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THE FINITE PART OF SINGULAR INTEGRALS
IN SEVERAL COMPLEX VARIABLES

WANG XIAOQIN

Abstract. A divergent integral can sometimes be handled by assigning to it as

its value the finite part in the sense of Hadamard. This is done by expanding

the integral over the complement of a symmetric neighborhood of a singularity

in powers of the radius, and throwing away the negative powers. In this paper

the finite part of a singular integral of Cauchy type is defined, and this is then

used to describe the boundary behavior of derivatives of a Cauchy-type integral.

The finite part of a singular integral of Bochner-Martinelli type is studied, and

an extension of the Plemelj jump formulas is shown to hold.

1. Introduction

We know that an integral of the type

(1.1) /*
Ja

fh    f(x)dx

(b-x)k+W

is divergent if k > 1/2. For k an integer > 1, Hadamard [1952] derived an

expression which he called the finite part of (1.1), and which, as he showed,

possesses many important properties. His definition is

rb    f(x)dx
FP

(1.2)

la   (b-xf+W

b-°    f(x)dx       tí (-iyßj\b)
= lim

s-»0

r-£   f(x)dx     yi
Ja        (b-X)M/2       L.Qj\(k-j-l/2)£k-J-H2

Fox [1957] considered a divergent integral

f(x)dxI•la(L3) Ja   (x-u)M

where a < u < b and k is a nonnegative integer. His definition is

(1.4)

fb   f(x)dx   _       \ ["-   f(x)dx       fb    f(x)dx

Received by the editors February 28, 1991.

1980 Mathematics Subject Classification (1985 Revision). Primary 32A25, 32F05; Secondary
45E05, 32B15.

Key words and phrases. Singular integral, Hadamard's finite part, Bochner-Martinelli kernel.

The author is partially supported by the Gustaf Sigurd Magnuson Foundation of the Royal

Swedish Academy of Sciences.

©1993 American Mathematical Society
0002-9947/93 $1.00+ $.25 per page

771



772 WANG XIAOQIN

Here H^u, s) = 0 if k = 0, and

if k is a positive integer. For a given function / the finite part is obtained

here by subtracting negative powers, if any, of e in an expansion of the integral

over the interval [a, b] minus the symmetric interval [u - e, u + e]. If u = a

or u = b , the finite part can also be defined, but it is somewhat less stable then

for integer k.
So we shall call the right-hand side of (1.2) or (1.4) the finite part of the

integral (1.1), (1.3) respectively; in the special case k = 0 in (1.4), when there

are no negative powers of e , it is also known as the principal value, or Cauchy

principal value. We shall use the notation FP / and PV /, respectively. See

Hörmander [1983:70] for a general definition.

Similarly we can define the finite part of a singular integral

f(z)dz

i cyz- 1/)*+'
ueC,

where C is a closed curve. We can get formulas corresponding to the Plemelj

jump formulas.
This paper is aimed at studying singular integrals in C" . In §2 we define the

finite part of a singular integral

L ds(Z)
is (i -vciy-ß+k

and obtain the corresponding Plemelj jump formulas which describe the bound-

ary behavior of the higher derivatives of a Cauchy-type integral. In §3 we define
the finite part of the singular integral of Bochner-Martinelli type

/ f(z)Zk~w*K2n-X(z,w),       weil, k=l,...,«,
Jsi        \z-w\l

and obtain similar theorems.

This paper is finished under the guidance of my advisors, Professor Christer

Kiselman and Professor Zhong Tongde. Professor L. A. Aizenberg read this

paper carefully and gave me suggestions. I am very grateful for his help.

2. Finite part of singular integrals on spheres

In several complex variables we do not have a kernel with all the good prop-

erties of the Cauchy kernel—both domain invariant and holomorphy. However,

for a given domain there may exist good kernels, and in the case of the ball we

can use

Ui-ztrnds(Ç).
CO

Here £ = (£,, ... , £„), z = (zx,... , z„) are points in C" , and we use matrix

multiplication, the prime indicating the transpose of a matrix so that zc\ =

¿ZzjZj and \z\ = \Zz~z'. We define the kernel for t\ on the unit sphere and z

in the closed unit ball. We shall use the notations

B = {zeC; zz'< 1},       S = {zeCn; zt = 1}
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for the open unit ball and its boundary, the unit sphere, respectively. Moreover

ds(Ç) denotes the area element of the unit sphere whose area is

/ ds(Z) = w = to2n-X = =^r.
Js 1(«)

Suppose / is an integrable function on S. Then

di, urn?-
(°Js(l-z^)n

exists for all z e B , because in this case the integrand has no singularity at all.

For z G S the integral exists for a particular point z if |/(¿;)| < C|£ - z\a for

some a > 0. Indeed, without losing generality we may take z = ( 1, 0, ... , 0)

and assume that supp/ c {Ç e S ; Çx ̂  0}. Then

l/(í)l l/(í)l
|l-z|>     |ii({i-l) + |&|2 + - + |i»|2|"

_LAOI_
~||l-£i| + |&!2 + --- + IW

so if we introduce local coordinates (y,w) = (\l-Çx\,Ç2,...,Çn)eRx C~x

on the unit sphere near ( 1, 0, ... , 0), the singularity of f(£)/( 1 - z~t\)n is not

worse than that of the locally integrable function (v + \w\2)~n+al2 .

Generally for every z e S and a Holder-continuous function /, we can

define the Cauchy principal value of (2.1) as

i/_íííL¿s({)=limi/        ^(f.
w JS (1 - vt¡ Y £-*° w JSn{\\-v¿\>¿\ (l-vtl)n

ds(Z),

and we have a Plemelj jump formula, as shown in Lemmas 2.1 and 2.2; see

Gong [1982].

Lemma 2.1. Suppose f is a Holder-continuous function on S, i.e., that there
exist numbers a with 0 < a < 1 and C such that for any Ç, n e S we have

l/(£) _ f(n)\ < C\£ - '/I" • Then the Cauchy principal value exists and we have

that

w Js (1 -vtl)n MJs  (l -vtl)" 2

Lemma 2.2 (Plemelj jump formula). Suppose f is a Holder-continuous function

on the unit sphere S. If z tends to v from the interior and satisfies

\z-v\ d(z,v) <M

minu6iS |« - z|     d(z,S)~

for some constant M, then we have

lim - [     m_    ds(0 = Pvi /     m_    ds(Z) + l-f(v),       veS.
z^vO)Js(l-z^Y w h (I-vtl Y 2

Lemma 2.3. Suppose f is a continuous function on some neighborhood of the

unit sphere S and k times continuously dijferentiable, with support contained
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in the ball B(p, 1/2) of center p and radius 1/2, i.e.,  B(p, 1/2) = {z g
C" ; \z -p\ < 1/2}, where p = (1,0, ... ,0). Let L be the operator defined by

& lf(í) - ii ̂ r (« + /«;)
CÇi aç,

Vf = L(U-xf),        L°(f) = f.

(Lfm = I
si

Then(l) (Lf)(Ç) is a continuous function on a neighborhood of S and is (k-l)

times continuously differentiable, with supp Lf c ß(p, 1/2).
(2) Suppose that all kth partial derivatives of f are Holder continuous. Then

all (k - l)th partial derivatives of Lf are Holder continuous.
(3) (Partial integration). Let k be a positive integer and let 0 < ß < 1. For

any z e B, zx±0, and any surface X c S, z £ I, we have

I-
h (I

f{t)       äsiO
(i-zZY-ß+k

h(l-za)»-ß- (n-ß + k-l)(n-ß + k-2)...(n-ß)z\h{i-z^)

yAn.ß.kj f   (L¡f){Z)dt2~-dZndt2--dZn

fe   z[+l   L     (i-z?y-ß+*-j-%

where An>ßskj denotes the constant

1

(2.2) An<ßtkJ- tn_ß + k_iy..(n_ß + k_l_fl2*-ii*'

In particular, when z e B, z, ^ 0, we can take Z = S and obtain

/-Jsíl
■ds(Ç)

(l-z()"-ß+k

i r (Lkfm
Jsíl

■ds(t).
' (n-ß + k- 1)(« -ß + k-2)---(n- ß)zk Js (i _ fgy-ß

Proof. Since B(p, \) c {z e C" ; z, ^ 0}, L/ is well defined on some neigh-
borhood of S and (1) and (2) follow from the definition of the operator L.

We shall prove (3).
On the unit sphere S we have

{,dfi + • • • + lndtln + c¡xdt¡x +■■■ + t\ndln = 0.

On the subset of S where £, ^ 0 we have, if y > 2,

rf?, = -^-dlj mod(dtlx ,...,dt\n,dl2,..., [dlj],..., dln).

Here and in the sequel the notation \dc\f\ means that d~t\j shall be omitted.
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The area element can be expressed as follows:

ds(Q = ̂ ^nY(-\y-%d^x---d^dlx---[dl]]---dln
7 = 1

-2^xt^x'--d^2---dL

= 1n-XHfd^---d^dl2---dln-

Because of supp/c B(p, 1/2) and

dix = -íi^fi fli   mod(rf¿2 ,...,dt\n,d12,...,d1n),

we get for any positive number m :

l-m—ua-f     -m—«®
h(l-ztl)m+x J-LnBip,1/2) (1 - zt, )m+x

= ôèr= Í —^—diy-dul2---dl„
2"  xl" JlnB{p,i/2)clx(l-zcl)m+x

=      !.      / 4^1—^M¿  -^t—  dt2---dt„di2---dCn

= ö^tt;— / -l-=r-d(i^]d^-dUÏ2-'aïn
2"-li"mzx Jmatp,i,2) (l-ztl)m    \ fi  /

-^rr4-/ -l-=i-(^]di2-dtHdt2-dtH
2"-xi"mzx Jd{LnB(P,i/2)) (1 - zi )" V íi   /

= —-/        -^-^íii|r(í)-íi^-(«+/«)}
wzi hnB{p,1/2) (I-zcl)mc:x  {    d^ dtlx J

'2*-ii"iid*l'"diÍH<^2'"d*H

-^rn,-/ -Kr-(ir*)di2---dZndZ2---dZH
2"-U"mzx JopnBip.ip)) (1 - z£ )m V ii  /

WZ, JznB(p,l/2) (I - zc¡)m

-7s—rí- / -^— (® KÍ2"-rfWÍ2"^í«
2»-'í»/nzi Ja{mB(p,\/2)) (1 - z£ )w V £i  J

mzi ./i(l-zí)m

Now (3) follows by iteration.
In view of Lemma 2.3 it is reasonable to give the following definition.
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Definition 2.4. For any function / which is k - 1 times continuously differen-

tiable on some neighborhood of S, k > 1, and any number ß with 0 < ß < 1

we define the finite part of a singular integral

«Us (1-£,)"-'**

by

FP
»7s(l

-=^—r rfs(i)

LJf(t)d*2--d*nd*2---dÇ„
+ iE/n,ß,kji

j=0 Jsnül-l\=e} (l-{1)-'+*->-1i,

provided the limit exists. Here Anß^tj are the constants defined by (2.2).

Theorem 2.5. ( 1 ) Suppose f is a continuous function on some neighborhood

of S and is continuously differentiable up to order k with Holder-continuous

derivatives. Then the finite part in Definition 2.4 exists.

(2) There exist constants Cj, j = 0, ... , k - 1, such that

k-l ,

YA"<ß'k>j I
j=0 Js

(V(f))(cf)dc\2---dt\ndt\2---dc\n

Sn{\l-l\=e} (1-fi)*-^*^-1«,

7=0

provided that f is 2k times differentiable. Therefore the finite part of a singular

integral is obtained by subtracting the negative powers of e from an expansion of

the integral over the complement of a symmetric neighborhood of the singularity

in the case 0 < ß < 1.

Proof. (1) Take an open covering (Uj)x<j<m of S such that p e Ux and

Ux cB(p, 1/2), and a partition of unit (fj)i<j<m subordinated to (E//)i</<m •

Then we have £*, f = 1, supp(/,/) c Ux, and supp(/;/) c C\B(p, o),

where 2 < j < m and o is a positive number smaller than 1/2.

Let /' = Y™=2fjf; then supp/' c C"\B(p, a). If e is small enough, we

have that

/«) AM -     Í ^> ÚÍ ds(cl)Í f-{i)      ds(S)=[
Jsn{\l-(t\>t}(l-Zi)»-ß+k Jsn{\i-l\>e}(l-ixY-ß+k

= [ C®        ds(Z)+¡ /'«)/«?)     ds(Z)
Jsn{\i-l\>e}(l-ixY-ß+k An{|i-í,|>e} (!-{,)»-/»+*

f'(0 ¿„„s ,    f /i(í)/(í)/   fy\ds(ç)+[
Js(l-ä,Y-ß+k JsJs(l-txY-ß+k Jsn{\i-ii\>t}(l-ClY-ß+k

Ii+h

ds(Ç)
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where

/,-/       C®       ds(t),
Js(l-£i)»-ß+k

and

h-l Â®matds(t).
lsn{\l-l\>e}(l-Ci)tt-ß+k

Here /, is independent of e so lim /, exists.

Since /,/ satisfies the condition in Lemma 2.3 we have

(U(fif))(Ç)d*2---dÇndÇ2---dZn
~r, JSr

+

An{|l-í,|=£} (l-íi)"-'+*-^-Ií,

1 i (Lk(ff))(í)

n-ß)Jsnm-l\>,\  (1-i,)»-/»(n-ß + k-l)---(n-ß + 1)(« - ß) Jsn{\i-l\>e}  (1 - CxY-ß

If e is small enough, we have 5n{|l-<^,|<e}c B(p, a). Therefore we see

that

•^lsn{|i-í,|<í} = !'

and

L (fij )lsn{|l-i,|<«} = ^ *UníH-í,!^} ■

Now

/2 =
1 / (Lk(fif))(t)

(n-ß + k-l)---(n-ß+l)(n-ß) An{|i-í,|>£}   (1 - i,)»-/»Í5nfll-í,l>£>   íl-í,)»-/'

*-l

~k Js

(Vf)(c\)dc\2---dt\ndc\2---dc\n

5n{|.-ílH} (l-íi)"-^*-'-1*,j=0 "">"l|i-4|l=«J V        "sW SI

SO

fpL í—M—ds«)
o)Js(l-clxY-ß+k

= lim{i/ ffi      *tf)
^0l«ysn{|l-í1|>e}(l-íi)n-'í

sn{|i-í,|=£} -íi)-'**-^1?!

1^, /" (Lkf)(t\)dt\2---dc\ndZ2---dc\n
+ ^n,ß,k,jjsr

œ'1 ' e™co(n-ß + k- l)---(n-ß)Jsn{\i-l\>e}  (1 -J,)""
-1/,+lta,-1        '        '      <L'(/1/))(Í)

Jsn(\l-£,\>e\   (1 -íi)"-^

Because all partial derivatives of / are Holder continuous, all partial deriva-

tives of /,/ are Holder continuous. According to Lemma 2.3, Lk(fxf) is

Holder continuous and so the above limit exists, which is a Cauchy principal in
the case ß = 0 ; a convergent integral in case 0 < ß < 1 .

(2) Let Se = 5n{|l-?,|=e}. Let

<Pi(e)= [ -=-^-=-dZ2---dZ„dÇ2---dZH,
VA '   JsAi-ti)"-ß+j-]Zi
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where g is any 2j times differentiable function.  We shall prove that there

exists a function <p which is real analytic at the point e = 0 such that

9j(e) = l^ + 0(eß).

Expand g(£)/ïi around the point p as follows

ifL=     Y     C:*.*Q -íi)s(l -iiYÇK + 0(\Ç-p\2j),
•»I s+t+\K\<2j

(0,
Ç eSE we have

where K = (0,0, k2, k¿, ... , kn, kïï) and c;K = cffcff ■ ■ ■ &tf~. Since for all

|£-/7|2 = 2Re(l-£,)<2|l-£,|,

we see that

/ i,   %~ifL ,dÏ2-dZndZ2-dZ„
Jse \l -Ctf-ß+J-i

<C  !   dt2---dtndl2..-dln<Ctß

"       4 ll-íll"-'-1

Let 1 -1, = ee'e on Se. In terms of the new coordinates (0, t¡2, ... , Ç„), Se

has the following representation

Se = {(1 - ee~ie ,&,..., &) G C" ; |i|2 = s(eie + e~ie - e)},

where we write <* for the vector (£2, ..., in) ', IÎI2 = IÍ2I2 + • • ■ + IÍt¡|2 • We
now sum over all 5, t and K such that 0 < s < j , -n - 2j < t < — n + j,

\K\ < 2j ; this gives

(e) = Yc"K7ï=JïjZï [,,     „     ,    e*'-ßr°t*di2.-dindZ2-diH + 0(eß)
¿—/ E71    p+J    1   7|{|2=e(eifl+f-i«_e)

= z2Cs<k-Íb i- .    c,'(,-')A(e,/2i)if^---rfí-¿Í2---¿ÍB + 0(e')
£ y|(J|2=e'ö+e~'e—e

= EC^-ri / eil-'-ßxe(e1>2t)Kd0di2--dt„dt2---dt„ + O(eß)

-s       /»arccos e /• _ _

= EC^-Pï/ e^-Md6 f (e^fd¿2---d¿nd£2--dín + 0(^)
£'   p J- arceos« Vlí|2<f,s+e-l9-£'|{|2<e>«+e-'«-í

When I A'I is an odd number we have

J|íP<e'e+e-'9-£

because of the symmetry of the ball. When \K\ is an even integer, say 2k, we

have
/•arceos £/arceos £ r _

e'l'-ßWdd I Ekekdtr2...d^dc:2--.d^n
•arceos« J\í\2<e'e+e-'s-e

/arceos £
ei(t-ß)o,eie + e-ie _ ey-\+kde >

- arccos £

which is a real-analytic function of e .
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Theorem 2.6. Let the hypotheses be the same as those of Theorem 2.5. The

Plemelj jump formulas hold, i.e., if z tends to p from the interior and satisfies
d(z, p)/d(z, S) < M, where M is a constant, then we have

(i)   '

lim - /-^§-„(f)
z->pœ Js (\- zti )n+k

= FP
iTrr^^^^+^-i/.-.^+i)«^^'CO.[,(l-

(ii) Let K = (kx, ... , k„) and k = kx + ■■ ■ + kn, where kx, ... ,k„ are
nonnegative integers. Then

)kdk 1   f      /(f)       , ,.,
hm—r-t— / —     _,    „(f)
^p dzk; ■ ■ -dzkf io is (I - zcÍY

n...(n + k-l)FV  -"*     ^
j \'¿\\ Iff} ds(0-rjLk[(^ • • -z^)/(z)]lz=p.

« 75  (1 -il)"

/«particular, if K ^ (kx, 0, ... ,0), we have

\Lk[(-zk;---zkf)f(z)]\z=p = 0,

and

dk 1   [      /(f)       . ,„
lim -r-r-/   -•"      _,      „ f
z^ôzf'■■■azi« w^5(i-zf )«

= «•■•(« + £-1) Fp y (f?'---g")/(f) ^(a
w Js    (l-ii)"+/c

Proof, (i) Let /',  /,  be the same as in the proof of Theorem 2.5.   Then,

according to Lemma 2.3, we have

/!?(1 -zf )"+fc /s(l-zf)"+* /s(l -zf )"+*

Js(l-zt)^k n(n + l)-..(n + k-l)zkJs(i-z}fY     (Ç)-

According to the proof of Theorem 2.5 we know that

'^PtuJS[\_zi¿y+k coJs(l-^)n+k

i r Lk(fxfm+ Hm -__»_ / LW_)tf) „(f)
z-p«(«+l)...(« + fc-l)Wy's   (l-zf>

= 1/        ̂         „(C) + _!_PV /  L'(/l/) „(f)
w/su-£,)«+*        «(/i + i)-"(/i + fc-i)w   ys(i-{,)»

+ 2.(-l)..'.(« + t-l)I''(/l/)W

= ̂ IítIf« + 2.C-.)■■'■(. + *-.)¿t""»w-
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(ii) Since we have the following relation:

_d±_1/     /«)     ds{i)
dzhi---dzk"CO 75(l-zf')"

w Js   ( 1 - zf )n+k

we can deduce (ii) from (i).
We now consider the finite part at an arbitrary point on S by reduction to

the case already discussed. For any point v e S, take a unitary matrix U such

that vU = p = (1,0, ... ,0). Let £,=wU . Then we have

/ ™        ds«)
•/sn{|i-7j{'|>£} (1 - üf y-ß+k

f f(wV')
~Jsn{]l-Wil>e}(l-W-l)n-»+k       [W)-

Definition 2.7. The finite part of a singular integral

/(f)
(\-vc¡'y-ß+k

is defined by

/ f{? *«) = FP / „ f^U'\+k ds(w).
Js(l-v£Y-ß+k Js(l-wxY-ß+k

FP
(l-vÇ)

The above definition is independent of the choice of the matrix U. If / is

k times continuously differentiable and the derivatives are Holder continuous,
then the finite part at the point v e S exists. For points z with z~z' < 1 , write

zU = n. We obtain

lim /       /«■)       ds{0 = lim /     /<"jf)     rfj(u;)
z^^5(l-zf )»+* n-pJs(l-nw'Y+k     y

„„    /"        f(wU)        j   ,     .                              CiJ rfe/y/     Tr'v
= FP   /    ,,       _ /   .   „(W)+  ^-;-rr-Lk(f(wU)

Js(l-Wi)n+k 2(n + k-l)---n     yj v

= FP /       /(g       „(f) + m Lk(f(wV))
Js (1 -vclY+k 2(«+ /c-!)•••«

W=P

w=p

3. Finite part of singular integrals of Bochner-Martinelli type

Let £> be a domain in C" = R2" whose boundary 3D = Q is of class C3.

Write zj. = uk + iun+k , k = 1,...,« . We define a Bochner-Martinelli type

integral by

F(w)= [ f(z)K2n_x(z,w),        weC"\Q,
Ja

where

K2n_x(z, w) = C„¿(-ir' li~™¿idzl---dzndzl---[dlj]---dz„.
j=x \z    w\
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Here Cn is a constant:

"      (2ni)" '

Lu and Zhong [1957] have studied the boundary value of the Bochner-Martinelli

type integral and the corresponding Plemelj jump formulas. Their results are

the following two lemmas.

Lemma 3.1. Let f be a Holder-continuous function on dD = Q and let a G Q.
Then the principal value

PV / f(z)K2n_x(z, a) = lim / f(z)K2n_x(z,a)¡ f(z)K2n_x(z, a) = lim!
JCl £->°Jn\B{a,

exists, where B(a, s) = {z e C" ; \z - a\ < e}.

Lemma 3.2. Let f be as in Lemma 3.1. Then for every a G Q we have

Fi(a) = PV / f(z)K2n_x(z, a) + \f(a),
Ja l

Fe(a) = PV| f(z)K2n-i(z, a) - l-f(a),

where F¡(a) and Fe(a) are the limits of F(w) as w tends to a in D and in
Cn\(QöD), respectively.

Now assume that Oeiî and that in a neighborhood U of the origin we have

ClnU = {zeU; r(ux,..., u2n) = 0},

for a function reC3(U) satisfying

In other words, the tangent plane of Q at the origin is defined by ux = 0.
Since dr/dux\u=Q / 0, we can write the equation r(ux, ... , u2n) = 0 as

ux - h(u2, ... , w27! ) = 0, for a suitable function h of class C3 and satisfying

h(0,...,0) = 0, dh/du2\u=0 = ■■■ = dh/du2n\u=0 = 0.

Lemma 3.3. Define Çler, = {z eil; s <\z\ < n} for 0 < e < n. Fix r\. Then

,- 1N ,.     f     Ujdu2---du2n
(3.1) hm /      -1——=--,        ; = 1, 2, ... , 2«;

exists. Moreover, if w = (wx, ... ,w„) = (-e2, 0, ... , 0), then

dr

dux
= 1 *L

u=0 du2

(3.2) lim/     |,Z;    WÍ -T^f
£^0 7n      \\Z-W\2"        \Z\2"

du2--- du2n = 0,       ;=l,2,...,n;

(3.3) Urn/ .ZJ    W¿dur--du2n = \  (n-l)\'   J     l''
^°JnnB(0,£)\z-w\2n      ■ \0j j = 2,...,n;

(3.4)   lim /
\2, • _ Tl) ■

z\a,   -7^du2---du2n = 0,        j =1,2, ... , n;
ilnB(0,£) z - W 277
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(3.5)

lim /
\z\a(Zj-Wj)      \z\azj

£^oJn \z-w\2n \z\2n
•ci

du2 ■ ■ ■ du2„ = 0,        j = l ,2, ... , n.

Here a denotes any positive constant.

Proof. We shall use spherical coordinates

,.,,    ux = w,, «2 = p cos 0,, ... , «27,-1 = P sin 0, • • • sin 02„_3 cos 02„_2,
(3.0)

u2n = p sin 0, • • • sin 02„_3 sin 02/!-2 •

Proof of (3.1). We shall only prove the case of j = 2.   The proof for y =
3, ... , 2« is similar. For 7 = 1, the function is even integrable.

By using spherical coordinates we have

f       U2du2---du2n fK   -271-3 a   „„„«  j/a     í\;„27i-4ú jú
/     -;—=-= /   sin       0icos0,fl0, /   sin       02«02

Ja..,        \Aln Jo Jo

fn . f2n f p2n~xdp
•■• /   sin62n--}d02„-3 /     dd2n-2 ¡ - .    ,

Jo Jo J¿<¥i+,p<ni (P2 + W{P, Q)2Y

where \p(p, 6) = h(peos0,, ... , psin0, • • • sin^2^-2) •

It is clear that

ip(0,6) = 0,        |^(0, 0) = O;

we can therefore assume y/(p, 0) = p2<p(p, 0) for some ç?(/?, 0) which is of

class C3 outside p = 0 and continuous at /? = 0.

Consider

r, 0Ï -   Í p2n'ldP

g(     Je^2+P2<ri2(p2 + w(P,e)2Y-

Let t = yjp2 + \p2 . Then

¥(p,d) = p2<p(p,d) = t2(px(t,6),

where p,(i, 0) is C3 outside t = 0 and continuous at t = 0. We get

= /^^+/"E(-i)p^1^-vfvi-^(i-^2rv.^^

= log77-loge+ rY(-l)pCpn_xt2p-l<p2xpdt- [\l-t2(p2x)"-xg>x^-dt,
Je    p=l Je ol

Cpn_x = (n - !)!/(/?!(« -/7 - 1)!) denoting the binomial coefficients.
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Using the known result that J0 sin       0, cos 0,^0, = 0, we get

u2du2 ■ ■ -du2n

jJae,

277-3

= / sin2"-30,cos0,i/0, / sin2"-4 82dd2 ■ ■■
Jo Jo

[* sind2n_3dd2n-i [* g(d)dd
Jo Jo

= f sin2"-30,cos0,i/0i--.
Jo

r2n  [   tr\n-l

l w Eyycn^2p-l<p2iPdt

- J\l-t2<p2x)"-x<px^dt\de2n

The integrals in braces are continuous functions of e.  So when e -» 0, the
limit exists.

Proof of'(3.2). Applying spherical coordinates we know that

u2 u2I, \\z-w\2n     \z\2n
du2--du2n

= / sin2"-30,|cos0i|ú?0, / sin2"-4 02íi0
Jo Jo

/    Sin 02„_3¿027,-3 /      dO.
Jo Jo

■I
(3.7)

[t2 + e4 + 2e2t2(px(t, n)]n     t2n

(i-^2r'-d-^2r'^,^

Notice that (e4 + 2e2t2<px)/t2 = 0(e2), t e [e, n], and that

1

dt.

[t2 + e4 + 2e2t2tpx(t, n)Y

1

t2»(l + (e* + 2e2t2(px)/t2)

Applying the above estimate to (3.7), we obtain

u2 u2

¡r = ¿ + o(¿)

/Jac \z-w\2n     \z\2n

f 1
du2-du2n < Ce       -dt.

Je     t

Similarly we can prove that

La,   \\z-wp»     \z\2"
du2-du2n < Ce2 j   -dt,I j = 3, ... ,2n,
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which implies (3.2) for the case j = 2, ... , n . Since «, = o(|m2| H-1- \u2n\),

on Q£ t n, we see that

lim
£—0/

U\ U\

\2n        \v\2n\Z-W\An        \Z

On the other hand we have the following estimates

du2 ■■ -du2n = 0.

La    \z -w 277
du2- ■ -du2n < Ce

i: t2
dt.

Therefore we obtain (3.2) when 7 = 1.

Proof of (3.3). Applying the spherical coordinates (3.6) we know that

/ i—U-2^r„du1---duln
Ja</£lnfi(0,£)

Jo

.27,-3
»1COS017Í0, / sin2"-4 e2d02 ■•

Jo

(3.8)

lo t'2 + e4

/*7T /»27T

/   sin 027,-3^Ö2»_3 /    dd2n
Jo Jo

1

+ 2e2t2<px(t, n)]"
271-1

(i-^2r-'-(i-^2r'^,^ „.

Notice that for t e [0, e], 2e2t2<px(t, 6)/(t2 + e4) = 0(e2). So we have

1 1 2

l2~+£* + 2e2t2<px(t, n) = (i2 + £4)(1 +0(£"))-

Applying the above estimate and f£ sin2"-3 0, cos 0,^0, = 0 to (3.8), we obtain

f£ .277-1

L U2

nns(o,£)

<Ce:

\z -w

ÍJo

27,

Í

du2 ■ ■ -du2n <Cs2

i2 + e4
dt

Í —
Jo  (t2 + e4)"

_ Ce2   /*  í/(í2)

2    in

í/í

í2 + e4

o2
= ^log(l + l/e2)-0.

Similarly we can prove that

u,LOnß(0,£) z - w 27!
du2---du2n < Ce

Jo t
dt2

2xp4+ e«
7 = 2,... , 2«,

which implies (3.3) when j = 2, ... , n.
Since dh/dUj(0) = 0 for j = 2, ... , 2« we see that

|«il < C(|m2|2 + --- + |w7,I2)
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on Q0,77 • So we obtain the inequality

L ux

OriB(0,e) Z -W 2« du2- ■ -du2n

< Lac\B(0,e) \z -w\2n
du2 ■ ■ ■ du2n

re t2n

Clo ¥T¥Ydt>

where the last inequality is obtained as in the proof of (3.2) when j = 1
Similarly we see that

Lac\B(0,e

K

\z -w 27,
du2 ■ ■ ■ du2n

sin2"'3 exddx ■■■
rn r2n          fe s2t2n~2
/    Sin 02„-3ö?02t,-3 /      ^02«-2 / ,.,   ,     ,.ndt + 0(l)
Jo                          Jo              Jo (l +e Y

çn ç2% /-co      fn-2

exddx-J    SÍn02„_3í/02„-3 /      ¿02,7-2  / j^—^-„ dt+0(l)

T-OO /27I-2
= (2«-1)02,7-1^        2  ,   1N„¿

■/-JO

pit

= /   sin2"
Jo + 1)"

+ 1)"

Here

¿271-1  =

7,-7,-12n%

(2«-l)!!

is the volume of the unit ball in R2"-1 and the value of the integral

roo      ,2ti-2

In = lo   WTiYdt

is easily found to be

n (2« - 3)!! _ tt(2« - 3)!!

"~ 2 (2«-2)!! ~ 2"(«-l)!

so that the last expression becomes 7r"/(«-l)! + o(l).  Combining with the

above estimates we get that

lim /
zx -wx

In
E^°Ja<lB(0,e) \Z -W

du2 ■ ■ ■ du2n

= (2«-l)Z>2„_, f
Jo

oo       /27Î-2

dt
n"

,0    (i2 + l)" ("-!)!'

Proof of (3.4). Similarly as in the previous step we can prove the estimates

/•£    r27!+a-2

Ce2 I
Zi-Wi

/Jat

|Q <■}     wj

\z -w In
du2 ■ ■ ■ du2n < <

'iinß(0,£)

which is what we have to prove.

f 7-E   /27i+a-2

CE2J0W^Ydt>   j = U

L    J o(t:

e   f2n+a-l

0(t2 + e*Y
dt,       7 = 2,...,«,
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Proof of"(3.5). As in the proof of (3.2) we get

/Ja,

\z\a(Zj - Wj)        \z\aZj

Z -W

which is what we want.

27, 127,
du2---du2n < e '  dt

f f

Theorem 3.4. Suppose dh/du¡, i = 2, ... , 2«, are Holder continuous on Q

and f is a continuously differentiable function on Q such that df/duj, j =

1, ... ,2n, are Holder continuous. Then the finite part

FP ¡ f(zAK2n.
Ja       \ZV

U,o)

defined as

exists, where

Bk

lim
E —o

/ f(z)-^K2„-l(z,0)-
Ja\B(0.e) \z\

Bkf(0)

7n~x(n - IV

n(2n-l)\\ '

0, k = 2, ... , n;

here b2n-i is the volume of the unit ball of dimension 2« - 1 and Cn is the

constant in the Bochner-Martinelli kernel.

Proof. We prove only the case of k = 1 ; other cases can be proved similarly.
By Stokes' formula we get

7,

L /(*)■Z\

a\B(0,e)
1271+2

^(-1)-'  xZjdzx ■■■dzndzx ■■■[dzj]---dz„

7 = 1

= -¿ / f(z)d
n Ja\B(0.e)

E"=i (-1 )j-%dz2 ■ ■ ■ dznd-zx ■ • • [dzj)-dzn

127,

E;=i(- 1 )J-%dz2 ■ ■ • dz„dzx-..[dzj]-dz„
= ~/ f(z)-

n Jd(anB{0,e)) \z\

1   f ,.. X%i(-i)i~%dz2--dzndzi---[d^j]---dJ„
H-/ df(z)-—=-

nJa\B(o.e) z\2"

Let

vW = -f% I f(z)Y(-iy-x^jdz2---dznd^x---[dzj]---d^n.
ne     Jd(B(0,e)na) ~¡

Then

La\B(o,e)
f(z)^-K2n_x(z,0)-ip(e)

= 7,1 |f^27,-,(z,0)
" Ja\B(0.e) azl

Çn
n -I)""1 /n Ja

- Y ~ä=zidz2 ' ' ' dz„dzx ■ ■ ■ dz„
a\B(0,e) \A2n pí dzJ
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According to Lemma 3.1, lims_o^i exists.
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^-1 /      1\7!-1

= '! + '!•

>a\B(0,n)
L \w^^z,dzi'''dzndzx'''dzn
jii¡.>ij 11 j=x j

If n is small enough, lim^o I[ exists because /[ is independent of e .

.,     (-2i)n-xCn  f       1    Aö/_  ,_  , .     . ,
I2 = -- /       T^Yjyf-Z}dZxdU2'''dUHdUn+1'''dU2n-

7=1

Notice that

dzx = dux - idun+x = (-/ ) dun+x (mod du2 ■ ■ ■ dundun+2 ■ ■ ■ du2n)
\oun+x      J

r        i     /  "   of_

a    lzl:

Tl _(-i)n-x(-2iY-xcn
h - « ^xwj1j{öu—ri)dU2"dU2n

(-i)n-x(-2iY-xcn

n k. M2*
ïL,*(Jh—A-(ËL«;« fe-'Micro) (ss>-'■E

7=1

+ ^(-l)"-1(-

Zjdu2- ■ -du2n

^ dZj       \oun+x      J Ja¡ ^ \z\¿n

Because df/dzj and dh/dun+x are Holder continuous on Q., the limit of
the first term exists when e -+ 0. The limit of last term exists by (3.1) in

Lemma 3.3. On the other hand, by assumption df/duj, j = 1, 2, ... , 2n,
are Holder continuous, so we have the following identity:

ip(e) 7ZS I f(z)Y('i)k~%dz2---dzndzx-..[dzk]---dzn
ne     Jd(B(0,e)na) ffx

ne     Jd(B(0,e)na) ~[\ÖZJ azJ J

Y(-l)k Xzkdz2■ ■ ■ dzndzx ■ ■ ■ [dzk]■■■dz„ + o(l)

k=l

-lYCnfW)
e"" JB(0,e)na

n

giffi / dz2---dznd-zx---d-zn + o(l)
Jß(0,e)na

ärfrWD-1)*"1  / Zkdzl-dzHdJl-[dJk]-dJn
ie¿n dzx      f-f JBio.e)na

A:=l

+

+

(-iycn^df
?2n Yl ~¿— (°) / zJdz2 ' ' ' dznd~zx  ■dzn

~[özj        Jß(0,e)na

(-1)»Q« + 1)A9/
ne 2n

Y ñ=~(°) / Zjdz2 ' ' 'dznd~zx ■■■dz„.
■_j azj        JB{0,e)na
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The last identity is obtained by Stokes' formula.

By the method used in proving Lemma 3.3 we can prove that the last three

terms tend to zero as e tends to zero.

/ dz2 ■•■dz„dzx ---dzn
Jß{0,e)na

= / (-l)n-x(dux-idun+x)(-2i)"-xdu2---dundun+2---du2n
Jß{0,e)na

= (-2i)"-x(-i) [ du2du3---du2n + (-2i)r'
Jß(0.e)na

-du2du3 ■ ■ -du2n■I -
Jß(o,e)na du

= (-2i)"-x(-i) f du2du3---du2n + o(e2n)
Jß{0,e)na

= (-2i)n~x(-i) i" sin2""3 0,uf0, • • •
./o

/   SÍn02„-3í/02n-3  /     d02n-2  i p2"-2dp + 0(E2n)
JO JO Jy/i+p2<e2

= (-2i)"-x(-i) f sin2"-3 6xddx ■ ■ ■
Jo

f sin02„_3uf027,-3 i "¿027,-2 / i2"-2„ + o(e2").
Jo Jo Jo

Therefore we see that

^(e) = ^(20"-1C„è2„-1/(0) + o(l).

The proof is finished.

Theorem 3.5. Let f and D be as in Theorem 3.4. Define

F(w)= f f(z)K(z,w).
Ja

Then the limits of (dF/dw/<:)(w), k = 1,...,«, as w tends to 0 along the
inner normal and the exterior normal of Q at the point 0, exist and are given

by the following expressions:

(0) + k|f(0);2     dzk
(^)(0)=Frínf(zÁK(z,0)+l-§L
\dWkJi Ja \z\2 2°zk

(0)=FP [ nf(z)-^K(z,0)-^(

where

^-)  (0)=F? ( nf(zAK(z,0)-^§f(0)-U§-
dwk/e Ja \z\ 2dzk 2     dzk

oo   .27,-2

-(2iY(2n-l)Cnb2n-Xf   £
Jo    \l

t2n~2dt
-i;   k=l,K  ' v        ' n ln~lJ0   (t2 + \Y

0; k = 2,...,n.

Here b2„-X is the volume of the unit ball of dimension 2« - 1 and C„ is the

constant in the Bochner-Martinelli kernel.
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Proof. We only prove the first equality for the case k = 1. For the other cases

the proof is similar.

OF ,   ,       „       „ ,   z,-W|

dwx
w) = nCn JJ(Z)^1-^Y(-

= -C„ f f(z)d
Ja

\z - w\

— 77,12"

, ...

7=1

dzndzx ■ ■ -[dzj]- --dzn

z -w
Y(-iy-xçzj-Wj)dz2

7=1

dzndzx ■■ -[dzj]- ■ -dzn

7 = 1

dzndfzx ■ ■ • [dlj] ■ ■ ■ d~z„
t,      71        r,   r ,

+ (-1)"-'C„ j Y q=-. —.Tñm^i - wj)dz2■ ■ ■ dznd-zx ■■■dzn
7 = 1

Z - W\

+ (-l)"-'C„ /
Ja

Z_W|27, ¿ dYÁzJ - wj)dz2■ ■ ■ dz"dz\ ■■■dz"

7 = 1 J

By the proof of Theorem 3.4 we know that

FP / f(z)^K(z,0) = lim± / §f^(z, 0)
Ja        \z\ c^n Ja\B(o,e) dzi

+ lim
£-»0

C„|(_ir-, j
n Ja

a\B(0,e) özl

—rj- Y -s=-~zidz2 ■ ■ ■ dznd~zx ■ ■ ■ d~z„.
a\B(0,e) \A2n jf[dzJ

So we only need to prove the following inequality

(3.9)

lim [ 2¿K(z,w)
w^oja dzx

+Ä(-irlc"7n^3^Eö^^-^)i/Z2"""u'z^>""-^

= lim f
E-o7fi

7 = 1

|f^(z,0) + i|f(0)
a\ß(0,e) özl ¿OZx

+ limC„(-l)',-1 / —j- Y fJ=-^Jdz2 ■ ■ ■ dznd1x ■ ■ ■ dzn
la\B(0,e) \A2n ~'xdzi

+ i,,^(0).
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It follows from Lemma 3.2 that

lim / §^K(z, w) = lim / ^-K(z, 0) + \^-\
w^O Jadzx c^°Ja\B(0,e)dzl 2öz,

So we only need to prove that

Ba(-ir,ftj[p75ist^«--^'»-'«^i-*.
7 = 1

(3.10)       =lim(-l)"-1C„ / -L^Y^zjd22-dzndzi--dzn
e-0 Ja\B(0.e) \z\2" f"? d Z jla\B(0,e) \zr^dzj'

+ ̂ <0).

Take w on the inner normal. Its coordinates are wx = -e2, w2 = 0, ... ,

tfj„ = 0. Let

AÁe) = (-iy-xCn^jF^^(z-J-wfdz2...dzndJx...dz-n

-(-ly-'Cnf
Ja

(2/r'C" / íz~1

tu|2" dzj

) |Z|2" dzy
Zjdz2 ■ ■ ■ dzndzx ■ ■ • dzn

In

df ^ (  dh   . .     .
n=r(z)\in—(z)-i
dzj      \du «71+1

dzjK    \dun+x J

• (Zj - Wj)du2 ■ ■ ■ du2n

n-^-ir   f              l     \df , ^(   dh   <  >     A-(2i)n  lCn f —rj-   —- (z)-(z)-i)
Ja\B(o,e) \z\2n [dZjK     \dun+xK J

+ (2/)"-1C„|¿(C
dz/ ' \du

dh

«71+1

- ^(0) U
dzjy '\du

\ r zj - wj

J Ja\z-w\2'

(0)-i Zjdu2 ■ • ■ du2„

(0)-i du2 ■ ■ -du2n

U)"-lCnU-(0)(^-(0)-i)[
*7i+i / Jas'dzjK ' \du

L-du2---du2„.
127,

la\B(0,e) \z\

The function dh/dun+x - i is Holder continuous.   Therefore we see that

when 7 = 2,...,«,

|A,(£)| < C /Ja
\z\°

a\B{0,e)

+ c

+ c

+ c

anB{0,e)

\z — w\2n     \z\2n

\z\a\z '

z - w\2n

du2 ■ ■ -du2n

a\B{0,e)

LanB{0,e)

\z -w

\z - w

7=; du2 • ■ • rÍM2„

du2 ■ ■ -du2n
2n        \r\2n

In du2--du2n\
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By applying Lemma 3.3 we get

(3.11) A;(e)->0   ase^O, 7 = 2,...

The case j = 1 remains to be considered:

' Zi - W\

, n.

AM-^lfm f
Ja^

+ C

+ c

+ c

<C I
a\B(0,e

z\a\zx -wx

Z\

ar\B(0,e)

a\B(0,e)

\z - w\2n

Z, -tfj.

z -w

du2 ■ ■ ■ du2n

Z\

In 12«
du2 ■ ■ -du2n

jJai

\z — w\2n

zi -wx
127,

1271
du2 ■ ■ ■ du2n

lanB(0,e) \z - w\

Again by applying Lemma 3.3 we get

du2 ■ ■ ■ du2n —
7lr'

(«-!)!

(3.12) A,(e)->-L4,J£(0)   ase^O.
L     ozx

Now (3.10) follows from (3.11) and (3.12).
Now let us consider the general case. In the sequel we assume that Q is the

boundary of a domain D and is of class C3. Let a e £2 be a point. Assume
that Q is defined locally by an equation r(z) = 0 in a neighborhood of a point

a, dr\z=a ^ 0, so that its tangent plane at the point a is

We make a unitary transformation

(z,--a;) = 0.

z-a = z*U,    zk-ak = Yz*jujk,

7 = 1

where the Ujk satisfy

c> 0,    k=l;

k = 2, ... , n .S*(£L-{"
If Q is transformed to Q*, the equation for the tangent plane of Q* at

z* =0 is c(z\+l\) = 0.
Let z*k = vk + ivn+k , k = 1,...,« . Then the tangent plane of Q* at the

point z* = 0 has the equation vx = 0.
Because K2n_x(z, w) is invariant under the aforementioned unitary trans-

formation, the finite part of the integral of / over Q at point a can be defined

as the following

FP / f{z)^-^Kln-x(z,a)
Ja        \z-a\

= FP / . Ë UJk^Z* U - a)\f^2K2n-dz* , 0) -
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Now let us take

(dr/dz-j)z=a

lJ     \Zl=i\{dr/dzk)z=a\2-

Let F(w) = faf(z)K(z, w) he the same as in Theorem 3.5. We know that

f  ,, ...    ,E,"=i Ujk(z*-w*j) „
= n      f(z'U-a)        J        2       K2n_x(z*, w*).

Ja" \z ~ w I

By using Theorem 3.5 we see that

(^)I(û)=FP/nW/(Z)^|^'û)

îA   m**u)(QU iiV wu)m
+ 2^UJk^z^{0)+2AlUlk—tñ*-{)

7 = 1 ^ '

= FP / «/( *>jMU<*.«>
+ ldf{z)(^    l7J   V77  0/(z)f^
+ 2-,3zr(a)"2t/l^í/^^z7(a)-

fc ;=i J

So we have proved the first one of the following formulas. The second one
can be proved similarly.

{¿kl^-H"1'^«*-*
Ali^-¥»tf»w^

(&).<»-"/.'^fclK«'
* 7=1 '

Here (dF/dwk)¡(a) and (dF/dwk)e(a) are the limits of (dF/dwk)(w), k =
1,...,«, as w tends to a along the inner normal and the exterior normal of
Q at the point a , respectively.
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