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ON THE ANALYTICITY OF SOLUTIONS
OF FIRST-ORDER NONLINEAR PDE

NICHOLAS HANGES AND FRANCOIS TREVES

ABSTRACT. Let (x, t) € R™ x R and u € C2(R™ x R). We discuss local and

microlocal analyticity for solutions u to the nonlinear equation
wu=f(x,t,u, uyx).

Here f(x,t, {y, ¢) is complex valued and analytic in all arguments. We also

assume f to be holomorphic in ({y, {) € C x C™ . In particular we show that
WF 4 u C Char(L¥)

where WF, denotes the analytic wave-front set and Char(L¥) is the charac-
teristic set of the linearized operator

L*=08/0t-Y 0f/0;(x,t, u, ux)d/dx;.

If we assume u € C3(R™ x R) then we show that the analyticity of u
propagates along the elliptic submanifolds of L*.

INTRODUCTION

The present article concerns %2 solutions of a nonlinear PDE

(%) u o= f(x,t,u,uy)

where f(x, ¢, {o, {) is complex-valued and real analytic, and holomorphic
with respect to ({y, {). Here x varies in an open subset of R™, ¢ in an
interval, and ({o, {) in an open subset of C™*!. In [Chemin, 1988] it is
proved, under the weaker hypothesis that f is merely &> with respect to
(x, 1), that the &> wave-front set of any €2 solution u is contained in the
characteristic set of the linearized operator

(%) LY=0/01 =Y (8f/08,)(x,t, u, ux)d/ox;.
j=1

We prove the analogous theorem with > replaced by ¢ . Perhaps the result
is known, though we have been unable to find it in the literature. Possibly it
can be established by the methods of paradifferential calculus. Nevertheless
we thought that a simple proof was worth publishing. Our proof relies solely
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on the implicit function theorem in conjunction with known results of linear
theory—but the linear theory of hypo-analytic structures (see [Baouendi-Chang-
Treves, 1983]). Two lemmas (1.1 and 1.2) are needed, which might qualify as
slightly harder analysis, on estimating the FBI transform of a solution to a linear
equation. But the authors have included their proofs only to persuade the reader
that what is true, and known, for linear partial differential equations with &>
coefficients is also true when the coefficients are Z’!. Section 3 shows that the
analyticity of %3 solutions u of (x) propagates along the elliptic submanifolds
of the linearized vector field (xx). This is the same phenomenon as in the linear
case (see [Hanges-Treves, 1983]).

1. PRELIMINARIES ABOUT A FIRST-ORDER LINEAR PDE

We consider a complex vector field in an open neighborhood of the origin,
Q,in R™+1

m
L=0/0t+) ci(x,1)d/0x;,
j=1

with coefficients ¢; € !(Q). We shall reason under the following hypothesis:

(1.1) there exist m %! functions y; (1 <i<m) in Q such that,
) if we setset Z; = x; +ty;(x,t),then LZ, =0.

Wewrite W = (W1, ..., Wm), Z=(Zy, ..., Zy). We select an open neighbor-
hood U € Q of 0 such that the mapping U > (x,t) - (Z(x,?),t)eC" xR
is a diffecomorphism of U ontoa %! submanifold £ of C” xR. In particular
the Jacobian matrix Z, must be nonsingular in U. It is convenient to take
U=% x ¥ with & an open ball in x-space R” and .# an open interval in
the t-line R, both centered at the origin.

We have

m
> ¢0zZi/ox;=-0Z;/ot, i=1,...,m,
j=1

whence, in vector-matrix notation,

(1.2) c=-27'7,.

Of course, Z, = I +tyx, Z; = w + ty, (I : m x m identity matrix). The
symbol of L is given by

(1.3) A=1-2,-'Z%¢

(left superscript ! indicates transposition).

We consider now the submanifold & of U defined by t =0, ie.,, & =
# x{0}. On &, dZ; = dx; + wi(x, 0)dt. The characteristic set T° of L,
i.e., the subset of T*R™*'\0 = R™*! x (R™*'\{0}) on which the function 4
vanishes, consists of the points (x, ¢, &, 7) such that, for some { € C",

E-dx+1dt=C(-dZ

(the center dot - stands for the “real” scalar product). Over 2 this means

(1.4) (=¢,7=Rey(x,0)-¢, Imy(x,0)-&=0.
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The pull-back map CT*R™*!|» —» CT*Z transforms 70|y into the set
(1.5) (x,0),¢-dx)eT*Z; Imy(x,0)-£=0.

This said, consider an arbitrary %! solution /4 of the equation LA =0 in
Q and its FBI transform

yh(t; z, C) =/ el(-(z—Z(x'J))-—(C)(Z—Z(x',t)yh(x/, t)dZ(x’, [).
&

Here ({) = ({-¢)!Y/? (main branch of the square-root). Notice that

g’h(O, z, g) =/ ex(o(z—x’)_<c)(z—x')2h(x,’ O)dx’.
B

Lemma 1.1. Let r > O be the radius of the ball % . There is an open neigh-
borhood @ of 0 in C™, a conic open neighborhood € of R™\{0} in C™\{0}
and positive constants ¢ , C such that

_ B , —r3|¢1/2
(1.6) \Fh(t; z,0)—Fh(0; z, ()| < Cltle agll’[ﬁ’é,allhl

for all solutions h € €'(Q) of Lh =0 and all

(1.7) teR, |t|<d, zel@, (e€¥.
Proof. We have

- (0/00)F h(t; z, {)

=/ b (e =20 0=OE=Z( OV (' 1) det Zy(x', 1)) dox’
B
mn ' I 2
+ / > (8/0x;)(cjett FmEE OO Z 0 p(x! | 1) det Zy(x', 1)) dx.
B
j=1

The first integral is equal to zero due to the hypothesis that Lh = 0. Integration
in the second integral shows that

—(0/00)F h(t; 2, {)

=/ el (= Z( )~ (Oe=ZC OV (! fya(x!, ) do (>
o0&

y .

Putting z =0, { € £ € R"\{0} shows that
—(@/0nF h(1; z, ()

(1.8) - / e—1¢~(x’+tw(x’,t))—]él(x'+tu/(x’,t))zh(x/’ t)a(x’, ) da(x’)
X4

for a suitable choice of the density a (do is the spherical measure on 0.%).
In the integral over .% in (1.8) we have

Im{—&-[x'+ ty(x', D]+ 1UE(X" + 1w (X, 1)*}/[E]
=tImy(x', t)-E+r*+2tRey(x', t)-x'
+ 2| Rey(x’, ))? - 2| Imy(x', t)?

where & = &/|¢|. We select § > 0 small enough that
(1.9) ltImy(x', 1) - &+ 2tx’ - Rew(x', 1) + 3| Imyw(x', )]? < r?/4
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forall x' € 0%, |t| <d. From (1.8) and (1.9) we derive

, < Ce-¥l/a :
I(8/80)F h(t; 0, &) < Ce MIZI[E’E,a]'h'

If we allow z to vary in & and { to vary in the cone %, provided Q and
the conical distance from C™\% to R™ are sufficiently small, we obtain

. ay
(1.10) (8/0)F h(t; z, ()| < Ce mylggﬂlhl-

Integration from 0 to ¢ shows that (1.7) is a consequence of (1.10). O

We shall now restrict the variation of { to a conic neighborhood #° in
C™\{0} of a point &% € S™~! (the unit sphere in R™) such that no character-
istic point of L lies above (0, &%) € T*2° . By what was said above this means
that Im (0, 0)-&° # 0. Possibly after replacing & by —&° we may always
assume that

(1.11) Imy(0,0)-&°>0.

Lemma 1.2. Suppose (1.11) holds. Then there is an open neighborhood of 0 in
C™, @, an open conic neighborhood €° of &% € S™~! in C™ and constants
C, 6; >0 such that

(1.12) \Fh(t; z, ()| < Cetmv0.0°)/2 Max |4
Bx[-8,0]

for all solutions h € €'(Q) of Lh =0 and all
(1.13) teR, -0,<t<0, ze@, [e?°.
Proof. We have, for t€ R and p >0,

Fh(t;0, p{o) =/ e-1p§°°(X'+IW(X'.t))—p(X’+w/(X’,t)>2h(x/, NdZ(x', t).
B

The hypothesis that y is of class &' allows us to write, for some constant
K>0andall xXe%#,tes”, t<0,
Im{—¢° [x" + 1y (X', O] +1(x" + 1y (x’, 1)*}
= —tImy(x', 1) &+ x|+ 2tRew(x', t)- X'
+2|Rey(x', )]* — 2| Imy(x', 1)

> || Im (0, 0)-&° + Of|e|(|x"] + [£D] + |x'|?

> —t(Imy(0, 0)-&% — K2,
If we require

1<0,  |ff <K' Imy(0,0)-8 =4

and select @ small enough and %° sufficiently “thin” about the ray through
&0 we reach the desired conclusion. O

If we combine Lemmas 1.1 and 1.2 we get
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Lemma 1.3. Suppose (1.11) holds. Then there is an open neighborhood of 0 in
C™, @, an open conic neighborhood Z° of &0 € S™~! in C™ and constants
C, ¢y >0, such that

o & ' < —olll M
(1.14) |Fh(0; z, )| < Ce gx[?«;(,allh‘

for all solutions h € €'(Q) of Lh=0 andall ze¢@, { € &O.

Let us now reason in (x, ¢, &, 7)-space. We look at the characteristic points
that lie above the origin (x = 0, ¢ = 0). As pointed out earlier they are given
by

(1.15) T-Rey(0,0)-6=0, Imy(0,0)-&=0.

It follows that a point (0, 0, &9, 79) € R™*! x R™*! is noncharacteristic if any
one of the two equations (1.15) is violated.

We introduce an extra variable s € R, a parameter 8 € [0, 2n) and we
define the vector field in R x Q,

F9=08/9s—e L.

We note that every solution 4 € €'(Q) of Lh =0 can be regarded as a solution
of the equation %4 =0 in Rx Q.

Let % be an open interval in R centered at the origin. We shall assume
that .#? satisfies hypothesis (1.1) in the open set % x Q. This means that
there are m functions yf! € €'(H x Q) (1 < i < m) such that, if Z¢ =
xi+syl(x,s, ), then. Z%Z? = 0. Actually we need one more “first integral,”
one whose value at s = 0 is equal to ¢; it suffices to take Z¢  =1+e %s.

We observe that, above the points x =0, 1 =0,

symb(F¥) =g — e~ (r + icj(o, O)éj) )
j=1

On the other hand, by (1.2) we also have

(1.16) ¢j(0,0)=—-y;(0,0), j=1,....m

[here y; is the same function as in (1.1)]. It follows that, when x =0, r=0

(1.17) symb(.Z?%) =g —[(1—Rey -é)?ose — (Imy - &)sin 0]
+i[(t—Rey -&)sinf + (Imy - &) cos b].

We introduce the FBI transform with respect to (x, ¢):

Fhiz,w, L, 1) = [ el e ¢)dx'
U

This is the same as the FBI transform defined above, but in (x, s, ¢)-space,
and computed on the submanifold s = 0. If we apply Lemma 1.3 we reach the
following conclusion:

Lemma 1.4. Suppose that, for some 0 € [0, 2n),
(1.18) [t —Rewy(0,0)-&]sinf + [Imy (0, 0)-&]cos # 0.
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Then there is an open neighborhood of 0 in C™, &, an open conic neighborhood
&0 of E9c S™-! in C™ and constants C, co >0 such that

(1.19) \Fh(z,w, {, 1) < Cealel Max|h

for all solutions h € €' (Q) of Lh=0 andall zc @, { € %O.

It is clear that the set of points (¢, 7) such that there is 8 € [0, 27) such
that (1.18) holds is the same as the set of points (£, ) which violate (1.15).
Thanks to the characterization of the analytic wave front set of a distribution
u, WF,u, by the exponential decay of its FBI transform we may state

Theorem 1.1. Suppose that, for some choice of the interval % C R centered
at the origin and for every 6 € [0, 2n), the vector field £ satisfies condition
(1.1) in H x Q. Then, at the origin, the analytic wave-front set of every solution
h e 1(Q) of the equation Lh =0 is contained in the characteristic set of L.

Remark 1.1. Suppose the vector field L 1is elliptic, which requires m = 1,
and that L satisfies (1.1). Then, in some open neighborhood of the origin, an
arbitrary solution 4 of the equation Lh = 0 has the form A(Z) with 4 a
holomorphic function in some open neighborhood of the origin in the complex
plane. As a consequence of this and of (1.1) A(x, 0) = A(x) which shows that
h(x, 0) is analytic at the origin. This is in agreement with the conclusion in
Lemma 1.3. O

Remark 1.2. Assume that the coefficients of L are analytic. Then condition
(1.1) is always satisfied. We derive from Lemma 1.3 that the analytic wave-
front set, at x = 0, of each trace of an arbitrary solution # of Lh =0 on a
hyperplane ¢ = const. is contained in the pull-back to that hyperplane of the
characteristic set of L. This result implies that the analytic wave-front set of
h itself is contained in the characteristic set of L, by the argument used to
prove Lemma 1.4, since clearly .#? also satisfies (1.1). This complements the
arguments on the hypo-analytic wave-front set of solutions in [Baouendi-Chang-
Treves, 1983]. O

Finally we shall need the following result.

Lemma 1.5. Suppose there is an open interval % such that the following is true.
For every 6 € [0, 2n) the vector field #° satisfies condition (1.1) in % x Q;
h(x,t,A) € €YQ) is a solution of Lh = 0 which depends analytically on
A € F . Then the analytic wave-front set of h(x, t,t) at the origin is contained
in TQ.

Proof. We extend h(x, t, A) as a holomorphic function of A1 in an open disk
A C C! centered at 0, valued in &'(U) (that such a disk exists is what we
mean by saying that £ depends analytically on A). Consider a unit covector
(£°,70) ¢ TP, there is a conic open neighborhood of ((0,0), (£°, 7%)) in
which the FBI transform of 4 decays exponentially (as |£| + |t| — +oc; see
Lemma 1.4). Inspection of the inversion formula for the FBI transform shows
that there are finitely many open convex cones in R™*'\{0}, I';, ..., T,, in-
dependent of 4 € A (possibly contracted about 0) and such that

Ey+% <0, Vy,s5)el;(1<j<r),




SOLUTIONS OF FIRST-ORDER NONLINEAR PDE 633

and an equal number of distributions #,, ..., A, depending holomorphically
on A in A, such that, in some open neighborhood ¥V c U of the origin in
Rm+l ,
h=h+---+h,,
and that, for each j = 1,...,r, h; is the distribution boundary value, as
(z, w) — (x, t), of a holomorphic function A;(z, w, A) in (V+1I';) xA. We
observe that hj(x, ¢, t) is the boundary value (in V) of hj(z, w, w) which
is obviously a holomorphic function in the wedge
Yi={(z,w)eV+iI';;weA},

whence the claim. O

2. APPLICATION TO FIRST-ORDER NONLINEAR PDE

Same notation as in §1. In what follows f (z~, w, {o, {) will denote a holo-
morphic function in an open neighborhood Q x .#° of ((0,0), (a, w)) in

Cm+l x Cm+! . We assume U C Q ¢ QNR™! and study a solution u € Z2(U)
of the nonlinear differential equation

(21) ut=f(x’t,u7 ux)

under the hypothesis that
(2.2)

u(0,0)=a, ux(0,0) = w; Vix,t)e U, (u(x,t), ux(x,t) e .
We introduce the vector field in Q, depending on the parameters (g, {) € 4,

m

Z=0/01-) (0f/0¢)(x, 1,00, L)d/0x;.

Jj=1
We form
L“=0/01=) (8f/00,)(x,t,u, u)d/ox;;
j=1
L* is a vector field with ! coefficients in U .

We differentiate both sides of (2.1) with respect to x and we introduce a
vector-valued function v= (u, Uy, , ..., Ux,) € €'(Q; C™*1); by (2.2) v(U) C
A . We may rewrite equation (2.1) as
(2.3)o L'u = go(x, ,v)
where

m
go=/f-Y{0f/0¢;.
j=1
For i=1,..., m we have
(23), Luux, = gi(x,t,v),

where

& = fo +8i(0f]000).




634 NICHOLAS HANGES AND FRANCOIS TREVES

We can regard the system of equations (2.3)g, (2.3); (1 <i < m), as a quasi-
linear system of differential equations

(2.4) L¥v=g(x,t,v).

Here g(x, t, {o, {) extends as a holomorphic function in Q x .#";and v is a
%! map of U into /.

We introduce the principal part of the (holomorphic) Hamiltonian of the
system (2.4):

m
H=+g0/00+ Y £0/d¢.

j=1
Now let h beany &! map U — ./ such that h(0) = (a, w);if ¥(x, ¢, &y, {)
is any holomorphic function in Q x ./ we set ¥h(x, ) = ¥(x, ¢, h(x, 1)).
We denote by P the vector field in U obtained by substituting h(x, t) for
(o, ¢) in each coefficient of .% . [In this notation .#¥ = L*.] Direct compu-
tation shows that

LM = (HY)" + (8%/900)" (Lo ~ &8)

(22) i (0%/00)M(Fh; — gb).

We solve the following Cauchy problems

(2.6) HZ; =0,  Zii=0 = x(

1<i s m);
(2.7) HE;j=0, Ej|=0=¢ (0

<m).

Possibly after contracting Q about 0 and ./ about (a, w) there are unique

holomorphic solutions Z; and Z; in Q x .7 . We substitute them for ¥ in
(2.5). We obtain

PRI = (0Zi/0L0)" (L ho — g8) + D _(8Zi/dL)NZL Ry - gl),
j=1

(2.8)
i=1,...,m;
2.9) LhED = (02:/00)" (Lo — g8) + Y _(0Ei/DL)NLh; - gl
. Pt
i=0,1,...,m.
We shall write Z = (Z,,...,2Zn), 2 = (Z9,Z1,...,2m). Since the Ja-

cobian determinant (0ZE;/0(;)o<;,j<i 1s nonzero in a full neighborhood of
(0,0, a, w) we see that, the validity of (2.4) in some neighborhood of 0 is
equivalent to the validity, in such a neighborhood, of the system of differential
equations

(2.10) L'EN =0, i=0,1,...,m.
And (2.4) entails

(2.11) P27 =0, i=1,...,m.
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Note that
(2.12) Z'zo=x, El=0=v(x,0).

It is clear that we may apply the implicit function theorem (in the holomor-
phic category) and solve the equations

Z(x,t,8,0)=2, Elx,t,{,0)=E,
with respect to (x, o, {):
(2.13) x=P(Z,t,5), (L,0=0(Z,1,5),
with P(0,0, ¢, ¢) =0, 00,0, a, w)=(a, w). We derive
(2.14) v=0(Z"(x,1),t,E(x,1t)).
The vector field (in R x U, with 0 < § < 27n fixed)
(2.15) d/0s —e 0L =(8)0s — e LY

has first integrals as required in condition (1.1) (with s replacing ¢). This
simply follows from the fact that (2.15) originates with the nonlinear equation
u; = e 9w, — f(x,t,u, uy)) which is of the same kind as (2.1). If % is
a sufficiently small open interval in the real line, centered at 0, the function
Q(ZY(x, 1), t,E(x, 1) € €1(Ux %) is a solution of the homogeneous equa-
tion .#h = 0 and is analytic with respect to ¢’ € % . We are in a position to
apply Lemma 1.5 and, returning to the solution u of (2.1), to state

Theorem 2.2. Let u € €%(U) be a solution of the nonlinear differential equation
(2.1). The analytic wave-front set of u is contained in the characteristic set of
the linearized differential operator L* .

Remark 2.1. Obviously if we restrict our attention to a quasilinear equation
such as (2.4),

m
e Zaj(x, L, Vv, =g(x, t,v),
Jj=1
the conclusion that the analytic wave-front set of v is contained in the charac-
teristic set of the linearized differential operator

L'=0/0t-Y aj(x,1,v)0/0x,

J=1

remains valid under the weaker hypothesis that v be of class &' . [As usual we
are assuming that v and g are vector-valued, that the coefficients a; are scalar
and that they, as well as the right-hand side g, can be extended as holomorphic
functions of their arguments in some open neighborhood of (0, 0, v(0, 0)) in
complex space.] O

3. PROPAGATION OF ANALYTICITY OF SOLUTIONS OF
FIRST-ORDER NONLINEAR PDE

We return to the complex vector field L of §1. We shall assume that hy-
pothesis (1.1) holds in a neighborhood of every point of Q. However we shall
strengthen our requirements on the regularity of the functions y; and by way
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of consequence, of the “first integrals” Z;. We shall hypothesize that they are
of class €% in Q:

Given any point (xg, o) of Q there exist #2 functions
wi(x, t, X0, to) (1 <i< m)in an open neighborhood U,
of (xo, to) such that, if we set Z;(x, ¢, xo, to) =

Xi—xo, + (t—to)wi(x, t, xo, tp), then LZ; = 0 in Uj.

(3.1)

Moreover, we suppose there is a 2 submanifold A of Q endowed with
the following property. Let (xg, #o) be an arbitrary point of A and let Z; =
Zi(x,t, xp, ty) be the functions in (3.1) (referred to in the sequel as “first
integrals”). Then

the pull-backs to A of dZ,, o dZ,, span a vector subbundle
T, of CT*A suchthat T\NT, =0.

The vector bundle T, defines an elliptic hypo-analytic structure on A and we
refer to A as an elliptic submanifold. Near an arbitrary point p € A we may
assume that a number of pull-backs 7} dZ; form a basis of T} ; suppose for
the sake of the argument that these correspondto i =1, ..., r = rank of T} .
Then (3.2) demands that

TNdZi N AR NdZ, ARNdZ N ATNdZ, #0.

If h isany %! function in some neighborhood of p in A whose differential
is a section of T, then there is a holomorphic function H in an open neigh-
borhood of (Z,(p), ..., Z(p)) € C" such that h = Ho (Z,, ..., Z,) over a
full neighborhood of p in A. Let 7, be the vector subbundle of CTA or-
thogonal to T ; a vector field L in A is a section of 7} if L(Z;|5,) =0 for all
i=1,...,r.If L;,..., L, form a basis of 7 over some open subset of A
the common real zero-set of the symbols of the vector fields L; (j=1,...,v)
is the zero section of 7*A; which is the reason for the name “elliptic struc-
ture.” (On all this see [Treves, 1991].) We are going to apply the main result in
[Hanges-Treves, 1983]:

Lemma 3.1. Suppose Z,, ..., Z, € F*(Q) and the elliptic submanifold A of
Q is of class €* and connected. Let h be a &' solution of Lh =0 in Q.
Suppose that, in some neighborhood in Q of a point p € A, h = ho Z with
h holomorphic in some neighborhood of Z(p) in C™ . Then the same property
holds at every other point of A.

(3.2)

In [Hanges-Treves, 1983] Lemma 3.1 is proved under the hypothesis that the
first integrals Z; and the submanifold A are of class &> ; but inspection of
the proof show that &2 suffices. See also [Trepreau, 1990].

We go now to the nonlinear equation (2.1). Here we assume that u is a
solution of class %3 in the whole of Q. Solving the Cauchy problem at ¢ = 1,
for the vector field . of §2 shows that hypothesis (3.1) is satisfied.

Theorem 3.1. If the solution u € €3(Q) of equation (2.1) is analytic in an open
neighborhood of a point of an elliptic submanifold A of Q in the sense of the
linearized operator L* it is analytic in a full neighborhood of A .

Proof. We go to the quasilinear system (2.4); here v € £%(Q; C™*!) is a so-
lution in the whole of Q. Assume that the origin lies on A and that u,
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and therefore v, are analytic in an open neighborhood of 0 in Q. Let then
U =% x . # be an open neighborhood of 0 such that there exist analytic so-
lutions Z; (1 <i<m), E; (0<j<m)of (26)-(2.7)in Ux AN [N
is the open neighborhood of (#(0), du(0)) in C™*! in §2). By hypothesis
x — v(x, 0) is an analytic function in an open neighborhood %’ ¢ % of
the origin. It follows that x — Z¥(x, 0) is an analytic function H(x) in &',
valued in C™*!. But then the components H;(Z'(x,t)) (0 < i < m) are
solutions of the homogeneous equation #'h = 0 (see (2.10), (2.11)). Since
Z¥ = HoZ" when ¢t = 0 it must also be true in a full neighborhood of the origin
in Q, by the uniqueness in the Cauchy problem in locally integrable structures
(a consequence of the approximation formula of [Baouendi-Treves, 1981]). By
Lemma 3.1 the analogous property must hold at every point of ANU .

We apply the implicit function theorem (in the holomorphic category) with
respect to ({p, {) to the equations

EIE(X,Z,Q'O’C)

e get

£

getting ({p, {) =P(z,¢t, E).
(3.3) v=P(x,t, =Y.

Consider now an arbitrary point p = (Xp, %)) € AN U ; in some neighborhood
of p in Q we may write Z' = H(Z"). Since the Jacobian of the map Z with
respect to x is close to 1 we see that the first partial derivatives of the functions
H; will be bounded independently of p (though the function H may change
from point to point). Using this fact and the fact that the partial derivatives
of the Z; with respect to ({y, {) are as close to zero as we wish (provided we
contract U) we may apply the implicit function theorem with respect to ({o, ¢)
to the equations

(i=®j(x,t,H[Z(x,t, )], j=0,1,...,m,

thus getting {; = G;(x, t) with G; analytic in some open neighborhood of
(xo, to). But then, by (3.3), v; = Gj(x, t) in that same neighborhood. We
conclude that v, and therefore u, is analytic in a neighborhood of AN U.
This shows easily that the subset of points of A in a neighborhood of which
u is analytic is closed; since it is trivially open this completes the proof of
Theorem 3.1. O

Remark 3.1. One could likewise apply Theorem 2.2 of [Trepreau, 1990] to show
that the elliptic submanifolds (for the linearized vector field L“) propagate the
holomorphic extendability to wedges, as defined in [Trepreau, 1990], of the
solution u. 0O
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