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THE MARTIN KERNEL AND INFIMA OF
POSITIVE HARMONIC FUNCTIONS

ZORAN VONDRACEK

ABSTRACT. Let D be a bounded Lipschitz domain in R” and let K(x, z),
x € D, z € 9D, be the Martin kernel based at xo € D. For x,y € D, let
k(x, y) = inf{h(x) : h positive harmonic in D, h(y) = 1} . We show that the
function k completely determines the family of positive harmonic functions on
D . Precisely, for every z € 8D, limy_;k(x, y)/k(xo,y) = K(x, z). The
same result is true for second-order uniformly elliptic operators and Schrodinger
operators.

1. INTRODUCTION

Positive harmonic functions on a bounded domain D in R” enjoy two im-
portant and well-known properties: they satisfy the Harnack inequality and
allow an integral representation via a kernel function. The Harnack inequality
is usually expressed in two forms. The first one is more local and states that if
a ball B(xp, r) is contained in D, then for any positive harmonic function 4
on D, and any x € B(xg, 1),

wez P2 —|x = xo|?
(r+|x — xo|)"

n—2 rk— Ix_x0|2

h(xo) < h(x) < P =7

h(xo) .

The second form follows from the first by the usual chain argument: For any
compact subset K of D there is a constant ¢ such that for any positive har-
monic function A on D, h(x) < ch(y) for all x,y € K. An immediate
consequence of the inequality is that an arbitrary infimum of positive harmonic
functions in D is a continuous function satisfying the same inequality. There-
fore, one can form the family of continuous functions

il = {u :u = infh,, h, positive and harmonic in D} )
a

Every function in #'™f is superaveraging, so #™ consists of positive super-
harmonic function which satisfy the Harnack inequality. In §2 we show that
#f is a convex cone stable for arbitrary infima and closed for the pointwise
convergence.

The second essential property of positive harmonic functions is the integral
representation. Following [Doo], let G denote the Green function on D (for
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the Laplacian) and let v be a measure with compact support Suppv C D.
The function K, (x, y) = G(x, y)/Gv(y) is called the Martin function (or the
Martin kernel) based on v . There is a unique metrizable compactification D,
of D such that each Martin function K, has a continuous extension (denoted
also by K, ) to D x (Dpy\Suppv), and K,(-, y;) = K,(+, y>) if and only
if y; = y,. The boundary Oy D = Dyp\D is called the Martin boundary.
Let 05D denote the set of minimal points z € dyD. Then for each positive
harmonic function 4 in D there is a unique measure x4 on 9y D such that
h = fa;,D K,(-, z)u(dz). If the measure v is the point mass at xo € D, the

Martin kernel is said to be based at x;. In this case the continuous extension
of the Martin kernel to 93D means that as y — z in the Martin topology,
where y € D, z € 9y D, we have

(1.1) lim G(x, y)/G(x0, ¥) = Kx (x, 2).

The close relation between the Harnack inequality and the Martin kernel is
revealed in a simple case of the unit ball B = B(0, 1) centered at the origin.
The Martin boundary of B is its Euclidean boundary and the Martin kernel
is the Poisson kernel P(x, z) = (1 — |x|*)/(|z = x|*), x € B, z € dB. The
Harnack inequality for B is derived from the representation formula and reads

1—|xf? 1= |xf?
(1 +|x])" (1 = |x[)»

This inequality is sharp and the bounds are attained for 4 = P(-, z) where
z = —x/|x| for the left inequality, and z = x/|x| for the right inequality.
In this sense, the Harnack inequality is tailor-made for balls and, moreover,
it distinguishes the center of the ball. It is not optimal for other domains.
To obtain optimal lower bounds for an arbitrary domain D, it is natural to
introduce the function

(1.3) k(x, y) = inf{h(x) : h positive harmonic in D, h(y) =1},

(1.2) h(0) < h(x) < h0), xeB.

where x,y € D. We will show that k& is continuous function on D x D.
Obviously, k(x, y) is the greatest lower bound for a positive harmonic function
in D which is 1 at y. As in the case of the unit ball, this lower bound
is attained by the Martin kernel: there exists z = z(x, y) in the minimal
Martin boundary 85, D such that k(x, y) = K(x, z)/K(y, z) where K is the
Martin kernel based at some point xo in D. Therefore, the Martin kernel K
completely determines the function k.

For the unit ball B it is possible to explicitly compute the function k. First
note that from (1.2) it follows that k(x, 0) = (1 —|x|?)/(1 + |x|)" . In order to
compute k(x, y) for any y € D, some results on conformal maps are needed.
These can be found in [Ahl]. Let J:x — x*, x* = x/ |x|> be the reflection
through the unit sphere. The full Mdbius group M (R") is the group generated
by all similarities on R” together with J . Following [Ahl], for any y € M (RM,
let |y’| be the positive number such that y'/|y’| € O(n). Here O(n) denotes
the orthogonal group and y’ the Jaco/llian of y at the point x. For a positive
harmonic function 4 on B and y € M(R"), let (T,h)(x) = |y'|*~2/2h(yx). It
is proved in Lemma 2.1 of [Leu] that 7, preserves positivity and harmonicity.
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For ye B, y #0, let

(1 - |x))(x =) —|x —y|%y
1—2xy +|x|?|y|?

(X)) =

where xy denotes the inner product of x and y. Then y, maps B onto itself
and y,(y) = 0. Now it easily follows that

A
k(x ’ y) - |x _ y*l,,_zk()’y(x) s 0) .
Such computations are essentially done in [Leu] (see Theorem 3.2 there). After
simplifications, k can be written in the following form that we find convenient:

(1= P = IxP?)
(Iylx =y +lx =y’

Regarded as a function of x, k(x, y) is a potential for every y € D. The nor-
malized functions k(x, y)/k(0, y) are equal to 1 at the origin. Direct com-
putation shows that as y approaches the point z on the boundary of B, these
normalized functions converge to the Poisson kernel: lim,_,; k(x, y)/k(0, y) =
P(x, z). Hence, the function k carries all informations about the cone of pos-
itive harmonic functions on B.

We show that the same is true for a bounded Lipschitz domain: knowledge
of the function k is sufficient to recover the Martin kernel. More precisely, let
D be a bounded Lipschitz domain. Then the Martin boundary dyD of D is
its Euclidean boundary and all boundary points are minimal (see [Hun]). Let
K be the Martin kernel based at xo € D. We prove thatif x € D and z € D,
then

(14 k(x,»)=01-yH"? y#0.

. k(x,y)
(1.5) }'I—'H;k()co,y) =K(x, 2)
and the limit is uniform on compact subsets of D . This can be regarded as an
analogue of (1.1), the difference being that functions x — k(x, y)/k(xo, y),
y € D, satisfy the Harnack inequality and are not harmonic near the boundary
oD.

A similar result can be proved for more general second-order elliptic differ-
ential operators. To unify exposition, we work in an abstract setting which is
described in the next section. Formula (1.5) for this setting is proved in §3.
In §4 we recall some of the known results which provide examples for the sit-
uation studied in §§2 and 3. In §5 we show that the function k (as in most
potential-theoretical results) reflects a dichotomy between the two-dimensional
case and higher-dimensional cases. In dimension two, k is symmetric while
the symmetry is lost in higher dimensions. This symmetry provides a result
similar to (1.5) in case infimum in relation (1.3) is replaced by supremum. In
§6 we give an interesting example of a function which is an infimum of positive
harmonic functions.

2. CONVEX CONES OF POSITIVE CONTINUOUS FUNCTIONS

Let D be a locally compact topological space with countable basis. Then D
is metrizable and let d denote a metric compatible with the topology on D . By
& (D) we denote the space of continuous functions on D with the topology of
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uniform convergence on compact subsets. Let # be a closed convex cone of
strictly positive continuous functions on D containing the function identically
equal to zero. We assume that /# has a compact basis, i.e., there exists a
hyperplane . in #(D) such that the family & = ¥ n# is compact in
& (D) and generates Z : # ={Au:A>0, uecZ}.
Let k : D x D — R be defined by

.~ h(x)
2.1 k(x,y)=inf ——=.
(2.1) (x,y)= inf 70
The infimum over # in the definition above can be replaced by the infimum
over the basis ¥ . For x,y, z in D,

(2.2) k(x, 2)k(z,y) <k(x,y).

An easy argument using compactness of the basis shows that k(x, y) > 0 for
all x, y € D. We also need the following simple lemma.

Lemma 2.1. The function k is continuous on D x D .

Proof. It is easy to see that k is continuous in x and y separately. Let
{(xn, yn)} be asequence in D x D converging to (x, y). From (2.2),

k(Xn, yn) < 1
k(xn,y) ~ k(yn,y)’

k(y’ ,Vn) S

Therefore,

k(xn,y) < k(xn, yn) < 1 k(xn,y)
k(x,y) = k(x,y) = k(yn,y) k(x,»)
Let n — oo in inequalities above. Separate continuity gives

o K(Xn, n) k(Xn, Yn)
1 < llmlnf——k(—x’—;)')— < llmsupw < 1

which proves the lemma. O

k(y, yn)

Let . be a family of all functions ¥ on D that satisfy
(2.3) u(x) > k(x, y)u(y)

forall x and y in D. By using continuity of k£ and the fact that k(x, x) =1
for all x € D, it follows that .% is a convex cone of strictly positive continu-
ous functions (unless identically zero) closed for arbitrary infima and suprema.
Furthermore, it is closed in the topology of pointwise convergence. If .7 is a
subset of . that is bounded at a point x € D, then it is bounded in % (D)
and locally uniformly equicontinuous. In particular, if .7 is a closed cone and
I ={u€eT :u(x) =1}, then J; is a compact basis for .7 . Besides being
closed in € (D), 9 is also closed in the topology of pointwise convergence.
Indeed, if u,(x) — u(x) for every x € D, then boundedness of {u,} at ev-
ery point implies that {u,} is relatively compact. A convergent subsequence
converges to a function in .~ which is evidently equal to u.

Let .# denote the closure in (D) of the family {uyAusA---Au, 1 uj € #,
j=1,2,...,n, ne N}. Then & is the smallest closed convex cone stable
under finite minima containing /# . It is also closed for countable infima. Let

(2.4) ™ ={u:u=infu,, u, e #}.
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Since each function in # satisfies (2.3) by definition of k, this is also true of
Znf  Hence #™ c % and, in particular, each function in #™ is continu-
ous. By Choquet’s lemma, every function in # is an infimum of a countable
family of functions. Since .# is closed under countable infima, Z#f c 7.
To show the converse inclusion, first note that every function in .# is an in-
creasing limit of functions in #™f . Indeed, if u € ¥, then u = limu, where
u, € ™. If vy = inf,> un, then {v} is an increasing sequence in #nf
converging to #. Next we need the following lemma.

Lemma 2.2. Let u € #™ and x € D. Then there exists v € # such that
v>uin D and v(x) = u(x).

Proof. Let u = infu,. There is a sequence {u,} C {u,} such that u,(x) |
u(x). Being bounded at x, u, is relatively compact. Therefore, a subsequence
{un,} converges to a function v in (D). In particular, u,(x) — v(x), so
u(x) = v(x). Since u, > u in D for all n € N, it follows that v > u in
D. O

Let u be a function in .#. Then u =1 limu, where u, are in #'»f.
Fix x € D. By the lemma above, for each n € N, there is v, € #Z such
that v, > u, in D and v,(x) = us(x). A subsequence {v,} converges to
a function v* in #(D). Moreover, v*(x) = u(x) and, since v, > u,,, it
follows that v* > u on D. Let R, = inf{v € # : v > u}. Then R, € Z'™f
and R, > u. But, for x € D, v* > u and v*(x) = u(x). Therefore, R, = u,
so u € #f | By putting the preceding together, we obtain

Proposition 2.3. Let # be a closed convex cone of strictly positive (unless zero)
continuous functions. Assume that # has a compact basis. Then the family
Ao — Ly u=infu,, u, € #} is a closed convex cone, stable for arbitrary
infima and closed in the topology of pointwise convergence.

For ye D,let # ={ue Z :u(y) =1}. Then # is a compact basis
for #; hence k(x,y) = inf{u(x) : u € #, u(y) = 1}. Let us record two
corollaries.

Corollary 2.4. Assume that 1 € #™ . If ¢ : (0, o) — R is a positive, increas-
ing, concave function, then ¢ou e #™ for each u € #f.

Corollary 2.5. Let X be a locally compact topological space. Assume that u :
D x X — R, has the following two properties: (i) x — u(x, o) € Z™ for each
o € X, (il) ¢ — u(x, a) is continuous for each x € D. If u is a positive
Radon measure on the Borel c-algebra of T, then the function [;u(-, o)u(do)
belongs to #'f

Proof. It is enough to notice that the measure 4 can be approximated by pos-
itive linear combinations of point-mass measures and use the fact that #0f s
closed for pointwise topology. O

3. KERNEL FUNCTION

Let D and # be as in the previous section. In addition, we assume that
D is contained in a compact metrizable space denoted by D, such that D is
the interior of D and the metric of D restricted to D is d. Let 8D denote
D\D; we call 8D the boundary of D. Recall that % = {h € # : h(x) = 1}.
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We assume that there is ug € # satisfying m < ug < M for some positive
constants m and M. Let xy be an arbitrary, but fixed point in D. In this
section we assume the existence of a function on D x 6D, which we call the
kernel function. The basic hypothesis is:

(H;) There exists a function K: D x 9D — R such that

(1) foreach z€dD, x— K(x, z) belongs to 7,
(ii) for each x € D, z— K(x, z) is continuous on 9D.

Note that if u is a finite measure on Borel sets of 8D, then the function u
defined by

(3.1) u(x) = /30 K(x, z)u(dz)

belongs to # (see Corollary 2.5). We shall assume that all functions in #
arise in this way.

(H;) For each u € #, there exists a unique Borel measure 4 on D such
that (3.1) holds.

For x,yeDlet Z , ={ue# :uy) =1, ux) = k(x,y)}. By
Lemma 2.2, # , is nonempty. Furthermore, it is convex, compact and closed
for pointwise convergence. We show that it contains functions of the form
x — K(x, z), z € 0D (properly normalized).

Let u € #; , and u the measure representing u. Then

k(x,y)=u(x)= - K(x, z)u(dz).
Assume that A’ and A” are disjoint Borel subsets of 9D, such that A’ U
A" = 0D and pu(A') > 0, u(A”) > 0. Let o/ = [,,K(y, z)u(dz) and
o = [, K(y, z)u(dz). Then both o’ and o” are positive, so one can de-
fine measures v’ and v” on 4D by
v = 1 and v" = L
- aluIA, - a//'ulA" .

Let ' = [, K(-, z)v'(dz) and v" = [, K(-, z)v"(dz). Then ' and u”
are in & and a simple computation shows that u'(y) = u”’(y) = 1. Hence,
w >k(x,y) and u’ > k(x, y). Therefore, since o’ +a” =1,

u(x) =a'v'(x) +o"u"(x)
>d'k(x,y)+a"k(x,y)
=k(x,y)=u(x).

This implies that #'(x) = «”(x) = k(x,y). Hence, ' and u” are in #Z ,
and representing measures have smaller support.

Proposition 3.1. For y and x in D, there exists z = z(x,y) € D such that
K(' ) Z)/K(y’ Z) e%,y‘

Proof. Let ue # , and u= [, K(-, {)u(d{). If u is a multiple of a point
mass at z, there is nothing to prove. If u charges some point z € 8D, take
A’ = {z} in the construction preceding the statement. Then the function ’
from above is precisely K(-, z)/K(y, z). So assume that u does not charge
points. Let z € Suppu. Then u charges every neighborhood of z in dD.
Let {A,} be a decreasing sequence of neighborhoods of z in D such that
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Nney An = {z} . We assume, without loss of generality, that u(8D\A,) > 0 for
every n € N. Let

an= [ Ky, Ou@D), v =, wn= [ K, Oald0).

An Qp oD
Then u, € #Z; , for each n. By using continuity of K(y, -) it is easy to see
that for all but finitely many n € N, 1/(2K(y, z)) < v,(8D) < 2/K(y, z).
Hence, the sequence {v,} is bounded. Without loss of generality, assume
that {v,} weakly converges to a positive Borel measure v on dD. Let v =
LpK(+, Ov(dl) = lim, K(+, {)va(dl) = lim, u, . Since # , is closed for
pointwise convergence, v € #; ,. It is easy to see that v is concentrated
on {z}. Therefore, v = ce, for some positive constant ¢. Further, 1 =
n(y) = [op Ky, Ova(dl) > [,pK(y, Ov(dl) = cK(y,z). Hence, v =
K(-,2)/K(y,z)e#.,. O

The proposition above shows that the kernel function K completely deter-
mines k. To show the converse, i.e., that K is determined by &, an additional
hypothesis is needed. In view of the examples discussed in §4, this hypothesis
is more restrictive than the first two.

(H3) For all z,, z, € 8D such that z; # z;,

lim K(x,z)=0,
(x,2)—=(z1, 22)
where (x, z) € Dx0D and (x, z) - (z;, z) un DxD.

Letus fix x € D (xo is still fixed). Recall that we have assumed the existence
of the function uy € # satisfying m < uy < M. Hence, for any y € D,
up(x)/up(y) < M/m. Therefore, k(x,y) < M/m. For y € D, let z(x,y)
denote a point on 0D such that K(-, z(x, y))/K(y, z(x, y)) € Z,y.

Lemma 3.2. Let y >z, z€dD. Then z(x,y)— z.

Proof. Let {y,} be a sequence in D converging to z and let us denote the
corresponding points z(x, y,) on the boundary by z,. Since 8D is compact,
we may assume that {z,} converges to some point zo € dD. If zy # z, then
by (Hs3), limsupK(y,, z,) = 0. By the continuity of K, limK(x, z,) =
K(x, z¢) < co. Therefore, the sequence {K(x, z,)/K(yn, z,)} is unbounded.
On the other hand, K(x, z,)/K(¥n, zn) = k(x, yn) < M/m which yields con-
tradiction. Hence zp=z. 0O

Theorem 3.3. For every z€ 0D,

k('sy) _ .
y=zk(xo, y) = K2

Proof. Let us fix x € D. Let v, and z, be points on dD such that
K(-,0))/K(y,vy) € #yy

and
K(‘,Zy)/K(y,Zy)ezr,y, yED
Thus,
K(x, zy) K(x0, vy)
3.2 ¥ k(x, and —— 2 = k(xp, y).
32) K(y,zy) 50 and g o,y T )
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By definition of k(- ,y),
K(x,v)

3.3 /22 Vs k(x, and
G Ky 2V
From (3.2) and (3.3) it follows that
K(y, Zy) K(x9 Zy) K(y9 Z,V)

> and —=<1.
K(y,'Uy) _K(x,’l)y) K(ya'Uy) -

As y — z, Lemma 3.2 gives that z, — z and v, — z. The first inequality
above and continuity of K give

K(xo 1) Zy)

K, z,) > k(xo, ).

(3.4)

S+ K(y,zy) et K(xazy) K(X,Z)
_ > = =
RO, ) 2 RGO ) TR 2)

From the second inequality in (3.4) it follows that

K(yazy)<1'

lim sup ———==
e (A
Hence,
. K(y, 7)
3.5 lim —— =
(33) KO, v)
By (3.2),
k(x,y) _ [K(x, Zy)] [K(xo,vy)]" _ K(x, 2, K0 )
k(xo,y) LK(»,z)] LK, vy) e )
Therefore, by (3.5) and continuity of K,
k(x,y) .. K(y,v)
ko, y) e O PRy, ) TR 0

Remark. Let u be an arbitrary strictly positive continuous function on D, and
let ,# = {h/u:h e #}. Then ,# is another closed convex cone with
compact basis. Let ,k(x,y) = inf{v(x) : v € ,#&, v(y) = 1}. Then it
easily follows that ,k(x, y) = (u(y)/u(x))k(x,y). If K is the kernel function
for #Z, then ,K defined by ,K(x, z) = (u(xp)/u(x))K(x, z) is the kernel
function for ,# . Moreover,

= uK(x, Z),

so Theorem 3.3 holds for the cone ,# . We note that the kernel function ,K
need not satisfy (Hs).

4. POSITIVE SOLUTIONS OF THE SCHRODINGER EQUATION

The motivating example for the results in the previous section was the cone
of positive harmonic functions in a bounded Lipschitz domain. Some recent
results from [Chi] and [Cra] show that the cone of positive solutions of the
Schrodinger equation also satisfies hypotheses from §3. Here we give a brief
review of these results.
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Let D be a bounded domain in R”, n > 3, and let
n
(4.1) A=Y Dy(a;(x)D))
i,j=1

be an elliptic operator in divergence form with bounded coefficients a;; satis-
fying a;; = aj; . We assume that A is uniformly elliptic on D, i.e., there exist
constants A and A, 0 < A < A such that

MEP <D aj(x)EE; < AP

forall £€ R” and all x € D. Let g be a function on D which belongs to the
Kato class K,(D), i.e.,

: q/(y)
4.2 lim su / I—d =0.
4.2 "’OXGID) |x—yl<r |x _y|n—2 Y
Let L = —A+q be the Schrodinger operator on D. A weak solution of Lu = 0
is a function u in the Sobolev space H]Léz(D) satisfying

(4.3) -y /[)aij(x)Diu(X)Dj¢(x)dx=/Dq(x)u(x)¢(x)dx

i,Jj=1

for every function ¢ € £>°(D). Let #'*f denote the family of positive solu-
tions of Lu = 0. Then #™ is a closed convex cone in %(D) with compact
basis #;, where x( is an arbitrary point in D. This easily follows from the
continuity theorem, Harnack’s theorem and Lemma 1.1 in [Chi].

To show the existence of the kernel function for #*f both the domain
D and the function ¢ need to be specialized. We will assume that D is a
bounded Lipschitz domain. Let us first take ¢ = 0. The existence of the kernel
function K on D x 8D satisfying hypothesis (H;) and (H,) was proved in
[Caf, Theorems 3.1 and 4.1]. (See also [Cra].) Here, 8D is the Euclidean
boundary of D. We note that the fact that D is Lipschitz is not crucial for
the first two hypotheses. For an arbitrary domain one could take the Martin
boundary. The corresponding Martin kernel would satisfy (H;) and (H3).
Regularity of D is needed only for (H;). That (H;) holds for a Lipschitz
domain follows from Lemma 2.5 in [Caf].

In the general case ¢ # 0, we must choose g such that #™ does not consist
of the zero function only. We require that g has a finite gauge. This condition is
usually expressed using probabilistic notions. An equivalent analytic condition
is that there exists u € Z™ with infpu > 0 (see [Cra, Theorem 2.23]). With
such ¢ there exists the kernel function K; on D x D satisfying (H;)- (Hj3)
[Cra, Theorem 5.5]. K; can be expressed in terms of the kernel function K for
the operator A and the conditional gauge F (the interested reader is referred
to [Cra)).

Let k(x, y) = inf{u(x) : u € ™, u(y) = 1}. From Theorem 3.3 it follows
that k suffices to recover all positive solutions of Lu =0.

5. SYMMETRY OF k

In this section we consider positive harmonic functions for the Laplacian.
Let us recall the formula for k for the unit ball in R” given by (1.4):
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o on—2 (=X =1y
Ko == e =

Since |y||x —y*| = |x||y — x*|, it follows that k is symmetric if the dimension
is n = 2, while for n > 3 it is not symmetric. For n = 2 we identify R?
with the complex plane C and let B be the unit disc. If D is a simply-
connected region in C (with at least two boundary points), then there is a
conformal mapping w : D — B. Let w = u+iv. For f: B — R of class
%2 we define g : D —» R by g(x) = f(w(x)), x € D. Then g € (D)
and Ag(x) = |Vu(x)]*(Af)(w(x)) (e.g. [Rao, 6.19]). If f is positive and
harmonic in B, i.e.,, f € #Z(B), then g is positive and harmonic in D, i.e.,
ge# (D). Let k(x,y) =inf{g(x): g € Z(D), h(y)=1}, x,y € D. Then
k(x,y) = inf{f(w(x)) : f € Z(B), f(wy)) =1} = k(w(x), w(y)). This
shows that k is symmetric.

Let D be a Lipschitz, simply-connected domain and denote & simply by & .
Let us define the function / on D x D in the same way as k only replacing
infimum by supremum: |

(x)
1050 = 32 75
It is easy to see that /(x, y) = 1/k(y, x) (note the change of x and y). Since
k is symmetric, /(x, y) = 1/k(x,y). Let K be the kernel function for #(D)
based at xy. Then for z € 6D,
Ix,y) _ . klxo,y) 1

ym [(x0, y) = jm k(x,y)  K(x,z)

6. EXAMPLE

We conclude with two simple results for infima of harmonic functions on a
bounded domain D in R”. By /# (D) we denote the cone of positive harmonic
functions on D, and let G be the Green function for D.

Proposition 6.1. Let D be star-shaped and let u = Gu be a potential from
Z™(D). Then p cannot have a compact support.

Proof. Assume that Supp u is compact. Let U be a relatively compact open
set containing Supp # such that D\U is connected. Let x; be any point
from D\U. By Lemma 2.2, there is h € Z (D) such that A~ > « in D and
h(xp) = u(xp) . Then the function 4 — u is nonnegative and harmonic in D\U
and (h — u)(xp) = 0. Since D\U is connected,  —u = 0 in D\U. By
continuity, # = u on AU . Since u is superharmonic, ¥ > A in U . Therefore,
u=h in D, which contradicts the fact that u is a potential. 0O

Now we give an interesting example of a function in Z™(D). Let 1 denote
the exit time from D of the n-dimensional Brownian motion (X,, P*) and let
E* denote the expectation with respect to P*.

Proposition 6.2. Let ¢(x) = EX(tp). Then ¢ € ™ (D).

Proof. First we establish this result for the ball B = B(0,r). Let 13 =
inf{t >0: X, ¢ B}. Then EX(1p) = (r* — |x|*)/n for x € B (e.g. [Rao,
4.6]). The function x ~— r? — |x|? is concave on B, and therefore in #*(B).
For the general domain D, let B = B(0, r) be a ball containing D. Let
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o(x) = E*(1p), x € D, and w(x) = E*(t3), x € B. It is well known that
Ap=-1in D,and Ay = -1 in B. Hence, A(y —¢)=0in D,s0 y — ¢
is harmonic in D. Obviously, ¢ < w in D. If h = y — ¢, then & is strictly
positive and harmonic. Since y € #Z™(B), certainly y € #'"f(D). Hence,
v = inf, h, , h, harmonic and positive in D. Butthen ¢ = w—h = inf,(h,~h)
and each h, — A is positive and harmonicin D. 0O
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