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ON THE BRAUER GROUP OF TORIC VARIETIES

FRANK R. DEMEYER AND TIMOTHY J. FORD

ABSTRACT. We compute the cohomological Brauer group of a normal toric va-
riety whose singular locus has codimension less than or equal to 2 everywhere.

Associated to each algebraic variety X is the cohomological Brauer group
B'(X) = tors(H3(X, G,,)) which is the torsion subgroup of the second étale
cohomology group of X with coefficients in the sheaf of units. Except in the
easiest cases, calculations of this group are scarce. Toric varieties over an al-
gebraically closed field of characteristic 0 provide a nontrivial class of higher
dimensional varieties for which calculations of B/(X) can sometimes be made.
These calculations are the purpose of this article.

Each toric variety X is determined by a combinatorical object A in real
affine space called a fan. Tied into the structure of the fan are arithmetic
properties of sublattices of free Z-lattices. Our arguments therefore ultimately
reduce questions about B’(X) to calculations with integer matrices.

In §1 we determine the Brauer group B(X) = B/(X) of any nonsingular toric
variety X (Theorem 1.1). This group is a direct sum of finitely many copies
of finite cyclic groups and copies of Q/Z. The algebras generating this group
are given explicitly as smash products of cyclic Galois extensions of X . In
82 we consider toric varieties whose singular locus has codimension at most
2 everywhere in X. Let Ty denote the torus identified with an open subset
of X, B'(Tny/X) the elements in B'(X) split by Ty, and X a Ty-invariant
desingularization of X . In Theorem 2.2 we construct an exact sequence 0 —
B'(Ty/X) — B/(X) — B (X) — 0 which reduces the calculation of B’ (X) to
the calculation of B'(7x/X). The hypotheses on X in §2 imply we can assume
the associated fan A contains cones of dimension at most 2. Corresponding
to each cone 7; of dimension 2 is an irreducible closed subvariety V; = orb1;
and an affine neighborhood U,, of V; which has a finite cyclic divisor class
group CI(U;,). If A has 2-dimensional cones t;, ..., T,,, We construct an
exact sequence (Theorem 2.3)

0 — Pic(X) — CI(X) — éa(u,,.) — B/(Tw/X) — 0.
i=1
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For each prime number p we find a subset 7, ..., 7, (after a suitable rela-
belling) of {7y, ..., Tm} such that [@;_, CI(U;,)], = [B'(Tn/X)], . We calcu-
late the Brauer group of any toric surface (Corollary 2.9). In this case B'(7Tx/X)
is nontrivial when there is a cycle of divisors on X whose pairwise consecutive
intersections are singular points on X whose local rings all have divisor class
groups of order divisible by a common prime p. An analogous statement holds
for X of higher dimension. We employ terminology and notation of [12] for
toric varieties and [11] for étale cohomology.

1

Following the notation terminology of [12] let » > 0 be an integer and N =
Z’ a free abelian group of rank = r. Let A be a finite fan on Ny and X =
Ty emb(A) the associated toric variety containing the r-dimensional torus Ty
as an open subset defined over the algebraically closed field k of characteristic
0. Let N’ be the subgroup of N generated by (J,c, 0 NN . The basis theorem
for finitely generated abelian groups gives a basis #;, ..., n, of N such that
N' = Za\n, ® Zayn, & - - - & Za,n, where the a; are nonnegative integers and
ajlajyy for 1<i<r-1.Call {ay, ..., a} the set of invariant factors of A (or
X = Tyemb(A)). Let B(X) denote the Brauer group of Azumaya algebras on
X and B’(X) the torsion subgroup of H(X, G,,) the cohomological Brauer
group of X . Our principal result of §1 is

Theorem 1.1. If X = Tyemb(A) is nonsingular and a,, ..., a, is the set of
invariant factors of X , then

r—1
B(X) = B'(X) = (D Hom(Z/a;, Q/Z)" .
i=1

We list two special cases of Theorem 1.1.

Corollary 1.2. If A contains a cone ¢ such that dimo > r—1, then B(X) = (0).

Proof. Since X is nonsingular, [12, Theorem 1.10] implies there is a basis
ny, ..., n, of N suchthat Ryon+---+Rxon,—; C o. Since each n; e 6NN,
all of the invariant factors @; = 1 for 1 < i <r-1. So B(X) = (0) by
Theorem 1.1. 0O

Corollary 1.3. B(X) is finite if and only if Rankz(N') > r — 1. In this case
r—1
B(X) = P(z/a;) .
i=1
The rest of this section is devoted to a proof of Theorem 1.1. From now
on we assume X = Tyemb(A) is nonsingular. Along the way we will obtain
explicit information about the Azumaya algebras on X and show the Brauer
group B(X) of Azumaya algebras on X is equal to the cohomological Brauer
group B'(X) = H*(X, Gn).
Let ' ={0, p1, ..., pn} be the fan on Ny consisting of all cones in A of
dimension <1 andlet U = Ty emb(I'). The open immersion U — X induces
the isomorphisms of the next lemma.

Lemma 1.4. For each positive integer v,
(a) H'(X,z/v)=H'(U, Z/v),
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(b) HX(X,Z/v)=HXU, Z/v),
(c) B'(X)=B(U).

Proof. Let X, U be as above and let Z = X — U . Then part of the long exact
sequence of cohomology with supports [11, Proposition 1.25] is

HL(X, z/v) - HYX, Z/v) - H(U, Z/v) - H%(X, Z/v)
- HXX,Z/v) - HYU, Z/v) - Hy(X, Z/v)

since the codimension of Z in X is > 2, [11, Lemma 9.1, p. 268] implies
H{ (X, Z/v) = (0) for s < 4, which proves (a) and (b) in our context. There
is an exact sequence [3, Theorem 1.c]

0 - HZ(X’ Gm) - H2(U’ Gm) - H%(X9 ,u)
and H(X, u) = lim H} (X, Z/v) = (0),, which proves (c). O

Notice that N’ = (U,ea0 N N) = (Ui, pi N N) so as a consequence of
Lemma 1.4(c) we can assume that A = {0, p;, ..., pn} and X = U. We write
Pk = R>omi where n, € N and 1 is primitive (the GDC of the coordinates
of n; is 1). Let ny, ..., n, be a basis for N with N’ = Za,n; & --- ® Za,n,
and ajla;y, for 1 < i <r. ({a1,...,a} is the set of invariant factors of
A.) Let my,..., m, be a dual basis for M = Hom(N,Z). Then Ty =
Speck[M]. An element Y a;m; in M is usually identified with the Laurent

monomial x{'x%...x% and k[M] with k[x;, x;', ..., x, x7']. Let v be
a positive integer and fix a primitive vth root of unity {. Given units «, f
in k[x, x; L ..., X, x"1], the symbol algebra (a, ), is the associative k-

algebra generated by elements u, v subject to the relations ¥’ = a, vV = f;

and uv = {vu. In what follows, we choose to identify (x;, x;), as (m;, m;),

and work in k(M). By [10, Theorem 6], ,B(7y) is a free Z/v-module with

basis given by the set of symbol algebras {(m;, m;),}i<i<j<, for each v > 2.

Since Ty is an open subset of X and X is nonsingular, B(X) is a subgroup

of B(Tx) by restriction and our object is to identify this subgroup explicitly.
From [4, Corollary 1.4] there is an exact sequence

(1) 0 — B'(X) — B(Ty) -~ (D H'(orb pi, Q/Z)

i=1

where orb p; is the Ty-invariant divisor on X = Tyemb(A) corresponding
to the face p; of A. Given a symbol algebra (a, f), representing a class in
B(Ty), the ramification map a agrees with the tame symbol (see the discussion
following [4, Remark 1.7] and [14, Theorem 8, p. 155]). This means the kth
coordinate of a((a, B).), the ramification of (a, ), along orb p; , is identi-
fied with a cyclic Galois extension of orb p, of degree v. Over the function
field K (orb py) this extension is given by adjoining the vth root of a%(#) /g
where vy is the valuation on K(X) determined by the prime divisor orb py .

From the remarks above, to determine the ramification of an arbitrary alge-
bra A representing an element in B(7y) along orb p; it suffices to determine
K(orb p;) and vy (m;) for each k, j. The following lemma is well known.
We include its short proof for completeness and to fix notation.
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Lemma 1.5. Let n, be the primitive vector in N N p, and { , ) the natural
inner product from M x N — Z.

(a) K(orbpy) is the quotient field of k[ni].
(d) ve(m) =(m, n).

Proof. Since n; is primitive there is a primitive y, € M with (u;, nm) = 1.
Let nt = {m € M|(m, n) = 0}. Then M = n} & Zy, since

0—»7],ﬁ‘—+Ml>Z—v0

splits, where ¢(m) = (m, n;) . The affine coordinate ring of
Uy, = Tvemb{0, py}

is k[nit, uk]. Localizing X along orb p, is equivalent to localizing U, along
orb p, . The prime ideal corresponding to orb p, is the principal ideal in
klm, wc] generated by u,. Hence u; is a local parameter along orb p; .
K(orb py) is the quotient field of k[n;, uc]/(u) giving (a). The valuation
v, of any m € M is the ui-coordinate when m is written in terms of the
decomposition M = ni- & Zy . Thus ve(m) = (m, ). O

Keeping the notation above, define a homomorphism ramyy, ,, : »B(7Ty) —
M/vM by letting ramgy, ,, (m;, m;), = (mj, nym; —(m;, n)ym;+vM be the
assignment on the basis for ,B(7y), and extending by Z/v-linearity.

Lemma 1.6. (m;, m;), is unramified along orb p; if and only if

l""'rnorbpk("11' s mj)u =0.

Proof. The ramification of (m;, m;), along orb p; corresponds to the cyclic
extension of the affine coordinate ring k[n;] of orb p, obtained by adjoining
the vth root of vi(mj)m; — ve(m;)m; = (m;, pym; — (m;, ;kym; . (Note
((mj, mymi — (m;, mymj, m) =0 so (m;, meym; — (m;, nxym; € ni-.) Thus,
(m;, mj), is unramified along orb p, if and only if (m;, n)m; — (m;, n)m;
is a vth power in k[n;"] if and only if (m;, m)m; — (m;, n)m; € vM if and
only if ramgg, ,, (m;, m;), =0. O

Let A be any Azumaya algebra representing a class in ,B(7y). We have
seen A is equivalent to [],. j(mi, m j)‘,:”' where 0 < e;; < v. Moreover the
class of A determines and is determined by the integers e;; . Associate to the
class represented by A in ,B(7y) the matrix

0 en ez - e
—-ey 0 ey .- e

MA =
—eyr —€y —€r—1,r O

Lemma 1.7. (a) The assignment A — M), induces a monomorphism
¢:,B(Ty) - Homz(N, M/vM).

(b) A is unramified along orb p, if and only if Mj -n, =0.
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Proof. (a) The matrix M, defines the indicated homomorphism ¢(A) by rep-
resenting elements in N as column vectors with respect to the basis n;, ..., n,;
the elements in M as column vectors with respect to the dual basis m;, ..., m,
and following left multiplication by M, by reduction modulo »M . Since mul-
tiplication of symbols corresponds to addition of exponents modulo v, it is
clear that ¢ is a homomorphism. If ¢(A) = M, = 0, then each ¢;; =0, so
A =0 in B(Ty). Thus ¢ is a monomorphism.
(b) Write n = 3_, mini and let A =T[[,_;(m;, m));’ . Then

rame p, (Mi, Mj)y = (Mj, mym; — (m;, Mymj = Nmi — Qe;m;.

Hence

rame p, (A) = ramgy, Pk (H(m: , mj)f/”)

i<j

= Ze,-jnkjmi —ejm;+ vM

i<j
r r r r
= Z E eijnkjm,-—z z eijnk,-m,-+VM
i=1 j=itl i=1 j=itl
r r r r
-5 X ammn -5 X e o
i=1 j=i+l Jj=1 i=j+1
Nk
= MA . :
Nir

As we observed in the proof of Lemma 1.6, ramgy,,, (A) = m + vM for some
m € n;t . The ramification of A along orb p; is the cyclic extension of k[n;]
obtained by adjoining the vth root of m and this extension is split (A is un-
ramified along orb py) if and only if m € vy . Since n; is a direct summand
of M, A is unramified along orb p; if and only if m € vM if and only if

Nk
MA . = 0 (]
Nkr
Theorem 1.8. Let X = Ty emb(A) be a nonsingular toric variety and a, , ..., a,

the set of invariant factors of X . Then B'(X) is the subgroup of B(Ty) repre-

sented by algebra classes ], ;(m, m;),’ where vila;, 1 <i<r.

Proof. The exact sequence (1) and Lemma 1.7 imply ,B’(X) consists of those
algebra classes A in ,B(7x) such that M, -7, = 0 for the primitive vector 7,
on each 1-dimensional cone p, in A (1 <k <n). If N' is the subgroup of
N generated by (J,c, 0NN then N’ is generated by {7, };_, so A represents
aclassin ,B/(X) if and only if M, vanishes on N'. For each v > 0 we have
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the commutative diagram with exact rows and columns
0 —— ,B(Ty) —— Homgz(N, M/v M)

I I

0 —— ,B'(X) —— Homg(N/N', M/vM)

I I

0 0
Taking the direct limit over all ¥ > 2 gives a monomorphism
B'(X) —» Homz(N/N', M @ Q/Z).

Let n;,..., n, be a basis for N such that N' = Zan, & --- ® Za,n, and
aj|laj;y for 1 <i<r-1. Thatis qa;, ..., a, is the set of invariant factors
for X. Then Homz(N/N', M ® Q/Z) = Homgz(@(Zn;/Za;n;), M ® Q/Z).
This means B’(X) is contained in the subgroup of B(7y) of algebra classes
I1;c;(mi, mj);? where 0 <v; and vija;, 1 <i<r. Conversely, if v;|a; and
v; > 1 then the matrix M, for (m;, m;),, hasa +1 in the ijth entry and a
—1 in the jith entry. A typical element in N’ is x = A,a;n, +---+4,a,n, and
My - x = Ajajm; — Ajaimj € a;M . Thus (m;, m;),, represents an element in
B'(X). So B'(X) = {I,.;(mi, m;);’|0 < v; and vi|a;}. O

Now it follows that B'(X) = @/, Hom(Z/a;, Q/Z)"'. To complete the
proof of Theorem 1.1 it suffices to show B(X) = B/(X). It suffices to find an
Azumaya algebra A on X such that K(X)®A is equivalent to (m;, m;),, for
each vjla;.

Lemma 1.9. Let X be as in Theorem 1.8 and let N' = (|J,co0NN). Let v > 2
andlet M, = {me M| (m,n') =0 (mod v) forall n € N'}. If (v, a;) is
the greatest common divisor of v and a;, then

H' (X, zZ/v) =M, /vM=PZ/(v, a).
i=1
Proof. Restriction induces an embedding H!(X, Z/v) — HY(Ty, Z/v). The
correspondence which assigns to each element m € M the cyclic extension of
Ty obtained by adjoining the vth root of m induces an isomorphism M /v M =
H!(Tw, Z/v). An element m+vM corresponds to an element of H!(X, Z/v)
if and only if K(X)(m!/*) is unramified along orb p; for 1 < k < n if and only
if the restriction of m to orb p; is a unit in the coordinate ring k[ng , ux] of
orb p; if and only if vx(m) =0 (mod v) if and only if (m, ) =0 (mod v)
where unexplained notation is as in Lemma 1.5. Thus
H'(X,Z/v)={meM|(m,n)=0(mod v) (1<k<n}+vM
={meM|{m,n)=0(mod v)foralln e N'} + vM
=M,/vM.

But N' =Zan, ®--- @ Za,n, so it is easy to check that

(aj,l/)

M,|vM = éBZ ( Y m,~) JZ(vm;) GrBZ/(a,-, v). O
i=1 i=1
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Lemma 1.10. If X is as in Theorem 1.8, then B(X) = B'(X).

Proof. It suffices to show each (m;, m;),, is in the image of the cup prod-
uct map H!(X, Z/v;) x HY(X, u,,) — B(X) when v;|a;, since cup products
correspond to taking smash products of cyclic Galois extensions and thus are
Azumaya algebras (e.g. [6]).

If aj = 0, both m;, mj € M, since v;/(a;, vi)=vi/lvi=1=v;/(0,v;). If
a; # 0, then (m;, m;), ~ (mi, m)g™™ ~ ((a;/vi)mi, m)),, . But a;/(a;, a))
= aj/a; which divides a;/v; since v;|a;. Thus (a;/v;)m; and m; are both in
M,; and (m;, m;),, is equivalent to an algebra in the image of the cup product
map H'(X, Z/a;) x H'(X, pa,) — o,B(X). So B(X)=B'(X). O

As a result of observations made so far, we can show the following proposi-
tion.

Proposition 1.11. Ler [],_ j(m,~, mj)',i” represent a class in B(Ty) of order v .
Let M, be the matrix transformation in Hom(N , M/vM) defined in Lemma
1.7 and let t be the rank of kernel(M,). Then there exists a direct summand
P of M with rank(P) = r —t and an Azumaya algebra L over k[P] with
A = k[M)®yp) L. No direct summand of M of smaller rank has this property.

Proof. Find a basis n;, ..., n, of N such that ker(M,) = Zb,n; ® Zbn, ®
.-+ @® Zb,n, and b;|b;y, for 1 <i<r—1. Since ker(M,) hasrank ¢, b, #0
and b;,; =0 for i> 1.

Let P be a direct summand of M and assume A is obtained by extending
an algebra over k[P]. Let m}, ..., m; be a basis for P and extend this basis

to a basis for M. We can assume A = [[;_;,(m], m})ﬁ”. If ni,...,n is
the dual basis to m|, ..., m,, then the matrix of the transformation M, with
respect to this new basis pair has a kernel which contains a direct summand of

N ofrank r —s. Therefore t >r—s so s>r—t. Nowlet m;,..., m, bea
dual basis for M with respect to n;, ..., n,. The matrix M, with respect to
this new basis is
0 | 0
0 €r+1,t " g1,y
My = 0 —€r11,1 0
_et+1,r 0
So A is defined on the torus k[m,(, ..., m,, —Myyy, ..., —M,] and we can
take P=(m;y,..., m,;). Therankof P is r—t. O
2

In this section we continue to let A be a finite fanon Nz and X = Ty emb(A)
the associated toric variety containing the r-dimensional torus 7x as an open
subset. Assume A consists of cones of dimension < 2 and let A(2) = {1, ...,
Tm}. Let Ui = U, Vi=V(1r;) =orb(r;) andlet V' =V U---UV,,. Then
X —V = Tyemb(A — A(2)) is nonsingular. In this situation our first lemma
gives information about the étale cohomology groups of the affine open subsets
U,‘ of X.
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Lemma 2.1. (a) For each i and each p > 0, we have a short exact sequence
0 — H?(U;, Gp) —» H? (Ui = Vi, Gm) = HY (Ui, Gm) — 0.

(b) H?(U;, G) 2 HP(T,-3, G,) where T,_, is a torus of dimension r —2.

Proof. First we check that H?(U;, G,,) is torsion for p > 2. For notational
simplicity we suppress the subscript i from 7;, U;, and V;. Now 7 is a two-
dimensional cone in Ng. Let T be 7 viewed as a two-dimensional cone in
Rt. Then U = U; x T,_, where T,_, is an (r — 2)-dimensional torus. Let
R be the affine coordinate ring of U;, and R" the henselization of R at the
maximal ideal m corresponding to the closed point orbT. Let R[X, X~!]
denote the affine coordinate ring of U and let U" = Spec R*[X, X~!]. Let
VE =V xU". Then V" is the closed set corresponding to I = mR"[X, X~'].

The completion of R*[X, X~1] in the I-adic topology is R[X , X~'] where R
is the m-adic completion of R. By [13, p. 127], we see that (R*[X, X~'], I)
is a Hensel pair. By [5, p. 35] CI(R*[X, X~!]) embeds into CI(R[X, X~']).

Since the singularity of U is given by a finite cyclic group action [12, p. 30], it
is well known that Cl(R[X X )= (R) is also finite cyclic [2, Satz 2.11].
Thus CI(U") is finite. The long exact sequences for the pairs ¥ C U and
Vh C U" give the commutative diagram

- HP~Y U -V,Gm) - H,(U, Gm) > H?(U, Gm) > H/(U -V, Gp)

J = J

—H =1 (U" -V, Gm)—=H) ,(U", Gm)—HP(U*, G)—=HP (U = V', Gm)

with exact rows. By excision H,(U, Gn) @ H2,(U*, G,,) [11, p. 92]. By [15]
H?(U*, G,,) = H?(V", G,,) = HP((orbT) x T,_,, G,,) which is torsion for
p > 2 since T,_, issmooth [7, p. 71]. Againby [7, p. 71] H?(U*"-V", G,,) and
HP(U-V , G,,) are torsion for p > 2. But H/(U"-V* | G,,) = Pic(U"-Vh) =
Cl(U" — V") = CI(U") is torsion. It now follows that H?(U, G,,) is torsion
for p>2.

The natural map U x 4! — U and Kummer theory induce the commutative
diagram

0—-HPHU x A', Gm) ® Z/n—HP(U x A", un)— nHP(U x A', G)—0

I I I

0~ H-U,Gm)®Z/n — H(U,un) — oH(U,Gm) —0

forall p >2 and n > 2. By [l1l, p. 240] B is an isomorphism for p > 2.
Since PicU = 0 = Pic(U x A'), a is an isomorphism for p = 2. Therefore,
is an isomorphism for p = 2 and all n > 2. Taking the inductive limit over all
n, we have H*(U x 4!, G,,) = H3(U, G,,). By induction on p we see that
H?(U x A', G,,) ©*H?(U, G,,) forall p>2.

We can give the coordinate ring k[.%;] of U a grading by the nonnega-
tive integers such that the degree = 0 subring is the coordinate ring of 7,_,.
Since H?(U x A', G,,) = H?(U, G,,), [8, Theorem 1.1] implies H? (U, G,,,) =
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H?(T,_,, G,), which proves (b). We have a commutative diagram

H(T,-;,Gm) = HP(U,Gn) — H/(U-V,Gp)

T~ 1’%

H?(T,, G)

where the maps f, 7, J are induced from restriction. Since f is injective,
is injective and Lemma 2.1 now follows. O

Theorem 2.2. Let A be a fan which consists of cones of dimension <2. Let A
be a nonsingular fan obtained from A by subdividing the two-dimensional faces
of A and let X = Tyemb(A’). Then the sequence 0 — B'(Ty/X) — B'(X) —
B'(X) — O (with natural maps) is exact.

Proof. Let m: X — X be the desingularization resulting from the subdivision
A’ of A [12, Corollary 1.18] and let U; = n~'(U;). From the long exact
sequence of cohomology with supports, and the observation that V' is a disjoint
union of closed sets V; (see pp. 92-93 of [11]) we have a commutative diagram
with exact rows

0-B(Ty/X)-B(X)— BX-V) —— @H}(U,Gn)

Lk T

m
0 —-BX)-BX-n'(V)) — @@HL, T, Gm
i=1

The second row is exact since X is nonsingular. First check S is injective. For
each i, Lemma 2.1 yields the commutative diagram with exact rows

0O — B (U;)) —— B(U-V) —— H%,‘_(U,', Gn) —— 0

16!,' l= lﬂi
0 —— B/(U;) — B/(U; -~ (%)) —— H3_,;,,(U;, Gn)

Here B'(U;) = B'(U;, x T,—3) = B(T,_;) by Lemma 2.1 and B'(U; - V}) =
H2(U; - V;, G,y) since U;—V; is nonsingular. If A’(t;) is the fan whose cones
are the cones of A’ contained in 7;, then A’(t;) is a nonsingular fan whose one
dimensional faces lie in a plane. The invariants for U; = Ty emb(A'(t;)) are
{1,1,0,...,0} and Theorem 1.1 implies B'(U;) = B'(Uz, x T,_,) = B(T,_2)
s0 a; is an isomorphism. Since ker f; = cokera;, f; is injective so f is
injective. But ker f = cokera, so a is an epimorphism and the theorem
follows. O

As a result of Theorem 2.2 and our analysis of the Brauer groups of nonsin-
gular toric varieties in §1, we are left with the study of B'(Ty/X).

Theorem 2.3. Let A be a fan which consists of cones of dimension < 2. Let
A2)={t1,...,Tm}. Let X = Tyemb(A) and let U; = U,, be the open subsets
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of X associated to the t;. Then there is an exact sequence
m
0 — Pic(X) — CI(X) — @ CI(Ui) — B'(Tw/X) - 0.
i=1

Proof. Let V; = V(t;) = orb(t;) and let V' = VjU---UV,,. From the long exact
sequence of cohomology with supports in the closed set V' we have (since V'
is the disjoint union of the closed sets V)

> HY(X,Gm) -~ H' (X -V, Gn) = P

m
H}, (X, Gm)
i=1
(1) m
— HY(X, Gm) » H¥(X -V, Gy) » P H},(X, Gn) —
i=1

Since V has codimension 2in X ,and X -V isnonsingular, H'(X-V, G,) =
Pic(X — V) = CI(X — V) = CI(X). Since U; is an open neighborhood of V;,
H‘,’,'_(X, Gn) = H’,’,I_(U,-, G,,) forall p >0 [11, p. 93]. From Lemma 2.1 with
p =1 we get the exact sequences

0— PicU; —» ClU; » HE(U;, Gm) = 0 (1<i<m).

Lemma 2.1(b) gives PicU; = PicT,_, = 0 so CI(U;) = H%,i(U,-, Gm). Since
7; is simplicial, CI(U;) = Pic(U; — V;) is torsion [12, Proposition 2.1]. Since
X -V is nonsingular, B'(X — V) =H3*X -V, G,) and B (X - V) — B(Ty)
is injective. But PicX — CI(X) is injective [5]. With these identifications (1)
reduces to the sequence of the theorem. O

Corollary 2.4. In the context of Theorem 2.3, if rankz(N) =r <3 and m > 1,
then

m
0 — Pic(X) — CI(X) — @ C(U;) — B'(X) — 0
i=1
is exact.
Proof. We need to check B'(X) = B/(Ty/X). H2(U;, G») = H¥(T,—2, Gp) =
0 for r <3 (Lemma 2.1 and [10]). From Lemma 2.1(a) we have (since U; —V;
is nonsingular) B'(U; — V;) = HX(U; - V;, Gn) = H}, (Ui, Gm) = H}, (X, Gp)
so (1) becomes
m m
0 — PicX — CI(X) — @Cl(Ui) —-BX)-BX-V)—> @B’(Ui -V).
i=1 i=1
Since X —V is nonsingular, restriction induces a monomorphism B'(X —-V) —
B'(U; - V;) for each i and the corollary follows. O

The object of the rest of this section is to give an algorithm for finding for
each prime p a subset 7,,..., 7. of the two-dimensional faces of A such
that [D;_, CI(U,,)], = [B'(Tw/X)],. (For G a finite abelian group, G, is the
Sylow p-subgroup.) In particular, the exact sequence of Theorem 2.3 is split-
exact. To the fan A we associated a bipartite graph I'. The vertex set of T is
A(DUA22) ={p1,---» pn}U{T1, ..., Tm} and thereis an edge in I" connecting
p; and t; if and only if p; is a face of 7,. If Y is the Ty-invariant divisor
X — Ty on X, then I' is the graph associated to Y in the sense of [4]. A
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cycle Z in T (i.e., Z is homeomorphic to the unit circle) determines a finite
set 7,,..., 7; of two-dimensional cones and p;, ..., p; of one-dimensional
faces of A configured as follows:

If Az is the subfan of A consisting of the cones {0, py, ..., p;, T15 ..., T},
we will show that the cohomological Brauer group of 7Tnemb(Az) is cyclic
of order the greatest common divisor of {|Cl1U|}!_,. Of course, there may
be many such cycles in I" and the last step in the analysis is to choose for
each prime p a list of cycles {Z;}¢_, and for each Z; a face 7; such that
[@z:l Cl(Ur,)]p = [BI(TN/X)]p
We adopt the following notation: for each two-dimensional cone 7; in A
(1 <i < m)let p; and p;; be the one-dimensional faces of 7; so 7; =
pi1 + piz. We have observed CI(X) = CI(X — V) = Pic(X — V) and CI(U;) =
CI(U;-V;) = Pic(U;-V;) . Now we want to present Pic(X —V') and Pic(U;-V)
in terms of support functions on the fan A—{t,, ..., t,}. If welet p;, ..., pn
be the one-dimensional cones in A, then we can identify the support functions
on A- {7y, ..., Tm} with the direct sum of copies of Z indexed by the p;. If
={0, pi1, p,g} then U; — V; = Ty emb(4;). It follows from [12, Corollary
2 5] that the sequences

n
M - Pzp; - Cl(X) -0,
2) i=1

ML 2py®2pym — CUU) - 0

are exact. Combining these sequences with the exact sequence of Theorem 2.3
gives a commutative diagram with exact rows and columns

n
M — Pz, 2 ax)y —0

| it |

m

m
@ @ (Zpiy ® Zp:r) -, @Cl ) — 0
i=1 =

= i=1

l&

B'(Tn/X)

l

0
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It is routine to check that ima + im 8 = kerdy. As a result we have a funda-
mental exact sequence which we exploit for the remainder of this section: (in
this sequence ¥ = dy),

n m m
(3) (@ ij) ® (GB M) =L @ (@pi ©Zpi2) - B(Tw/X) = 0.
j=1 i=1 i=1

Let T" be the graph associated to A. Observe that I" has 2m edges since each
7, has exactly two one-dimensional faces p;; and p;;. The free abelian group
@D (Zpi & Zp;,) is called the edge space of I'. If we write I' as a union of
its connected components I'; we get a corresponding decomposition of A into
subfans A; with A;NA; = {0} whenever i # j. The decomposition of A gives
an open cover of X where the elements in the open over are Ty emb(A;) = X;
and X;N X; = Ty whenever i # j. With this notation we can prove

Proposition 2.5. The natural map B'(X) — @, B'(X;) induces an isomorphism
B'(Tn/X) = @, B'(Tn/Xi).
Proof. Assume A = AjUA, where A; and A, are fans with A;jNA; = {0}. Itis
sufficient to prove B'(Ty/X) = B (Ty/X,)®B'(Tn/X;) where X; = Ty emb(4;)
(i =1,2). Let A(1) = {p1,...,pn} and A;(2) = {71,...,Tm,} and
= {r,...,m} and Ay(2) = {t;, ..., tm,}. Alsolet 7, = pyi + pi2
and t; = rj; +rj; where py € A(1) and rj; € Ay(1). With respect to this
decomposition the exact sequence (3) decomposes as

n m
[@Zp,-@@M} ® [@Zr,@@M} {eath)(ath),
j=1 i=1

[GIB(Z/M GBZPiz)] ® [@(Zm ® Zm)l — B'(Ty/X) — 0.
i=1 i=1

But coker(ay + B1) @ (a2 + B2) = B'(Tw/X1)®B/(Tw/X3) by (3) so B (Ty/X) =
B (Ty/ X)) ®B'(Tn/X2). O

Notice in Proposition 2.5 that if X; corresponds to a connected component of
I' containing no two-dimensional faces t; as vertices, then X; = Ty emb{0, p}
for some one-dimensional cone p in A. In this case X; is nonsingular and
B'(Tn/X;) = 0. Thus, as a result of Proposition 2.5 we can assume I' is
connected and at least one vertex of I" is a two-dimensional cone in A.

We now determine a matrix representation for the map o + # in (3). Let

= p, + p2 € A(2) and consider the map

M L. 20, 020, — CUU,) — 0

asin (2). Pick a basis n,, ..., n, for N and a dual basis m,, ..., m, for M.
Let n; be a primitive element in N with p; = R>o#;. The matrix of f with
respect to the basis pair {m;, ..., m,}, {p1, p2} is the 2 x r matrix whose

i, jthentry is (m;, n;). But (m;, n;) is the jth coordinate of #; so we can
write this matrix as (Z;) where we think of #; as a row vector. Therefore the
map £ in (3)

m m
@ @ Zp:l ®Zp12
i=1 i=1
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has a matrix representation which is a direct sum of 2 x r matrices (J!) where
1

ni1 and 7n;; are the primitive generators of p;; and p;, expressed with respect
to the basis {n;, ..., n,}. To determine the matrix for the homomorphism

n m
Dz, = Pz & Zpp)

j=1 i=1

given in (3) we observe the jth column of this matrix is a(p;). Thus the jth
column has a 1 in the row determined by p;; if p; = p; . Otherwise this entry
is 0. The matrix of the homomorphism a + 8 of (3) is then

(i)
Q= |a(p1)---a(pn)
(7na)
Note Q is an integral matrix with 2m rows and n + rm columns, and we can
identify im(a+f) with the column space of Q. Since B'(Ty/X) = coker(a+ )

from (3), calculating B'(7x/X) is reduced to determining the column space of
Q. Our first observation is a straightforward calculation:

[ M ]

Nn
(4) Q : -1, (0)

-_Ir-

where I, is the r x r identity matrix. Thus the last r columns of Q containing
(Z:;) are linear combinations of the preceding columns. We now assume I' is
connected, and let T be a spanning tree for I'. We observe that in I" each
vertex 7; is joined by edges 7,_p;, T,—pi» to vertices p;;, p;» so there are
2m edges in I'. Since I" is connected, there are n + m — 1 edgesin T [1].

le\ypi\l/mz

T Ti
Thus, if ¢, ..., c. denote the edges of I" thatare notin T ,then e =m—n+1
and for each i at least one of 7,_p;;, T;—p;2 isin T . By reindexing we can
assume ¢; = Ti_p12, ..., Ce = Te—Pe2. We identify c¢; with the basis vector

pj2 in the edge space @/~ ,(Zp;1 ®Zp;y). For 1 < i< m let n; be a primitive
vector in N with R>on;; = p;; and choose n;; in N with {n;;, n;2} a basis
for Rt; N N. We can extend {n;;, nj;} to a basis {n;;, nj, ..., n;} for N.
With respect to this basis we can write #,; = n;1, 12 = a;n;; + b;n;; where the
nij are as in Q. With respect to these basis choices for N and corresponding
dual basis choices for M , and after deleting columns consisting of zeros, the
matrix Q for a + f becomes




572 F. R. DEMEYER AND T. J. FORD

p1 P2t Pn afy aifi amPm
- \
T1— P12 [01, 1?,
0= Ti — Pil 10
T, — Pia a(p1) a(p2)---a(pn) (4 5]
Tm — Pmi
Tm — Pm2 k [at,, b(,),,] J

where the first # columns span ima and the last 2m columns span im g .
We checked in (4) above that the last 2 columns labeled «,, and B, are linear
combinations of the preceding n + 2(m — 1) columns. It follows from (2) that

|bi| = | Cl(Uy,)| = | C1U;|. The columns By, ..., B, are bicy, ..., b.ce.

Theorem 2.6. Let A be a fan on Ng and let X = Tyemb(A). Assume all the
cones in A have dimension < 2. Assume the two-dimensional faces t,, ..., Tm
and one-dimensional faces p,, ..., pn of A can be ordered so that t;N1t,.| = p;

(1<i<m-1)and t,N1, = pm. Let b; be the order of CY(U;,). Then
B'(Tn/X) is cyclic of order gcd{b,, ..., bm}.

Proof. Using Proposition 2.5 and the hypotheses, we can assume that the graph
I" is connected and consists of one cycle as shown:

Pm Tm Pm—1

<

P1 T2 P2

We take the spanning tree T for I" to be the graph obtained from I' by deleting
the edge ¢, = 7;_pm . Let C be the matrix whose only column is ¢; and form
the augmented matrix [Q|C]:

Py P2 P P Pt P Oy By 0 By 0y By oy By €1

TP, 1 0 0.. 0 O OI1 0 0
TP 00 0.. 0 0 114 b 1
TPy o1 0.. O 0 0l 1 0 0
T,.P, 1 0 0.. 0 0 Ol a, by 0
T3 P3 0 0 1 !
P, 0o 1 0 I

T P,y |0 0 0. 0 1 o0l 10 0
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Here ¢, corresponds to the edge 7,_p, and @;.,(Zp; ® Zp;—,) is the edge
space of I' where py = p,, . We observed that B'(Ty/X) is the quotient of the
edge space by the column space of Q. Let [B|C] be the matrix whose columns
are the columns labeled p,, ..., pm, a1, @2, ..., am—1, ¢ . We check that the
columns of [B|C] form a basis for the edge space by using column operations to
reduce to a permutation matrix. Use column ¢; to eliminate a; from column
a; and the 1 in the entry with row index 7,_p, and column index p,,. Then
use the 1 in the new column «; to eliminate the 1 in the entry with row index
7i_p; and column index p;. Use the new column p; to eliminate the a,
in column a;. Continue inductively, eliminating as, ..., a@,_, from columns
indexed a3, ..., a,—2 and the ones in the entries with row index 7;,_p; and
column index p;, for 2 < i < m— 2. At the last step use the remaining 1 in
column p,,_, to eliminate a,,—, in column a,,_;. Use 1 in the new column
am—1 to eliminate the 1 in the entry in row 7,,_;_pm_1, column p,,_;. The
result is a matrix whose Z-rank is 2m, which shows that ¢; generates the
quotient of the edge space @;.,(Zp; ®Zp;—1) (po = pm) by the column space
of Q. Recall that the last two columns of Q are a linear combination of the
preceeding ones. Thus to calculate this quotient we simply project each of the

columns f;, ..., B» on Zc;. These projections follow the recursive pattern:
Column vector Projection on Zc,
B =bic bic
B2 = by(p1 — (1 — ar¢y)) baaic,
B3 = bi(p2 — (a2 — az2(p1 — (a1 — ayy)))) byaac
Bm bmam-1 - @aic
The subgroup generated by the projections of the columns B8; on Zc; is the
subgroup generated by dc; where d = gcd{b,, ha,, ..., bpam—,---ara,} .
Since ged(a;, b)) =1 for 1 <i < m, wesee d =ged{b, ..., by}. But |b;|

is the order of Cl(Uy,), so the theorem follows. O

To extend Theorem 2.6 it is necessary to introduce some additional notation.
Suppose the graph I" we have associated to the fan A is connected and let T
be a spanning tree for I'. Since each vertex labeled by a two-dimensional face
7, is connected by exactly two edges to vertices p;; and p,, corresponding to
the one-dimensional faces of 7; in A, each 7; is a vertex in T. If A(2) =

{t1, ..., Tm}, designate 7, as the root node for 7. Let C be the matrix
whose columns are ¢;, ..., ¢, and let [Q|C] be the augmented matrix similar
to that used in the proof of Theorem 2.6. Then 71, ..., 7, are leaf nodes

of T and ¢; =1,_pin for 1 <i<e. For e <i < m relabel p;, and p; if
necessary so the edge 7,_p;, is closer to the root node 7, than the edge 7,_p;; .
In our previous analysis this amounts to permuting the basis of the edge space
@D, (Zpi1®Zpj>) . This does not affect the columns labeled o, B, ..., ae, Be
in Q. Let [B|C] be the matrix obtained from [Q|C] by deleting from Q the
columns labeled B, ..., Bm—1, Bm, am. We note that the column space of
B depends on the choice of 17,,.

Lemma 2.7. The columns of [B|C] form a basis for @] ,(Zpi1 ®Zp;2), the edge
space, for any choice of root node 1,, .
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Proof. If T" isatree, then T =TI and e = 0. In this case we need to show that
the columns of B span the edge space. Each leaf node of I" must be p;, for
some i since each 7; is incident to two edgesin I' = T and p;; is closer to the
root node 7, than p;,. We call the pair (7;, p;2) a leaf node pair. If i =m,
then it is possible for p;; to be a leaf node. This is the only exception and will
be treated in the basis step for our induction below. Assume (7;, p;;) is a leaf
node pairand i # m. In A, p;; is a face of exactly one two-dimensional cone
7;. Thus the column indexed by p;» in B has exactly one nonzero entry which
is a 1 in the row indexed 7;_p;; as indicated below.

Pit Pi2 «;
1 0 |1
Ti — Pil 0 1 a;

Use the column indexed p;; to eliminate a; in the column «; by an elementary
column operation, then use the new column «; to eliminate the 1 in the 7,_p;;
entry of column p;,;. After these two steps are performed, we say we have
pruned the leaf node pair from the tree I' = 7. The two columns indexed p;;
and o; are now elementary basis vectors in our basis for the edge space and
appear in no further column operations. After the columns indexed p;; and «;
are deleted, the remaining matrix is the matrix we would associate to the fan
A’ obtained from A be deleting the cones p;; and 7;. Apply this leaf pruning
algorithm iteratively to reduce to the case where I' is the tree pu—Tm—pPm2 .
The matrix B for this tree is [{9]. Thus our algorithm reduces the original
matrix B, using elementary column operations, to a permutation matrix.

If T is not a tree, let T;_p12, ..., Te—Pe2 be the edges of I' which are not
in T.Fix i, 1 <i<e. Since 17,_p; isin T, it follows that 7; is a leaf node
of T. We can use the column indexed ¢; and elementary column operations
to eliminate the entry a; from the column indexed «; and the entry 1 in the
column indexed p;; and row indexed 7,_p;,; inthe matrix [B|C]. Use the new
column «; to eliminate the 1 in the 7,_p;; entry of column p;; . Repeat this
step for i = 1,..., e. Observe that the 2e x 2¢ submatrix of [B|C] whose
columns are indexed «; (1 <i<e), ¢; (1 <i<e) and whose rows are indexed
7i—pij (1 <i<e and 1< j<2) has rank 2e. If we delete this submatrix
from [B|C] (which corresponds to deleting 7;, ..., 7, from the fan A), the
resulting matrix is the one we would associate to the fan A’ = A— {7, ..., T.}.
The graph of A’ is a tree so the result follows from the first part of the proof. 0O

Corollary 2.8. Let A be a fan on R’ whose cones all have dimension < 2. If
the graph T associated to A is a disjoint union of trees and X = Ty emb(A),
then B'(Ty/X)=0.

Proof. By Proposition 2.5 we can assume I' is connected, so the hypotheses
imply I is a tree. By Lemma 2.7 the columns of B span the edge space of I'".
But the column space of B is contained in im(a+f) in (3) B (Ty/X)=0. O

Corollary 2.9. Let A be a fan on R?* and X = Tyemb(A) the associated toric
surface.
(a) If A= {0}, then B(X)=Q/Z.
(b) If A# {0} and |A| # R? (i.e, X is not complete), then B(X) =0.
(c) If |A] = R? (ie, X is complete), A1) = {p1,..., pn} and N' =
(piNN, ..., paNN), then B(X)= N/N'.
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Proof. Every toric surface is a normal projective surface [12] so by [9, Corollary
9] B(X) =B'(X). If A={0}, then X = Ty is nonsingular and since r = 2,
B(X) = Q/Z [10]. If A # {0} and |A| # R?, then the graph I' associated to
A is a disjoint union of trees. By Proposition 2.5 we assume I is a tree and
contains at least one two-dimensional cone 7. By Corollary 2.8 and Corollary
2.4, B(X) =0. If |A| = R?, then I is a cycle. Corollary 2.4 implies B(X) =
B(Tn/X). If A(2) = {t1,..., Tm}, then Theorem 2.6 implies B(X) is cyclic

of order ged{|CI(U;,)|}72,. Let py, ..., pm be the one-dimensional cones in
A with 1, = p; + piy1 (1 <i<m) where ppi = p1 and let p; = R>on; for
primitive vectors 7, ..., f§,, in N. Choose a basis n;, n, for N with n; =i,
and write 7, = a;n; + b;n,. Then N/N' = N/(n,, ..., nm) is cyclic of order
ged{by, ..., bn}. On the other hand for (1 <i<m-—1), CI(U,,) is cyclic of
order |det[; ]| and |Cl(Uy,)| = |det[j" ]| by (2). Since ged(a;, bi) = 1
for each i, an easy calculation shows ged{| CI(U,)|}, = ged{b;, ..., bn}. O

To determine the p-subgroups of B'(7x/X) for each prime number p, we
introduce some additional notation and terminology. Let I be a finite edge-
weighted graph such that to each edge E 1is associated the positive integer
weight(E). Let v, be the p-adic valuation on Z and set the p-weight of
E = weight,(E) = v,(weight(E)). If T'; is a subgraph of I', let weight,(T';) =
>_weight,(E) where the summation is over all edges E in I'y. A p-maximal
spanning tree for ' is a spanning tree T for I" such that weight,(7’) is maximal
among the p-weights of all spanning trees. It is clear that every connected graph
has a p-maximal spanning tree. Let 7" be a p-maximal spanning tree for I" and
let ¢ denote an edge of I" which is not an edge of 7. Since T is a spanning
tree, the subgraph I'; of I" obtained by adding the edge ¢ to T contains a cycle
Z which is unique since there is a unique path between any two vertices of the
tree 7. Suppose there is some edge E in Z with weight,(E) < weight,(c).
Then we could obtain a spanning tree of larger p-weight by deleting the edge
E from I'y. This means that if T is a p-maximal spanning tree for I", ¢ is
anedge of I' notin 7 and Z is the unique cycle in the graph 7 U {c}, then
¢ is an edge of minimal p-weight in Z .

Let I" be the (connected) graph we have associated to the fan A whose cones
all have dimension < 2. Assign weights to the edges 7,_p;; of I" by setting
weight(t,_p;;) = b; = |CI(Uy,)| (recall CI(Uy,) = Z/b; is cyclic from (2)). Let
T be a p-maximal spanning tree for I'. We have labeled the edges of I' not
in T as T1_p12, T2 — P22, ..., Te— Per . We call the set of 2-dimensional cones
{t1, ..., Te} in A a p-minimal set of cones in A. If T" is not connected, then
we can decompose A as a union of fans A; with A;NA; = {0} when i #
and the graphs I'; associated to A; are connected. We define a p-minimal set
of cones in A to be the union of p-minimal sets of cones in each A;.

Theorem 2.10. Let A be a fan on Ny and assume every cone in A has dimension
<2. Let {ty,..., T} bea p-minimal set of cones in A andlet |Cl(Uy,,)| = b;.
If X = Tyemb(A), then B (Ty/X), = [®:.,Z/b:),. This isomorphism is
induced by the epimorphism y of (3).

Proof. By Proposition 2.5 and the discussion preceeding the theorem, we can
assume the graph I' associated to the fan A is connected. Let 7 be a p-
maximal spanning tree for I'. Continuing the analysis that was begun in
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the proof of Theorem 2.6 we consider the matrix [Q|C] defined there. If
v: @r,(Zpi ®Zpiz) — B'(Tw/X) is the epimorphism given in (3) and 2,, is
the p-adic integers, we have an epimorphism
m ~ ~
Wo: @ (Zyppit © Zypi2) — B (Tn/X),.

i=1

It follows from Lemma 2.7 that {c;, ..., c.} generates coker(a+p) so {y,(c1),
..., Wp(ce)} generates B'(Tny/X),. We check
0= (Wp(cj» n ('//p(cl) PR '//p(cj-l) s '//p(cj+l) PR '//p(ce))

and y,(c;) has order p%®) for 1 < j < e by identifying these elements in
B'(Tn/X) with their corresponding preimages c; +image(a+ f) € coker(a+ f)
in (3) and then checking the corresponding statements in coker(a + £).

Fix j andlet @ be a permutation of {1, ..., m} with n chosenso n(1) = j
where the edge ¢; = 7,_p; and the cycle in T U {¢;} is

Tj = Ta()-P1=Tr(2)=P2- "= Ta(s)-Ps—Tn(1)

Choose the vertex 7, as the root node for 7. By Lemma 2.7 we know the
columns of [B|C] form a basis for @] ,(Zp;1 ®Zp;;) . The column space of B
is a submodule of image(a + ). Project the submodule Z,, B+ 4+ 2,, Bm of
image(a + f) onto a Zp-submodule of the column space of C over Z,,. Then
coker(a + B), is the quotient module.

If s+1 < i < m we check the projection of B, on ipcj is 0. The selection
of 7. as the root node for T gives a partial order on the vertices of T . Let
T; be the subtree of T with root node p,(;2. This means the vertices v in
T; are those for which the unique path from v to 1, contains pg;),. In
the expression for f,;) as a linear combination of the columns of [B|C], the
columns of C that appear are those ¢, which when considered as edges of I
are incident to some vertex in 7; (see the proof of Theorem 2.6). But neither
7; nor p, are in T; since { > s + 1 so the projection of f,; on c; has
coefficient = 0. R

If 1 <i<s let the projection of B on @Bj_; Zyc, be Yi_, diick . We
say in the proof of Theorem 2.6 that b)|d;; (where by = |Cl(Uy;))|). The
projections of By, .-, Baom)y 00 Bp_, Z,,ck are the columns of the e x m
matrix (dy;). We have observed above that djs,) = --- = djm = 0. The
definitions of B; and c¢; imply B; = bjc; so dy; =0 if k # j. Also by;|dji
for 2 < i <s and we chose j with v,(b;) = min{v,(by1)), ..., Vp(br(s))} -
Thus after elementary column operations over ip the column space of (dy;)
is equal to the column space of

[0 diz - dinm]
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Therefore ¢, ..., c. represents a basis for coker(a + f),, B'(Ty/X), =
(Wp(c1)) @ @ (Wp(ce)) , and (w,(c;) is cyclic of order p»®). O
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