 +2¢)/(p — 1) + ¢/k. We have

[ warr=s [ o aken ek [ e vad
M, M, M,

+2sk [ (B 'V (h*)Vu
M,

<257 / (h*)*~2u | VA2 + 2k3 / (h")u?* =2 Vul?
+ M,

<25 / (h*) P22k |y he 2

2k? 2 $\25=2 2k oy * |2 _ 25, 2k
+k(k_1)[s /M+(h) WK \Vh* 2+ Ak 1)/ (h*)>u ]

M,

where (3.12) is used.
For k big enough, we have
k? 5
m < 2 N k -1< k N

and

M, M,

[ - / (e

Combining the above inequalities, we have

/|Vw|2<c< +/1k)/ (h*)*5792% < (1 +,1)4/ (h*)*5 =)y
+ M+

since s =(1+2e)k/(p—-1)+¢e,0<ex 1.

V(h*)

e
()| =

~ (h*)2(5—8)u2k
—_ 84 .

M,
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By using the Sobolev inequality, we have

(/ ((’l*)suk)‘zﬂ’>n7_2 < C/ VoK |2 < C(1 +l)§—j/ (h*)26=)y 2k

+ + +

ie.,

R

. KNE
I lmarn, < CHO 4 2% (52) 10 Tl .

where s/k = (1+2¢)/(p— 1) +¢&/k. Now set

— n _ m
(3.19) X=—s, k=x
where m is a sufficiently large integer. Then we have
o 2m 557 o Lt2
(3.20) ll(h* )J—“uuwm.w < Cum <£87> 1CA*) P ull 2y g, -

Choose ¢ = ¢y > 0 small enough and set
1+28 & 1+201+5&m)e0  1+2e
+ — = =
p-1 xm p-1 p-1
where ¢; = (1 + (p — 1)/2x™)eo . Then (3.20) becomes

Ed

1+2¢

1
2m\ 24 142
i § 1,—m X " )
1) < O (S0 ) 7 000 Pl

By the same procedure as before, we have

42 ¢
”(h*) p—b 7 ym+l uIle,m+2(M )
Ly —(m+D) Xz(m+|) L= 2men
X
<C? ( et ) [[(A*) 7= = u”LZx'"H(M)
L= 2m+1)
2(m+l) EX I+Ze
lX—(MH) X :
<C: ( e () 7T tll et .

. -1
(smce & = (1 + 1;-)(’" ) & > 80)

(m 1)y =2 Dy =2 1+2¢
—(m+1) X
< e ( — N7 ] o g -

Z(X_Z(’"+I)+X_2'"
&y
Setting &, = (1 + (p — 1)/2x™*")e, and iterating the above inequality, we
have

142, 4
n l Tt g

D) T2l rones o, = 1)
C% z” X_("’“) XZT:O(M+i)X—Z(m+Il
S i=0

lm“' u||L21m+n+l (M+)

227:01_2(m+1) "(h )P u“szm M, )
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Since y =n/(n—2)> 1, we have

> 1 C ad C
szmﬂ__—;msx_m’ ZZ(:;SW’
i= i=0

and
e 3 (1+ p—l) "—l<+p_1>€
n==¢6p-1 1= 0

2xm+n vy 2xm+l
Let

We have that ¢ is finite and

l+2¢n:

lI(h*)7 - u”LZzz'"*" ) < Cli(h )" i u”sz'"*"(M)
142¢,

n=l 1, —(m+i) n—1 P ) n=l —2(m+i) 1+Zeg
< CLio 1 "‘*'x&o""*' g2 L0 X ()T |,

< C(Xs €0, 1Al oo ar, ) )”h = u”le"’ (M)
Letting n — oo, we have
1x2029 o 220
SGUAI} |(h* ) a ul < C(x, ¢, “h”CI(M+ I(A*) 7= Ull L2 (1,
X +

Combining the above inequality with (3.17), we have

N l+2¢nQ
sup [(h*) 7T ul < C(A, &0, P, 1Al o1 ar,)) | M.
X +

Since 1 <o < C, for all ¢ >0, we can choose & such that ¢ = 20¢, and

o L2 _
(3.21) sup I(B*)7="ul < C(A, P, lIhllciar,)) e 1Myl
X +

where p =232 1/x%m) < 400 O.

Lemma 5. Assume that My # @. Then A = A, in problem (1.1), where A, is
the first eigenvalue of the Dirichlet problem on My with the unit corresponding
eigenfunction ¢ > 0.

Proof. From the definition of 4; and ¢, we have

Ap+2419=0 on M,

(3.22) >0 on M,

9=0 ondM,.
Assume u(4) is a positive solution of (1.1) with 4 >0,
(1.1) Au(A) + Au(A) — hu?(A)=0 on M.
Denote

*_{(0()‘), X €M,
7o, x € M\ M.
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We know ¢* € H' (M), ¢* >0 on M. Multiplying both sides of (1.1) by ¢*
and integrating by parts over M , we have

(3.23) VoVu+ 4 (pu =0.
My

Multiplying both sides of (3.22) by u(4) and integrating by parts over Mj, we
have

(3.24) / ua—(p— V¢Vu+11/ pu = 0.
oM, OV M, M,

Subtracting (3.24) from (3.23), we have

do /
Uu—+ (Ay = 4 u=20.
/{,MO po =4 [ o

Since g—‘ff <0 on &M,, we have 1; > A. Therefore 1 < A;. We claim that
(3.25) iin%||“()~)||L2(M) = +oo.

In fact, suppose (3.25) is not true. Then there exist a constant C < oo such
that

(3.26) / w*(A) < C  forall A <1
M

From equation (1.1) we have

/|Vu| +/hu”+' /1/ ut<iC,

k/ u""|Vu|2+/ hup+k=/1/ W forall k> 1.

M M M

By using a similar iteration as in the proof of Lemma 4, we can prove that
(3.27) “u“Lw(M) < Cllullpapy £ C.

From (3.26) and (3.27) we have

u(2)(x) = il_{!% u(4)(x)

and

is a positive C2-solution of (1.1).

It is easy to show that the functional F(4, u) = Au+Au— hu? is nonsingular
at (4, u(2)). Therefore we can extend the bifurcation curve beyond the 1 by
using the Implicit Function Theorem. But this contradicts the definition of 2.
Hence the claim of (30) is true.

Define @)

u
) = Dl

Then w(4) is a positive solution of
Aw+io—hw"'o=0 on M, and |04, =1
Let

hu?

Nl L2ay .

F(x)=hw'o(x) =




522 TIANCHENG OUYANG

It follows that F(x) € L'(M) with IE i gary < C(4, n), and since
Aw+iw=F(x)>0 onM,

w is a positive sub-solution of

(3.28) Aw+iw=0 on M.

By using the same argument as applied in the estimate of (3.27), we have

@l Lo £ C(4, n), and (@A) g4y < C(, n).

By the boundedness of w(A) in H!'(M), there is a subsequence of {w(4)} 132
say {w(4,)}32,, such that

lim A, =4, and lim w(,) = w(l),

n—o00 n—oo

where w(4,) is strong convergence in L?(M) and weak convergence in H!(M).
In My, for any A < A, w(A) is a positive solution of

Aw+iw =0 on M,.
So w(7) is a weak solution of
Aw+Aiw=0 on M.

On the other hand, since w(4) is a sub-solution of (3.28), by the semicontinuity
of the weak convergence we have that w(4) is a weak sub-solution of (3.28) in
the following sense:

/ Vo)Ve —71/ w@p <0 YoeH'(M), ¢>0.
M M
By the same methods as before, we have

||w(7»)||Loo(M) < C”w(z)”u(/m <C@,n).

So by the regularity of the linear elliptic equation, we have that w(2) is a strong
nonnegative solution of

(3.29) Aw+Aiw=0 on M.
From Lemma 4, we know that

limw(A)(x)=0 ae. on M,.
A=A

Hence

(3.30) wA)(x)=0 ae. on M,.

We have already obtained that w € H'(M), where o] v, =0, M, isan

open set in M . Now we claim that w actually belongs to HJ} (M) . It should
be noted that the above problem with a more general setting has been studied
in [12, 13] by L. I. Hedberg. He claimed that
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Theorem H1 (Theorem 1.1 in [12]). Let f € W3(R?) for some q > 2 —5 and
some positive integer m. Let K C RY be closed, and suppose that D*f|, = 0

forall o, 0 <ol <m-—-1. Then f € V(i/?,,(KC), where K¢ denotes the
complement of K, i.e. RI\K .

Theorem H2 (Theorem 11 and Corollary 3 in [13]). Let E be compact, 2 < p <
oo. If the inner boundary 0'E =0, 9 € W{, and ¢ =0 g-a.e. on E¢, then

v € WI(E).

Here we give a straightforward proof which is suited particularly to the case
where M, is C!, i.e., we assert that

o) (x)=0 on dM,.
In fact, from (3.29) we have
w(A) € C®(My) N H (M) L®(M).

Let M, CC M, be a subset in M; such that
(3.31) M, = {x € My | dist(x, dMy) > r},

where O0<r< 1.

Since dM, isa C!-boundary, O M, is a piecewise C!-boundary of M, , for
r > 0 small enough. Let i = (n;, ny, ..., n,) denote the unit normal vector
on OM,. Since OM, is piecewise C!, the n;(x),x€oM,,i=1,2,...,n,
are piecewise continuous on &M, and we can modify n;,i=1,2,...,n, by
a piecewise C!-vector function ¥ = (y;, V2, ..., W,) on OM, such that

(3.32) g-i>1 onoM,

Furthermore we can extend the boundary vector function ¥ to a global piece-
wise C!-vector function, denoted by ¥ again, on M such that

19l ar) < C-
Since w(A) € HY (M), we have
(3.33) / (Vw) -y = / wdiv(y) = — wdiv(ti)),
| o) - /M,(V“’>"’7+/M\M,‘V“’)"‘7
(3.34) - M’(Vw)-y7+ /MO\M’(Vw)'y'/' (by (3.30))

=/ w(y?-ﬁ)—/ a)divn/7+/ (Vo) - y.
oM, M, Mo\ M,
Combining (3.33) with (3.34), we have

/ w(nﬁoﬁ):—/ wdiv.p—/ (Vo) - .
oM, Mo\ M, Mo\ M,

/ wdiv g
MO\Mr

Since

<C dv < Cr
Mo\M,
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and

<C Vol

/ V- g
Mo\ M, Mo\ M,

1

3 3
< (/ |Vw|2) (/ dV) <crt,
MO\Mr MO\MV

/Mw(u?-ﬁ)

we have
1
Crz.

IA

From (3.32), we have
(3.35) / w<2| oW -8B<Cr,
oM, oM,

where the constant C is independent of r.
Define M} = My\M,. From (3.35) we have

/ w() < Cri
M-

</M' w2(1)>% <c(f, “’a))é <crt,

r r

and therefore

Now we are going to construct a sequence of w; € Wol *4(M,) for some g > 1,
such that B
w; — o) in W) 9(Mp).

Let S, = {x € M | dist(x, d My) < r} be a strip containing d My, and
aS! = {x € M,| dist(x, dMy) = r},
382 = {x € My| dist(x, IMy) = r},
S, = MO\MP

We claim that, for any r > 0 small enough, there is a “shrinking” diffeomor-
phism

(3.36) ¥:S, ST
with WP(8S!) = OM,, ¥(9S2) = 8S?, and

sup |V¥| < C, sup [V¥~!| < C,
X€S, X€S,

where C is a constant independent of r. Assume the above claim is true and
let
o — oY (x) ifxes,,
") w(x) if x € M,.

It follows from (3.30) that w, € H!(Mp) for all r > 0 small enough, and

lwr = @l 2ag) = lor = @l 240\ m1) < Nl L2 g\ M) T+ ”w”LZ(Mo\M,)
< 2|0l 2 agm,) < CrY2,
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and

V(@ = Ol pansinen agy) = IV (@0r — )| 2nsneny o\ M)
S IVOH v gy aa,) + IV Ol Lnsnsn agg\ ma,)
< 25up VY| VOl Lamnen agr g,y < CrY™

21 2n
Therefore w, — @ strongly in Wbl "™(My) and w € Wo1 " (Mp). Now
applying the L? estimates for the strong solutions of the second order elliptic
equation (see e.g. [10, Theorem 9.14]), we have

2n
w e W2 F (Mo) N W ™ (My),

and ||w||y2. 2w Mo < C. Using the Sobolev imbedding inequality, we have
VoIl f2n/n-1(a) < €, and therefore
(*) IVl 2 poas,) < criin.
It follows from (x) and the above argument that w, — w strongly in WOl ’Z(Mo)
and w € H}(My).

Next we need to show that the claim (3.36) is true.

In fact, for any xo € M, since I M, is of class C!, there is an open set
Uy, C M and a diffeomorphism

Oxo: Uxy = Voxp) C£", Vs(x,) 1S an open set in #Z".

Moreover, ¢y, straightens the boundary 0 My N Uy, in the following way: Let
By, = Uy, NS, ; then

(1) ¢xo(on N My) C %f >

(2) $(@MyN Us,) C IR

(3) peC'(Uy), ¢7' € C'(D), where D = ¢(Uy,);

(4) ¢(8S}))c #" and ¢p(9S?) C #!.

Considering a finite covering of OMy by U, = Uy, ,i=1,2, ..., m, without
loss of generality we may assume ¢y, (By,) is a coordinate cube {x € #"|-2 <
xi<2,i=1,...,n} fori=1,...,m,and S, cU, B;.

For simplicity we may assume that ¢,, also straightens the boundaries 9S!n
U,, and 8S? N Uy, such that ¢(0S! NUy) C {x € Z" 0 < x; < 1,i =
1,2,...,n—1;x, = -1} and ¢(0S*NUy) C {x € Z"0< x; < 1,i =

1,2,...,n—1;x, =1} respectively. Since r > 0 small, S/ also belongs to
the C! classfor i=1,2.
Let {n;},i=1,2,..., m,beapartition of unity subordinate to the covering

{Ui}1, satisfying

(1) nieClU) for i=1,2,...,m;
(2) >0, Xm=11in§,,

and set

O = mel(x) forj=1,....n

i=1

It is easy to check that
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@, = (D, P2,..., D) S, - {x e B -1 <x,<1}

is a differomorphism.

Let

pr=<xla-x23-‘-’xn2-*-r)’ lPrI(Dr_loproq)r-

Then ¥, : S, — S; is a diffeomorphism with ¥,(0S!) = 0M, and ¥,(8S?) =
852,

Therefore @ € H}(Mp). Hence w(2) is the unit positive eigenfunction of
the Dirichlet problem on M, and hence A=4;,. O

Proof of Theorem 1. Conclusion (ii) of Theorem 1 follows from Lemma 5.
To prove (i), we need the following fact: Suppose {Q,}, n=1,2,..., is
a sequence of normal connected open sets on M such that

and Vol Q, — 0, as n — oc. Then the first eigenvalue A,(n) of the Dirichlet
problem on Q, satisfies

(3.37) nlim A(n) = oo.

Suppose the 2 in (i) is finite. Then from the above geometric fact we can find
a small connected open set Q C M, with smooth boundary such that the first
eigenvalue A; of the Dirichlet problem on Q satisfies A, > A. It is easy to
construct a function h* satisfying

(3.38) 0<h*<h and Myh*)=Q.
Then for A € (4, A,(h*)) there is a finite positive solution u(4) of
Au+Au—h*u> =0 on M.

From (3.38) we know that u(4) is a super-solution of (1.1), which means there
is a positive solution of (1.1) for 4 > 4 but which contradicts the definition of
A . Hence the conclusion of (i) is true. O

Proof of Theorem 2. Since the first eigenvalue ig of the Dirichlet problem in
a bounded smooth domain Q € #" is strictly positive and the corresponding
eigenfunction v; keeps the same sign on €, we may choose it to be strictly
positive in Q.

The proof exactly follows that of Theorem 1, except we replace the first
eigenvalue 0 of the A operator on the compact Riemannian manifold by the
first eigenvalue Ag > O of the Dirichlet problem in Q, and in the proof of
Lemma 3, we Replace the small positive constant (as a sub-solution of problem
(1.1)) by cv,, where ¢ is a small positive constant, as a sub-solution of problem
(1.2).

Therefore we omit the details of the proof. O

Proof of Theorem 3. Since problems (1.3) and (1.1) have the same eigenvalue 0
and constant eigenfunction for the A, the proof of Theorem 3 follows exactly
from the proof of Theorem 1. O
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