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THE WEIGHTED HARDY’S INEQUALITY
FOR NONINCREASING FUNCTIONS

VLADIMIR D. STEPANOV

ABSTRACT. The purpose of this paper is to give an alternative proof of recent
results of M. Arino and B. Muckenhoupt [1] and E. Sawyer [8], concerning
Hardy’s inequality for nonincreasing functions and related applications to the
boundedness of some classical operators on general Lorentz spaces. Our ap-
proach will extend the results of [1, 8] to the values of the parameters which
are inaccessible by the methods of these papers.

1. INTRODUCTION

The Hardy’s inequality of the form

(1) (/000 (/Oxf(t)dt>qu(x)dx)l/q <C (/Ooo f”(x)v(x)dx)l/p

is well known. The problem of determining weights ¥ and v for fixed p and
q, 1 <p, g < oo, has been investigated by many authors [3, 5, 6, 12, 13];
furthermore, the important case 0 < g < 1 < p < oo has recently been studied
by G. Sinnamon [9, 10] (see , also [11]). The final form of these results may be
summarized as follows.

Theorem 1. Necessary and sufficient conditions for the validity of the inequality
(1) with weights u,v >0 for all f > 0 such that the right side of (1) is finite,
and constant C independent of f are

(@) Let 1<p<g<oo, l/p+1/p'=1. Then (1) holds iff

(2) A= s;1>1(1)) (/Ioo u(x)dx) " </01v“”'(x)dx) v < oo.

Moreover A< C <a(p, q)A.
(b)Let 0<g<p<oo,p>1, 1/r=1/qg-1/p, 1/qg+1/q =1. Then (1)
holds iff
(3)
r 1/r

B= /Ooo [(/toou(x)dx)l/q (/Otv"”'(x)dx>l/q’] v P (1) dt < oo

and Bi(p,q)B<C < B(p,q)B.
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The constants o, B, B, depend only on p, q.
Several authors [1, 7, 8] have recently considered inequality

@ ([ ([ e wos) s ([ o)

where f is a nonnegative and nonincreasing function.

Necessary and sufficient conditions are known for (4)if 1 <p=¢ <o, w=
v. These can be derived using the so called “dilation function.” Specifically,
let V(1) = f; v(x)dx. Then the inequality

o ([ (2 o) wosr) ([ rominer)”

is valid for nonincreasing functions g > 0 iff for some ¢ > 0

V(ts)
6 su
) V)
This was shown by D. W. Boyd [2]. S. G. Krein and E. M. Semenov [4, Chapter
2, Theorem 6.6).
Recently M. Arino and M. Muckenhoupt [1] have shown that (5) is equivalent
to v satisfying the condition

(7) /Ioox—l’v(x)dx < tgp/otv(x)dx

where the constant D does not depend on ¢ € (0, oc). They have also pointed
out the application of this criterion to a similar problem for Hardy-Littlewood’s
maximal function on general Lorentz spaces.

E. Sawyer [8] has extended the above results to cases of different weights
v, w and exponents 1 < p, g < oo. Sawyer’s approach is quite general and
reduces the problem to Hardy’s inequality with arbitrary functions by means of
duality. His method relies upon a proof of the reverse Holder inequality of the
form

0 o/ px \P : 1/p' o
e (0 () G )

where g | means that the function g is nonincreasing. If T is the operator
defined by T f(x) = fo k(x,y)f(y)dy where k(x, y) is a nonnegative kernel
and if for simplicity we assume that f0°° v = oo, one can apply this result to
obtain the equivalence

</000(Tg)"w>l/qSC(/OOOg”v>l/p V0<g|
@(/000 (/Oxr*f>pl [levdxy/plSC(/Ooofq’wl—q’)l/ql Vf>0.

For instance, if Tf(x) =1 [ f()dt, then

(8) /0 T*f=/0 f+x/ff(t>$.

= 0(1"7%), 7> 1.
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Sawyer then proved the following theorem via the corresponding Hardy’s in-
equalities for the operators on the right side of (8) using Theorem 1 and its
dual.

Theorem 2. Necessary and sufficient conditions for the validity of (4) with the
weights w > 0 and v > 0 for all nonincreasing functions f > 0 with finite
right side of (4) and constant C independent of f are

(a) Let 1 <p<qg<oo. Then (4) is valid iff

(9) Aozstgop </0tw(x)dx)l/q (/Otv(x)dx>—l/p<oo,

(10) Ay = sup </loo x“’w(x)dx) . (/Ot x¥' V‘”'(x)v(x)dx) " < oc

>0

and a\(p, q)(Ao+ A1) S C < ax(p, q)(Ao + A1)
(b) Let 1<g<p<oo, 1/r=1/q—1/p. Then (4) is valid iff

1/r

(11) Bos(/000l(/otw(x)dX>l/p(/OIv(X)dx>_l/p}rw(t)dt> < oc,

(12)

B = (/Ooo [(/toox“’w(x)dx>l/q

. (/Ot xP' VP (x)v(x) dx) "

and also B3(p, q)(Bo+B1) < C < Pa(p, q)(Bo+By). The constants o, ay, f3,
B4 depend onlyon p, q.

r

1/r
VP (Ho(t) dt) < oo

In §2 we shall give an alternative proof of Theorem 2. The main new result
of the paper is the following extension of Theorem 2 to the case 0 < g < 1 <
p<oo,and 0<p<g<oo, 0<p<l]1.

Theorem 3. Let the assumptions of Theorem 2 hold. Then
(a) Assertion (b) of Theorem 2 holds if 0 <g<1<p<oco.
(b) Let 0<p<qg<oo, O<p< 1. Then (4) isvalid iff Ap < o and

(13) Ml=supt</'oox‘qw(x)dx)l/q </Otv(x)dx)_l/p<oo

>0

andy\(p, q)(Ao + ) < C < n(p, q)(Ao + &) . The constants y,, y, depend
onlyon p,q.

The proof of Theorem 3 is given in §3; at the end of this section we state and
prove a new sufficient condition (Proposition 2) for (4) when 0 <g<p< 1.
The following notations will be employed in the paper.

V(t) = /Orv(x)dx; W(t) = /Otw(x)dx; ‘P(‘)"”'(x) = xP' VP (x)v(x).
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A < B means the inequality 4 < ¢B with the constant ¢ depending on

p, q only. Products and quotients of the forms 0-00, &, g are taken to be

0.

The author expresses his deep gratitude to Professors H. P. Heinig and
E. T. Sawyer for the opportunity to visit McMaster University and for fruit-
ful discussions concerning these results. He also wishes to thank Professor R.
C. Brown for editorial assistance in the preparation of the final English draft of
the paper.

2. PROOF OF THEOREM 2

2.1. First we consider the characterization problem for the inequality

(14) (/()wqu)l/qg(r(/omfpv)l/p.

We need the following preliminary results.
Lemma. If 0<g<p<oo, 1/r=1/q—1/p, then Ay < By and

o) ql/r 0o 1/r
By = (/ wrip V"/”w) <o & By = (/ wrla V"/qv) < 0.
0 0

Moreover, By < %y < By .
Proof. First we show “=". Let By < oo, then

V"’/l’(x)W’/"(x) —y-rip /x dwra < /x y-rirdwrla 0, x — 0.
0 0
This implies that 4y < By and integration by parts yields
o0 o0
00 > 36 - 2/ y-rirdwrla > Q/ Wr/qd(_y—r/p) — _q_ggoh
rJo rJo p
The proof of “ < ” is similar.

Proposition 1. Necessary and sufficient conditions for the validity of (14) for all
nonincreasing f > 0 are as follows.

(a) Let 0<p<qg<oo. Then (14) holds iff Ay < oc.

(b) Let 0 < g <p<oo. Then (14) holds iff By < oc.

Remark. For 1 < p, q < oo Proposition 1 is contained in Remark (i) of [8].

Proof. (a) The necessary part is trivial by substituting in the inequality f =
St =Xp,q, where xg(x) =1 for x € E and xg(x) =0 for x ¢ E. To prove
sufficiency we proceed as follows. Let £ > 0, supph C (0, oo0), f(x) = f;” h
and [;° fPv < co. Integration by parts and Minkowski’s inequality yields

/0°°qu = /Ooo Wd(-f7) < Ag/oOo Valrd(— 4

([ ([ aom)) ([ m)"

The proof is complete if [°v = oo. If [[“v < oc, then we modify the
argument by taking f(x)=c+ [ h.




THE WEIGHTED HARDY’S INEQUALITY 177

We next consider Proposition 1(b). Let us assume f0°° v = co. The necessary
part proceeds as follows.

lo o] oo o0 o0
%’0’=/0 wrlay —riay =/0 v(x)a’x/ wriay —rlo-1y .=_/0 fv
pe

where f; is defined by the left side. Let us assume temporarily that By < oo,
then using Lemma (14) with f = f; yields

/
C"B"’/">C"( )q By > /wx)(/ wrlay—tlao= )qux

> /0 wW'Py=rlP = B

This implies that C > B, and the temporary assumption By < oo can be
removed in the usual way.

To prove sufficiency, let A > 0, supph C (0, 0), f(x) = f;"’h and
Jo° fPv < 0o. We have

[roe [ (3
() s )
) (wl—q/P(s) (/oo W’/”V”'/qv)q/r)

(apply Holder’s inequality with p/q, r/q),

([ ([ th/g;{j/qv)p/,)‘””( [ wsras [ wirv-nn)”
=%y (/ooo (/oo h)p (/soo W'/PV-'/av>_p/’dW(s)>q/p

(integrating by parts)

< goq( ( mh) h(s) < / W’/PV"/‘IU> o W(s)ds)q/p
q/p
<<%’6’( < ) h(s)V(s)ds) ,

because )
00 =p/r
(/ W’/”V"/"v) <« )
S

Consequently

/Ooof"w < % (/Ooo (/Sooh)pv(s)ds>q/p < B{ (/000 f"v)q/p
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and Proposition 1(b) is proved under the assumption f0°° U = 00

In the case [;°v < co we have to change the weight v to v +¢, & > 0.
The result follows from the previous case, by obtaining uniform estimates with
respect to ¢ and then applying Fatou’s lemma. For instance, if (14) holds and
Jo v < oo then the inequality (f;° f9w)/e < C(f;° fP(v +¢))!/? is also valid
with the same constant C. It implies By , < C, where

00 ! ~r/p Ur
Bo,e=[/0 W’/”(t)(/o’u+e> w(t)dtl )

By Fatou’s lemma, we get By < C. Conversely, if By < co and f0°° v < o0,
then By . < By and we get C < By . < By by the above arguments.

2.2. Next we prove the necessary part of Theorem 2. Let us assume that
Jo7 v =00 and start with case (a), 1 <p<g<oo.Let 0<7<o0 and

1/p

70) = ([ 2V e dx) e,

then f; is nonincreasing and
oo T , ,
/ SfPv =/ xXP V7P (x)v(x)dx.
0 0

Inequality (4) with f = f; yields
T, , 1/p
C ( / X2V (x)v(x)dx)
0

2 (]Ow (,lc /Ox (/;y"'V—P'-'(y)v(y)dy)l/p x[o,ﬂ(s)ds>
z (/1“’ x—qw(x)dx)l/q /OT (/STV"'V_”"'(Y)v(y)dy)l/p ds.

Changing the order of integration we have

/Or (/ryP'V—p’—l( v (,V)dy)l/p dS>/ $P'/p (/ yr'-1(y )U(y)dy>l/p s
_p/ Sp/p/ (/ vt ) " V==Y y)w(y)dyds
_p/o v-r"-1)0(y) (/0 sp/pds> (/y I )—l/p o

>0-1) [ Y () ( /y " V-p’-lv)'”pl dy

= (p’)“/"p/o YV (y)u(y)dy.

q

1/q
w(x) dx)

This shows that C > 4, when [;°v = oo. This case [; v < oo can be easily
proved by the arguments at the end of the previous section.
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2.3. Let us note before proving the necessary part of case (b) that the following
conditions are equivalent B; < co &

B = ( I [( [t ax) ” (/ W () ) W] rt“’w(t)dt) Y

and, in particular, %, > (q/p')"/"B; .
We write

B = /0 ” ( /t - x“’w(x)dx)r/q ( /O ' \P};P’)r/q, W (Y (Y (1) di
= /Ooo (/yoo (/loox“’w(x)dx>r/q

t AT ,
. (/ ‘-I’(l)"p> "P(])_p VY1) dt) v(y)dy
0

E/Ooofopv

where the function f; is again determined by the left side. Then f; is nonin-
creasing and (4) yields

cnrac([)"> ([ ([ 4) woa)”

= (/Ooo <I>"(s)s“1w(s)ds) l/q.

As usual we assume that f0°° v = o0 and B; < oo and will prove that C > B, .
We have

)2 [ ( [ x-qw(xwx)r/q( [ *Pé"")r/ql ‘1’3‘”’(t)V-'<t>dz) "

> (/xoo x Tw(x) dx)r/qp J(s),

where » U
J(s)z/os (/ys (/Otlyg-t’) ’ ‘P(')“"(t)V"(t)dt) dy.

Also we have for 1 < g < p < oo the lower bound.

1/p

J(s) > /0 e ( /y S ( /0 ' ‘Pé“")r/ql vl () dt) dy
=p/0syp'/pdyf (/s (/Otwg‘”')r/ql V"""‘(t)v(t)dt>
y \Jz

T N’ , s N e
([ vrtenmarze ([ ) s,
0 0

’

-1/p
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Ji(s) = /osyp'/pdy /S (/s V_pl—l(t)’v(t)dt>_]/pl
y \Jr

T N ,
x ( / pl-p ) vr'~1(1)(7) dx.
0

Changing the order of integration we get

o= [ ([ ‘I’é"")r/q’ vl g
x (/Ory”'/"dy) (/: V’”"'(t)v(t)dl>~l/p’ dr
> 1%/05 i (/Ot W(‘,—P’)’/ql V="~ (1)u(t) (/Too V=r"=Y(w(t) dt>—l/pl dt

o [ ([ ) s @ae= e ([ o)

Putting these lower bounds on Ji(s) and J(s) into the estimate for ®(s) we

have
00 rlgp s ps AL
<I>(s)>>< / x“’w(x)dx) ( / ‘P},””) )
s 0
This implies

00 /oo rlp g ps N
[CBI/p]" > / (/ x“’w(x)dx) (/ 2 ) sT9w(s)ds
0 s 0

=% > (q/p")Bi.

where

Hence C > B; inthecase 1 < g <p < oo and f0°° v = oo. As before the case
f0°° v < oo follows by the arguments used at the end of §2.1.

2.4. Now we prove the sufficient part of Theorem 2. Let us assume at first that
Jo v = oo; we take as before

f(X)=/ h, h>0, supphC (0, oc0), /f"v<oo.
x 0

We will get an upper bound on the expression

F = (/ooo (%/:f@)dr)qw(x)dx)]/q.

We have

L wa=t [F([Tn)ai= [Thel [moras,
F< (/Ooof"w)l/q+F,.

consequently
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The first term on the right side has been bounded in the proof of the Proposition
1. Let us bound the second term. We have, setting H = hV,

F{’E/Ooo (%/Oxsh(s)afs)qw(x)dx=/0oo (x | sfé?d) w(x)dx.

Integrating by parts and setting fg H =G, we get

sH(s) * s _ xG(x) * G(s) * sv(s)
/ V(S ds = /0‘ —I}-(-;—)-dG(S)—— V(X) —/(; mdé"‘f’ A VZ(S)G(S)dS

xG(x) * sv(s)
<+l e

ds.

~—

This implies
0o G q 0o 1 X ) q
F} —= — d
ae B[ () e[ (] roes) v
=F] + Fj.
Integrating by parts we have
® /G q ® /G q © Gdy
q_ el - el Jv
o= (@) e () oo B

Now we have to consider separately the cases 1 <p<g<ooand 1 <g<p<
0. If 1 <p <g <oo then (9) yields

*© G
<ol [ s
2 0Jy Vati-alp

G(s)=/0ShV=/Osv(x)(/xsh>dx§/0sfv.

It is easy to show that

(/ Vq+l q/p )l/q(/olv)l/pls(p’/q)”",

therefore applying Theorem 1 we get

We have

Consequently

(18) Ff <a¥(p, )p' Al ( | i fpv)q/p.

Denoting sv(s)G(s)/V?2(s) = ®(s) and again applying Theorem 1 and (10) we
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find that

Fl = /Ooo (% /Ox CD(t)dt)qw(x)dx <al(p, q)A! (/Ooo <I>”‘I’0>q/p
=ai(p, q)4! (/000 %)m

<ot ([ ([ ) 528"

0o q/p
<a%(p, q)a?(p, p)(p'/p)/P A7 (/0 f"v) .

Combining the estimates (15), (16), (18), and (19) we get the sufficient part of
Theorem 2(a).

The proof of the sufficient part of Theorem 2(b) is similar. Let 0 < g <p <
oo, then using (17) and Holder’s inequality with exponents p/q and r/q we

get
0o qu 00 G q
q — ~ 1—q/r —1,,q9/r
Fsa| yamW q/o {<V> v }{WV vil"}

0 q/r © G\ a/p
<o([ ) () )
0 o \V
Applying the lemma and the last part of (19) we find that
00 a/p
Ff <qa®lp. p)o 1 o/a) B ([ 7o)

The estimate of F; in the case 0 < g < p < oo, p > 1 is produced using
Theorem 1(b) exactly as above; we get

) q/p
FS < BY(p, 0)a%(p, p)(0' [p)*/? B (/0 f”v) .

Thus the sufficient parts of Theorem 2(b) and Theorem 3 are proved if f0°° v =
o0

(19)

If 0< f0°° v < 00, then the estimate must be slightly corrected. In this case
we have instead of (17)

g o] q 00 -4 roo © G4y
<[] (o) [ [ Lo
2 0 0 0 o Vat!
The first term on the right side of this inequality can be estimated trivially since

Fow= e ()" ()"

hence we get again that

1) q/p
Fz"<<Ag</ f"v) forl<p<g<o
0

or

o0 q/p
F2"<<Bg</ f"v) forO<g<p<oc, p>1,
0
because Ay < By .




THE WEIGHTED HARDY’S INEQUALITY 183

3. PROOF OF THEOREM 3

3.1. The sufficient part of Theorem 3(a) has been proved in §2.4 above. We
will show the necessary part exactly by the method of §2.3. We only need to
modify the estimate of the term denoting J(s). If 0 < ¢ <1 < p < oo, then
q' < 0 and we have

It has already been shown in §2.2 that

I/p s ,
h(s) = / [/ ¥l (¢ )dr] dy > p(p')~1? /0 yir'

Thus we get
s N P'a
1620 ([ )
0

and the rest of the reasoning is exactly the same as above in §2.3.

3.2. Now we consider Theorem 3(b), iie., 0 < p < g < o0, 0<p < 1.
The necessary part is trivial. The sufficient part is demonstrated as follows. As
above we use the notation

f<x>=/ h, h>0, supphc (0,o00), /f"v<oo.
x 0

If 0 <p <1 then applying Minkowski’s inequality we get
I/p

/oxf(s)ds=/0x (/fh) dszpl/p/ox [/Sw (/yooh>p_lh(y)dy] ds
sz-l/p'pl/p{/x Ve
0

/Sx (/yoo h>p—l h(y)dyl ds
+/0x /Xoo (/yoo h)p—l h(y)dyl " ds}

1/p

<2-P pilp ( / ) ( In h)p‘l h(y)y” dy) + 27 x f(x).
y

Now we have

UL
+ (/Ooo (/ox (/yoo h)p_l h(y)y dy)q px“'w(x)a’x)

=1L+ 1.
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Proposition 1(a) yields

oo t/p
I « Ay (/ f"(x)v(x)dx) .
0
Applying Minkowski’s inequality we find that

L < (/000 (/yoo h)p—l h(y)y? dy (/ywx“’w(x) dx)p/q dy)
< ( [ wh)p_l h(y)V(y)dy) N

—p Vs ( / " f"(x)v(X)dx) .

Combination of these upper bounds on I; and I, completes the proof.

1/p

3.3. The following result is a sufficient condition for (4) if 0 <g<p < 1.

Proposition 2. Let 0 < g < p < 1. Then the inequality (4) is valid for all
nonincreasing functions f >0, if By < oo and

oo 00 r/q i
D, = ( / ( / x“'w(x)dx) v =rip (g dt) < 0.
0 t

Proof. Let us denote [~ x~9w(x)dx by #(t) and suppose that f(x) = [ h
as above. It has already been shown that

1/p

/Ox f(s)dx <271 plip (/Ox (/m h)p_l h(y)y” dy) + 27 x ().
y

Then we have as above

I= (/ow (% /Oxf(t)dt)qw(x)dx)l/q <L+

Applying Proposition 1(b) we get

I, € By (/Ooo fP(x)v(x) dx)l/p .

An upper bound on I, is obtained as follows.
q/p

I« /000 (/Ox (/yoo h)p_l h(y)y®? dy) xw(x)dx
L (L o) eonwse

. (/" WO’/P(t)V"/p(t)t,_ldt)-q/r]

0

x ajr
. [x—q(l—q/p)wl-q/p(x) (/ Wof/p(t)y—r/p(t)t"'dt) ] dx
0




THE WEIGHTED HARDY’S INEQUALITY 185

(applying Holder’s inequality with exponents p/q, r/q),

(0 (F o) ) oo

—p/r q/p
( vy (- ‘dt) dx)
0

/0 ” x~w(x) / 014 "”’(t)t"'dt)q/r

(Ow [ plh(y)yﬂ /ywx-"wm
([

-p/r
%f’/" "/p(t)t"‘dt) dxdy)

q/p

Let us note that
00 X -p/r
yP / x~w(x) ( / %’”’(z)V"/p(t)t"‘dt) dx
y 0

y —-p/r y -p/r
<yP ( / %’/”(t)V"“’(t)t"‘dt) Po(y) <y°V(») ( / t"'dt)
0 0

=PIV (y).
This implies the estimate
o) alp
18 < D (/ f%) ,
0
and ends the proof.
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