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THE BERGMAN PROJECTION ON HARTOGS DOMAINS IN C?

HAROLD P. BOAS AND EMIL J. STRAUBE

ABSTRACT. Estimates in L? Sobolev norms are proved for the Bergman pro-
jection in certain smooth bounded Hartogs domains in C2 . In particular, (1)
if the domain is pseudoconvex and “nonwormlike” (the normal vector does not
wind on a critical set in the boundary), then the Bergman projection is regular;
and (2) Barrett’s counterexample domains with irregular Bergman projection
nevertheless admit a priori estimates.

In this paper we study the Bergman projection (and, in the pseudoconvex case,
the 0-Neumann operator) on certain Hartogs domains in C2. Our attention
is drawn to these domains because of a number of important counterexample
domains that are Hartogs domains (see [15, 16, 1, 4, 23, 20]).

The so-called “worm domains” constructed by Diederich and Fornass in [16]
are smooth bounded pseudoconvex Hartogs domains in C? that provide coun-
terexamples to a number of questions in several complex variables. Recently
Kiselman showed in [20] that for certain nonsmooth pseudoconvex worm do-
mains in C2 the Bergman projection is not regular. Since his argument is sensi-
tive to perturbations of the domain, such as smoothing of corners, it remains an
open question whether the Bergman projection is regular for the smooth worm
domains. As the counterexample properties of the worm domains are rooted in
the winding of the normal on the critical annulus, it is natural to ask whether
the Bergman projection and the §-Neumann operator are regular when similar
behavior of the normal is excluded. This is indeed the case.

We prove in §1 that all smooth bounded pseudoconvex Hartogs domains
in C? that are nowhere wormlike (for the precise definition see §1 below) have
regular Bergman projection. The Bergman projection for such a domain Q pre-
serves the space C(Q) of functions smooth up to the boundary, and more-
over maps the Sobolev space Wk(Q) continuously into itself for positive k .
(Here W*(Q) denotes the space of functions with square-integrable deriva-
tives through order k.) The simplest example of a nowhere wormlike Hartogs
domain is a complete one; we have shown previously in [10] that a smooth
bounded complete Hartogs domain in C? (pseudoconvex or not) has regular
Bergman projection. (For some positive regularity results in higher dimensions,
see [9].) Here we adapt the technique of [10] to incomplete nowhere worm-

Received by the editors January 30, 1990 and, in revised form, June 20, 1990.

1980 Mathematics Subject Classification (1985 Revision). Primary 32H10; Secondary 32A07,
32F20.

Key words and phrases. Bergman projection, J-Neumann operator, Hartogs domain, worm do-
main, a priori estimate.

@© 1992 American Mathematical Society
0002-9947/92 $1.00 + $.25 per page




530 H. P. BOAS AND E. J. STRAUBE

like pseudoconvex domains. A portion of our technique, combined with results
from [5, 16], also yields regularity of the Bergman projection on pseudoconvex
domains in C? (not necessarily Hartogs) whose weakly pseudoconvex boundary
points are exactly an analytic disk. Through [8, proof of Catlin’s Lemma] or [11,
formula (4)], all our estimates for the Bergman projection yield corresponding
estimates for the d-Neumann operator.

Barrett constructed in [1] a family of smooth bounded nonpseudoconvex
Hartogs domains in C? with irregular Bergman projection. In these domains
the Bergman projection does not even map all smooth, compactly supported
functions into W1(Q). Surprisingly, for these domains the Bergman projection
nonetheless satisfies a priori estimates in Sobolev norms. We demonstrate this
in §2.

We thank Alan Noell for useful remarks.

0. PRELIMINARIES

We fix the following notation for the remainder of the paper: Q is a smooth
bounded domain in C? (exception: we state the lemma below for C") with
smooth defining function p. Most of the time, Q will also be a Hartogs domain
with symmetry plane {w = 0}. This means that when (z,w) is in Q, so
is (z, e'w) for every real t. We denote the argument of w by 6. The
Bergman projection P is the orthogonal projection from the space L2(Q) of
square-integrable functions in  onto the closed subspace of square-integrable
holomorphic functions in Q. Angle brackets (, ) denote the inner product
in L2(Q), and || ||x denotes the norm in the Sobolev space W*(Q). When
writing inequalities, we employ the convention that C and C) denote constants
that may change their identity at each occurrence.

In the proofs of Theorems 1 and 2 we will use the following technical, but
standard, integration by parts lemma.

Lemma. Let Q be a smooth bounded domain in C". Let y be a function in
C>(Q), and let U be an open subset of Q containing QN suppy . Fix a
positive integer k .

(1) There exists a constant C such that for every function h in W*(Q) that
is holomorphic in U and every function f (not necessarily holomorphic) in
wkQ),

(V7w T hy < ClIflIkllAllo
when 0< j<k.

(2) Let X be a vector field of type (1, 0) with coefficients in C*°(U). Suppose
that Xp # 0 on bQnsuppw, and let b be a function in C®(Q) that equals
Xp/Xp near bQnsupp v . There exists a constant C such that for all functions

g and h in WX(Q) that are holomorphic in U,

(X*g, wh) < (g, wb*X*h)| + Cligll;=1llAllk—,
when 1 < j<k.

Proof. By the Cauchy-Riemann equations, an arbitrary derivative of a holomor-
phic function can be rewritten as a derivative that is tangential at the boundary
of Q. Hence one can integrate k — j derivatives by parts without boundary
terms and then apply the Cauchy-Schwarz inequality to obtain (1).
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Since |b| = 1 near bQ Nsupp ¥, the L? norm of a holomorphic function
controls its derivatives on a compact set, and X — bX is tangential at the
boundary on the support of ¥, we have, in view of part (1),

[(X*g, wh)| < |(b*X* g, wb k)| + Cliglolillo
<X = bX) g, wb )|+ Cllglj-1llhllk-;
< (g, wb*(bX — X)*h)| + Cllgl-1llhllk—;
< (g, wb* X )| + Cligllj-1llAlk—;-
This proves (2).

1. NOWHERE WORMLIKE PSEUDOCONVEX HARTOGS DOMAINS

It is enough to study regularity of the Bergman projection near the boundary
of Q. Since the Hartogs domain Q is invariant under rotations in 6 (which
are isometries of L?(Q) that preserve the holomorphic subspace), the Bergman
projection commutes with the derivative 3/96 . Since derivatives transverse to
the complex tangent space control all derivatives of holomorphic functions (see,
for instance, [24, Lemma 5.3]), it follows that the Bergman projection is regular
in Sobolev norms away from the part of the boundary where w(dp/0w) =0,
or what is the same, where dp/0w = 0. (For boundary points in the symmetry
plane, the normal to bQ is invariant under rotations in 6, so dp/0w =0 at
these points.) Therefore our attention focuses on the set

S:= {(z,w)ebQ:g—l’Z(z,w)=0}.

For each fixed z in C, let S, denote the intersection of S with the complex
line {(z,t):t€ C}. Since Q is Hartogs, each slice S, has circular symmetry
and is therefore a (possibly empty) union of circles and annuli and possibly a
disk or a point. On S, the unit normal to »Q has the form (n(z, |w|), 0).
To rule out the winding of n exhibited by worm domains, we wish to impose
the condition that for each z the function » is a constant function of w on
each connected component of S,. We say that Q is nowhere wormlike when
this condition holds.

Theorem 1. Let Q be a smooth bounded pseudoconvex Hartogs domain in C?
that is nowhere wormlike. Then

(1) the Bergman projection is continuous on the Sobolev space W*(Q) for
every positive real s (and a fortiori is continuous on C>(Q)), and

(2) the d-Neumann operator is continuous on the space of (0, 1)-forms with
coefficients in WS(Q) for every positive real s (and a fortiori is contin-

uous on (0, 1)-forms with coefficients in C>(Q)).

Example 1. A Hartogs domain is called complete if the condition (z, w) € Q
implies (z, Aw) € Q for every complex number A4 of modulus less than one.
It is easy to see that a complete Hartogs domain is nowhere wormlike.

We have previously shown in [10] that completeness (even without pseudo-
convexity) implies regularity of the Bergman projection. If Q intersects the
plane {w = 0}, then pseudoconvexity forces Q to be complete, so the in-
teresting new domains to which Theorem 1 applies do not intersect the plane
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{w = 0}. (In this case the closure Q also does not intersect {w = 0}, in view
of [4, Lemma 1].) Examples 2-4 provide large classes of incomplete Hartogs
domains that satisfy the assumptions of Theorem 1.

Example 2. If {(z, |w|) € R®: (z, w) € Q} is a convex subset of R3, then
Q is nowhere wormlike. If Q is in addition pseudoconvex, then Theorem 1
applies.

Example 3. On the components of S, that are circles, the normal is constant by
rotation invariance. Therefore those pseudoconvex Hartogs domains for which
none of the slices S, contain annuli (that is, for which the planar sets S, all
have empty interior) satisfy the assumptions of Theorem 1.

Example 4. If the Hartogs domain Q admits a defining function p that is
plurisubharmonic in the interior of Q, then Q is pseudoconvex and nowhere
wormlike. Indeed, the plurisubharmonicity implies that dp/dz is a holomor-
phic function of w in the interior of each planar set S, (see[19, pp. 113-114]).
By rotation invariance, the argument of dp/dz is independent of 6. Hence
dp/0z is constant on each annulus contained in S;, and so Q is nowhere
wormlike (in view of the observation in Example 3). We note that there ex-
ist nowhere wormlike pseudoconvex Hartogs domains not admitting a defining
function that is plurisubharmonic inside (see [18, 6]).

It is interesting to compare this special case of Theorem 1 with the result of
Bonami and Charpentier from [13] (see also [14]) that if Q (not necessarily
Hartogs) admits a defining function that is plurisubharmonic in the interior,
then the Bergman projection is at least minimally regular: namely, continuous
on the space W!/2(Q).

Proof of Theorem 1. The two parts of the theorem are equivalent (see the proof
of Catlin’s lemma in [8]). A more general equivalence of regularity for the
Bergman projection and the d-Neumann operator is demonstrated in [11]. We
will now prove part (1) of the theorem.

By interpolation theory, it will suffice to prove this when k is a positive inte-
ger. The first step is to prove an estimate of the form [|P f|ly«q) < Cillflwxq) »
with C, independent of f, under the assumption that f and Pf are in
C>=(Q). This is a so-called a priori estimate. We proceed by induction on k ,
the case k = 0 holding by definition of the Bergman projection. We will omit
some of the details of the proof, since it is similar to the proof in [10, §1].

As noted above, the rotational symmetry implies that ||(1-¢)P fl|x < Cillfllx
when ¢ is a smooth cutoff function that equals 1 in a neighborhood of the crit-
ical set S. It remains to estimate the norm of P/ near the set S, that is, to
estimate ||pXXPf|lo when X is a vector field transverse to the boundary in a
neighborhood of S. Suppose we can find such a field of type (1, 0) with coefh-
cients holomorphic in a neighborhood of S that is a close approximation on S
to the normal to the boundary. More precisely, suppose that 4k |arg Xp| < =
in a neighborhood of S. (This is Barrett’s condition (A4;) from [2, p. 334].)
Take ¢ to be supported in this neighborhood, and take b in C>(Q) equal to
Xp/Xp on the support of ¢. Then |argh¥| < n/2 on the support of ¢, so
there is a positive number ¢ and a positive number « less than one such that
|bk — 6| < a on the support of ¢.
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Applying the lemma from §0 gives

loX*PfI§ < KPS, &*b* X P 1) + CellP fllk—i P f -

Adding and subtracting J in the right-hand factor of the inner product and
using the lemma a second time gives

lgX*PfI§ < SI(PS, $*X**P1)| + (B X P [, (b* ~ 6)pX*P )]
+ CellP SNt 1P f 1l

We replace the Bergman projection in the left-hand factor of the first inner
product with the identity minus 8 NO , where N is the d-Neumann operator.
Moving the 9  to the other side of the inner product as @ and applying the
lemma to the term with the identity gives

(Pf, $*X**P)| <UNDS, (X*P L)@ + Cill AlellP Sl »

since X?*Pf is holomorphic in Q on the support of ¢. Now the inner prod-
uct on the right-hand side is O(||f]|«||Pf|lx) because the support of d¢? is
contained in the set where the rotations are transverse. (The operator N9 is
regular on this set; see [9, Proof of Theorem 2].) Consequently,

1o X PI§ < alldX*PAIE + Ci(llA Nk + 1P S Nk=)IPf k-

The first term on the right-hand side can be absorbed into the left-hand side.
Invoking the induction hypothesis, and recalling that ||(1 — ¢)P f]|;x is under
control, we obtain

1PN < CllP SIS e

from which the desired a priori estimate follows.

Thus the proof of the a priori estimate will be complete if we show how to find
a holomorphic vector field in a neighborhood of S that on S approximates the
normal to bQ as closely as we wish to prescribe. To do this, we first associate
to Q a Riemann surface R as in [4, §4] by identifying points (z, w;) and
(z, wy) if both are in Q and if (z, ) isin Q whenever || is between |w;|
and |w,|. The projection n: R — C taking the equivalence class [(z, w)] to z
is a local biholomorphism, and the map p: Q — R taking (z, w) to [(z, w)]
is holomorphic. B N

By [4, Proposition 1], there is an extension (R, ) of (R, m) such that R\R
has no component relatively compact in R. In principle R could have branch
points on the boundary of R (in R). However, this does not happen in our
situation of a nowhere wormlike Q because, in view of [4, proof of Lemma 2],
there would correspond to such a branch point a component of some S, on
which the normal does wind a definite amount. Moreover, since € is both
pseudoconvex and nonwormlike, no slice S, can have a component of the type
called “interior” in [4, bottom of p. 67] (compare [10, §1]). In this special
situation it is implicit in [4] that there is an extension j of p that maps a
neighborhood of Q holomorPhically into R and that maps the critical set S
onto the boundary of R in R.

We apply an approximation theorem on Riemann surfaces. The hypothesis
that n(z, |w]) is constant on each component of each set S, means that a
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continuous function /4 on the boundary of R in R is well defined by the
formula A(p(z, w)) = n(z, |w|) for (z, w) in S. Choose a point (zy, Wp)
in Q such that §;, is empty. The complement of the boundary of R in
R\{[z0, wo]} has no relatively compact component, so by Bishop’s theorem (see
[22, Theorem 1.4]), there exists a holomorphic function g on R\{[zo, wo]}
that approximates 4 as closely as desired on the boundary of R. The field
X = (g(p(z, w)), 0) then closely approximates the normal to the boundary
of Q at points of S, and it is holomorphic in a neighborhood of S .

We have now seen that the existence of a suitable vector field X implies
an a priori estimate for the Bergman projection, and we have seen how to
construct the field. It remains to convert the a priori estimate to a genuine
estimate on WX(Q). To do this, exhaust Q by the domains Q, := {(z, w) :
dist[(z, w), bQ] > &(|z|* + |w|?)}, which for all sufficiently small positive &
are smooth bounded strictly pseudoconvex Hartogs domains. If the field X ap-
proximates the normal to bQ within say J in a neighborhood V of S, then
the same field X approximates the normal to b€, within 26 on V N bQ,,
uniformly in ¢ for sufficiently small positive ¢. On bQ,\V, the rotations
in w are transverse to the boundary, the angle with the normal being bounded
away from zero uniformly in ¢ (for & sufficiently small). Accordingly, the
above argument applies to the approximating domains uniformly in &. Since
the Bergman projection P, for the strictly pseudoconvex domain €, is of
course regular, and C>=(Q,) is dense in W*(Q,), we get the (genuine!) es-
timate ||P.fllyrq,) < Cillfllx for f € Wwk(Q), with C, independent of «.
Passing to the limit as & goes to zero gives the required conclusion for the
Bergman projection of Q via a slight extension of Ramadanov’s convergence
theorem [21] for the Bergman kernels. This completes the proof of Theorem 1.

It is interesting to consider what happens if one attempts to apply the above
method of proof to the worm domains denoted Q, by Diederich and Fornass.
In these domains, the critical set S contains an annulus, which consists of
(exactly) the weakly pseudoconvex boundary points. It is easy to see that the
normal direction to the boundary cannot be arbitrarily well approximated on
this annulus by holomorphic fields (compare the discussion in [19, pp. 113~
114]). When r > e™/2 | it is even impossible to find a holomorphic field that is
transverse to the boundary on this annulus (see [5, Theorem 4.6]).

However, since the normal to the boundary of Q, winds on the critical annu-
lus by 2logr, a constant field approximates the normal to high accuracy when
r is close to 1. This means that when r < e™/2, one can obtain estimates near
the critical annulus for the Bergman projection in W up to a certain level k
that depends on r. The Bergman projection is locally regular on the remaining
(strictly pseudoconvex) part of the boundary, so just as in [§, Example 3] one
obtains some regularity for worm domains that wind only a little. The precise
amount of regularity is determined by Barrett’s condition (A4;).

Proposition 1. Let k be a positive integer, or k = 1/2, and suppose that 1 < r <
exp(n/4k). The Bergman projection on the Diederich-Fornass worm domain €,
is continuous on the Sobolev space WS(Q,) when 0 < s < k. Also, the 9-
Neumann operator is continuous on the space of (0, 1)-forms with coefficients in
Ws(Q,) when 0<s<k.
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Sketch of the proof. The initial step in the argument for k = 1/2 is different
from the case of integral k in [8, Example 3]. One uses that the W!/2(Q) norm
of a holomorphic function is equivalent to the L2(bQ) norm. Now if ¢ is a
cutoff function localized near the critical annulus, and X is a constant vector
field that is transverse to the boundary of Q near this annulus, then

/ |PflPdo < C / $IPIIVp|™ (X p)do
bQ bQ
< C($XPS, PN+ IPSIR).

As before, we reduce to a known estimation off the critical annulus (and hence
on the strictly pseudoconvex part of »Q ) by replacing P in the right-hand side
of the inner product by I —3 N9 and integrating by parts.

For all k, the continuity of the d-Neumann operator follows from that of
the Bergman projection by [11, formula (4)] in view of the regularity of the
0-Neumann operator in (top) degree 2 [17, p. 63].

The fact that the worm domains have a Bergman projection and a o-
Neumann operator regular up to some level in the Sobolev scale has been known
for some time; apparently this was first realized by David Catlin (via a different
argument). We remark that the worm domains to which the proposition ap-
plies are the less pathological ones that do admit a basis of Stein neighborhoods
(see [5))-

The proof of Proposition 1 we have just sketched differs slightly from the
proof of Theorem 1: the set S in Theorem 1 is not the set of weakly pseu-
doconvex points. The common feature of the two proofs is that off a certain
“critical set” one knows estimates (by the transversality of the rotations in Theo-
rem 1, by strict pseudoconvexity in Proposition 1), and on the critical set .S one
can find a vector field of type (1, 0) transverse to €2, with coefficients holo-
morphic in a neighborhood of S, and with |arg X p| small on S. This can be
done in other situations as well. We briefly digress from the context of Hartogs
domains to prove the following result, which says that the Bergman projection
and the d-Neumann operator are regular if the set of weakly pseudoconvex
boundary points is precisely an analytic disk.

Proposition 2. Let Q be a smooth bounded pseudoconvex domain in C?* (not
necessarily Hartogs). Suppose there exists a holomorphic embedding ¢: D — bQ
of the unit disk D into the boundary of Q that extends to a diffeomorphism
between D and ¢(D), and suppose ¢(D) coincides with the set of weakly pseu-
doconvex boundary points of Q. Then
(1) the Bergman projection is continuous on the Sobolev space W*3(Q) for
every positive real s (and a fortiori is continuous on C=(Q)), and
(2) the d-Neumann operator is continuous on the space of (0, 1)-forms with
coefficients in WS(Q) for every positive real s (and a fortiori is contin-
uous on (0, 1)-forms with coefficients in C>®(Q)).

By [7], a biholomorphic mapping between smooth bounded pseudoconvex
domains extends smoothly to the boundaries if one of the domains has globally
regular Bergman projection. Accordingly, Proposition 2 implies that the prop-
erty of the weakly pseudoconvex points being exactly an analytic disk (in the
above sense) is a biholomorphic invariant.
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Proof of Proposition 2. As observed in the proof of Theorem 1, the two parts
are equivalent; we prove part (1). We need to produce a vector field X of
type (1, 0) with coefficients holomorphic in a neighborhood of ¢(D) that is
transverse to the boundary and such that |arg X p| is as small as we wish (near
9o(D)). By [5, Remark 2.5 and the proof of Theorem 1.1 (p. 13)], there is a
biholomorphic mapping g from the unit ball B in C? onto a smooth bounded
strictly pseudoconvex domain such that the restriction of g to D x {0} agrees
with ¢ . In view of [16, Claim, p. 290], the restriction to D x {0} of the unit
complex normal to the hypersurface g~!(bQ N g(B)) has the form (0, ¢®),
where © is a harmonic function in the unit disk D that is smooth on D.
Multiplying by ¢®, where © is a harmonic conjugate of © in the disk, gives
a (still normal) field that is holomorphic in B . Pulling this field back via g~!
and approximating it by fields holomorphic in a neighborhood of the (strictly
pseudoconvex) domain g(B) gives the required field X .

The a priori estimate now follows as indicated above. To obtain a genuine es-
timate, fix a neighborhood of ¢(D) and approximate Q from inside by strictly
pseudoconvex domains whose Levi forms are uniformly bounded away from
zero outside this neighborhood. By using the same field X for the approx-
imating domains, one obtains uniform estimates and completes the proof of

Proposition 2 the same way as the proof of Theorem 1 above.

2. A PRIORI ESTIMATES ON BARRETT’S DOMAINS

The proof of Theorem 1 had two steps. The first step was to show that if
both f and Pf are in C>®(Q), then ||Pfl|lx < Ci||fllc. This is a so-called a
priori estimate: it holds assuming that Pf is known to be smooth a priori. The
second step was to remove the a priori assumption from the estimate. There is
a wide-spread philosophical belief that it should be possible to accomplish the
second step (by some technical argument) whenever some a priori estimate can
be established. This philosophy is wrong: we show in this section that Barrett’s
nonpseudoconvex counterexample domains from [1] do admit a priori estimates
in Wk(Q) for every natural number k even though they have irregular Bergman
projections.

We will say that P satisfies an a priori estimate in Wk (Q) if there exists
a constant C, (independent of f) such that ||Pf]|x < Ci|lfllx whenever f
and Pf belong to W*(Q). The existence of an a priori estimate in W*(Q)
can be interpreted in the following way. View the Bergman projection P as
an unbounded operator on the Sobolev space W*(Q) with domain equal to
{(f e WK(Q) : Pf € WK(Q)}. Its graph is closed because P is by definition
continuous in the L2 topology. By the closed graph theorem, an a priori es-
timate in WX(Q) is therefore equivalent to the domain of P being closed in
Wk(Q). In this case, P is a bounded operator on its domain.

We now recall the construction of Barrett’s counterexample domains from [1].
These have the form Q := {(z,w) € C?: 1 < |w| < 6, |z~ c(|w|)| > r(jw]),
and |z| < ry(|lw|)}, where r;, r,, and c are certain real-valued functions.
Thus Q has circular symmetry in the variable w, and each slice for fixed w
is a disk centered at the origin with a second disk of variable center removed.
The following conditions are imposed on the functions used to define Q:
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(1) on the interval 2 < x < 5, the function r; equals 1 and the function
r, equals 4;

(2) ri(1) =r(1) =r(6) =ry(6) = 3;

(3) ¢(x)=0 when 1 <x<2 andwhen 5<x<6;

(4) c(x)=(x—-3)% -1 for x near 3 and c¢(x) = —(x —4)¥ + 1 for x
near 4, where j is a positive integer;

(5) the functions r;, r,, and ¢ are monotonic on the intervals where they
have not yet been specified, and they are chosen to make  smooth.

Thus the circles (0, 3e’®) and (0, 4¢'%) are contained in the boundary of Q.

Theorem 2. Let Q be one of Barrett’s domains, recalled above. Then, even
though the Bergman projection P for Q is irregular, it satisfies an a priori
estimate in W*(Q) for each positive integer k. More precisely, there exists a
constant Cj, such that if Pf € WK(Q), then the estimate |Pf|lx < Cillfllx
holds.

We reemphasize that there exists a smooth compactly supported function ¢
in Q such that Py ¢ Wk(Q).

Proof of Theorem 2. We claim the following.

(1) When k > 1, every holomorphic function in W*(Q) extends holomor-
phically at least to the set {(z, w):1 < |w| <6 and |z| < ry(|w])}.

(2) When k > 1, every holomorphic function in W*(Q) can be approxi-
mated in the norm of WX(Q) by polynomials in z, w,and w~'.

Notice the stark contrast of (2) to the nonapproximation result in [1] for £k =0.

Let us accept the claim for the moment and proceed with the proof of the
theorem. Suppose then that Pf € Wk(Q), and we wish to estimate ||Pf||; in
terms of || f|lx. As observed in §1, this estimate is immediate near boundary
points at which the rotations in w act transversely to the complex tangent
space, which includes in particular points for which |z| = 3. Because Pf
extends holomorphically to {(z, w): 1 < |w| < 6 and |z| < r(Jw|)}, the
maximum principle and Cauchy’s estimates imply that the k-norm of Pf on
the set where |z| < 3—J is dominated by the supremum of Pf on a compact
subset of Q, and hence by ||Pf]|o, which by definition does not exceed || f||o -
The remaining boundary points are those for which simultaneously |z| > 3 and
dp/0w = 0. Call this critical set S.

At points of S, the holomorphic field X := z(0/9z) is normal. No approx-
imation is required, and essentially the argument from [8, Example 3] gives the
required estimates. For the reader’s convenience, we sketch the argument. We
may normalize the defining function p sothat Xp=1 on S. If ¢ is a smooth
cutoff function that is equal to 1 in a neighborhood of the critical set S, and
{g,} is a sequence of polynomials in z, w, and w~' approximating Pf in
Wk(Q), then the lemma from §0 gives

[(X*PSf, 9X*g) < I(PS, 9’0 X% &) + Cill P flli-1ll8jllk »

or, after adding and subtracting 1 on the right-hand side of the inner product,

HoXKPf, oX* g\ < (P, X* g+ [(Pf, (°b* — 1) X g))|
+ CellPfllk-1 11k
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We may assume by induction that ||Pf|lx—1 < Ce_1llf]lk—1- Since ¢2bk = 1
on S, and the norm of Pf away from S is under control, the right-hand side
is at most

ellPfllkllgilx + 1(Pf, X gl + Cell k&l

for an arbitrary positive ¢. Because X has holomorphic coeflicients, the middle
term is

I(f, X&)l < Cell fllkligillk-
Accordingly,

(oX*“Pf, oX* g) < el Pfllkligilk + Cll Allellgjlle

where the constant depends on ¢ and %, but not on j. By fixing ¢ sufficiently
small (depending on k) and passing to the limit as j — oo, we conclude that
IPfllx < Cillfllx - Thus the proof of Theorem 2 is reduced to verification of
the claim above.

To verify (1), let & be a holomorphic function in W!(Q). Observe that
when z is fixed and |z| > 2, the slice {w € C:(z, w) € Q} is an annulus, in
which /1 has a Laurent expansion A(z, w) =3 ,-___ a,(z)w". The coefficients
a, are given by the integrals

—-n 2n . .
an(z) = U;n /0 h (z, we“’) e~ "0 dg.

Here w can be any point contained in the slice, and consequently the a,
continue holomorphically from the annulus {2 < |z| < 4} to the annulus
{0<z| < 4}.

Even more is true. Differentiating under the integral sign and applying Fu-
bini’s theorem implies that the a, are in W'(Q), and in particular in L*(Q)
by the Sobolev embedding theorem. By [1, Lemma 3], the a,(z) extend holo-
morphically to the disk {|z| < 4}.

Our goal is to show that the Laurent series Y .- ___ a,(z)w" converges when
|z] < 3 and | < |w| < 6. By the classical lemma of Hartogs, the sum of the se-
ries will be holomorphic. Consider the sum of the terms for which » is positive.
The upper semicontinuous regularization of limsup,_,.. |@,(z)|'/" in the disk
{Iz| < 4} is a subharmonic function (in view of the above integral formula and
the maximum principle, the sequence {|a,|'/"} is locally uniformly bounded)
that is at most equal to 1/6 when |z| = 3. By the maximum principle, it does
not exceed 1/6 in the disk {|z| < 3}. Consequently the series Y-, an(z)w"
converges for |z| < 3 and |w| < 6. After the inversion w — w~!, the same

argument shows that Z;z'_oo an(z)w" converges for |z|] < 3 and |w| > 1.
This proves part (1) of the claim.

To prove (2), consider for small positive ¢ the Reinhardt domain R :=
QU{(z,w):1+4d < |w| < 6—7 and |z| < 3}. By claim (1), every holomorphic
function in W*(Q) extends to R, and the argument used at the beginning of the
proof of Theorem 2 shows that this extension is in WX (R). The extension has a
series expansion in powers of z, w, and w~! that converges in W*(R) (since
the monomials are orthogonal in W* of approximating Reinhardt subdomains),
and since Q C R, part (2) of the claim is proved. This completes the proof of
Theorem 2.
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We remark that we know no smooth bounded domains that fail to admit a
priori estimates for the Bergman projection.

Note added June 1990. Using techniques related to the ones we develop in this
paper, we recently showed [12] that the Bergman projection and the §-Neumann
operator are regular in W* for all positive s in every smooth bounded domain
in C" (not necessarily Hartogs) admitting a defining function that is plurisub-
harmonic on the boundary. This result contains the above-mentioned theorem
of Bonami and Charpentier.

Note added November 1990. Recently Barrett [3] has shown that the Bergman
projections for the worm domains €2, are not continuous on the Sobolev space
Wk(Q,) when k > n/(2logr). Continuity in the space C*(Q,) remains open.
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