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RIGIDITY OF INVARIANT COMPLEX STRUCTURES

ISABEL DOTTI MIATELLO

ABSTRACT. A Kihler solvmanifold is a connected Kahler manifold (M, j, (, ))
admitting a transitive solvable group of automorphisms. In this paper we study
the isomorphism classes of Kahler structures (j, ( , )) turning M into a
Kihler solvmanifold. In the case when (M, j, (, )) is irreducible and simply
connected we show that any Kahler structure on M , having the same group of
automorphisms, is isomorphic to (j, { , )).

1. INTRODUCTION

A Kaihler solvmanifold is a connected Kahler manifold (M, j, ( , )) which
admits a transitive solvable group R of automorphisms (= holomorphic isome-
tries). Two Kihler solvmanifolds (M, j, ( , )) and (M, j, {{ , ))) will be
considered isomorphic if there exists a biholomorphic map ¢: (M, j, (, )) —
(M, j,{(,))). Since the pullback, by a diffeomorphism, of a Kihler structure
is again a Kihler structure we will often say that two pairs (7, (, )), (7, ((, )))
(ona fixed M) are isomorphic if the corresponding solvmanifolds (M, j, (, ))
and (M, j,((, ))) are isomorphic.

The problem we will consider in this paper is related to the number of iso-
morphism classes of Kihler structures (j, ( , )) on M turning it into a Kihler
solvmanifold.

There are two basic types of Kihler solvmanifolds: (i) locally flat homoge-
neous Kahler manifolds (C”xT* as C* manifolds), (ii) homogeneous bounded
domains. Moreover, it was proved by Dorfmeister in [4] that every Kédhler solv-
manifold fibers over a homogeneous bounded domain and each fiber is a locally
flat Kahler manifold. Concerning the question we posed above it is known: (i)
in C" all invariant complex structures are equivalent and in TX there exist
nontrivial deformations of invariant complex structures; (ii) irreducible homo-
geneous bounded domain have, up to conjugation, a unique isomorphism class
of Kihler structure with a fixed group of automorphisms [5].

It is well known (see [7]) that every Kéhler solvmanifold (M, j, (, )) ad-
mits an almost simply transitive solvable group of automorphisms. Thus we may
identify (M, j, (, )) with (R/T, j,(, )) where R is a simply-connected
solvable group, j is an invariant complex structure, {( , ) is a left invariant
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160 I. D. MIATELLO

Kihler metric and T is a discrete subgroup of
{x € R: Ad(x) is orthogonal and complex linear} .

In particular, simply-connected Kéhler solvmanifolds can be identified with

solvable Kdhler algebras (see §2) and irreducible and simply connected Kéhler

solvmanifolds can be identified with solvable Kahler algebras that cannot be

decomposed into a sum of j invariant ideals. We call such algebras irreducible.
The main purpose of this paper is to prove

Theorem 6.1. Let (M, j,{ , )) be an irreducible Kdhler solvmanifold with
M simply connected and G the group of automorphisms of M. Then any other
Kdbhler structure (j, ({ , ))) on M with group of automorphism G is isomorphic

o (G,(, ).

The proof of the above theorem reduces to the case when (t, j, ( , )), the
solvable Kahler algebra associated to (M, j, ( , )), satisfies that the eigenval-
ues of ad, are real numbers, that is v is a split solvable Lie algebra. This is so,
since solvable Kihler algebras are normal modifications of split solvable ones
by a result of Dorfmeister (see [4]). For irreducible and split solvable Kéhler
algebras, with no restriction on the group of automorphisms of the correspond-
ing solvmanifold, we prove that every Lie algebra isomorphism gives rise to a
complex (up to conjugation) isomorphism (Corollary 5.1).

2. BASIC NOTATION AND RESULTS

A solvable Kdhler algebra (x, j, ( , )) is a solvable Lie algebra t together
with an inner product ( , ) and an orthogonal map j :t — v satisfying

(1) j}=~id,
(2) Jlx, y1=Lx, yI+Ix, jyl+ jlix, jyl,
(3) ([x,¥], jz) +{ly, 2], jx) + [z, x], jy) = 0.

A solvable Kihler algebra is said to be irreducible if it cannot be decomposed
into a sum of j-invariant ideals. A split solvable Kdhler algebra is a solvable
Kihler algebra such that the eigenvalues of ad,, x € t, are real numbers. A
normal j-algebra is a split solvable Kéhler algebra such that (x, y) = w[jx, y],
x,y € r,where w is a linear form on tv. Normal j-algebras will be denoted
(r, j, ). We note that normal j-algebras do not possess j-invariant abelian
ideals. Also, if ¢(x, y) = —(x, jy) is the Kdhler form then (3) says that ¢
is closed. On the other hand normal j-algebras are the split solvable Kihler
algebras whose Kahler form ¢ is exact.

Given a real vector space ¥ with an endomorphism ; satisfying j2 = —id
and a skew-symmetric bilinear form p, (V, j, p) is a symplectic space if for
any u,vev,

(4) p(ju, jv) = p(u, v), pju, u)>0, u#0.

Let © be a solvable Kéhler algebra and let u be an abelian j-invariant ideal.
Then s, the orthogonal complement of u is a j-invariant subalgebra (by using
(3)) hence a solvable Kahler algebra and for every x € s,

(5) jady—ad;, =ad, j+ jad;,j




RIGIDITY OF INVARIANT COMPLEX STRUCTURES 161

when restricted to u. Furthermore, (u, j, p) is a symplectic space and for
every x € s, ad, is a symplectic transformation of u. In fact, it follows from
(3) thatif u,veu, xer,

p(adsu, v) + p(u, adyv) = ([x, u], jv) + ([x, v], ju) = 0.

Conversely, let (u, j, p) be a symplectic space, let (s, j, ( , )) be a solvable
Kihler algebra and let u: s — g/(u) be a representation by symplectic transfor-
mations such that ad, u = u(x)(u) satisfies (5). Then u®s inherits a structure
of solvable Kihler algebra with u as a j-invariant abelian ideal.

Moreover, it was proved by Gindikin, Vinberg and Pyatetskii-Shapiro that
this construction is general, that is, every split solvable Lie algebra can be ob-
tained as above. We state their theorem and some consequences. All proofs can
be found in [6].

Theorem 2.1 (Gindikin, Vinberg, Pyatetskii-Shapiro). Every split solvable Kdhler
algebra (x, j, ( , )) can be decomposed into a semidirect sum

t=uds

where u is a commutative j-invariant ideal and s is a normal j-algebra. Every
normal j-algebra has an element s with the following properties:

1. [js,s]=s,

2. the operator adjs | is semisimple and has eigenvalues 0, 1, % with eigen-
spaces s, 1, 5} respectively,

3. jso=s1, js1 =g, j5£ =5y

2.1 Some consequences. See [6] for the proofs of the statements below.
1. The operator adj; |, is semisimple and has eigenvalues 0, i% with eigen-
spaces ug, u, satisfying ju;=u_;, A=0, +§.

2. [up, 51]1=0, [ug, 50] =0.
3. The decomposition of

t=uo®u%®u_%®5l®5o®s%

is orthogonal with respect to ( , ).
4. 3, the center of t, is a j-invariant ideal.

2.2 Decomposition of normal j-algebras. Let (t, j, (, )) be a split solvable
Kaéhler algebra with decomposition t = u @ s (given by Theorem 2.1) with
u abelian and s a normal j-algebra. According to the structure theorem of
Pyatetskii-Shapiro [8], a normal j-algebra (s, j, w) can be decomposed s =
a® n (an orthogonal direct sum of vector spaces) where a is abelian and n =
[s, s]. Moreover (i) the subalgebra n can be represented as an orthogonal direct
sum of the root spaces n, = {x € n: [h, x] = a(h)x, h € a} with respect to the
adjoint action of a on n; (ii) there are roots ¢, ..., &, r = dima, such that
Jja C n is the direct sum of the one dimensional root spaces ng,, i=1,...,7r,
and with proper labelling all other roots are of the form %ek , %(sk + &),
1 < k < m < r (although not all these need be roots). Also jn Lo = Plg and

™M (etem) = MaFem -

The following notation will be used frequently in this paper.

If (s, j, w) is a normal j-algebra we will let a denote the orthogonal com-
plement of n = [s, s] with respect to the inner product induced from w. Since
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ex(Jn,,) =0, m#k and e(Jn,, ) # 0, (see [2]) we will fix x; € n,, satisfying
&i(Jxk) = dik -

3. COMPLEMENTARY RESULTS

Keeping the notation of the previous section we prove now a series of lemmas.
First we note that given a split solvable Kihler algebra r=u@®s,

(6) v C u for any abelian j-invariant ideal v .

In fact, given v € v, write v = v, +v, with respect to the decomposition given
in Theorem 2.1. Now

0=[v,v]=[vu, vs] + [jvs, vu]+ [JVs , V5]

implies v, = 0 (since (vs, vs) = w[jvs, Vs]). In particular the decomposition
of Theorem 2.1 is unique.

Lemma 3.1. If (v, j, ( , )) is a split solvable Kdhler algebra then js € a and
uo @ a is an abelian subalgebra which coincides with its own centralizer.
Proof. We note first that a C s since by Theorem 2.1, [js, 5; @ 5%] =51 9s)
and the decomposition s; & sg @ 5 is orthogonal. Because [ug, so] = O it
follows that ug @ a is abelian.

We verify next that s given in Theorem 2.1 satisfies js € a. It is clear that
js € so thus s € 5. Now

([xou yﬂ], JS> = _([S’ XQ], .]yﬂ> - ([yﬂ’ S], j-x(l) =0
since a+1 and f+1 are not roots. To prove the last assertion let u+x € u®s
be an element centralizing uy @ a. In particular x centralizes a and by the
structure theory of normal j-algebras it follows that x € a. Using that js € a
one obtains that u € ug as claimed.

Lemma 3.2. If (v, j, ( , )) is a split solvable Kdhler algebra then 3 @ a is the
orthogonal complement of [t, t].

Proof. Clearly (3, [r, t]) = (j3, [t, t]) = 0 (see 2.1), thus 3 ® a is orthogonal
to [r, t]. Conversely if (ju +x,[t,t]) =0, u €u, x € s then u € uy and
x € a. Furthermore (ju, [u, r]) =0 if and only if for every v € u and x € r,

0=(ju, v, x]) =([u, x], jv)
or equivalently u (hence ju) is in the center j.

We observed that, as a consequence of (6), the decomposition vt = u @ s
of a split solvable Kihler algebra was unique. The following lemma shows in
particular that, up to an element in the center, there exists a unique s with the
properties listed in Theorem 2.1.

Lemma 3.3. Let (v, j, ( , )) be a split solvable Kdhler algebra and let 5 € ¢,
5 C v satisfying
(J) 5 is a subalgebra of v such that t = u® 35 (not necessarily orthogonal).
(j) adjls is semisimple with eigenvalues 0,1,1. If s, 2 =0,1,1,
denotes the corresponding eigenspaces then js, =75, J5, =3 -
Then 5—scj3 and 5;=s,.
Proof. We assume first 5 €5, . Since u is j-invariant, t/u inherits a structure
of a normal j-algebra. Moreover, if 7:t — tr/u is the quotient map, then
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n(s) and =(5) satisfy (i), (i1) and (iii) of Theorem 2.1. It follows from [6, p.
41], that n(s) = n(5) hence 5 =u+s, u € u. In particular ad;|, = adjs | .
Since [j5,5] =5 and [js, s] = s it follows that [ju, s]+ [js, u] = u. If
u=ug+u +u_) then it follows from 2.1 that [ju, s] = [ju% , §] and from

(2) that [juy, s]1=uy. Thus u={[ju, s]+[js, ul = uy + %u% — fu
# € ug. On the other hand if x €5, and u € uy then,
0= <[J§a X], .]u> + ([us JE]:' ]X) - <[x7 u]>§> = (‘xa .]u) - ([‘x> u], E)

Since [jS[x, u]] =[x, u] and 1 is not an eigenvalue of adj; in u it follows
that (5,up) =0 thus u=0 and 5=5.

If Secrthen S=v+5 with v €eu, 5€5. Since ad;f:5 — 5, 5 is a
subalgebra and u is abelian it follows that v € 3. Moreover, if j5 = ay+a +a,
with respect to the decomposition sy ®5; & E% then 0 =a; + %a% . Thus 5 €5
and S satisfies (j) and (jj) of the lemma.

The proof of 5; = s; is immediate from the fact s—s € 3.

Remark 1. It follows from (6) and Lemma 3.3 thatif (¢, j, (, ), (v, j, {({(, )))
are split solvable Kéhler algebras with decompositions

_1 implies

1
2

5
s

t=uds=uds
given by Theorem 2.1 then u=1u and s; =5;.
Remark 2. 1t was proved in [3] that the orthogonal complement of [t, ] in a

normal j-algebra does not depend on the metric. This fact together with the
previous remark and

(Ja, [v, <) = (U3, [x, D)

imply that the same result holds for split solvable Kihler algebras.

3.1 Decomposition of split solvable Kihler algebras. The next proposition is a
consequence of Theorem 2.1, the structure theorem of Pyatetskii-Shapiro and
Lemmas 3.1 and 3.2.

Proposition 3.1. If v = u® s is a split solvable Kdihler algebra and s = a®n is

a normal j-algebra with fundamental set of roots A = {¢,, ..., &} then
B=up® ) iy,
ieJ
where J C {l,...,r}, [a,uw] = 0, [jx;,u] = £3d4u, u € Uil and

[xi,u] = ju, u € Uy, - Furthermore, the previous decomposition satisfies
[u_ 1e,» B %ek] =0, i #k, hence, uy decomposes orthogonally
ug =3®Z[u_%£i, n%gl].
ieJ
Proof. Set b; = span{jx;, x;}, i = 1,...,r. Assume adjy,:u — u is not
trivial and let u =uj®u| @u’ | be the decomposition of u given by Theorem
2 2 .
2.1 when considering the split solvable Lie algebra uebh,. If u e v’ , [jx;, u] =
2

—1u and the Jacobi identity imply [x;, u] € u"% and [x;, ju] = 0. Thus, using
(2) one obtains

(7) [xi, ul = ju.

Also, from §2.1, [x;, v] =0 if v € u}.
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Let now k # i. Since [jxi, jxi] = [x, jx;] = 0, we may consider the
split solvable Lie algebra u| @ v’ | @ b, and apply again Theorem 2.1. If
2 2

Xy +x_ € u"% ou L, is an eigenvector of ad,y, with eigenvalue 1, since adjy,

preserves u’ and v | we have [jx;, x;] = szr and [jxi, x_-] = 2x_ If

x; #0, then 1 will be an eigenvalue of adj(x,+x,) - We thus get a contradiction
by considering the split solvable Kihler algebra u} ! ®u |, ®bh; , where
2

bi k= span{j(x; + Xx), Xi + Xk} .

Analogously, the eigenvectors of ad;,, with eigenvalue —% are in u) . Thus
2

u‘%=u_%€Buo , u u"%k=ju"_k%).

Let u e vk . By (7), [x,u] = ju and [x;, ju] = —u. Then
2

0 = [xilxk, wl] + [xelu, xi 01+ [ulxi, xi ] = —u

since [x;, x,] =0 and [u, x;] = 0. In particular we have proved that adj,, lu’,
ou ! is trivial hence uo contains the ﬂ:i eigenspace of adjy, . By repeatmg
this process we obtain the claimed decomposition where the set J = {i =

1,...,r:adjy, #0}.
To prove the last assertion we first note that

-y, 1ys,) C [y 541 C o

Thus, if u € U_lg» X €Ny, [jxk[u, x]] = 0 since, by Lemma 3.1, [a, up] =
0. On the other hand, by the Jacobi identity, if i # k, [jx[u, x]] = $[u, x].
Hence [u_%el, n%ek] = 0. In particular, if x € Nie ¥ €U 1,y € Mgy it
follows that [[v, y]x] = [y[x, v]] + [v]y, x]] = 0 thus ([y x] jlv,y)) =
([[v, y}x], ju) = 0. But, using (2) one shows that [u_%s ,ny,] is j-invariant.
Thus, the previous relation imply ([u_%sl, n%&], [“—%eA “leA]) =0, i #k.
Finally, because of Lemma 3.2 it follows that the decomposnion u =3P
[u% , 5%] =Y [u_ Le,» “%a,] is orthogonal as claimed.

4. VARYING THE COMPLEX STRUCTURES

Assume now that there exist two pairs (j, ( , )) and (j, {((,))) turning
(vyj,{(, )) and (v, j, ({ , })) into split solvable Kihler algebras. Then,
according to Theorem 2.1,

t=ud®s=uds

where u (resp. i1) is an abelian j-invariant (resp. j-invariant) ideal and s
(resp. 5) is a normal j-algebra. Let a (resp. d) be the orthogonal complement
of [s,s] =n in s (resp. [5, 5] =# in ). The main purpose of this section is
to understand the relation between u and i, s and §. The next proposition
shows that uy determines u.
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Proposition4.1. Let (v, j, (, ) and (v, j, {{, ))) be two split solvable Kdihler
algebras with ug = tig. Then u=1.
Proof. Decompose t, according to Theorem 2.1, into the eigenspaces of adj;,

t=(uo@5o)®51®(u%®5%)®U_% =to®t|€Bt%€Bt_%

and let {i be a ]’-invgriant abelian ideal. We will show that it C u. By reversing
the roles of j and j the lemma will follow.
If x € i, then with respect to the above decomposition

X=X+ X+ X, +x_y, [js,x]=xl+%x%—%x_%,
Uslis, xI1=x1 + gx, +gx_y,  UsUisUis, x)01 = x1 + gxy — gx_y.
Hence
iXy — 3x_y = Us, x1-UsUs, xl1 € &
and

Lxy + 3x_y = 2(Uss , x1] - UsLists., x11]) € &.
It then follows that all of the components of x are in {i or equivalently
ﬁ=ﬁﬂto®ﬁﬂt1 @ﬁﬂt% @flnt_% .
Let x€inr and yeineg, A€{0,1,},-1}. Then

0=((ljs, x1, j) + ({ly, Js), jx)) = {(x, Jy)) = A{{y, Jx)).

Since 1+ A # 0 it then follows that iiNnt; =0.

Let us now consider ﬁnc% =ﬁn(u%®s%). If x Eﬁﬂt%,and X=u+y
with u € uy and y € 5 then jx = ju+ jy € u_; ®sy and [x, jx] =
[u, jy1+ 1y, jul+ [y, jy] isin {i. Now, since [u, jy] =0, [y, ju] € ug = iiy
it then follows [y, jyl]€ iint; =0. From (3)

(W, Jyl, s) =(Us, ¥), jjy) +{Uy, jsl, jy) = =(v, »)

one obtains y = 0 hence iiN T Cuy.

Finally we show that {intg Cug. If x € intg then x = u+y,y €uy,y €s5p.
As above, by considering [x, jx] = [u, jy]+ [v, jul + [y, jy] € it and using
that [u, jy] = [y, ju] = O (see 2.1) one thus obtains [y, jy] € inr = 0.
Arguing as above one shows that y = 0 and the proposition follows.

If (v,j,(,)) and (r, j, ({(, ))) are two split solvable Kihler algebras we
let

u=uo€Bu%€Bu_%, 5=506951®5%

respectively

U=ty @iy ®u_y, =505 95,
be the decompositions of u, s (respectively, i, §) into eigenspaces of adjq
(respectively ad;;).

Proposition4.2. Let (v, j, (, )) and (v, j, {{, ))) be two split solvable Kéhler
algebras with uy®a=1g®a. Then
(1) up =1tip (hence u=1),
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(ii) u yOu_y = ﬁ% @ﬁ_%, the orthogonal complement of uy in u with respect
to both metrics coincide,

(iii) j§€3@a,jsezda,

(iv) (81, u) =0.
Proof. (i) Decompose orthogonally with respectto ( , ), up®a=3dvda and
with respect to (( , ), @ da=3®0®d. If x €v then x =z + 9 +a with
respect to the last decomposition, hence, since x and ¥ are in [t, t] one has
z+a=0 thus v C 6. Similarly 6 Cv hence yy=3 0 =300 =1g.

(ii) Decompose u with respect to both metrics

u=uo€Bu%€Bu | =ﬁ=ﬁo®ﬁ%@ﬁ_l.

Let x eug | and y € uy. From (3) and using the fact that u is abelian one has

S 0=((ls, x1, jy)) + (v, Jsl, Jx)) = £((x, j)).
Now, since ug = iiy is j-invariant (ii) follows.
(iii) We note that v, the orthogonal complement of 3 in ug, coincides with

[u_% , 5%]. By (1) above v = [ﬁ_% , §%] thus if u € ﬁ_% , VE §% then by (3)

(S, ul, jy) + (v, 31, ju) +(lu, ¥1, jJs) = ([u, y1, jjs),

thus (j§, v) = 0. Since j§ € uy @ a it follows that j§ € 3 ® a as claimed.
(iv)if x €5 ,yeiy, A€{0,1, }} then

0=([Js, x1, jy) +{ly, JS1, jx) + ([x, ¥, jJ3)
= (1+A)(x, jy) +(lx, v, jJs).

Since j§ € 3@ a (by (iii)) the last term above vanishes hence (s, 1) = 0.
By (i) above, u = i, thus the proposition follows.

We showed in §3 that ug®a is abelian and coincides with its own centralizer,
hence it is a Cartan subalgebra. It follows from [1] that two Cartan subalge-
bras of a solvable Lie algebra are conjugated. Hence this fact together with
Proposition 4.2 imply
Corollary 4.1. If (v, j,(, )) and (v, ], {( , ))) are two split solvable Kihler
algebras then there exists an automorphism o of v such that a(u) = i. In

particular, in any split solvable Kdihler algebra the dimension of the abelian j-
invariant ideal does not depend on the complex structure.

We are now in a position to prove the main result of this section.
Theorem 4.1. Let (v, j,(, )) and (, ]’,~<( , ))) be two split solvable Kdhler
algebras with ww®a=1g®a. Then js— j§e€y. In particular
Uy =iy, Ae{0, +5} and s,=35;, Ae{0,1,3}.
Proof. By Proposition 4.2, j§ € 3 ® a hence ad;; preserves s. We consider

next the decomposition of s into eigenspaces of ad;;, s =5 ®5 ©5, B5_, .

55 3 3
Now 5_1 =sNu ! and by 4.2 (ii), fl_% Cu thus 5_, =0. Also 5, = sN§

—~1 -1
7

and sincé 5 Cs (see 4.2) one has 5, =5, . Thus s =5, @ 35, GBE% .

Moreover, by the structure theorem of normal j-algebras (see 2.2), ady,
h € a, is a selfadjoint transformation of s, hence the previous decomposition
is orthogonal with respect to { , ).
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We show next that j; =35, (hence j§)=8§, and js, =5,).

1 1
2 2

0=([j$, xI, j») +(lv, J51, jx) = 5(x, jy)

NSRS

since [51,3%]=0. If x,y €35 then

0=([Js, xI, jy) + (v, Jsl, jx) = 2x, jy)

since [5;, 5] = 0. Thus j§ =3, as asserted. Applying now Lemma 3.3 we
obtain —jj§=s+2z,z €3 or j§— js € asclaimed.

5. RIGIDITY OF COMPLEX STRUCTURES

Given a solvable Lie algebra t admitting a structure of a solvable Kahler
algebra, it will be the purpose of this section to describe all pairs (j, ( , ))
up to isomorphism (equivalence) turning (t, j, ( , )) into a solvable Kéahler
algebra.

We will say that (¢, j, (, ) and (¢, j, ((, ))) are isomorphic if there exists
a Lie algebra isomorphism o such that jo =g (i.e. ¢ is complex linear).

When the Lie algebra isomorphism is complex linear and orthogonal, the
triples (t, j, ( , )) and (&, j, ({(, ))) will be said to be equivalent.

We will consider the cases t abelian then t a normal j-algebra, and finally
v a split solvable Kéhler algebra.

5.1 v abelian, t = R?". If we fix an almost complex structure j in R*", (that
is, j2 = —id) then any other almost complex structure j satisfies j = t7!j1
for some 7 € GL(R*"). If

GL(C") = {T € GL(R*): Tj = jT}

then t;'GL(C") is the set of complex linear isomorphisms of (R?", j) —
(R™, J).

52 t=(s,Jj, w) anormal j-algebra. Given (s, j, w) a normal j-algebra,
it follows from Corollary 4.1 that if (s, j, ((, ))) is a solvable Kahler algebra
then it must be a normal j-algebra. If the normal j-algebra is irreducible, it
was proved in [5] that, up to conjugation, there is only one isomorphism class of
j on s. In particular, irreducible homogeneous bounded domains admit only
one (up to conjugate) complex structure with a fixed group of automorphisms.

5.3 (tr,Jj,(, )) asplit solvable Kihler algebra. Let t be a split solvable Lie
algebra and let (j, ( , )) and (j, ((, ))) be two pairs such that (t, j, {, ))
and (t, j, (( , ))) become split solvable Kahler algebras. If ug®a = g & a
it follows from Theorem 4.1 that u; = 1;, 4 € {0, 1/2, —-1/2} and s; = §;,
A€{1,0,1/2}, in particular a =a.

If A={¢e,...,&} and A={é, ..., ¢} are the sets of fundamental roots
of (s,7,(, )) and (s, ], (( , ))) we may fix a permutation u € S, (see
[5, Remark 1]) satisfying £,; = & . Let x;, X; be the elements in ng , ng
such that &(jx;) = &%) = 6; «, k = 1,...,r. Since jx; (resp. j%),
k=1,...,r,is a basis of a (resp. a) it follows that jx, = Za{‘]’fc,. Then
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Eui)jXx = ak, and on the other hand &;jx; = ;. Thus ak, =4, or
equivalently
(8) JXk = JXu(h) -

Using the root space decomposition of a split solvable Kihler algebra one easily
verifies that

Moo = Moo Miare) = Muniu) > Mo T Mawo  Yia T Uil
In particular
(9) Xu(iy = MiXi, ui #0.
Furthermore, it is proved in [5],
(10) if 4(&; + ;) is a root then p;u; > 0.
For any subset I C J ={1,...,r} we set

= Z[u_%, n;]@zu?_ @Zu_; @Zjne,.

iel iel iel iel
(1 l) Ne;te;)
@Z(ngiean%)@ Z —5 -
iel i,jel,i<j

If I corresponds to indices i such that u; >0 and I~ = J — I we denote
v+ =14, ty- =t_. It follows from (10) that if }(e; +¢;) is a root then the
indices i, j are in either I* or I~ . Thus v, Nt_ = {0}.

Lemma 5.1. —jj is a selfadjoint transformation on [u, s] ® s, positive definite
on v, and negative definite on t_ .

Proof. Let u €Uy, = Uy, ~and v Euy, =uy . From ju=[x;,u] =
i [%uiy, ] = ;-ju and ju = p;jv we obtain

. 1 -
(12) ]j=—EI onu_g, JJj =—u;il on Ulg, -

If ye M (o)) * the integrability condition implies that [x;, y] = jy, [X.), V]
= jy. Hence on Yoy (4s,) We have

N . l
(13) Ji=—ul onnye ., Jj= _ll_jl ON Ny g
Moreover, it follows from (8) and (9) that
N . N . 1 .
(14) JiXj = —W1jxj, JJ=——JXj.
Hj

We show next that jj is selfadjoint on n Lo -
If x,y € ny,, then (jjx,y) = —(jx,jy). From (3) (I, jx], xi) =
—(jx, jy) and from (2) [y, jx]=—[jy, x]. Hence
(jjx,y) =y, jx], x:) = =(ljy, X1, x;) = (x, jjy)
and jj (hence jj) is selfadjoint. Furthermore, from
Xu(i)

[x, jx] = ([x, jx], x”ﬁj = ({[x, Jx], %))

O(Xy(iy)




RIGIDITY OF INVARIANT COMPLEX STRUCTURES 169

we obtain
([x, jx], x;) = 5%%#:‘(([% Jx1, Zuiy)) -
Thus
% — 3 . _ ~ .__Cl)(xl') NTE ~
(Jix, x)=-(x, jx)=([x, jx], x;) = d,(xﬂ(i))u.(w, Jx))

and the sign of jj on n be, depends on p; as claimed.

According to Proposition 3.1, uy = 3692[“—%3,- , “%e,-]- Thus if ug=[u, x] €
[u_y,,» y,] and w € uy one has jjlu, x1=[u, jjx], hence

(Jilu, x1, jw) = ([u, jjx], jw) = (lw, jjx], ju).
Again, from jlw, jx] = [jw, jx]+[w, jjx]+ jljw, jjx] one obtains

[w, jx] =[jw, jjx] (both are in U,)
[Jw, jx]=-[w, jjx] (both are in u_%si).
If we substitute the last equality in ([w, jjx], ju) above, we obtain
(Jjlu, x1, jw) = = ([Jw, jx], ju) = =([u, jx], jjw)
— (jlu, x1, jjw) = ([, x], jjjw).
Thus jj is selfadjoint on 3 [u_ Lo B %ei] . Note that the eigenvalues of jj on

[u_y,,» ny,,] coincide with the eigenvalues on ny, since jj[u, x] = [u, jjx].
Hence the lemma follows.

Remark 3. It is not true in general that given (C", ) and (C", j), the transfor-

mation jj is selfadjoint. For example, if n =1, j = (97') and T = (}¢),
— 1 (a-2 i (-2t g
b # 0, then considering j = TjT! = ( —r ) one obtains jj = (—(ain) _b).

Remark 4, Let j and j be two endomorphisms of a vector space V' such that

j2=j*=—I. Assume —jj is selfadjoint and decompose,
V=vieV., Vi=) W, V.=) N
>0 A<0

where V; stands for an eigenspace of —jj. Then V., and V_ are j (resp.
J) invariant. (This is clearly so since from jjx = Ax one obtains jx = —}jx
hence jj(jx) = ljx and jj(jx) = 1jx.) Furthermore on V. one has j
equivalent to —j. In fact, if x € V;, 1 >0,

~ ~ . ~ l . ~ a1, 1 .
J=iDix=adjx = —jx,  (=j)i(x) = pix
A2 A2

and similarly j is equivalentto —j on V_.

Theorem 5.1. Let (¢, j,(, )) and (t, j, ({, ))) be two split solvable Kihler
algebras. Then )
(i) v splits into a sum of j and j invariant ideals, v =3 d v, Dr_.
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(i1) There exist a complex linear automorphism a,: 3@ty — 3® v, and a
conjugate linear automorphism a_: 3dt_ — 3Dtr_.

Proof. If o is an automorphism of t such that o(ug ® a) = fip ® a then
(e, j,{{ , ))) is equivalent to its pullback via ¢. Thus we may assume
Uda=uyda.

Setting v, and t_ asin 11, it follows from Remark 4 that both are j and j
invariant. Also, nonzero brackets may appear only when considering elements
of v, or t_ hence t, and t_ are ideals. Since 3 is also j and jinvariant (see
2.1), (i) follows.

To prove (ii) there is no loss of generality in assuming 3 ® r, = t (since
we may change j by —j in t_.) We will also assume that 3 = 0 and show
that there exists an automorphism a.: t — t such that jo, = a,j. For that
purpose define o, as follows

asu=(—jj)iu, UE€u;

a+h =h 5 h € a;

Qe Xi =HiXi, Xi € ng; ;
1

_ (&)’ .

a+X —_ <,u_]) X ) X € n%(gl_sj) 3
1

X =(Uipj)Ix, X E€Nyg e

1 ~ 1
X =pi(=JJ)IX, X €Eny.

It is not hard to check using Remark 4 and equations (8), (9), (13) that
ja, = a,j. We show next that o, is an automorphism.

elf ueu,, hea, afu, h]=ah)a,(u)=1[h, aru];

o if u€uy , x €ny, ., then using (12) aylu, x] = (u;)2[u, x] and
lopu, ax] = [pfu, (45)2x];

o if ue U_tes X € Mug ey then (3) implies {u, x] = [ju, jx] hence

aifu, x]1=a.lju, jx] = [asju, ayjx] = []a+u, Joux] = [aqu, ayx];

oif u€u_y, , x €ny, then ayfu, x] = [u, (=jj)ix] = #[u, ayx] =
lasu, ayx] (since jju = —/%u);
o if ug=1[u,x],uc U_lg s X €nyy and y € n;, then a.f[u, x], y] =

(ui)¥[[u, x]y] and
[asl, x1, @4yl = w2 (=) u, X1, (=J)y] = aullu, x1, ]
where the last equality follows from
(=ji)tuo, (—]j)ix, jv)= (v, (=]j)x], j(=jj)}uo)
= ((—Jj)v, x], j(=Jj) ue) = ([v, x], (=] j)*j(=]j)?uo)
=([v, x], j(~=]jj)uo) = ([v, x1, juo) = ([uo, x], jv).

It was proved in [5] that o, is an automorphism when restricted to s thus
our assertion follows. If ; # 0 we define a, when restricted to the center, as
any complex linear transformation (compare §5.1).

From the previous theorem the next corollary follows immediately.
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Corollary 5.1. Let (t,j,( , )) and (¢,],(( , ))) be split solvable Kihler
algebras with (x, j, ( , )) irreducible and v isomorphic (as Lie algebras) to t.
Then either (t, j,{ , )) is isomorphic to (¥, j,{{ , ))) or it is isomorphic to

(& =7, ().

6. PROOF OF THEOREM 6.1

As we mentioned in the Introduction, the proof of Theorem 6.1 rests on
modifications of solvable Lie algebras. Many authors have previously used this
notion (see for example [1, 4, 7]). We essentially follow [7].

Let (v, j, (, )) be a solvable Kihler algebra, let (R, j, ( , )) be the cor-
responding simply-connected Kihler solvmanifold and let G be the group of
automorphisms of (R, j, ( , )) with isotropy subgroup K at the identity in
R . We denote by g and ¢ the Lie algebras of G and K respectively.

Let ¢:t — ¢ be a linear map satisfying

L. [¢(r), ] Cr,

2. (I + ¢)r is a solvable subalgebra of g,

3. [¢(x), T+ @)l C (I + ).

The subalgebra (I + ¢)v is a normal modification of v and the map ¢ is a
normal modification map. If R? denote the connected subgroup of G with Lie
algebra (I + ¢)r then R? is said to be a normal modification of R.

According to [7, (2.10)] and because R is simply connected, R? acts simply
transitively on R. Thus (I + ¢)t inherits a structure of a solvable Kahler
algebra; furthermore, if v is irreducible, its normal modification (I + ¢)r is
also irreducible. If (j¢,( , )4) denote the pullback to R? of the Kahler
structure (j,(, )) on R, it is clear that G can be identified with the group
of automorphisms of (R?, (¢, (, )4).

According to Dorfmeister [4] every solvable Kéhler algebra can be modified
to obtain a split solvable Kahler algebra. This result together with Theorem 5.1
imply

Theorem 6.1. Let (M, j,( , )) be an irreducible Kdhler solvmanifold with
M simply connected and G the group of automorphisms of M. Then any
other Kdhler structure (j, (( , ))) on M with group of automorphisms G is
isomorphic to (j, { , )).

Proof. Since M is simply connected, it can be identified with a solvable
Lie group R. Thus we are reduced to consider the solvable Kihler algebras
(e, 7,(, )),and (v, j,((, )) with (r, j, (, )) irreducible. Furthermore,
after a series of modifications, we end with (t;, j, (, )) and (¢, J, ((, ), t|
split solvable [5] and (x, j, ( , )) irreducible. By Theorem 5.1 there exists
a complex linear or conjugate linear isomorphism from (v;, j,{( , )) onto
(e, J, ((, ))) which can be lifted to a biholomorphic map from (M, j, (', ))
onto (M, £j,((, ).
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