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ABSTRACT. Nontrivial relations between Bass numbers of local commutative
rings are established in case there exists a local homomorphism ¢:R — S
which makes S into an R-module of finite flat dimension. In particular, it is
shown that an inequality ui 4R < ,+dePth S ho14s for all i € Z. This is
a consequence of an equality involving the Bass series I} (1) = 3,5 uk(M)t!
of a complex M of R-modules which has bounded above and finite type ho-
mology and the Bass series of the complex of S-modules M ® S, where ®

denotes the derived tensor product. It is proved that there is an equality of

M® S
formal Laurent series I, =F () = Iﬁ’ (O)F(4)(1) , where F(¢) is the fiber of ¢
considered as a homomorphism of commutative differential graded rings. Coef-

M® S
ficientwise inequalities are deduced for I =* (¢), and Golod homomorphisms
are characterized by one of them becoming an equality.

INTRODUCTION

This paper describes relations between the Bass series /z(¢) and Ig(¢), when
there is a local homomorphism ¢: R — S of local noetherian rings making
S into an R-module of the finite flat dimension. Recall, that when R has
maximal ideal m and residue field # = R/m, and M is a finitely generated R-
module, the Bass series of M is the formal power series I¥ (1) = ¥, ub(M)?!

where k(M) is the dimension of the #-vector space Exty(£, M) (and Ig(t)
stands for I(z)). This series is of interest since the Bass numbers pi (=
U%(R)) contain important information on the ring R. The bridge between
Ir(t) and Ig(t) is provided by the invariants of the DG fiber F = F(¢$) of the
homomorphism ¢ . This fiber was introduced by Avramov in [1] as a differential
graded algebra whose homology is naturally isomorphic to Tor®(#, S) (cf. §3
below). In particular, F is augmented to the residue field Z = S/n of S. This
allows the construction of the /-vector space Ext:(#, F) (cf. [7], [5], and §1
below). Let the ith Bass number uf of F be the dimension of this /-vector
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space, and set u}, = puf. and Iy(t) = 3, 4t this is a formal Laurent series
in case /1;', is finite for all i € Z and /1;3 =0 for i small enough.

Theorem A. Let ¢:R — S be a local ring homomorphism of finite flat dimension
and with DG fiber F (). All the Bass numbers Wy are then finite and vanish for

i small enough, and there is an identity of formal Laurent series
Is(t) = Ir(2)14(2).

In fact, we prove in §5 a more general result involving Bass series of mod-
ules. When ¢ is flat F(¢) can be replaced by the local ring S/mS. This
shows that the result of §5 extends the one in [12] from flat homomorphisms to
homomorphisms of finite flat dimension.

The formula for the Bass series gives nontrivial lower and upper bounds for
the Bass series (numbers) of S in terms of those of R.

Theorem B.
(1) With ¢ as above the inequalities

(%) 7
hold for all i€ Z.

(2) Assume furthermore, that S/mS is artinian. Unless ¢ is flat and S/mS
is a field, the following coefficient wise inequality holds:

>/ (lengthgTorR (£, S))t=i —1 - 1
1+t - Y/ (lengthgTorR (£, §))ti+!
where f =fdgS, the flat dimension of the R-module S .

When ¢ is flat and S/mS is a field, it is obvious that equality holds in (%)
for all i. Those ¢ which have equality in () for all i € Z form a large and
interesting class, which is studied in detail in [4].

Next we discuss when equality holds in (xx). To this end, recall that for an
arbitrary local ring homomorphism ¢ with S/mS artinian there is an inequality
of Poincaré series:

P5(t) < PR(1)

i+depth R i+depth S
R < Ug >

(x) Is(t) < Ir(1)

1
1+t - Y/ (lengthgTorR (£, $))ri+1’

(where PR(t) = ¥°,,0(dim, TorR (£, £))¢'). In case equality holds, ¢ is called
a standard Golod homomorphism. (In general, a Golod homomorphism is de-
fined by the condition that H(F(¢)) be an algebra with trivial Massey products.
If lengthSTorR(/ , S) # 2 then ¢ is Golod if and only if ¢ is standard Golod,
cf. [2].)

Theorem C. Let ¢: R — S be a local ring homomorphism of finite flat dimension
f with S/mS artinian. Assume furthermore that ¢ is not flat with S/mS a field.
There is then equality in (xx) if and only if ¢ is Golod.

In fact, the results of §5 are generalizations of Theorems A, B, and C in
two directions: they deal with Bass series of complexes of R-modules and they
avoid the artinian assumption on S/mS.

Next we describe applications to a different setup. According to the Looking
Glass Principle in [7] properties of the (co-)homology of local rings usually have
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some counterpart in rational homotopy theory. The results of this paper are
no exception. Indeed, let G be a topological space with finite Betti numbers
b; = dimH'(G, Q), such that b; = 0,b; # 0, and b; = 0 for i > f. If
G — E — B is a fibration such that B is a simply connected space with
H*(B, Q) of finite type, then the precise analog of Theorem A is provided by
the recent result of Félix, Halperin, and Thomas [10]: There is an isomorphism
Extc.£,9(Q, C*(E, Q)
= Extc-(3,¢)(Q, C*(B, Q) ®q Extc-6,9(Q, C*(G, Q)),

where C*(—, Q) denotes the singular cochain algebra with rational coefficients.
The analogs of Theorems B and C we state in the absolute case only.

Theorem D. For G as above, the following inequalities hold for the Laurent
series 16(t) = 3 ez (dimg Extel 6 0)(Q, C*(G, Q)¢ :

Sl bt — !

S

Equality holds on the right-hand side if and only if G is rationally equivalent to
a wedge of spheres, namely Gy ~ V,f:z(vb’ Sh.

bet™! < Ig(t) <

(There is a version of this result which holds for homology with coefficients
in an arbitrary field, cf. (2.13). In [10] it is discussed when equality holds on
the left-hand side.)

Out of the five section of this paper, the first and the third are introductory,
and the second and the fourth are computations in differential graded homo-
logical algebra, while the applications to commutative algebra are given in §5.
The main results of this paper have been announced in the note [6].

The statements of many of our results involve only classical invariants of
commutative rings and modules, but their proofs depend in an essential way
on the techniques of DG homological algebra. This supports our point of view
that much is to be gained by embedding commutative algebra into differential
graded commutative algebra. The sequel to this paper, [4], represents an even
more transparent application of this principle.

1. SUMMARY OF DG HOMOLOGICAL ALGEBRA

Following earlier work of Eilenberg-Mac Lane and Cartan on the (co)homol-
ogy of K(m, n)’s, Eilenberg and Moore invented differential graded homologi-
cal algebra, cf. Moore [18]. In particular, they constructed groups Torf(L , M)
for bounded DG modules over a DG ring R concentrated in nonnegative de-
grees. However, their technique does not provide the groups Extz(M, N) un-
less connectivity restrictions are present. This is not the case for the DG rings
and DG modules of this paper, so we use the construction of the derived func-
tors introduced in [7], which works in general and is based on the notion of
semifree DG modules. Below we present an outline of this approach using the
familiar idiom of projective resolutions. This presentation is rather expansive
because a comprehensive account is only in preparation, and hence it will only
be available in the literature later (in [5]).

A G ringis a collection of abelian groups R = (R;);cz together with pairings:
RixRj — R;;j (for i, j € Z) subject to the usual requirements of associativity,
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distributivity, and existence of a unit 1 € Ry. In particular, R, is a ring, and
R; is an Rgp-module for all i € Z. An element of R is an element of R;
for some i. In this paper we do not consider the direct sum [[;c, R; (with
one exception in a cautionary remark). This is the reason for our usage of the
abbreviation G ring instead of the expression graded ring.

A homomorphism of G rings ¢: R — S 1is a collection of additive maps
(¢i: Ri — Si)iez suchthat ¢o(1) =1, and ¢pmin(Xy) = dm(X)da(y) for x € Ry
and y € R,. In particular, ¢o is a homomorphism of rings, and ¢; is a
homomorphism of Ry-modules for all i € Z.

A left G R-module is a collection of abelian groups M = (M;);cz together
with pairings: R; x M; — M,,; (for i, j € Z) subject to the usual conditions.
In particular, M; is an Rg-module for all i € Z. An element of M is an
element of M; for some i. A right G R-module is defined by interchanging
the factors. G modules are left G modules unless otherwise specified.

In this setup (which is that of Moore [18] and Mac Lane [17]) each nonzero
element of R or M has a unique degree denoted by | |. That is, |x| = i,
if x #0 and x belongs to R; orto M;. A G R-module M is said to be
bounded above (respectively: bounded below, bounded), if there exits an n € Z
such that M; =0 for i > n (respectively: for i < n, for |i| > n).

A G R-module M is said to be of G finite type if there exists a set of
generators E for M such that E; = {e € E||e| = i} is finite for each i € Z.
If there exists an n € Z such that E; = & for i > n (respectively: for i <n,
|i| > n) then M is said to be of bounded above (respectively: bounded below,
bounded) type.

A homomorphism of degree n of left G R-modules o: M — N is a collection
of additive maps (a;: M; — Niin)icz satisfying the identities

a(rm) = (=1)""ra(m) forre R and m € M.

Remark. Here is the first instance of the general rule which we (have tried to)
follow throughout the paper: When, in an expression, two elements a and b
are transposed the sign (—1)4/1l appears. (In the example above |a| = n.)

We denote by Homg(M , N), the abelian group of homomorphisms: M —
N of degree n, and Homg(M, N) denotes the G Z-module of homomor-
phisms (Homg(M , N)p)nez . (Caution: ]];c, Homg(M, N); is not (in gen-
eral) the group of (][;cz R;)-homomorphisms: [[;c.; M; — [1;cz Ni-)

A morphism a: M — N of G R-modules is a homomorphism of degree zero.
Aleft G R-module N issaid to be G-projective (respectively, G-injective) if the
functor Homg(N, —) (respectively, Homg(—, N)) preserves exact sequences
of morphisms of left G R-modules. A left G R-module F is G-flatif — Qg F
preserves exact sequences of right G R-modules. A G-projective G module is
G-flat.

Each G R-module M has a G-projective resolution P, that is, a complex of
morphisms of projective G modules

P="‘_’P(i)E’P(i—l)—"“—’P(l)f"P(O)—’()—’”' ,

with H)(P) isomorphic to M and H;(P) = 0 for i # 0. The G Z-
module Extz(M, N) is defined up to unique isomorphism by Exti(M, N);
= H_;(Homg(P, N);), when P is a G-projective resolution of M, and
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Hompg(P, N) is the complex of G R-modules

.- =0 — Homg(Pg), N) "™ Homg(Py,, N) = --- .

For G Z-modules L and M the tensor product L ®; M is the G Z-module
defined by (L ®z M); =1,,,-; Ly ®2 M, . For aright G R-module L and a
left G R-module M the tensor product L ®r M is the cokernel of the natural

morphism of G Z-modules
L® Rz M > Loz M (I@rem—Ilrem—-I[®rm).

As usual Torf(L, M) is the G Z-module defined up to unique isomorphism
by Tor,R(L, M); = H;((L®g P);) when P is a G-projective resolution of M .

A (left) derivation of degree n of the G ring R is a collection of additive
maps 0 = (0;: R; — Riyn)icz satisfying the Leibniz rule

A(rs) =d(r)s + (=1)I""rds.

A G ring R together with a degree —1 derivation 9 of square zero is called a
DG ring. The derivation 0 is then referred to as the differential of R. The G
ring underlying the DG ring R is denoted by R*.

A homomorphism of DG rings ¢:R — S is a homomorphism of G rings
satisfying ¢80 = 0¢. A homomorphism of DG rings ¢: R — S such that
H(¢): H(R) — H(S) is an isomorphism is said to be a homology isomorphism.

If R is a DG ring, a left (respectively: right) DG R-module M is a left
(respectively: right) G R*-module M* together with a degree —1 additive
endomorphism 9: M — M , such that 82 =0 and

d(rx) =a(r)x + (-1)"rax (respectively : 8 (xr) = 8 (x)r + (-1)*Ixar),
forall re R and x € M ; 0 is called the differential of M .

Remark. Throughout this paper notions with DG are natural extensions of the
usual notions from module theory to a differential graded (DG) setup. However,
the inverse passage from the DG framework to that of module theory is not
always reflected in a deletion of DG in the notation.

For example, a ring 4 may (and will) be considered as a DG ring 4 by
setting Ag = A and A4; = 0 for i # 0. We shall refer to this by saying, that
A is concentrated in degree zero. Similarly a left 4-module can be considered
as a left DG A-module. However, a left DG A-module is a complex of left
A-modules! In this situation we use the two expressions, DG A-module and
complex of A-modules, interchangeably.

A morphism a:M — N of DG R-modules is a morphism: M* — N* of G
R*-modules such that ad = da. ‘

The cycles of M , the boundaries of M , and the homology of M are defined,
as usual, by

Z(M)={aeMda=0}; B(M)={0blbeM}; H(M)=Z(M)/BM),

respectively.

The homology H(R) is a G ring and H is a functor from DG R-modules
to G H(R)-modules. The homology class of a cycle z is denoted [z]. A DG
R-module M is said to be homologically trivial, if H(M) = 0. A morphism
a:M — N is said to be a homology isomorphism, if H(a): H(M) — H(N) is
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an isomorphism (of G H(R)-modules). A homology isomorphism is indicated
by the symbol ~ next to its arrow, while & is our symbol for isomorphisms.
Two morphisms o, f: M — N are said to be R-homotopic, if there exists a
y € Homg(M, N); such that 9y + y0 = a — f; in this case we write a ~ f.
Note that this implies H(a) = H(f).
For DG R-modules M and N a DG Z-module Homg(M , N) is defined
by

Homg(M, N)* = Hompgs(M*, N*) and
d(a)(m) = d(am) — (=1)1*la(dm) for a € Homg(M , N) and m € M.

For a right DG R-module L and a left DG R-module M a DG Z-module
L ®r M is defined by

(L ®r M)# =L* Qg M*  and
d(lem)=8()em+ (-1)'Il®dm forle Land me M.

A DG module P such that Homg(P, —) preserves homology isomorphisms,
and P* is a G-projective G R*-module, is called DG-projective. (Caution: This
notion is less restrictive than the one in [18].)

A DG module I such that Homg(—, I) preserves homology isomorphisms,
and I* is a G-injective G R*-module, is called DG-injective.

A DG module F such that — ®z F preserves homology isomorphisms, and
F* is a G-flat G R*-module, is called DG-flat. (Caution: This notion is more
restrictive than the one in [10, Appendix].)

Remark. Assume that R = A is concentrated in degree zero. A bounded below
DG A-module P is a DG-projective (respectively, DG-flat) DG module if and
only if each P; is a projective (respectively, flat) 4-module. A bounded above
DG A-module I is a DG-injective DG module if and only if each I; is an
injective A-module.

A homology isomorphism of DG R-modules: P = M with P DG-projective
(respectively: DG-flat) is said to be a DG-projective (respectively: DG-flat) reso-
lution of M (over R). A homology isomorphism of DG R-modules: M 5 I
with I DGe-injective is said to be a DG-injective resolution of M (over R).

Remark. Assume that R = A4 is concentrated in degree zero, and M is an
R-module. The usual resolutions of homological algebra are then resolutions in
the sense above.

(1.1) Every DG R-module M has a DG-projective resolution &: P = M with
¢ surjective. Every DG R-module M has a DG-injective resolution n:M = I
with n injective. 0O

(1.2) Let K be a DG-projective (respectively, DG-injective) DG R-module.
Then to each morphism oa: K — N (respectively, y: M — K) and each homology
isomorphism B:M 5 N there exists a morphism y:K — M (respectively,
a:N — K), such that o ~ By (respectively, aff ~ y), that is, such that the
diagram

/M M
~|B ] ~
— 1%] (respectzvely, 8|~ / )

K N

«a
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commutes up to homotopy. Furthermore this y (respectively, o) is necessarily
unique up to R-homotopy, that is, if y' (respectively, o') satisfies a ~ By’
(respectively, o' B ~ y), then y' ~ y (respectively, o' ~a). O

(1.3) Each DG-projective DG R-module is DG-flat. O

(1.4) If y: P' 5 P is a homology isomorphism of left DG-projective (respec-
tively: DG-flat) DG R-modules, then for any left DG R-module N (respectively:
right DG R-module L), Hom(y, N) (respectively: L ® y) is a homology iso-
morphism.

If y: 15T is a homology isomorphism of left DG-injective DG R-modules,
then Hom(y, N) is a homology isomorphism for any left DG R-module M. 0O

We let Homg(M, N) (respectively: L@_R M) denote any of the DG Z-
modules Homg(P, I) (respectively: Q ®g P), where P is a DG-projective
resolution of the DG R-module M, I is a DG-injective resolution of the
DG R-module N, and Q is a DG-projective resolution of the right DG R-
module L. By (1.2) any two such DG modules are connected by homology
isomorphisms, which themselves are defined uniquely up to homotopy. Thus
H(Homg(M, N)) (respectively: H(L® R M)) is defined up to unique isomor-
phism.

Definition. .
Extz(M, N) = H_;,(Homg(M, N))

and
TorX(L, M) = Hi(L®, M).

Remark. Assume that R = A4 is concentrated in degree zero. If M and N are
R-modules, these constructions give the standard notions. If M and N are
complexes of R-modules bounded on the appropriate side, then the construc-
tions specialize to hyper(co)homology, cf. e.g. [14] or [11].

Let L be a right DG R-module, and let M and N be left DG R-modules.
Let also R’ be a DG ring. Let L’ be a right DG R’-module, and let M’ and
N’ be left DG R’-modules. In order to describe the functoriality of Ext and
Tor consider the following situation:

¢: R — R’ is a homomorphism of DG rings,

a:L — L' is an additive morphism, such that a(/r) = a(/)¢(r) for r € R
and /e L,

B:M — M’ is an additive morphism, such that B(rm) = ¢(r)B(m) for
re R and me M, and

y: N’ — N is an additive morphism, such that y(¢(r)n’) = ry(n’) for r € R
and n' € N'.

Using (1.2) one constructs, as usual, homomorphisms of G Z-modules:

Tor?(a, B): Tor® (L, M) — Tor® (L', M")

and

Exty(B, 7):Extg (M', N') — Extg(M, N).

Their main property, which we shall mostly use without specific reference in
the rest of the paper, is given by the following theorem.
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(1.5) The G Z-modules Tor®(M, N) and Extg(M, N) are functorial in
the triple (M, R, N). When ¢,a, p, and y are homology isomorphisms,
then Tor’(a, B) and Exty(B, y) are isomorphisms. O

Furthermore, by the definitions and (1.3), we have
(1.6) The induced maps:

Homg(M , I) S Homg(P, I) & Homg(P, N),
Q®r M EQ@r PS5 Leg P,
are homology isomorphisms, which are defined uniquely up to homotopy.

After this short exposition of basic DG homological techniques, we pass to
the discussion of more specific facts, which will be needed below.

(1.7) If ¢:R — S is a homomorphism of DG rings making S into a DG-
projective (respectively: DG-flat) left DG R-module, and if P is a DG-projective
(respectively: DG-flat) left DG S-module, then P is also DG-projective (respec-
tively. DG-flat) as a left DG R-module. O

An augmented DG ring eg: R — £ is a homomorphism of the DG ring R
into a field # concentrated in degree zero, such that £ is the field of fractions
of the image &g(R). We shall often suppress ég or £ (or both of them)
from the notation. The field £ will always be considered as a left and right
DG R-module with the structure given by eg. Of special interest are the #-
vector spaces Extp(£, R). Letalso ¢g: R’ — £’ be an augmented DG ring. A
homomorphism of augmented DG rings: R — R’ is a homomorphism of the
underlying DG rings such that (Kereg )N R = Kereg. When R is a local ring
(concentrated in degree zero) €z will always denote the canonical surjection of
R onto the residue field.

(1.8) Let ¢:R — R’ be a homology isomorphism of augmented DG rings.
The induced map: # — £' is then an isomorphism, and the £ -vector spaces
Extkx(£, R) and Exty.(£’, R') are canonically isomorphic.

Proof. The claim on the field extension is verified directly, and (1.5) provides
isomorphisms
Exto(£, R) > Exth(£', R') & Exth(£', R'). O

For a DG module M over an augmented DG ring R — £ the Bass number
Ue(M) is the (cardinal) number dim, Extz(#, M) (dim, denotes dimension
as a £-vector space). The Bass “series” IM(¢) is the “Laurent series”

@) = up(M)r'.
i€z

We set

depthg M = inf{i € Z|ExtR(£, M) # 0} € {—o00} UZ U {c}.
When d = depthz M € Z, we set
DGtypeg M = dim, Ext4(# , M) € {0} UN U {c}.
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We abbreviate depthzkR and DGtypegR to depth R and DGtype R, respec-
tively.

Remark. If M is a finitely generated module over a local noetherian ring R,
then we recover the usual notion of depth; however for type we keep the DG in
this case also, since typezM is sometimes defined as dim, Extx(#, M) with
n=dimM .

More generally, for complexes of modules over a local ring, the following
finiteness results hold, cf. [14] or [11].

(1.9) If R is noetherian and concentrated in degree zero and H(M) is bounded
above, then M has a bounded above DG-injective resolution. If, furthermore, all
H;(M) are finitely generated, then I¥ (t) is a formal Laurent series, and I} (t) #
0 when H(M) # 0. In particular, depthgxM € Z and DGtypexM < 0. 0O

In some of our computations we shall have to carefully keep track of different
module structures. To do this we use the standard language of bimodules. How-
ever, since the signs are important and may get complicated, we have collected
the necessary information below.

If M is aleft DG R-module and a right DG T-module in such a way that
(rm)t = r(mt) forall r e R, me€ M, and ¢t € T, then M is called a DG
R- T-bimodule. We denote this by writing g M7 . Equivalently, M is a (left)
DG (R ®z T°)-module with (r ® t)ym = (—=1)l1Imlrm¢, when T°P denotes
the DG ring with 7°° = T as DG Z-modules and with product - defined by
t-t = (=DMt Now consider the following situation: sLg, gMy, and
rNy . There are natural structures as follows:

L®gr M is a DG (S ®z T°P)-module by
(s®@ )l ®@m) = (=1)4(sl) ® (mt) with d = |t|(|I| + |m|);

Homg(M, N) is a DG (T ®z U°P)-module by
(@ u)a)(m) = (—1)a(mt)u with e = (|t| + |n|)(Ja| + |m]).

Here le L, meM,seS,teT, ueU,and a € Homg(M, N).
Consider now DG bimodules ¢P;, sLg, and gNy. There is a canonical
map

wpry:Homg(P, L)®g N — HOl’ns(P, L®gN)

defined by wpn(B®n)(p) = (-1)P1I"lB(p) ® n, which is a homomorphism of
DG (T ®z U°P)-modules.

(1.10) Assume that there exist homology isomorphisms (denoted by = since
the direction does not matter) as follows:

P'~P of DG-projective DG S-modules, with P' G finite of bounded below
type;

L=L'" of right DG (S ®z R°P)-modules, with L' bounded above;

N=N' of DG-flat DG R-modules, with N' bounded above.

In this case wppy is a homology isomorphism.
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Proof. Consider the commutative diagram
Homg(P,L)®x N %%  Homg(P,L®g N)
~| | ~
Homg(P,L)®zg N’ “™%  Homg(P, Lz N')
~ | | ~
Homg(P, L')®g N’ “¥  Homg(P, L' ®& N')
~ | | ~
Homg(P', L')®g N’ “EY Homg(P', L' ®r N').
Since the vertical maps are homology isomorphisms by (1.4), and the bottom ar-

row is an isomorphism by inspection, the top arrow is a homology isomorphism,
as claimed. O

A Gring or DG ring R is said to be commutative if the following hold for all
r,r e Rir'r=(=DM"lyy and r2 = 0 if |r| is odd. (Such a ring is sometimes
termed strictly commutative.)

When R is commutative every left DG R-module can (and will) be consid-
ered also as a right DG R-module by means of the action: mr = (=1)!"I"lrm
for m e M and r € R. In particular, the DG Z-modules Homg(M , N) and
M ®gr N are then DG R-modules for the following actions:

(ra)(m) = (=1 ela(rm) = (=)o),
rimen)=(m)@n=(-D""mern,
where r € R, o € Homg(M ,N),me M ,and ne N.

From now on (with the exception of (2.12) and (2.13)) all DG rings are
assumed to be commutative and concentrated in nonnegative degrees.

2. BASS SERIES OF FINITE DIMENSIONAL DG ALGEBRAS
Throughout this section the following assumptions are in force:

e Fdenotes a commutative supplemented DG algebra over a field
/, thatis, an augmented DG ring ¢r: F — / equipped with a
homomorphism of DG rings ng:/ — F such that epnp = 1,.
(2.0 e dim, F is finite.
e Hy(F) is a local ring (and then necessarily artinian).
o /= max{i|H;(F) # 0}.
*MHy(F) = ker(H(sp):H(F) - /)
For the theory of Golod algebras we refer to [2]. In general, the Golod polyno-
mial of F is defined by

S
Gr(t)=1+1— (lengthy - H;(F))'!.
i=0

Note that, in the setup (2.0), lengthy ) is equal to dim, . Recall that the
socle of a module over a local ring is the submodule consisting of the elements
annihilated by the maximal ideal.




BASS SERIES OF LOCAL RING HOMOMORPHISMS 507

(2.1) Theorem. Under the assumptions above the following hold.
(a) There is an equality Ir(t) =1 if and only if Hy(F) is a Gorenstein ring
and Hi(F)=0 for i #0.
(b) If mpyr) # O there is a coefficientwise inequality of formal Laurent series:

Gr(t™")
Gr(t)

(c) Equality holds in (b) if and only if F is a Golod algebra and wmpr) # 0.

(d) Both series in (b) have the same order. Their initial terms coincide if and
only if Hy(F) = socley,r)H(F) (this is the case, in particular, when
Hy(F)=/).

(e) depth F = —f and DGtype F = dim, socley,r)H/(F).

Proof. Let FV denote the (left) DG F-module Hom,(F, /) with operation
of F and differential given by, respectively: (xa)(y) = (—1)*!(al+’Dg(yx) and
(0a)(y) = (-1)1lg(dy) for ae FY and x,y € F.

We shall make some explicit computations with bar-constructions, cf. [17,
(X.10)], so we recall that B(Z, F, FV)=B(/, F, F)®f FV ,where B(/, F, F)
is defined as follows. Let F denote the G /-module with F; = (F//);_; , and
set (B(Z, F, F))* = ],5,(F)® ® F* with the action of F* induced from the
right-hand factor. (Tensor products are over #.) Writing ||y|--- |ypllx for a
typical element, the differential is defined by

14 -
AUl ypllx) = =Y (=1 Iwil--18yil - ypllx + (=D Iyl -+ - [y, l10x

i=1

Ip(t) < —t

p—1 )
+er)llyal- - Wpllx + Y (=D Mlysl- - yavica] - ypllx
i=1

+ (D" il =iy,

where s' =i+ Z;;, vl

Note that H(B(Z, F, F)) = / (by the well-known contracting homotopy).
That B(Z, F, F) is a DG-projective DG F-module can easily be verified from
its construction, cf. e.g. [5]; thus H(B(Z, F, FV)) = Torf (#, FV). In partic-
ular, it shows that Tor! (/, FV) is finite dimensional for all i € Z and is zero
for i« 0.

By standard isomorphisms we get

Extp(/ , F) 2 Extp(£, (FY)Y) = (Tor" (¢, FV))",
and hence
(2.2) Ir(t) = Y (dim, Torf (£, FV))t'.
i€z
Thus Ir(t) is a formal Laurent series.

Now, note that Tor” (7, FV) is the abutment of the Eilenberg-Moore spec-
tral sequence obtained from filtering B(/, F, FV) “by the number of bars”

, FY).

(2.3) 2Epq = Tort (/' , H(FY)), = Tor,,

p+q
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We denote by B the !E-term of the sequence (2.3) and by 9 its differential.
Thus, B is a bigraded vector space with B, = (m}e}’(’ r) ® H(FV))q. Consider
the exact sequence of bigraded spaces

0-ZB) —B23®B) -0,

0-9(B)—Z(B)—2E -0,
where all the maps have bidegree (0, 0) except & which has bidegree (-1, 0).
We write |V|(¢, u) =3, ,(dim, Vp4)Pu? for the two-variable Hilbert “senes

of a bigraded vector space V. Taking into account the equality dim, H;(F) =
dim, H_;(FV), we obtain

PE|(t, u) = [BI(t, u) — (1 + 0)[3(B)|(z, u)
(2.4) B Z (dim, H;(F))u™!
1 - ZZ (dim( myF )) )ui

Next we need some notation and explicit information on the G H(F)-module
structure of H(FV). The augmentation &r: F — / , considered as an element
of FV, is a cycle and gives a nonzero class in Hy(FV): we call it the funda-
mental class and denote it by e¢. The canonical nondegenerate bilinear map
given by the module structure

—(140)|0(B)|(¢, u).

FxFY o FV™yv=y

induces in homology an /Z-bilinear map of G /-modules

(2.5) H(F) x H(F¥) — H(F¥) ") s
This is given by, for x € Z;(F) and a € Z;(FV),

xa(l) ifi+j=0,

0 ifi+j+#0.

It is also nondegenerate, that is, it is a perfect pairing. Assuming [x] # 0 and
noticing that Z[x] N (my(r))olx] = 0, it is possible to choose [a] € H(FY)
such that ([x], [a]) = 1 and ([y][x], [a]) = O for [y] € (mp())o. Then we
have (1, [x][a]) =1 and ([y], [x][a]) = O for [y] € (mu(r))o. These equalities
characterize e, thus [x][a] = e and we obtain:

(Ix1, [a)) — ([x], [a]) = {

(2.6) For any nonzero [x] € H(F) there exists an element [a] € H(F") such
that [x][a]l=e.

After these preparations we start proving the different claims of the theorem.

We consider (b) first. Set T,, = (m%’(’ Fy)g and T = I, , Tpq - Remark that
viewing H(FV) as a bigraded space with H(FV)o, = H(FV), and H(FV)y, =
0 for p #0, we have that B=T ® H(FV) as bigraded vector spaces.

Since mpy ) # 0, we can choose x € Z(Kerep) with [x] # 0 in my .
Then we use (2.6) to pick an a € Z(FV) such that [x][a] = e. Consider the
/ -linear homomorphism of bidegree (0, 0)

(2.7 6:T — 5(B), 6(t) = 0(t ® [x] @ [a]).
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Note that 6(t) =t ® [a] £t ® e where ¢’ € T. Since [x]e = 0 the elements
[a] and e of H(FV) are linearly independent over Z , and thus ¢ is injective.

Hence :

1- ZE dlm/ mH(p)) ) i
Substituting this into (2.4) yields the inequality
Z, o(dlm/ (F)u™ = (1+1)

— t Yo (dimy (mppy)
Combining this with the inequality

IF <) ( > (dim, 2E,,,,)t") = PE|(t, 1),
p

[O@B)I(¢, u) > |T|(1, u) =

PE|(t, u) <

i +q=1i

which follows from (2.2) and the convergence of the spectral sequence (2.3),
and with the equality

f f
Z(dim/ Hi(F)u' —1= Z(dim/(mH(F))i)ui
i=0 i=0

we obtain the required inequality, and the proof of (b) has been completed.

To prove (c) consider the following conditions:

(2.8) Ir(t) = —tG(t™1)/G(?) .

(2.9) myry # 0, the homomorphism & in (2.7) is surjective, and 2 = ®F
in the spectral sequence (2.3).

(2.10) myF #0, mi,(F) =0, and *E = *E in the spectral sequence (2.3).

(2.11) myry # 0 and F is a Golod algebra.

Our claim is that (2.8) and (2.11) are equivalent. In order to establish this,
we shall show the equivalence of all four conditions. First, to prove that (2.8)
and (2.9) are equivalent, note that (2.8) implies myr) # 0, since otherwise it
produces the absurd equality 1 = Ir(t) = —t. Now the equivalence follows
from the argument in the proof of (b).

To prove that (2.9) implies (2.10) assume that there are u, v € my(r) such
that uv # 0. By (2.6) there is then an # € H(FV), such that (uv)h =e. Since
ue = 0, the elements vk and e of H(FV) are linearly independent over /.
Because of the expression for J given in (2.7), this implies that the element
9(||lv|lh) = £vh cannot lie in ImdJ . Thus, & is not surjective.

To prove that (2.10) implies (2.9) assume that there are v € mpyr) and
h € H(FV), such that 0 # vh € H(FV)//e. Since in the duality given by
(2.5), one has (mpr))*t = Ze, there is a u € my(r) such that (u, vh) # 0,
therefore u(vh) # 0. But this contradicts the assumption mi,(F) = 0, hence

my ) H(FY) = Ze. It follows that 0(B) = T ® e. Now the equality t® e =
+d(t ® [x] ® [a]) shows that ¢ is surjective.

(2.10) = (2.11). By [2, Theorem (2.3)] we have to show that H(F) has only
trivial Massey products. This follows from the argument just after [8, (4.3)] by
replacing H(KE) by H(FV) and shifting the degrees by —f .

(2.11) = (2.8). By [2, Theorem 2.3] F is linked by a sequence of homology
isomorphisms to a trivial extension F’ =/ x W (thatis, / x W =/ & W as
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vector spaces, Z is a subring, W2 =0, and 9 = 0). Hence myFp = W, 50
in particular Gr(t) = Gp:(t). Furthermore, by (1.8) Ig(t) = Ir/(t). Thus it
suffices to prove that there is equality in (2.8) when F =/ x W . But in this
case (2.10) holds trivially, and we use the implication (2.10) = (2.8) which is
already available.

To prove (e) note that in the spectral sequence (2.3) we have

2Ey, ;= (¢ ®nyr) HFY))_p 2 £ ®pyry) H-(FV).
Because of the canonical isomorphisms of Hy(F)-modules
(¢ ®nyry H_s(F"))" = Hom, (£ @pyr) H-y(FY), /)
= Hompy,r) (£, H-y(FV)Y)
= Homy,r) (£, Hy(F))
& socle Hy(F),

we have dim? Ey,_r = dim; socle Hy(F) .

Furthermore B,;, = 0 when either p < 0 or ¢ < —f. This implies that
2Ey, ;= ®Ey _y, and that ®E,; = 0 when either p+g<—f or p+q=—f
with (p, q) # (0, —f). In other words, the initial term of

IHOEDY ( > (dimy EM)) ¢

i€Z \p+q=i

is (dim, 2E,, _ )t~/ = (dim, socle H/(F))t~/ which was to be proved.

To prove (d) note that, by inspection, the Laurent series —tG(¢~!)/G(t) has
initial term (lengthy, g H/(F )t~/ , hence our claim follows by comparison with
the result of (e).

Finally to prove (a) note that the assumption /r(¢) = 1, by (e), implies that
f =0 and that dim, socle Hy(F) = 1, thatis, H;(F) =0 for i # 0 and Hy(F)
is a Gorenstein ring. Conversely, when the last two conditions are satisfied the
spectral sequence (2.3) has 2E,, =0 for (p, q) # (0, 0) and 2Eqy =/, hence
Ir(t)=1. O

(2.12) Proofof Theorem D. Let C’ denote a minimal model [19] of the Sullivan
algebra of commutative Q-cochains on G. The DG rings C*(G, Q) and C’
are connected by a sequence of homology isomorphisms

Extc.6,9(Q, C*(G, Q) = Ext(Q, C'),

by (1.5). Furthermore, truncating C’ if necessary by an ideal of finite codimen-
sion and zero cohomology, cf. the proof of (3.4) below, we obtain a homology
isomorphism of C’ onto a finite dimensional connected Q-algebra C with
C! = 0. In particular, by (1.5) again, Extc/(Q, C’) and Extc(Q, C) are iso-
morphic. With due care for the grading convention the arguments of the proof
of (2.1) carry over to this cohomological situation and establish the inequality of
Theorem D, with equality holding if and only if H*(G, Q) has trivial Massey
products. However, this is well known to characterize rational suspensions, cf.
[21). O

(2.13) Remarks. Let /Z be a field of arbitrary characteristic. For a space G
which satisfies the assumption of Theorem D, consider now the Betti num-
bers b; = dim, H'(G, /), the cochain algebra C*(G, /), and the Bass series
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I6(t) = ¥z (dimy Exter g (4, CH(G, )t , where the C*(G, /)-modules
under inspection are right modules.

(a) The inequalities of Theorem D hold in this broader setup.

To see this, replace in the proof of this theorem the Sullivan model of G by a
free model, also denoted C’, of C*(G, /) cf. e.g. [9]. As above one then links
C*(G, /) by a sequence of homology isomorphisms to a finite dimensional
supplemented DG algebra C, with C® =/ and C! =0. Sucha C will (in
general) be noncommutative, but the commutativity of F was never used in
the proof of Theorem (2.1.b).

(b) The right-hand side inequality of Theorem D is an equality if and only
if the Massey products of all orders (including the cup products) of elements of
H*(G, ) are equal to zero.

To prove this one cannot use the argument of Theorem (2.1.c) since the
commutativity of F was essential in its last portion. However, the claim can
be established by adapting the techniques used in [8, §§3 and 4].

(c) If G is a suspension, then there is an identity

S S
Ig(t) = (Zb,‘t_i—t—l) / (l —Ebiti_l) .
=2 i=2

Namely, H*(G, /) has trivial Massey products, cf. Kraines [15].

3. DG FIBERS OF HOMOMORPHISMS OF COMMUTATIVE DG RINGS

For a G Z-module B we denote by AB the free commutative G ring on
B, that is, the (possibly infinite) tensor product of the symmetric algebras on
B,; and exterior algebras on B,;,; for i € Z. Every homomorphism of DG
rings ¢: R — S can be factored in the form

R—>Y>S
1 ny
where Y* = R*®z AB, B is concentrated in nonnegative degrees, B, is Z-free
for each n, and 1 is the canonical inclusion; this follows from a modification,
cf. [3], of the procedure of adjoining variables to kill cycles, cf. [20]. We call
such a factorization a free R-algebra resolution of S ; by abuse of language, we
give Y the same name. For proofs of the next two properties of the construction
we refer to [3] and [20], respectively.

(3.1) my is a DG-projective resolution of the DG R-module S .

(3.2) If eg: R — £ is surjective, Hy(R) is a noetherian ring, and H;(R) is a
noetherian Hy(R)-module for each i € 7., then B; can be taken of finite rank for
each i € Z. In particular, the DG R-module # has a DG-projective resolution
which is G finite of bounded below type.

Now consider the commutative diagram

T R .5
(3.3) lt lp 10‘
T R’ S’

¢I
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of homomorphisms of commutative DG rings. Embed (say) the right-hand
square into the commutative diagram

R - Y 5 s
1 Ty

e Lz e

R <« Y 5 s
4 Tyr

This is easily done, extending p by induction on the degrees of the elements in
a basis of B. Thus one obtains a homomorphism of commutative DG rings

1®, :T®r Y - T' @r Y

Since Y (respectively: Y’) can be shown to be a DG-projective resolution of the
DG R-module S (respectively: of the DG R’-module S’) this homomorphism
represents a map

. —_ U !
@ o Tg,S—-Tg,S"

If one takes algebra resolutions X and X’ in place of Y and Y’, respectively,
there results a diagram of DG ring homomorphisms

TQRY —— T'®p Y’

=| E

TOr X —— T'op X',

where the vertical maps are homotopy isomorphisms defined uniquely up to
homotopy, and which is itself commutative up to homotopy. Due to (1.6), this
shows in particular that Tor™ (—, —) is a functor from diagrams of the form
(3.3) to G rings.

Definition. If (R —» £) — (S — /) is a homomorphism of augmented DG
rings, then any representative of £ r S, constructed as above from a free R-

algebra resolution Y of S, will be called a DG fiber of ¢, and denoted F(¢).

The DG fiber F = F(¢) of ¢ will always be considered as an augmented
DG ring by means of the augmentation

eF = £ Qe & ABRS > ARyl =A@y L =1

The G /-module Extp(Z, F) is defined uniquely up to a unique isomorphism:
this follows from the preceding discussion and (1.6).

Remark. The fiber of a local homomorphism ¢ of local rings (or, more gen-
erally, of augmented I'-DG rings, that is, DG rings with divided powers) was
introduced in [1] as a I'-DG ring and called the homotopy fiber. The construc-
tion described above gives a DG fiber in the category of augmented DG rings
(no divided powers). However, both fibers are homology isomorphic, hence
by (1.8) the /-vector spaces Extp(/, F) are canonically isomorphic for any
choice of the fiber F . In particular, the Bass “series” Ir(¢) does not depend on
the choice of the fiber F. We denote it by I4(¢) and call it the Bass series of
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¢ . Furthermore, we set depth ¢ = depth F(¢) and DGtype ¢ = DGtype F(¢),
cf. (1.8).

One of the main advantages of the DG version of homological algebra, as
compared with the classical one, is the possibility of changing a ring argument by
a homology isomorphic one, which may be more suitable for the computations
at hand. The next two propositions provide efficient ways of using finiteness
assumptions on the DG fiber.

For a DG A-module N the flat dimension of N, fd4N, over A is defined
by

fd,N = ir}fsup{n|F,, # 0},

where the infimum is taken over all DG-flat DG R-modules F such that there
exists a sequence of homology isomorphisms between N and F.

(3.4) Proposition. Let p: R — S be a homomorphism of augmented DG rings,
R— £ and S — /. Assume furthermore that

(a) R is concentrated in degree zero,

(b) S is a DG R-module of finite flat dimension
Then for any free R-algebra resolution: R — Y S there exists a DG ideal J

in Y such that the surjection Y — Y' =Y/J lS a homology isomorphism, all
Y/ are flat R-modules, and Y/ =0 for i <0 and for i > {dgS.

1
Furthermore, there is a canonical isomorphism:

Extrg) (£, F(¢)) 2 Extyg,y/(/, £ ®r Y').
Remark. Recall that all DG rings are assumed to be commutative and concen-
trated in nonnegative degrees.

Proof. Let f = fdgS. It follows from the definition of flat dimension that
Hi(Y)= Hi(S)=0 for i > f.
First we prove that Y,/B;(Y) is a flat R-module. Note that

g Yf+2—'" Yf+l — Yf—)O—)
is a flat resolution of Y,/B/(Y), and hence
Torf (M, Yi/Bs(Y))=H; ,(M®r Y)= Torj’fH(M, S$)=0,
for all R-modules M .
Consider the subcomplex J of Y
J=oYr =Y = Bp(Y)>0—---.

This isa DG ideal in Y, and H(J) = 0. Thus the canonical projection x:Y —
Y/J = Y"” is a homology isomorphism of DG rings, and Y” is R-flat (since
Yf+l/Bf+1(Y) is ﬂat)

The homology isomorphism x induces a homology isomorphism £ ® k :
£®rY — £®rY", by (1.4). Now, note that F(¢) is equalto # ®g Y and
apply (1.5) to obtain the isomorphism in Ext. O

(3.5) [3, (10.6)] Let e6:G — £ be an augmented DG ring such that Hy(G)
is an artinian local ring which contains a field £ as a subring. If H(G) has
finite length over Hy(G) then G can be linked by a sequence of homology iso-
morphisms to a supplemented finite dimensional DG /-algebra e¢r:F — /. O
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4. A BASE CHANGE FORMULA FOR COHOMOLOGY
In this section we prove the main result of the paper.

(4.1) Theorem. Let R — £ and S — 7/ be augmented commutative DG rings
with surjective augmentations, let ¢:R — S be a homomorphism of augmented
DG rings, and let M be a DG R-module. Assume furthermore that:

(a) R is a noetherian ring concentrated in degree zero,

(b) Ho(S) is a noetherian ring and H;(S) is a finitely generated Hy(S)-
module for each i€ Z;

(¢) S isa DG R-module of finite flat dimension;

(d) H(M) is bounded above.

When F(¢) denotes the DG fiber of ¢, there is an isomorphism of G /-
modules Exts(/, M@r S) = Extr(£ , M) ® ¢ Extg(4)(£ , F(9)).

Remark. The proof takes the rest of this section. For an overview of the argu-
ment the reader could consult the note [6].

Proof. First of all we introduce resolutions of the different modules and alge-
bras involved. Most of this information is summarized in the following two
commutative diagrams of homomorphisms of DG rings (diagrams (I) and (II)):
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(—_—.—g.<

Y u >V

F —FeoeV ——— ¢
u € _®¢

These maps are defined as follows:

ex: X — £ is a free R-algebra resolution of # over R.

ny:Y — § is a free R-algebra resolution of §.

The equalities define F, U, G, pr, pu, pc, and my. Note that F is the
DG fiber F(¢) from the preceding section.

ey:V — / is a free U-algebra resolution of / .

Since Homy(X®gY, —) & Homg(X, —) we have that U is a DG-projective
DG Y-module. By (1.7) this implies:

(4.2) V is a DG-projective DG Y-module.

There are several maps that are marked as homology isomorphisms in the
diagrams, but not constructed as such. We now give the reasons.

V ®ny is a homology isomorphism because 7y is a homology isomorphism
and V is a DG-projective DG Y-module by (4.2).

By the commutativity of the triangle we obtain

(4.3) ey ®e¢s is a homology isomorphism.

Ty = ex ®Y is a homology isomorphism because ¢y is a homology isomor-
phism and Y is a free DG R-module.

ny®V is a homology isomorphism because 7y is a homology isomorphism
and V is a DG-projective DG U-module.

By the commutativity of the triangle we obtain

(4.4) er ® ey is a homology isomorphism.

Having explained the diagrams we proceed to record the precise statements
needed in the proof.

The canonical isomorphism Homg(V ®y S, —) & Homy(V, —) together
with (4.2) show that V ®y S is a DG-projective DG S-module. Thus (4.3)
shows that the following holds.

(4.5) V ®y S is a DG-projective resolution of | over S .

Next we note that £ ®y V is, in a natural way, a DG module over #®y U =
£ ®r Y = F, and that
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(4.6) The canonical isomorphisms
A£x VAR UQu VE2AQRQRYQu VEFQuV

are F-linear.

Now, since Homg(FQy V, —) 2 Homy(V, —) the DG F-module F®y V
is DG-projective, and hence, due to (4.4), we have

(4.7) £ ®x V is a DG-projective resolution of / over F .

We also introduce homology isomorphisms of complexes (DG R-modules)

P=MSI,

with P DG-projective and I DG-injective and bounded above, cf. (1.1) and
(1.9).

Finally, consider Homy (U, I®g Y) with the DG U-module structure given
by

(ua) (') = (=1)?(u'u) where d = |u|(|a| + |u']),

for « € Homy(U,I®g Y) and u, u’ € U, and consider Homg(X, I ®¢ Y)
with the DG U-module structure given by

(x®»)B)(x") = (-1)°yB(xx") where e = |x|(|8] +|y]),

for f e Homg(X,I®r Y),x,x’€X,and ye Y.
A straightforward computation shows that

(4.8) The canonical isomorphism 6:Homy (U, I®g Y) S Homg(X, I®r Y)
is an isomorphism of DG U-modules.

Because of condition (a) there is a homology isomorphism X S X’ with X’
a DG-projective DG R-module, which is G finite and of bounded below type.
By (3.4) there is a homology isomorphism Y = Y’ with Y’ a bounded DG-flat
DG R-module. Thus by (1.10) we conclude that

(4.9) Homg(X,I)®r Y — Homg(X, IQ®r Y) is a homology isomorphism
of DG U-modules.

Now follows a sequence of isomorphisms and homology isomorphisms with
explanations in square brackets.

Homg(V ®y S, PQg S)
=~ Homy(V, P®g S) [canonical isomorphism]

~ Y 5 §; Pis DG-flat over R;
~Homy(V,PQrY) [ V is DG-projective over Y ]
~ P3 M S 1T; Y is DG-projective
— Homy(V', I'9r Y) [overR; V is DG-projective over Y]

= Homy(V, Homy(U, I ®r Y)) [canonical isomorphism]
~ Homy(V, Homg(X, I ®g Y)) [(4.8)]
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(4.9) since V is
DG-projective over U |
XS4 1

~ I is DG-injective over R;
= Homy(V', Homg (£, I) @k Y) Y is DG-projective over R

V' is DG-projective over U |
~ Homp(F ®y V, Homg(£, ) ®z Y) [canonical isomorphism]
~ Homp(£ ®x V, Homg(£,I)®r Y) [(4.6)]

canonical isomorphism
using F=#4®r Y

& Homy (V , Homg(X, I)®g Y)

~ Homp(£ ®x V,Homg(£,1)®, F)

Now we note that Hy(F) = # ®g Hy(S) is a noetherian ring. Let X’ — £ bea
resolution by finitely generated projective R-modules. Then there is a standard
first quadrant spectral sequence of the double complex X' ®r S,

2Epg = Hy(X' ®r Hy(S)) = Hpig(X' ®r S) = Hyyo(F).

Since 2E,, is finitely generated over Hy(S) by condition (b), this shows that
H;(F) is finitely generated over Hy(F) for each i € Z.

Because of (3.2), the preceding implies that Z has over F a DG-projective
resolution V', which is G finite and of bounded below type. Since by (4.7)
£ ®x V also is a DG-projective resolution of / over F, there is a homology
isomorphism V' 5 £ ®y V of DG F-modules, cf. (1.2). Furthermore, since
H(F)=H(# ®r Y)=Tor®(#, S) is bounded above by condition (c), there is
by (3.4) a homology isomorphism F 5 F', with F’ a bounded DG #-algebra.
Thus we can apply (1.10) to obtain the homology isomorphism

Homp(£ ®x V, Homg(#,I)®, F) & Homp(£ ®x V, F)®, Homg(£, I).
To summarize this
(4.10) There is an isomorphism of the homology of the DG modules
Homg(V ®y S, P®r S) and Hompg(£ @x V, F)®, Homg(£, I).

The next sequence of equalities and isomorphisms proves the theorem.

Exts(Z, M®rS) = Exts(/, P®g S) [(1.5)]
= H(Homs(V ®y S, P®x S)) [(4.5)]
~ H(Homp(£ ®x V, F)®, Homg(#, I)) [(4.10)]
~ H(Homp(£ ®x V, F))®, H(Homg(#,I))  [Kinneth]
=Extz(/, F)®, Extg(£, M) [(4.7) and (1.10)]. O

5. LocAL HOMOMORPHISMS OF FINITE FLAT DIMENSION

This section contains the applications to local algebra of the homological
computations of the preceding sections. Theorem A of the Introduction is the
special case M = R of (5.1) below, while Theorem B and Theorem C are
obtained from (5.3) and (5.7) in the special case M = R.
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Throughout this section the following assumptions will be in force.
ed: (R, m, £)— (S,n,”/) is alocal homomorphism of finite flat
(5.0) dimension of noetherian local rings, and S = S/mS;
e M is a complex of R-modules with H(M) bounded above.

Recall that the Bass “series” IM(¢) of M over R is defined by
I¥(r) =) (dim, Extyx(£ , M))I'.

i€z
For the definitions of the DG fiber F = F(¢), the Bass “series” I(¢), depth ¢,
and DGtype ¢ we refer to (3.2).

(5.1) Theorem. Under the assumptions above 14(t) is a nonzero formal Laurent
series. Furthermore, if I¥(t) is a formal Laurent series (e.g., if all H;(M) are

finitely generated R-modules), then I ;4 gks(t) is a formal Laurent series as well,
and the following equalities hold.
M® S
s () Is(d)
O )
Proof. Consider the isomorphism:
Exts(Z/, N®rS) 2 Extr(#, N)®, Extg(Z, F),

from Theorem (4.1). First we use (1.9) and the isomorphism with N = R to
show that I4(f) is a nonzero formal Laurent series equal to Ig(¢)/Ir(t), and
then we use the isomorphism with N = M to obtain the other equality. O

= I,(1).

(5.2) Remark. The result applies in particular when ¢ is flat and M is a
finitely generated R-module. In this case the complex M®x S can be replaced
by the module M ®g S, and the DG fiber F can be replaced by the local ring
S . (Indeed, there are homology isomorphisms: M®S — M®z S and F — S,
and hence (1.5) applies.) Thus for a flat local homomorphism Theorem (5.1)
specializes to the main result of [12].

(5.3) Corollary. The following inequalities hold for all i € Z
ug P (M) < (DGtype )u ™" (M) < pug" P S (M, S).
Furthermore, there are equalities
depthS(MgR S) — depthyx M = depth S — depth R = depth ¢,
DGtypes(M@,S)  DGtype S
DGtypey M DGtype R

Proof. From the identity Is(t) = Ig(f)I4(t) it follows that depth ¢ = depth.S —
depthR = d and DGtype F = DGtype .S/DGtype R, that is,

14(t) > (DGtype ¢)t?

= DGtype ¢.

and both series have the same initial term. By multiplying both sides by the
series with nonnegative coefficients, 7} (¢), and applying the theorem once again
we see that
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and the series have the same initial term. This is equivalent to the assertions in
the corollary. O

(5.4) Remark. Recall that the trivial extension, R x N, of the ring R by
an R-module N, is the abelian group R & N with product (r, n)(r', n') =
(rr', rn’+r'n). Letnow N be a finitely generated R-module of finite projective
dimension, and denote by ¢ the inclusion R — R x N. Then depthR x
N = min(depth R, depthzx N) and depth F(¢) = —pdgxN by (3.5) and (2.1.¢).
Hence it follows from the corollary that min(depth R, depthgxgN) = depth R —
pdgN . Thus the Auslander-Buchsbaum formula: depthgxN + pdg N = depth R
is contained in the identity (5.1) of formal Laurent series.

The next two examples show that the assumption of finite flat dimension in
Theorem (5.1) is essential.

(5.5) Example. A local homomorphism ¢:R — S with I4(t) = t* for some
u,but Is(t) # IR(I)I¢(I) .

Let xi,...,Xm (m>0),and y,, ..., y, beregular sequences in some local
ring Q with maximal ideal q, such that x; = Z;;, a;jy; for ie{l,..., m}
and a;; € q. Let ¢:R — S denote the canonical projection from R =
Q/(X1y.eesXm) > S=Q/W1,...,Yn). Let Ty, ..., T, denote exterior vari-
ables of degree 1, and let U, ..., U, denote divided power variables of degree
2. Finally, let Y denote the DG ring

n
R<T,,...,T,,, Ul,...,Um;aTj=J7j,3U,~=ZE,-jT,->.

i=1

By [20] we have H;(Y) = 0 for i # 0 and Hy(Y) = S, hence R — Y
S is an algebra resolution of ¢. Thus the DG fiberis F = £ Qg Y
£(T,,...,T,,Uy,..., Uy) with trivial differential. Assume now that #
is of characteristic zero; then F is isomorphic to the tensor product A®, P,
where A is the exterior algebraon T, ..., T, and P is a polynomial algebra
on Uy, ..., U, . Weobtain then

I,(t) = Ip(t) = IN(O)Ip(t) = 703 = Pmon,
On the other hand
Is(t)/IR(t) = Io(t)t™" [1g()t™™ = ™77 # Iy(2).

(5.6) Example. A local homomorphism ¢: R — S with I4(f) = 0.

With ¢ as above, assume now that the characteristic of £ is p > 0. Then
F is isomorphic to A®, I', where I' is the free divided powers algebra on
U,,...,U,, which is an mﬁmte tensor product of £ -algebras. Thus F is an
mﬁmte tensor product, and this implies I,(f) = 0, cf. [10, proof of (1.7)].

TR

(5.7) Theorem. In the notation _of (5.0) assume furthermore, that IM(t) is a
formal Laurent series, and that S is artinian.

M®zS$ _

(a) The equality I = (t) = IM(t) holds, if ¢ is flat with S Gorenstein.

Conversely, if H(M) # 0 and the equality holds, then ¢ is flat with S
Gorenstein.
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(b) Assume that ¢ is not flat with mS = n. There is then an inequality

() < I¥(0) S/ (engthgTorR (£, S))i —1 -1
1+t -3/ (lengthgTorR(# , S))ri+!’
where f =f{dgS. Equality holds if ¢ is Golod. Conversely, if H(M) # 0

and the equality holds, then ¢ is Golod.
(c) There is an inequality:

DGtypesM@r S < (DGtypegM)lengthg(Torf (£, S)),

where f =1fdrS. Here, equality holds if and only if nTorf(£,S) =0,
in particular if S =7/ .

Proof. First, note that since H(F) = Tor®(#,S), we have H;(F) = 0 for
i # 0 if and only if ¢ is flat; and that my) = 0 if and only if, in addition,
mS=n.

Next, note that I¥ (1) #0 when H(M) #0.

Because of (3.5), and the change of rings formula (5.1), assertion (a) follows
from (2.1.a), and assertion (b) follows from (2.1.b) and (2.1.c). Assertion (c) is
a consequence of (5.3), (2.1.d), and (2.1.¢). O

M@RS
I =

(5.8) Remark. Let Q be an arbitrary local ring, and let ¢: R — S be a Cohen
presentation of the completion S of @, such that the regular local ring R
satisfies dimR = edimS. In this case Tor®(#,S) =~ H(K?), where K¢
denotes the Koszul complex on a minimal system of generators of the maximal
ideal of Q. Since Iy(t) = Is(t), Theorem (5.7.b) for M = R coincides with the
main result of [8]. When ¢ is a surjective Golod homomorphism, the equality
in (5.7.b) for M = R was initially established in [16].

(5.9) Proposition. Let N be a nonzero finitely generated R-module of finite
projective dimension, and let R x N be the trivial extension. The following
identity then holds:
Irun(t) _ PR(TY) -1t
Ig(t) — 1—tPR(1)”’

where PR(1) = 3,5 o(dim, TorX (£, N))t' is the Poincaré polynomial.
Proof. By [13] PR*N(r) = PR(1)/(1 — tPg(¢)). Since 1 —tPR(t) = 1+1¢-

?_o(dim, Torf (£, R x N))t'*!, where p denotes the projective dimension
of the R-module M , the homomorphism: R — R x N is a standard Golod

homomorphism, cf. the Introduction. Thus, the identity is a special case of
(5.7.b). O

(5.10) Theorem. In addition to the notation of (5.0) set r = edimS and let
X1, ..., X, be elements of n which map onto a minimal generating set of 1 =
n/mS. Let ¢':(R',m', £) — (S,n,/) be the local homomorphism of R-
algebra from

R' =R[Xy, ..., Xelm+(x, ... X)) »

given by ¢'(X;) = x;.
(a) The following inequality holds:
fdg S < fdgS + edim S.
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If S is artinian, then equality holds.
Assume furthermore, that 1M (t) is a formal Laurent series.

(b) The equality I;lgks(t) = IM(0)t" holds if ¢ is flat with S regular.
Conversely, if H(M) # 0 and the equality holds, then ¢ is flat with S
regular.

(c) Assume that ¢ is not flat with S regular. There is then an inequality:

M®RS _tr+1G l(t—l)
I = () < I () ——2L—2,
S ( ) R ( ) G¢I(t)

where Gy (1) =1- 1 1 (dim, TorX (£, S))ti*! for f' =fdgS
The equality holds if ¢' is Golod Conversely, if HM) #0 and the
equality holds, then ¢' is Golod.
(d) The two series in (c) have the same initial term. In particular, if H(M) #
0 then

depthS(MgS) — depth M = edim S — fdg' S > —fdgS.
Proof. We start with the proof of (a). Set R = R'/mR’. Because of the R-
flatness of R’ there are canonical isomorphisms
TorX (R, S) = Tork(#, S),

for all ¢, and hence Torf;' (ﬁ' ,8) =0 for g > fdgS . Now the standard change
of rings spectral sequence

2E,q = Tork (£, Tork (R, S)) = Tor%, (£, S)
shows that Tor,'f' (£,S8)=0 for n> deS+ed1mS since TorR (- =0 for

p > dim R =edimS, by the regularity of R'. The desired mequahty follows,
cf. e.g. [4, (1.7)]. In the artinian case the equality follows from the usual corner
argument in the spectral sequence.

Now we prove (b). Let F denote the DG fiber F(¢). Because [/ ®’*S(t) =
IM(0)I4(t) (by (5.1)), and because H(M) # 0 implies I¥(1) #0, by (1.9), th
assertions in (b) follow from the claim

¢ is flat with S regular « I(1) = 1"

For the rest of this proof we set F' = F(¢'). The proof of the claim is divided
into three parts.
First we show that

Li(ty=1t & Iy(t) = 1.
From (5.1) and (a) we obtain the three identities: Is(f) = Ir(t)I4(1), Is(t) =
Ir/(8)14(t), and Ir(t) = Ir(t)Ip(t) where Q is the DG fiber of R — R'. As
noted in (5.2) Ig(t) = Ix(t), which is ¢ since R is regular of dimension r.
Thus, I,(t) = I,(f)t", as desired.
Next note that by (3.5) and (2.1.a), since Hy(F') =/, we have

1¢(t) =1l¢& MyFy = 0.
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Finally we prove that
my(ry = 0 < ¢ is flat with S regular.

Indeed, the isomorphism H(F') & Tor® (£, S) shows that the vanishing of
mpry implies that S is R’-flat, and hence is also R-flat. The induced local
homomorphisms: R — S is then flat with m'S’ = n. Since R is regular
this shows that S is regular. Conversely, if ¢ is flat, then the augmentation
F — § is a homology isomorphism, and hence H(F’) is isomorphic to the
Koszul homology of S with respect to a minimal set of generators of #. This
shows that if S, in addition, is regular then myry =0.

Now we turn to the proof of (c). Set M’ = M®grR'. By (a) and (5.7.b) we
have the inequality -

M@y S b —tG (e
I, = ()< If () —5—,
S ( ) R ( ) G¢I(l)

with equality if ¢’ is Golod. By (5.2) we have equalities
() = (O (1) = I¥ ()

Furthermore, Iy =" (1 S(t) since M'g, S and M@gS are ho-
mologically isomorphic. Substitution now yields the desired inequality, which
becomes an equality if ¢’ is Golod.

Finally, to prove (d) note that the initial terms coincide by (5.1), (3.5), and
(2.1.d). The equality follows by computing the orders of the series in (c), and
the inequality is that of (a). O

M@rS
= IS
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