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ROSENLICHT FIELDS

JOHN SHACKELL

ABSTRACT. Let ¢ satisfy an algebraic differential equation over R. We show
that if ¢ also belongs to a Hardy field, it possesses an asymptotic form which
must be one of a restricted number of types. The types depend only on the order
of the differential equation. For a particular equation the types are still more
restricted. In some cases one can conclude that no solution of the given equation
lies in a Hardy field, and in others that a particular asymptotic form is the only
possibility for such solutions. This therefore gives a new method for obtaining
asymptotic solutions of nonlinear differential equations. The techniques used
are in part derived from the work of Rosenlicht in Hardy fields.

1. INTRODUCTION

Let X be the ring of germs of &> real-valued functions defined on deleted
neighbourhoods of infinity in R. A subfield of X which is closed under differen-
tiation is called a Hardy field (see [3, 7, 1]). If fis a nonzero element of a Hardy
field, the requirement that f possess an inverse forces f to be either ultimately
positive or ultimately negative. If g is another element we can define f > g to
mean that f — g is ultimately positive. Thus a Hardy field possesses a natural
ordering which reflects the asymptotic behaviour of the elements.

Hardy showed [5] that one obtains a subfield of X by closing R(x) under
the operations f — exp(f) and f — log|f| (as well as field operations). This
field, which we will denote by #, is clearly closed under differentiation and
is thus a Hardy field. Of course it is this example which gave the name to the
class.

In [5], Hardy also discussed the representation of asymptotic growth, using
iterated exponentials and logarithms, initiated by du Bois-Reymond [4]. Define
eo and [y to both be the identity function, x, and for r > 1, let

e, = exp(e,_1), I, =log(l,_y).

Here, and throughout the paper, we will use the letter ¢ to stand for any element
of X which tends to zero (as x — o0); so & will not necessarily be the same
function at each occurrence. The expressions

(1) e(lf(5+¢), e(hb(2+¢), elh(l+e),
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for example, may each be used to represent the growth (as x — oo) of elements
of #Z . We note, as Hardy did implicitly, that the expressions in (1) could each
describe the growth of the same element of /## but with decreasing precision.

As a still cruder measure of growth, one could ask whether, if fbelongs to a
Hardy field and tends to infinity, there must exist an # such that

2) I < f(x) <en

for sufficiently large x. This is false for arbitrary elements of X by the theorem
of du Bois-Reymond, but holds for elements of Z (see [4, 5]). In fact, much
more is true in # . In [10] an algorithm is given for expressing elements of #
which tend to infinity in the form

3) es(lg - [ (c+e),

where pg, ..., pr and c are constants. Analagous expressions for other ele-
ments of # can similarly be obtained and the ¢ can be recursively estimated
in like fashion.

In a general Hardy field, (2) may fail for every »n , as shown in [2]. But for
an important subclass, namely the Hardy fields of finite rank [9], one can do
much more. Let # be such a field and let ¢ be an element of .# which tends
to infinity. Rosenlicht proved in [6] that under these circumstances there exist
nonnegative integers n and m such that

(4) ¢=en(1m(l +8))-

As we shall see in the next section, it is an easy consequence of Rosenlicht’s
work that a similar estimate exists for the ¢.

If ¢ belongs to a Hardy field and satisfies an algebraic differential equation of
order k over R, then R(¢, ¢', ... , ¢*)) is a Hardy field of rank not exceeding
k (see [9, Proposition 5]). Hence ¢ can be expressed in the form given by (4).
From a computational point of view one would like to be able to determine,
firstly, whether a given differential equation has some, or all, of its solutions
lying in a Hardy field. Secondly, if a solution, ¢, does lie in a Hardy field we
would like an algorithm to compute its asymptotic form. The form given in
(4) will be rather coarse for the purpose (though not without interest) unless we
can compute an asymptotic form for the ¢.

In §2 we collect together a number of definitions and results from the papers
[6]-[9] of Rosenlicht. These provide the foundation for what follows. In §3
we take the first step towards strengthening (4). Theorem 5 is the main result
here. The heart of the paper lies in §4. The major results are Theorem 6 and
Theorem 7. The techniques used in §§3 and 4 are to a certain extent parallel to
(and based on) those used by Rosenlicht. However our viewpoint throughout is
more computational. In §5 we show how the estimates of the previous section
may be applied to establish possible asymptotic forms for solutions of a given
algebraic differential equation or, in some cases, to prove that no nonconstant
solution of the equation lies in a Hardy field.

The author would like to thank Max Rosenlicht for providing the original
inspiration for this work through his papers [6]-[9], and also for simplifying
the proof of Theorem 5.
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2. SOME RESULTS OF ROSENLICHT

In this section we collect together some basic definitions and theorems from
[6]-[9]. These will provide a technical foundation for the later sections and also
help to motivate them.

Let # be a Hardy field. We shall generally use ¥ * to denote nonzero
elements of ¥ . If a and b belong to F*, we write a < b if a(x)/b(x) tends
to a nonzero, finite limit. Then x is easily seen to be an equivalence relation on
F* . We denote the equivalence class of a by v(a) and the set of all equivalence
classes by T. The set T is an abelian group under the multiplicative operation
inherited from #*. Next we write v(a) > v(b) if a(x)/b(x) - 0 as x — .
This defines a total ordering on T making it an ordered group. We use the
notation a ~ b to mean that a(x)/b(x) — 1. The following is from [7].

Theorem 1 (Rosenlicht). Let F# be a Hardy field. Then there exists a map v
from F* onto an ordered abelian group, YT, such that

()ifa,beF*, then v(ab) =v(a)+v(b);

(2)ifae &F*, then v(a) > 0 ifand only if a(x) has a finite limit as x —

B)ifa,be F*,and a+b e F*, then via+b) > min{v(a), v(b)} with
equality if v(a) # v(b);

4 ifa,be F*, and v(a), v(b) # 0, then v(a) > v(b) if and only if
v(a) > v(b');

(5)ifa,be F* and v(a) >v(b) #0, then v(a') > v(b');

6)ifa,beF*,a~b,and v(a) (=v(b)) #0, then a’ ~b’.

Let fand g be two infinitely increasing elements of a Hardy field & (i.e.,
fand g tend to infinity). We say that f and g are comparable if there exist
positive integers n, m such that f < g" and g < f™. The notion may be
extended to elements tending to zero and to minus infinity by specifying that f
and f~! be comparable, and likewise fand — f, for all infinitely-increasing f
in & . We also specify that any two elements which tend to a nonzero finite
limit be comparable. (This is a trivial, but notationally convenient extension of
Rosenlicht’s definition.) Comparability is then an equivalence relation on #*
and the equivalence classes will be called comparability classes. We write y(f)
for the comparability class of f.

If fand g are infinitely-increasing elements of % , we write y(f) > y(g)
if f > g" for all n € N, it is easy to see that this only depends on the
comparability classes. We also specify that v~!(0) be the smallest comparability
class. Thus 7y is defined on the whole of .#* and the comparability classes are
totally ordered. The number of different comparability classes of ¥ * minus
one (or equivalently the number of comparability classes of & \ v=1(0)) is
called the rank of % . The following is taken from [9].

Proposition 1 (Rosenlicht). Let ¥ C & be Hardy fields and let r be the tran-
scendence degree of & over F . Then rank & < rank & + r. In particular,
if ¢ belongs to a Hardy field and satisfies an algebraic differential equation of
order k over F , then the rank of F (¢, ¢', ... , %)) is at most k +rank & .

The next result is concerned with the adjoining elements to a Hardy field. It
comes from [7].
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Theorem 2 (Rosenlicht). Let F be a Hardy field and let f(Y), g(Y) € F[Y],
where Y is an indeterminate. Let y € X and suppose y(x) satisfies y'(x) =
fr(x))/g(y(x)) on a positive half line on which g(y(x)) is nonzero. Then
F (y) is a Hardy field.

It is worth remarking that the rank of % (y) does not exceed the rank of %
by more than one. This is a direct consequence of Proposition 1.

It follows from Theorem 2 that if ¢ belongs to a Hardy field # then %
may be enlarged (if necessary) to a Hardy field containing log|¢| and exp(¢).
Moreover, since 1 € ¥ , we may enlarge # to contain x, logx, exp(x), etc.
So if ¢ belongs to a Hardy field, comparisons like e,(¢) < /, make sense. In
fact we shall frequently write such inequalities without making specific reference
to the Hardy field which contains the exponentials and logarithms.

The following result is also essentially due to Rosenlicht.

Theorem 3 (Rosenlicht). Let ¥ be a Hardy field of finite rank r and let ¢ be
an infinitely-increasing element of ¥ . Then there is an integer s with |s| < r
such that for all integers n > r

®) ¢ = en(ln—s(1 +¢)).

Moreover, ¢ belongs to a Hardy field of rank no greater than r+2n—s+ 1 and
so a similar expression exists for ¢ .

ProoF oF THEOREM 3. That ¢ can be expressed in the form (5) is just The-
orem 1 of [6]. Then ¢ = [,(¢)/l,—s — 1 and so ¢ belongs to a Hardy field by
Theorem 2. The statement about the rank of this Hardy field then follows from
Proposition 5 of [9] as indicated above. This completes the proof.

Theorem 3 is interesting but in some ways is less than one would desire. The
estimate on the right of (5) is rather crude, corresponding only to the coarsest
of the forms in (1). Moreover, the greater the rank, the worse the estimate. So
the estimate for ¢ may be significantly less accurate even than that for ¢ . If we
knew that /,(¢) belonged to ¥ , matters would be much improved. Proposition
6 of [9] gives some hope for this because it asserts that if f€ ¥ and f — oo,
then & contains an element asymptotic to log f, provided that % contains
elements of comparability class smaller than that of f. But how do we know
that ¥ does contain such elements? One of the main results of the present
paper is concerned with giving a much sharper version of (5) with generally a
corresponding improvement in the estimate for the ¢.

Next let Q denote the field of rational numbers and let ¥ C & be two Hardy
fields. There is a natural, order-preserving embedding of ordered abelian groups
v(F*) > v(&@*). If £ is taken to include all nth roots of positive elements of
& , then each element of v(%*) is divisible in v(Z*) by each n # 0, and so
v(F*) is a subgroup of an ordered vector space over Q. The dimension of the
Q-vector space generated by v(F*) is called the rational rank of F [8].

The rational rank of % is at least the rank of ¥ and is no more than the
transcendence degree of .# over its field of constants. Moreover, if ¢ satisfies
an algebraic differential equation of order k over .# then the rational rank of
F(p, 9", ..., ¢"™) is not greater than k plus the rational rank of ¥ . These
results and also the following are from [8].
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Theorem 4 (Rosenlicht). Let ¥ be a Hardy field which contains R. There is a
smallest Hardy field & > & such that |t|° € & whenever t € Z* and c € R.
Moreover, rank.¥ < rank¥ < rational rank.% .

Since we shall often need to take real powers of elements, Hardy fields of finite
rank which contain R and have the property that |¢|° is an element whenever ¢
is a nonzero element and ¢ € R, will be of particular importance to us. It seems
appropriate to call such objects Rosenlicht fields. 1t is clear from the above that
if ¢ belongs to a Hardy field and satisfies an algebraic differential equation over
a Rosenlicht field then ¢ belongs to a Rosenlicht field.

3. ASYMPTOTIC GROWTH

Our principal aim in this section is to establish a stronger version of Theorem
3. We begin with two technical lemmas.

Lemma 1. Let F be a Hardy field and let a and b belong to #* with v(a) and
v(b) both nonzero. Then

(1) v(a'/a) =v(b'/b) if and only if y(a) = y(b),

(ii) v(a'/a) > v(b'/b) if and only if y(a) < y(b).

PrOOF OF LEMMA 1. That v(a'/a) = v(b'/b) implies y(a) = p(b) is just
Proposition 4 of [9]. Suppose then that y(a) = y(b). We may take a and b to
be infinitely-increasing and then there is an n € N such that a < b". Hence
loga < nlogb and so v(loga) > v(logh). It then follows from Theorem
1(4) that v(a’/a) > v(b'/b). Since a and b are interchangeable in the above
argument, v(a’'/a) =v(b'/b).

Now suppose that y(a) < y(b). We can deduce, as above, that v(a'/a) >
v(b'/b). But v(a'/a) and v(b'/b) cannot be equal, since then y(a) = y(b).
So v(a'/a) > v(b'/b). Conversely if v(a’'/a) > v(b'/b), then y(a) = y(b) and
y(a) > y(b) give contradictions by (i) and the part of (ii) already established,
respectively. Hence y(a) < y(b) and this completes the proof.

Our next result is in effect a strengthening of Theorem 3. At first sight, the
gain is small, but it is important for what follows.

Theorem 5. Let ¢ be an infinitely-increasing element of a Rosenlicht field & .
Then there exist nonnegative integers s and m, a positive real number d, and an
element ¢, of X, such that

(i) ¢ =e(lme1),

(i) 7(¢1) < y(m),

(i) if s>0,m >0, and d =1, then v(¢,) #0,

(iv) ¢ is an element of the Rosenlicht field generated by x, 1, L5, ... , I,
L(P), ..., L(d), and F .

ProoF oF THEOREM 5. The following proof is due to Rosenlicht. It replaces a
longer and clumsier proof by the author.

It follows from Theorem 3 that there exists an element ¢, in some Hardy
field such that ¢ = e;(/%¢;) with m,s € N, d € R, and y(¢1) < y(lm).
Take such an expression with s minimal. If v(¢,) =0, then ¢; ~ ¢ for some
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constant ¢. If in addition s >0, m >0, and d =1, then
¢ = es_1((e")?) = ey (15 [0 7F)

and y(lf:,‘__f ) < ?(Im—1). But this contradicts the minimality of s. We have
therefore established (i), (ii), and (iii). Since (iv) is an easy consequence of (i),
this suffices to prove Theorem 5.

4. RANK BOUNDS AND NESTED FORMS

In Theorem 5 we have not given any bounds for m and s in terms of the
rank of % . Of course the bounds of Theorem 3 also apply here. However
we shall establish a much better bound in this section. Secondly we need more
information about ¢,. Ideally we would like ¢, to belong to ¥ . What we
can show, and for our present purpose it is nearly as good, is that # contains
an element asymptotic to ¢, .

It will be important to be able to compare the growths of iterated exponentials
and this is the purpose of the next lemma.

Lemma 2. Let fand g be infinitely-increasing elements of a Hardy field and sup-
pose, without loss of generality, that f > g. Suppose also that n > 1 and write
hn = en(f) —en(8) and H, = (f - g)ei(g)ex(g) - -en(g). Then

(i) hy, — oo ifand only if H, — x,

(ii) h, — O if and only if H, — O and in this case h, ~ Hy,,

(iii) h, tends to a positive finite limit if and only if H, does so, and here also
hp ~ Hy, .

ProOOF OF LEMMA 2. The proof is by induction. We have

h =e(f)—el(g)=(ei(f— &) — Der(g).

If f—g— 0 then ¢)(f—-g)—1~ f—g,and so A ~ H,. On the other

hand, if f — g does not tend to zero, H; must tend to infinity and, since

e(f—g)—1>(f—-g),somust a;. Thus the result holds when n=1.
Suppose then that the result holds for a particular value, n. Then

hns1 = €ns1 (f) — ens1(8) = {e1(en(f) — en(g)) — 1}ens1(8)
= {el(hn) - l}en+1(g)-

As before, e;(h,) — 1 > h, and if h, — O, then e/(h,) — 1 ~ h, ~ H,, by
the induction hypothesis. So, if 4, — 0 , then h,,; ~ Hpepy1(8g) = Hpyy . If
h, # 0, then H, # 0 by the induction hypothesis and then both A,,; and
H,. tend to infinity. This completes the proof of Lemma 2.

Our next lemma is concerned with the order relation between the compara-
bility classes of two elements each of the form e;(/4¢;).

Lemma 3. Let ¢, and ¢, belong to a Hardy field, let m. n, s, and t be nonnega-
tive integers, and let ¢ and d be positive real numbers. Suppose that y(¢,) < y(ln)
and y(¢3) < y(ln). Suppose also that if ¢ = 1 then v(¢y) # 0 and if d =1
then v(¢,) #0. Then

() v(es(Ia 1)) = y(e(l5h2)) if and only if either

(i) s=t=0and m=n, or
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,m=n, c=d, and v(¢;) =v(¢;), or
m=n, c=d, and

H = (¢1 — ¢2)lsei(lnp2)ex(lida) ... es_2(l502)
has a finite limit.

(1D y(es(he1)) > v(ed(ls2)) if and only if either

(i) s—m>t—n,or

() s—m=t—n, s>t,andeither d >1,0r ¢ > o0 and d=1 or
(i) s—m=t—n, s<t, andeither c<1 or ¢ -0 and c=1, or

(iv) s=t>1, m=n, and either d > c or ¢,/ — 0o and d =c, or
(v) s=t>2, m=n, d=c,and H — oo, where H is as given in (I)(iii).

Proor oF LEMMA 3. We prove the sufficiency of the conditions first starting
wth (II)(i). Suppose s —m > t—n and that s > ¢t. Then m < n +s —
t and 50 P(lm) > ¥(lnss—). Hence p(s(e;(1461))) > y(s(e(lS42))) and so
y(es(1d61) > y(e(lSh2)). If s <, then m+1—s<n andso y(/i(es(I461))) >
Y(l(e(I542))) . Hence y(es(I441)) > y(e(IS¢py)) in this case also. Thus (II)(i)
is sufficient.

Now suppose s —m =t —n and s > t. Then v(/(e(l{¢2))) = v(lpts—1) =
V(lm) . Therefore

R R

However, [9-'¢, tends to infinity if d > 1 or d = 1 and ¢, — oo. Since
s > 1, this will entail that y(es(I%,)) > y(e,(IS$7)) and so (II)(ii) is sufficient.
Furthermore, /4-'¢, tends to zero if d <1 or d =1 and ¢, — 0 and then
y(es(1461)) < 7(e(ISh)) . On interchanging e,(I4¢1) and e(I5¢) we see that
(II)(iii) 1s sufficient also.

Next suppose that s = ¢ and m = n. If s =0, then e;(/%¢,) = l94, and
e(l5¢y) = 15,0, . Hence (I)(i) is sufficient. If s > 1, then

li(es(1801)  ace, -1
9 Lelsdy) ~m M1

The right-hand side of (7) tends to infinity if d > ¢ orif d =c and ¢,/¢; —
oo. Since s > 1, this shows that (II)(iv) is sufficient. If s =1, ¢ =d, and
v(¢1) = v(¢y), then the right-hand side of (7) tends to a nonzero, finite limit
and hence y(e;(/%¢)) = y(e1(IS$2)) . Thus (I)(ii) is sufficient.

Finally consider the case when s=¢t>2,n=m,and ¢ =d. Then

11(95(151(251)) _ es—1(l;¢1) _
hie(lsg2))  es—1(l59a)

(8) er(es—2(lyp1) — es_2(l592)).

If s =2, the expression on the right of (8) is e;(/S(¢# — ¢2)) which tends to
infinity if /5(¢; — ¢2) — oo and to zero if [5(¢; — ¢2) — —oo; otherwise it
tends to a nonzero finite limit. It follows that (II)(v) and (I)(iii) are sufficient
when s =2.

If s > 2, we apply Lemma 2 to the right-hand side of (8), giving that
Li(es(18¢1)) /11 (e(I5#7)) tends to infinity if H does and to a nonzero finite limit
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if H tends to a finite limit. This shows that (II)(v) and (I)(iii) are sufficient.
Thus all the conditions are sufficient to give the desired conclusion.

If in (II) we interchange e;(/%#;) and e,([S$;) we obtain an analogous set
of conditions, which we will refer to as (III), for y(es(I%¢1)) < y(e/(lSp2)).
Now since the cases d =1, v(¢;) =0 and ¢ =1, v(¢;) = 0 are specifically
excluded, a routine check shows that (I), (II), and (III) between them exhaust
the possibilities. It then follows that (I) and (II) are necessary. For example,
if y(es(1%¢1)) = y(e:(IS$2)) then one of the conditions (I) must hold, for if not
then one of (II) or one of (III) would have to hold, giving a contradiction. This
completes the proof of Lemma 3.

The following result is proved in a similar fashion, though it is considerably
simpler.

Lemma 4. Let ¢, belong to a Hardy field. Let s, m, and j be nonnegative integers
and let d be a positive real number. Suppose that if d =1 then v(¢,) #0. Then
v(es(l8¢1)) = y(Ij) ifand only if s =0 and m = j, while y(e;(I361)) > y(I))
if and only if one of the three following conditions holds:

(i) m<s+j;

(i) m=s+j,s>0,and d > 1;

(i) m=s+j,s>0,d=1, and ¢; - .

The next result is perhaps the centre of gravity of the paper; it assumes
the existence of an element of the type given by Theorem 5 and deduces the
existence of various comparability classes.

Theorem 6. Let F be a Rosenlicht field and let ¢ € F . Suppose that ¢ =
es(l4¢,), where y(¢1) < y(lm), d €R*,andif s >0, m>0, and d = 1, then
v(¢y) # 0. Then there exists an integer d > 0 and elements I'y, 'y, ... , T4
of F with the following properties:

(i) (T0) > y(Tir) for i=0,...,0—1.

(i) Ifd#1 orif s=0, then 0 =s+m+1; otherwise 6 =s+m.

(iii) Each T'; may be expressed as a rational function of a finite set of real pow-
ersof ¢, ¢, ..., ¢ with real coefficients. Conversely, ¢ may be similarly
expressed as a rational function of a finite set of real powers of Ty, T'y, ..., TI;.
Both of these rational functions are computable.

(iv) The set {y(I'o), ... , y(I's)} contains the following comparability classes:
if s > 0, it contains y(e,(1%¢1)), ..., y(es(I4#1)); if m > 0, it contains
(o), ..., Y(lm=1); it contains y(¢,), andif d #1 orif s =0, it also contains
Pm) -

PrROOF OF THEOREM 6. The proof will be divided into a number of cases.
There is however some common ground between them. In [9], in particular in
Theorem 1 and Proposition 6, a similar technique is used.

For any pair of infinitely-increasing elements fand g of ¥ , we write f~ g
if for every real 6 > 0, g'% < f < g!*9. Clearly f ~ g if and only if
log f ~ log g, and then, provided that v(f) # 0, it follows that f'/f ~ g'/g
by Theorem 1(6). A generic method of producing suitable I';’s is then as follows:
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Suppose we already have I'; with T; ~ e(l%¢;), ¢t > 2. Then logl'; ~
e,—1(l4¢,), and so

Y

T
©) r—j ~ (e—1(1%61))
=e1(l8¢1) e (ISl I - 1L (1971 gy d + 14.8)).

Since y(¢1) < 7(lm), Lemma 1 and Theorem 1(i) imply that v(¢}/¢1) >
v(l,;'), and so from (9)

I
(10) l"_j ~e1(l8) - e (I8 - 1L 1871 ¢y
Suppose in addition that we have already defined elements ng, ... , g, of &
with #; ~ I7! for i = 0,...,k and that y(m) > y(e—1(l%¢;)). Then we

let Tjpy = DT ng ' mc ' Tt follows that either Tjyy & I}, if p(fesr) >

y(e-1(ld1)) or Tjpy = ey (14¢1) if y(lpr) < y(e-1(1%61)) . Note that the
latter two comparability classes cannot be equal because of Lemma 4 (the case
m = 0 is trivial). If T, = [}, then T, /T, ~ =57 -0} and

k+1° +
so we take . =~ L7 \ng'---mg'; then meyy ~ 7). We then take
l"j+2 = l",~+lr]k_+ll so that either l"j+2 ~ €,_|(lg,¢1) or Fj+2 ~ lk_-:Z . If, on the
other hand, T}, ~ €, (/4$;) and ¢t > 2, wetake ['j;p = — "ol j°+11110"’ et

and, since y(lx) > y(e~1(l%¢y)), it follows that y([i,;) > v(e;—2(l%4,)) and
hence that I'j, ~ [ +‘1 . Then n;,, is defined as before.

In practice we shall generally use a slightly different construction which makes
better use of elements already defined. In addition ‘end’ cases will need special
attention. We give details of the cases s > m >0 and m > s > 0 only. Other
cases are similar to, or degenerate versions of, one of these. For full details see
[11].

We shall write f© for the logarithmic derivative of an element f of X, so

that /2 = f"/f.

Case 1: s >m > 0. By Lemma 4, y(¢) = y(es({%¢1)) > y(lo) . We therefore
take I'y = ¢. For i =0,... ,s—m—1, we take I';;; = I“iA. Suppose
0<Li<s-m-2and I'; = es_,-(l,‘{,dn) ; of course, for i = 0, we know this. By
(10),

Tivi ~es—im1(ld¢1) - er(ldg)ly" - 171 197 ¢ d
and, by Lemma 4, y(e;_;_1(/%¢1)) > y(ly), since s —i— 1> m. Hence [ =

es_i_1(l1441) and so, by induction, I'; ~ e;_;([4¢,) for i=0,... ,s—m—1.
From (10) again we have
(11) Toom ~ em(lmér) - er(md))lg " - 11 I 4 d.

Case la: d > 1 or d =1 and ¢; — oo. In this case, Lemma 4 implies that
Ts_m = em(l%6)) . We take Ty_,,; =T, so that

(12) Fsomit ~ eme1(I8¢1) - e (18d)ly ' - 121147 ¢y d.
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From Lemma 4, Ty_,,;; ~/;!. It follows that 2 T~
| R —I“s_,,,J,I/l"SA_,M1 . Then, from (12),

Tsomez ~ emo1(lmdr) - er(lng)l7 " - 1L 17 did = emo1 (L)

by Lemma 4.
Suppose 0 < i <m — 1 and that I';_,,,»,_; and I's_,,,2; have been defined
with IHs—m+2i—l ~ l,'__ll and 1-‘s—m+2i = em—i(lgt(bl) . Then

~I;'. Hence we take

(13) e pizict ~ —lo 71

and

(14) T2 i~ emeict(l8g1) - er(dp)lg - 11 147 pyd.
We take

(15) Tomeziet = =T poni/ To a1

It then follows from (13) and (14) that

Csma2it1 ~ em—i—l(lgt(pl) . "6’1(1:5;¢1)1,~_l "‘l,;l_llgz_lqsld ~ li_l )

by Lemma 4. Then I, .., ~—/;'---[7" and so we take
(16) Lsomi2iv2 = _rsA—m+2i/rsA—m+2i+l'
Then

Lsomi2iva ~ em—i—l(lg,(bl) RS (lg,qbl)[i:_ll .. 'lr;]—llgx_ld)ld
= em—i—l(lid)l),

by Lemma 4.
Thus by induction we can define I';_,,,1, ... , ['s4,»_2 with the desired prop-
erties. If we take i=m —1 in (15) we get I's1, = l,;‘_l . We then set

Tosm = =Ty o/ (T ) ~ I 1.

If d =1, then I's,,, ~ ¢;. Otherwise [, =~ l,‘f,“ and hence Fﬁm ~
(d-1ig'---I;'. Then

T4 ,/((d - 1S

—1
s+m—l) ~ _lm .

We therefore take
Coimer = rs+m(r‘ﬁ.m/(l - d)I“ﬁm_l)d—‘ ~ ¢.

A routine check then establishes that (i)-(iv) hold in this case.
Case 1b: d <1 ord=1 and ¢, — 0. Here (11) and Lemma 4 give I';_,, =
Iy'. Hence T2, ~ —I;" and so we take I's_p41 = —Ts_n/T,, . Again (11)
and the lemma may be used to deduce that I's_,.,; =~ e,(/%¢)).

Suppose that 0 < i < m — 1 and that I';_,,,,; and I_,.,2,,1 have been
defined with T's_y0 = [7' and T_pizivt = em—i(l4 1) .
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We take

A
rs-m+2i+2 = Fs m+21+1/ —-m+2i*
As before, T's_p12i42 ~ [} and we take

N
Tyomizies = —T0 ot /T mraivs = €m—ic1(141).
This accounts for the definitions of I';_,,,, ... , I'sym_1. Then we set
YA —
rs+m = +m [/(drs+m 2) ~ lgl l¢l‘

If d =1, then of course Iy, ~ ¢;. Otherwise, Iy, ~ [4~! and we take

Toimst = Dom(Toim/(1 = )T, )" ~ 6.
Conditions (i)-(iv) are then satisfied.
Case 2: m>s > 0. We take I“0=¢Az10" andfor i=1,... , m—-s—1
we take I'; = —l“o/l"iA_ ;- Then
Ti~es_1(l8¢1) - er(iGp)7t - 101 187 g 1d = 7.

Case2a: d >1 or d =1 and ¢, — oo. In this case, Lemma 4 implies that
7(¢) > 7(Im—s) and hence we take I'y_s = ¢ and Tp_gyy = -To/To_ | =
I,L,. Similarly we take Ty_s2 = —To/T5_,,, ~ e;—1(/4¢;). Then for i=1,

s — 2, we define
(17) I-Qm—s+2i+1 m s+21/rm s+2i—1
and

Dm—s+2i42 = m s+21/rm s+2i+1°

Then ['py_si2i41 = L)

Lo and Tpgoin ~ e 1(14¢)). We define Ty
by taking i =s— 1 in (17), so that T4,y = [;! . Then we set

1—‘m+s = +s 2/(d1‘$+s |) ~ 1,‘5,"¢1-
If d # 1, we take

rm+s+l m+s(r +s/ d)r m+s— 1)d I~¢l,

and here too (i)-(iv) are satisfied.
Case2b: d<1 ord=1 and ¢ - 0. Now y(¢) < y(lm—s) and so we take

Tmes=-To/T5 . ~I," and Ty_s;  =¢. Thenfor i=1, ..., s—1,we
take
Lsi2i = _Fﬁ—s+21 l/rm s42i—2
and
Do—si2ie1 = _rﬁ-sn: I/Fm S+2i°
Then let

Tpis=-T5, /TS, )~ 1479

and, if d #1, let

rm+s+l = r‘m+s(r‘$+s/(l - d)rﬁ-m l)d_l ~ P.
One checks (i)-(iv) as before. This completes the proof of Theorem 6.
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Theorem 6 allows us to strengthen Theorem 5 in two ways. First, the exis-
tence of the I'y’s implies a rank bound. Second, provided v(¢$,) # 0, we can
treat ¢; in the same way as we did ¢. If ¢; tends to a nonzero finite limit,
then it is trivial that & contains elements asymptotic to ¢, sinceR C ¥ , but
this fact gives us no information about the asymptotic behaviour of ¢| (beyond
the fact that ¢} — 0).

For f an element of a Hardy field and s an integer, define E;(f) to be
es(f) if s >0 and (e_s(f))~! if s < 0. Let ¢ be an element of a Hardy field
with v(@) # 0. A nested form for ¢ will be a finite sequence {(s;, m;, d;,
¢i), i=1, ..., k} with the following properties:

(a) For each i, s; is an integer, m; a nonnegative integer, d; a positive
real number, and ¢, an element of a Hardy field.

(b) ¢ =E,(I%¢)) and ¢;_ 1—Es,(lm,¢,) for i=2,.... k,
(c) y(¢i) < y(lm,) fori=1, ..., k.
(d) v(de)=0

(e) di#1 unless s, =0 or m =0.

The following is an easy consequence of the definition and Lemma 4.
Proposition 2. Let {(s;, m;, d;, ¢;), i =1, ..., k} be a nested form for
some ¢. Thenfor i=1, ..., k-1,

miz > max{m; + 1, m; +s;;1}
and if mip, =m;+ sy, then diyy < 1.
The next result gives the promised strengthening of Theorem 5.

Theorem 7. Let F be a Rosenlicht field of rank r. Let ¢ be a positive element
of & with v(¢) #0. Then ¢ has a nested form {(s;, m;, d;, ¢;), 1 <i<k}
such that
k
(18) > lsjl+ 8 +my <,
j=1
where 6, =0 if d, =1 and m; =0, and 6, = 1 otherwise. Moreover, there
exist elements Ty, ..., I's of F such that the following properties hold:
() Z=37 Il + 6+ my.
(ii) Each T'; may be expressed as a rational function of a finite set of real pow-

ersof ¢, ¢', ..., 9 with real coefficients. Conversely, ¢\) may be similarly
expressed as a rational function of a finite set of real powers of Ty, Ty, ..., T.
Both of these rational functions are computable.

(iii) For i =0, ..., X—1, we have y(I';) > y(T'iy1) . Also y(I's) = y(1).

(iv) The set of comparability classes of the T';’s is equal to

mk+6k—l k S]

yyu U y(h)uUU (e (I 65))-
j=lt=1

i=0

Of course if ¢ € F* with v(¢) = 0, then Theorem 7 may be applied to
+(¢ — lim¢). We call X the length of the nested form.
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PROOF OF THEOREM 7. For j=1,... ,k, we define J; by d; =0 if d; =1
and m; =0, and 6; = 1 otherwise. We write ¢; = |s;| + J;. By Theorem 5,
s1, my, di,and ¢; exist such that ¢ = Ej, (l,‘f,',(bl). If v(¢1) =0, then {(sy,
my, dy, ¢1)} is a nested form for ¢, as conditions (c) and (e) of the definition
are given by (ii) and (iii) of Theorem 5. Theorem 6 then implies the existence
of I'g, ..., I't,+m, with suitable properties.

If v(¢1) # 0, we may apply Theorem 5 to either I'; ., or l",‘ljrml according

to whether v(I';,1m,) < 0 or not. Thus T} ,m, = Es, (1% y,) for suitable choices
of s, my, d, and y,. Theorem 6 then guarantees the existence of elements
Iy, ..., T of & satisfying (i)-(iv) of that theorem. The comparability
classes of these elements will include y(l), ..., P(Iy,+5,—1) but will otherwise
be distinct from the comparability classes of the I';’s, since y(¢1) < y(Im,)-
Hence we may relabel an,w. oo TS as Tyimists ooy Djs4e4m, and then
y(To) > »(T1) > -+ > y(Disy+1y4m,) - Since Ty ym, ~ @1, there is a ¢ ~ y»
such that ¢y = Eq,(I¢2) . If v(¢2) =0, then {(s1, my, di, ¢1), (52, ma,
dy, ¢,2)} is a nested form for ¢ and properties (i)-(iv) of the statement of the
theorem are easily seen to hold. Otherwise we apply Theorem 5 to I'ig|4s,4m,
and continue as above. In this way we obtain a sequence {(s;, m;, d;, ¢,),
Jj =1, ..., k} and the process will continue until some v(¢;) is zero. It
is clear that this must happen after a finite number of steps since (18) must
continue to hold and {m;} is strictly increasing; moreover, ¢; > 1. So ¢ has
a nested form. The inequality (18), the existence of the I';’s, and properties
(1)-(iv) are then clear from Theorem 6 and the above method of construction
of the nested form. This completes the proof of Theorem 7.

5. AN APPLICATION TO ALGEBRAIC DIFFERENTIAL EQUATIONS

Suppose that y satisfies an algebraic differential equation of order r over
R. If R(y, y', ..., y) is a Hardy field, then its rational rank is no greater
than r and hence, by Theorem 4, it is contained in a Rosenlicht field % of
rank <r. If y is positive and v(y) # 0, then y must possess a nested form
as given by Theorem 7. In other cases the theorem may be applied to —y or
to £(y —limy) as appropriate. (We do not consider here the case when y is
constant.)

For small values of r, (18) constitutes a severe restriction on the possible
nested forms and it becomes feasible to consider possible cases individually.
Let ¢ be a nested form of length X, where X < r, and consider first the case
when ¥ = r. Then we may define I'y, ..., I', as in Theorem 7. We write
¢ and its derivatives in terms of the I';’s and substitute into the differential
equation. We refer to the equation thus obtained as the I'-equation. In the T-
equation, y(I',) = y(1) but otherwise the comparability classes of the I';’s are
distinct from each other and from the comparability class of the constants. So,
in particular, the coefficient of the leading product of I'y, ..., I',_; must be
asymptotically zero, which implies a condition on the parameters of the nested
form. If this condition is unsatisfiable, then the particular nested form under
consideration cannot occur.

Next suppose that £ < r. Then we define I'y, ..., I's_; as in Theorem
7. An inspection of the proof of Theorem 6 shows that in all cases, either
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I's_y ~ Al,‘f,‘; or I's_| ~ Al,‘f,*k_l , where A4 is some nonzero constant. In the
present situation d; will be a parameter to be determined, so these cases may
be treated similarly to each other. We relabel I's_; as I's_; and define Iy,
cees f, as follows. Let { denote an element of the Rosenlicht field generated
by ¢ which is asymptotic to —/ly/; - - - ,,,—; . By Theorem 6, we can easily give
such an element in terms of I'y, ..., I's_». Thenfor i=0,... ,r—X, we
define f‘z+,~ = C(1~"2+,~_1)’ . Then (for the case when I's_; ~ Al{‘f,"k)

Tyyi~ Adi(dy — 1) (di — i = DI

We can then rewrite ¢, ..., ¢! intermsof I'y, I'y, ..., sy, Is, ..., T,
and substitute into the differential equation for y. Then we can use the fact that
y(To), ..., »(Iz-2), y(I't—1) areall different, and the known asymptotic forms
of I's_y, ..., I, to obtain equations for the parameters of the nested form. As
before, these may in some cases be unsatisfiable, leading to the conclusion that
the nested form under consideration cannot occur for solutions of the given
differential equation. For some equations, all the possible nested forms may
be eliminated, giving the conclusion that the equation has no (nonconstant)
solutions lying in a Hardy field.

We next illustrate the above argument by looking in greater detail at second-
order equations over R. Suppose then that ¢ satisfies such an equation. Since
Or = 1 unless m; = 0 and, by Proposition 2, m; > i — 1, the inequality (18)
implies that k < 2. Possibilities are therefore {k =2, sy =5, =0, m; =0,
my=1}or{k=1,5=0, m<l}or{k=1, 5<2, m =0}. Note in
particular that we cannot have k = s; = m; = 1 since then J; = 1 and (18)
will be violated. Moreover, the case k =1, sy =2, m; = 0 is only possible
if di = 1. Let A stand for a nonzero constant and C for a constant. The
possible asymptotic forms for ¢ are then:

(1) C+x%1%(Ad+¢) with C=0if d, >0 orif d, =0 and d, >0;

(I) C+e;(x%(A+¢)) with C=0if 4>0;

(IIT) +ex(x(A4+e¢)) with 4>0;

(IV) Ct E_>(x(A+¢)) with 4 > 0. We calculate the I';’s in a selection of
cases. Full details are to be found in [11].

Case (I)(i): ¢ =C +x4I"(A+¢), d#0, dy #0. We take [y = ¢ — C and

(19) I =To(T5/d)% ~ 124,

Then, as in Theorem 6,

(20) I =T(d I /dT5)% ~ A

Next, we calculate ¢, ¢', and ¢” in terms of I'y, I';, and I',. Of course
(21) ¢=To+C,

and therefore ¢’ =I7,. Hence from (19) (using the fact that s = I'y/To), we
have

(22) ¢’ =d, Ty iy,
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Differentiating (22) gives
¢" = (d\ — 1)(T'/To) /4T + ([ /To) /'Y,
and then substituting for I, and I'} from (19) and (20) gives
0 1
(23) ¢" = di(d, — )[4 4 g,y HApia b /a,

Case (I)(ii): ¢ = C+ x¥(A4+¢), d # 0. Here the rank of R(¢) (i.e.
R(¢, ¢', ¢",...)) is equal to 1. Accordingly, we define T = o—-C, I = 1:6,
and T, = 1~“’l .

Case (I)(iii): ¢ = C+ l{iz(A +¢), dy # 0. Now an analysis similar to the above
leads to the formulae

(24) ¢=C+II%,

(25) ¢’ = dyTo(¢p — C) = dyT oI 7T,
and

(26) ¢" = d2T30 7T, — T340,

Case (I1): ¢ = C £ (x4(A+¢)), dy > 0. The case when d; = 1 is similar to
(D(ii). For d, # 1, the equations for ¢ and its derivatives are

(27) ¢==Io+C, ¢’ = +d,Toly,
and
2 rz 71—1'-'
(28) ¢,” =4 (a’,zl"ol"l + d] (dl - I)FOFI (r—) ) .
1

It is understood that one must have a consistent choice of + or — sign in these
equations.
Similar formulae hold in Cases (III) and (IV).

5.1 Examples. We apply the results of the above analysis to the equation
¢" +Ap =0, A € R. Of course, the solutions of this equation are exceedingly
well known, but it nonetheless illustrates the method quite well.

We start with Case (I)(i) and substitute (21) and (23) into the differential
equation. This gives us the I'-equation

(29) dy(dy — )IYHATHh 4 gory AT/ NArle Ly (T + C) = 0.

If di > 0, then C = 0 and the leading term is AI'y. Hence A = 0. If
d, # 1, the leading term becomes d,(d; — 1)1"(‘;2/"'rf/“' (since I“l"l/d2 ~ 11_1)-
If d; =1, the only remaining term is d)I'j 'I"f"/ dzl“y % In neither case can
(29) be satisfied.

Similarly, if d; < O the leading term is AC which must therefore be zero.
The next largest term is AI'y and hence 4 = 0. The leading term then becomes

again d,(d, — l)l“(l)—z/ 4 l"f/ 4 and as before the T-equation cannot be satisfied.
Thus Case (I)(i) cannot occur.
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In Case (I)(ii), the rank, r, of R(#) is one less than the order of the dif-
ferential equation. Hence we work with f‘o s ey f‘,. Here r = 1 and
To=¢-C=xW(Ad+¢). Thus [} =) = dyx?~1(4 + &) ~ dix~'Ty and
f‘z = I~“’1 ~ di(d; — 1)x~2Ty. On substituting into the differential equation, we
obtain

(30) I+ AT+ C)=0.

On using the fact that I, ~ d,(d, — 1)x~ Iy, we see that A = 0 and hence
di(d; — )x~ 2Ty = 0. This is possible if d; = 1. So we obtain a possible
asymptotic form for ¢ when A =0, namely ¢ = x(4+¢).

Similar calculations to those in I(i) show that Case (I)(iii) cannot occur (see

[11)).
Now for Case (II). When d, # 1, the I'-equation is

1

1
(31) d2ToT? + dy(dy — IT, P T 4 ATy + C) = 0.
The leading term is d?ToI? if d; > 1 orif A=0, and AIly otherwise, since
I'; ~ Ax%~!_ In neither case can the leading coefficient be asymptotically zero.
Thus (31) is unsatisfiable.
If d, =1, we work with I’y and its derivatives. We have l~“, = f‘6 ~ Al
and T, = Iy ~ A’y . The T-equation is then

(32) ATy + Ao+ C) ~0.

If 4 is negative, we see that I'j — 0 and hence C is forced to be zero. Thus,
whatever the sign of 4, we require 4%+ 4 = 0. This is impossible if A > 0 but if
A < 0 we obtain two possible asymptotic forms for ¢, namely e;(x(v/—A4 + ¢))
and e;(—(x(vV/=4+¢))).

Similar calculations to those already given show that Cases (III) and (IV)
cannot occur. We have thus rediscovered the following facts:

(a) If A>0, ¢” + A¢ has no nonconstant solutions lying in a Hardy field.
(b) If A =0, the possible asymptotic form for ¢ is x(4 + ¢€).
(c) If 2 < 0, two possible asymptotic forms are e;(x(v/—4 + ¢)) and
el(—x(v—-i+e)).
Finally we take a brief look at how the techniques apply to the soliton equa-
tion

(33) " +d+Ap3=0.

We may assume that A # 0. Cases (I), (III), and (IV) are easily eliminated. For
Case (II), when d, # 1, we substitute (27) and (28) into (33). This gives

L 1
(34)  diToI? +d,(d, - l)FOI“: AT +To+ C+ AT+ C) =0,

where we have absorbed the + into C.
Suppose first that C # 0 so that 4 < 0. In that case, we must have 4 =
—1/C? and then T is a factor. Hence

1 i
(35) T2 4 dy(d, - )T, " TA 2 3T,/C - T3/C? =0.
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If dy > 1 then I'} — oo and 1 - 717 < 1. But then the term dfI'} dominates
the left-hand side of (35), and so this case cannot occur. If d; < 1,then I'j — 0
and (35) is impossible since all terms except ‘2’ tend to zero. If C = 0 and
A < 0, a similar analysis shows that (34) cannot be satisfied, while, if 4 > 0,
the term I‘g dominates (34), again giving a contradiction.

Consider now the case when d; = 1. Here we take I'y =TT and I, =T,

so that T, ~ 42I'y. The equation (33) then yields
(36) Ao+ To+ C + A(To + C)? = o(Ty).

If C # 0, then as before 4 = —1/C? and the coefficient of Iy on the left-
hand side of (36) is 42 -2. So 4 = —/2 and, provided A < 0, a possible
asymptotic form for the solution of (33) is

+1
37 T+ XV,
37) Ve
If C=0 and 4 <0, then (4% + 1)Iy dominates the left-hand side of (36),
which is not possible, and, if 4 > 0, then A’ 3 similarly dominates (36). Thus
we have the conclusion that if 4 > 0, no solution of the soliton equation (33)

can lie in a Hardy field, while for 4 < 0 a possible asymptotic form is given by
(37).
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