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LOCAL INTEGRABILITY OF MIZOHATA STRUCTURES

JORGE HOUNIE AND PEDRO MALAGUTTI

ABSTRACT. In this work we study the local integrability of strongly pseudocon-
vex Mizohata structures of rank n > 2 (and co-rank 1). These structures are
locally generated in an appropriate coordinate system (t. , ...y tn, X) by flat
perturbations of Mizohata vector fields M; = - it; 6x ,Jj=1, , n. For

this, we first prove the global integrability of small perturbatlons of the struc-
ture generated by % + 0 2, aoa +a;Z, j=2,....n, defined over a

manifold C x S, where S is snmply connected.

1. INTRODUCTION

The local solvability of overdetermined and underdetermined systems of vec-
tor fields has been studied with some generality under the assumption that the
structure generated by the vector fields is locally integrable and has co-rank
equal to one [16, 4, 5]. It is thus natural to study the local integrability of
structures of co-rank one. In this work we prove that a formally integrable (i.e.
involutive) structure of co-rank one and rank n > 2 is locally integrable if it
is strongly pseudoconvex, a result analogous to Kuranishi’s embedding theorem
for CR-structures as extended by Akahori [8, 1]. These structures, here called
Mizohata structures, are locally generated in an appropriate coordinate system
(tyy..., ta, x) by n vector fields

20,0
a;,  Wax TPaxe

where p; is flat at ¢ = 0 [17], i.e., they are flat perturbations of Mizohata
vector fields. The problem of local integrability is equivalent to the problem
of finding new local coordinates where the structure is generated by the vector
fields (1.1) with p; =0, j=1,...,n For n =1, Nirenberg [11] showed
that it is possible to select p; so that the corresponding structure is not locally
integrable whereas our result shows that there is always local integrability if
n > 2; so, only the case » = 2 remains open.

To prove our result we follow, loosely speaking, the method of Kuranishi
which consists in approximating the given structure by a sequence of locally
integrable structures. This sequence is constructed by using a Nash-Moser

(1.1) M; = j=1,...,n,
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scheme.The success of this approach is linked to the existence of homotopy
formulas at the level of one-forms for each one of the approximating struc-
tures. Furthermore, the homotopy operators involved should have adequate
continuity properties in some scale of Banach spaces. In our proof, instead
of dealing directly with the structure .# generated by vector fields (1.1), we
first introduce polar coordinates in ¢. This change of variables becomes singu-
lar precisely at the characteristic points of .# . This blows up the nonelliptic
points of .# and we are left with an elliptic structure .%° generated by vector
fields

L1=a—?+0'[£,
1 ) o
Lj’—'m'{'ﬂ'j&, _]=2,...,n,

where z = x +is = x + i(|¢|*/2) and the g;’s are smooth functions of s,
vanishing for s < 0. It is to the structure % that we apply the method of
Kuranishi. The homotopy operators for the structures that approximate .2
have explicit integral expressions. In this respect, as well as in other tecnichal
details, the proof runs closer to Webster’s proof of the theorems of Kuranishi
and Newlander-Nirenberg [19, 20, 17]. The price to pay for considering the
better behaved elliptic structure . is that one has to prove integrability globally
in @ € S""1. It is easy to show that global integrability for . implies local
integrability for ./ .

Concerning the case of rank n = 2, Nagel and Rosay [10] proved recently
nonexistence of homotopy formulas for CR-structures of hypersurface type,
explaining why this case cannot be handled like the case of higher rank. This
argument can be adapted to show that homotopy formulas do not exist either
for locally integrable Mizohata structures of rank 2 [7].

The organization of this paper is as follows: in §2 we state the main theorem
and introduce the elliptic structure ., in §3 we prove the required homotopy
formulas, in §4 we prove the continuity of the homotopy operators in Hoélder
norms, in §5 we briefly state the needed facts about smoothing operators, in the
extremely long §6 we prove that the Nash-Moser scheme converges, thus proving
the global integrability of . and, finally, in §7 we show that the integrability
of & implies that of ./Z .

The authors are indebted to Professor Treves for teaching them about the
work of Webster in his lectures at Recife as well as for pointing out reference
[10].

2. EXISTENCE OF A FLAT SOLUTION FOR A MIZOHATA STRUCTURE

Let Q be a paracompact manifold of class C*> and dimension N. We
consider a subbundle . of

CTQ=Co®TQ.
Definition 2.1. & is a formally integrable structure if [.£, L] C &, that is,
if the Lie bracket of two local sections of .& is still a local section of & .
We put n =dim.¥ and m = dim.Z+.
The characteristic set of & is

C(&L)=Z+*nT*Q
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and the natural projection of C(#)\0 over Q is a closed set called set of the
nonelliptic points.

We now take (p, &) € C(¥), £#0. If v, w € & we choose local sections
L and M of & defined in a neigbourhood of p sothat L(p)=v, M(p) =w,
and we put

0.0, w) = 5:L(IL, MI)p).

This definition is independent of L and M . We define the Levi form of ¥
at (p,¢) by
v 0, o(v,v), vEZL,.

6, ,¢) 1s a hermitian form and therefore it has a diagonal real representation.

Definition 2.2. & is locally integrable if, given p € Q, there exists a neigbour-
hood U of p and C* functions z, : U - C, k=1, ..., m, such that their
differentials generate £+ over U.

Definition 2.3. Let .# be a formally integrable structure of dimension n over a
manifold Q of dimension n+1. .# iscalled a Mizohata structureif C(#) # 0
and the Levi form associated to .# is nondegenerated at every point of C(.Z).

It is clear that Definition 2.2 is more restrictive than Definition 2.1. We will
prove the equivalence of both definitions for a class of Mizohata structures.
More precisely

Theorem 2.1. Let # be a Mizohata structure over a manifold Q of dimension
n+1, n>2. If # is a strongly pseudoconvex structure, that is, if all the
eigenvalues of the Levi form associated to # are positive (or negative), then N
is locally integrable.

First, we need the following lemma.

Lemma 2.1 [17]. Let .# be a Mizohata structure of dimension n over a man-
ifold Q. There are a system of coordinates defined in a neigbourhood U of an
arbitrary nonelliptic point p € Q, a nondegenerated quadratic form Q in R"

and functions p;j, j=1, ..., n, defined in U, such that
(i) pj isflatat t=0, j=1,...,n.
(i) & is generated over U by
0 .0Q 0 0 .
= = — =1,... .
1= 5 'agax TPax ST 00
Moreover, # is locally integrable in a neighbourhood of p if and only if
there are coordinates (x,t;, ..., t,) and a quadratic form Q as above such
that pj=0, j=1,...,n.

When .# is strongly pseudoconvex, we can take

1
Q(tl,...,t,,):z([%+...+t3)

and so we can assume that p = 0 is a nonelliptic point of .#, Q = R"*! and
A is (globally) generated by the vector fields

_0 00
ot Yox Pigx
where p; are flatat t=0.

(2.1) M; j=1,...,n,
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Now, we use polar coordinates for ¢ € R":

=\/t}+ - +12, 6esnt.

We fix a local chart (6;, ..., 6,_;) of S"~!'. Then .# is generated by
~ 0 0 0
MI—E; 8x+p'8x
(2.2) ~ P ) -,
Mj=8—49;-_—1+pj;?_x.’ j=2,3,...,n,
where p; are flatat r=0.
We now take
2
(2.3) $=5 0=0 and x=x.

When r > 0, (2.3) defines a change of coordinates and we can write (2.2) as

Ml#z_i\/z_s<i+i§) + pi(x, V2s, 0)5(?—,

0
# Vs, P
M; = 6011+p1x 0 j=2,...,n.

When r =0, (2.3) is not a change of coordinates, so (2.2) and (2.4) do not
have the same solutions because

(2.4)

r2
re—§=—

becomes singular at r = 0, but we will see that a solution of (2.4) will yield a
solution of (2.2).
Now, since

B'—(i‘—’—\/l/z_—z_{’_”l) and  p;(x, Vs, 0)
N

are also flat at ¢ = 0, we can extend them to be zero when s < 0 and therefore
we can study the structure generated by

0
L= 6z+alaz
(2.5) 9 P 5
Li=—— — =2,...
)] aej_l+ajaz> J ) s 1,
where z = x +1is and og;, j=1,...,n, are C* functions vanishing for

s=Im(z) <0.

The structure . generated by (2.5) is an elliptic structure over C x S"~!;
therefore it is locally integrable [15], but this depends on a localization in 6 €
S"-1 which is not enough to cover a full neighbourhood of the origin in the
original coordinates.

An invariant way of treating this problem is the following: we fix a canonical
chart z of C and we consider a compact manifold S instead of S"~!. We
also consider the structure

(2.6) o = (dz)t
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defined over C x S. We want to study the perturbated structure .2’ given by
(2.7 L =w), w=dz-ogdz-o,

where ¢ is a smooth 1-form in § which depends on z as a parameter, g,
is a C* function defined in C x S and both are flat at Im(z) = 0. When
S = 8""! we get a structure as in (2.5).

We now consider the complex associated to & :

C®(C x §)2C=(C xS, ALZ*(C x S))

(2.8) ] s
2LC®(C xS, NZ*(CxS)Zs ..,
k A(C x S)
2.9 FHCxS)= N X2 gy, N,
(29) N 27 €xs) ZnN(ECxS)

where £ is the ideal generated by the sections of .+ in Zﬁlzo /\k (Cx.S) and
Oy is the operator induced by the exterior derivative in the space (2.9).
Using the decomposition

(2.10) CT*(CxS)=(w)® (dz)® CT*S ,
we can write
(2.11) 50f=<g—;+a.g-§>d?+dsf+g—§o
where ds is the exterior derivative of S.
Indeed,
(2.12) df = (g—§+alg—£> d?+<d5f+ag—£>+wg—£.
So, the equations
(2.13) Lif=0, j=1,...,n,
where L; are given by (2.5), can be invariantly defined by
(2.14) 6of =0,
taking S = S"L.

3. A HOMOTOPY FORMULA FOR & = (dz)*

Let S be a simply connected compact orientable manifold of dimension
n—12>2. We fix a Riemannian metric in S.

We consider in C x .S the globally integrable structure ./ given by (2.6).
We will construct a homotopy formula for the complex associated to % :
(3.1)

X4 x4
C>(C x §)2c™ (c xS, /\ly*(c x S)) I, (C xS, /\ZM*(C x S))

A€ xs)

% ko _
2, N\ HHCxS) = @

at the first stage.
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More precisely, we will construct operators K; and K, such that
(3.2) K0 F+6K\F=F inAxS
forall Fe C*(CxS, /\IM*(C x S)), where A is the unit ball of C.

According to the Hodge theorem, it is possible to find operators K7 and K5
such that

(3.3) dsKi + K5ds =1
because S is simply connected. Here dg is the exterior derivative in S,
(3.4) K{ =d3G, and K5 =diG,

where G; is the Green operator for the Laplaceanin S, i=1, 2.
If FeC>®(CxS,\ &*(CxS)) then F has the following unique decom-
position:

(3.9) F=w+¢rdzZ,

we C®(C, C®(S, \S)) and ¢ € C(C; C>(S, N'S
So,

(3.6) 5;”F=a;f(w+¢/\d7)=d5w+(—1)f%‘§m7+ds¢/\d7.
Now, we define

(37) 1) =5 [ .t|<lr—zd tAdT,  zeA.
We know that

o

(3.8) 55 TN =1(2), zeA
Then we define

(3.9) K\F =K} (w—-dsT¢) + Té

for F=w+¢dzZ e C*(CxS; N'#*(CxS)), and

(3.10) K)F =K ¢dz + K5 w

for F=w+¢AdzZe C®(C xS, N> &*(CxS)).
Since Kf comutes with the Laplacean of S, it also comutes with dg and
with §/0Z. By (3.6), (3.9), (3.3), and (3.8),

50 ( ) dsK|F+ai_(K|F)dZ

=dsK} (w - dsTo) + dsTé
sdw 5, 0 L9 -
+[K| 55 ~ Kidsgz(T9) + 5=(T¢)| dz
= w-dsT¢ - K5 ds(w — dsT¢)

+dsTé + [K,S (d“’ dsqS) + ¢} dz

(3.11)

=w- K$dsw— KS (dsqs - —) +¢dz

in Ax S, because ds’ =0. So, (3.2) is proved.
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On the other hand, we can put (3.9) in the following form
1
— kS
(3.12) KlF_K1w+G(S)/ST¢dJ

for F = w+¢dz € C°(Cx S, \N'&*(C xS)), where do is the volume
element in S. Indeed, we consider v = ds" G (w), w = dsf. Then (3.3)
implies @ = dsd;G w and ds(v - f) =0.

Hence from (3.4),

(3.13) Kidsf - f=dsGdsf - f=c,
¢ constant. But
(314) /S’UdO' = (’U, l)Lz(S) = (dS*GIO), I)LZ(S) =0

then (3.12) follows from (3.9).

4. HOLDER REGULARITY OF THE HOMOTOPY OPERATORS
Let K be a compact convex subset of R'. We define

(4.1) |u|a = sup |u(x) - u(y)’
x,yeK |X _y|a

for ue COK) and 0<a<1.
If ue CK(K) and k <a <k +1, k positive integer, we put

(4.2) jula = D 107 ulai
[Bl=k
and
(43) llle = 2o+ 2o 1o = supu].

We can define C*(QQ) when Q is a compact manifold using coordinates
and a partition of unity as usual. We can also define the spaces C*(Q; E) of
sections of a bundle E over Q. Given Q C C x S possibly noncompact, we
want to define the space C*(Q, A’ T*(C x S)). For this, we fix a chart z of
C and using it we can define a norm which we denote by

(4.4 ([

If we fix a chart z of C, the norms coming from different coverings and
partitions of unity on S are equivalent.

We want to study the Holder regularity of the homotopy operators K; and
K, constructed before. For this, we fix a chart z of C and we take

(4.4) F=w+¢dz € C* (CxS,/\l.sa/*(CxS)>

then F belongs to C* if and only if @ and ¢ belong to C*.
Now, we claim that there exists a constant C = C(a) > 0 such that

(4.5) 1K Flly.; < CIIFlly 5
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forevery F € C*(CxS, /\I.M*(CxS)), m < a < m+1, m integer positive (A
is the unit ball of C). Indeed, we fix a covering {U;, 6} of S by coordinate
neighbourhoods and a subordinate partition of unity {x;} . Then

1
(«.6) Pl < ISl + s | [ Tode]
and so
@) IKiFll; < 1Kol +Cldll,;
because
1.
nz

maps C%(A) into C!'**(A) [2] and the regularity in the variables of S remains
the same.
From now on, the letter C will be used to denote several universal constants.

IKFol|a.: =sup|Kiw(z, 0)|

x AxS

(4.8) 'Y Y W 1028 x;K (2, 6;) — 00 x;Ki(2', 6))
g (Iz=21+18; = gy~ '

7 1Bl+I7l=m2%S

Since
82 x;(K§0L w)(z, 6;) — 8] x; (K30 w)(z, 6))]
(4.9) 16; — 041%™
< C||KF0f w(z, )llciira-ms)

and
B ’ B ' opr
aoyleig 32 CU(Z, 0]) - aZ (U(Z ) 0})
|z — z'|e—m
(4.10)
B _ a8 /
S C KIS 6Z w(z, .) az CL)(Z 5 .)
|Z — zlla—m
CI7I(S)

using the fact that K7 is a continuous linear operator from C"(S) into
Cn*(S), n > 0, n &€ N, we get (4.5). A proof of this continuity can be
found in [2].

Similarly, we can find another C = C(a) > 0 such that

2
411)  ||KFlls: <C|F|l,., Fece (c xS, \ &*(Cx S)) .

We must note that K; and K, do not gain a derivative as in the Newlander-
Nirenberg Theorem but we do not need to shrink the domain A x .S to get the
estimates (4.5) and (4.11).

Now, we know that there is a continuous linear extension operator [14]:

(4.12) e: C*(AxS)— CC x S)

Then we take
(4.13) Ki=n-(eioK)), Ky=n-(e20K3),
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where 7 is a smooth function supported in A, , the ball of radius 2 at the origin
of C and ¢; is an extention operator acting in C*(Ax S, A'&*(CxS)), i =
1,2, asin (4.12).

So, for F € C®(C x S, \' #*(C x S)) ,we still have
(4.14) S K\F+K 0¥ F=F inAxS.

Now supp IE’,F , supp IizF C Ay x S, and the inequalities (4.5) and (4.11)
are also valid for K; and K, respectively.

5. SMOOTHING OPERATORS

Let K be a compact subset of C. We consider a covering {U;, 6;} of S
by coordinate neighbourhoods such that 6;(U;) is contained in the ball B,
of radius 1 and center 0 in R"~!. We can also fix a partition of unity {¢;}
subordinate to this covering and denote by z the canonical coordinate of C.

Given f € COCxS) withsupp f CK xS, f=3,fj, fij=¢,f. Let F;
be the expression of f; using (z, ;) as coordinate.

Let x be a function of #(R™!) such that § € C®(R"*!) (Fourier trans-
form in R"*!) and y =1 in a neighbourhood of the origin.

We define

(5.1) SnFj=w - (xn*F))

where yn(x) = N**ly(Nx), N>1,and y € C°(R*"!), y =1 in a neigh-
bourhood of K x B;.
Putting SNf] = (SnFj)o(z, 01) , then

(5.2) Suf =Y Snf;
J

is called the regularization of f.
The following estimates are known for f € C*(Cx.S) with supportin K x.S':

(53 IS5 /1ly: < CN* (|l <8,
(54 I =SSl SCNP=2Ifllgs,  Bsa.

6. PERTURBATIONS OF GLOBALLY INTEGRABLE STRUCTURES

Theorem 6.1. We consider the structure & given by (2.7) where o and a, are
smoothin Cx S. Let a € R, 0 < a < 1. Then it is possible to find ey > 0 such
that, if

(6.1) 101]]ive.- < &  and  ||0]|isa.. < &0
CxS CxS

then & is semiglobally integrable.

In others words, if (6.1) holds for ¢, suficiently small, then given R > 0,
there is a function Z,, defined in Ag xS, with nonvanishing differential, such
4

that
(6.2) 002 =0 1in Ag x S.

Here Ag is the ball of radius % and center 0 € C and J; is given by (2.8).
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Corollary 6.1. We consider the structure . given by (2.7). Let a € R, 0 < a <
1. Then it is possible to find €y > 0 such that, if (6.1) holds, then & is globally
integrable.

Theorem 2.1 will also be a corollary of Theorem 6.1.

Proof of the Theorem 6.1. First we take R = 1. Using the Nash-Moser pro-
cedure, we will construct a sequence {z,} of C* functions defined in C x §
such that z, —» z., when v — oo in C'“’(A% xS),0<a<l,and

(6.3) F =(dzoo)t in Ay xS.

We consider the complex (2.8) associated to .. According to the decom-
position (2.10), we can write

(6.4) dof = (Lifdz, Ly f)
where
0 0

(6.5) Lf= f+0'16§ and Laf=dsf+8—£0'

Here o, isa C* function defined in Cx S, L,(f) is a smooth 1-form in
S and we regard z as a parameter. Using coordinates (z, 6y, 60>, ..., 6,_1)
and 0 = E?:z gjdf;_,, (6.5) assumes the form
(6.6) Lif=0

where L; are given by (2.5).
If { is another global coordinate of C, the new expression of dJy in the
decomposition (2.8) is

(6.7)
%f:(u@f£+g@€£
of of afror ofot
.0 v @i eon (G35 L)

where ds , is the exterior derivative in S, and z is considered as a parameter.

We would like to see the complex (2.8) as a perturbation of a complex asso-
ciated to a globally integrable structure. For this, we change the generators of
& and define the operator adapted to (, by setting

(6.8) 8/ =(Li(Q7'Lif, Lof = L)™' Li(NLs(C)) -
The reason for this is the following:

First step (definition of z, ). According to Webster [20] and Treves [17], we
will define a sequence of C> functions

(6.9) 2,;CxS—C, wv=1,2,...,

and a sequence of real numbers

(6.10)
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such that zy = z (the canonical chart of C), ry = 1 and the following inductive
hypotheses will hold:

(Hy), : (z,6) - (z,, 0) is a diffeomorphism from C onto C,
(Ha)y : Li(z,)#0 inCxS,
(H3), : QcQ,;, whereQ, ={(z,0)eCxS:|z,(z,0)<r,}.

Then, taking { = z, in (6.8), and using a system of coordinates (6,, 6,, ...,
0,-1) to S, we will get

LY f
SN EsN=]
L.f
6.11) %é Ly(zy)L1(Zy)™ 51 o
_ 30, [L2(zy) = La(Zy) L1 (Z0) ™ LI(ZU)]az"
3—%% [Ln(zy) — Ln(fv)Ll(717)_1Ll(2v)]3%€
=85 f+R,f.
where &/, is the structure given by
(6.12) A, =(dz,)*.

We observe here two interesting phenomena: the approximating structure
&, has always the same aspect and the rest R, contains terms which permit a
quadratic estimate.

We now consider the complex associated to &/, :

X Wy
(6.13) C=(C x $)2C (ws,/\'%*) e (C xS, \ M*) 2

where
. C X S)
/\ <, dz”) )
Using the technique introduced by Kuranishi [8] and Webster [20], we define
(614) Zyy1 = Zy + Wy, SN,HK;/a(')/Zu,
(615) Fryy1 =1y — 2N,,_+|’ Nl/+l =Nl/5

Here 6§ = 65" is the operator adapted to the chart z, (see (6.8)).

Sn,,, 1s the smoothing operator defined in C x S using the chart z,, a
covering and a partition of unity of S which we fix from now on, and N, is a
real number which we will fix in the future. Using (6.15) we can obtain Ny > |
such that

(6.16) f:N !

Jj=0

-lkl
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KV is the operator obtained from
(6.17)

1 1
v —_ kS - — = ) *
K,(F)_K1w+a(S)/ST,,,¢da, F=w+¢dzeC (st,/\%),

where
(6.18)
1

_ L k409 7 _ :
T, ¢(z)= Zﬂi//(eA,”Z—CdC AdC, zeA,={zeC:|z|<n},
and
2
(6.19) K¥(F)=K{¢dz, + Ksw, F=w+¢dz, € C™® (CxS,/\ .%,,*) ,

putting
(6.20) K = xD,eiD Ky, Kj = xD,e:D iKY

where y € C*(C), x =1 in a neighbourhood of A; and x =0 out of A;,
(6.21) D,.f = f(rz), zeC,

and ¢; is the extension operator described in (4.13).
We now use the following notation:

(622)  |IFllye = Flloge = 11F 0 27 o Z0(z,0) = (20(2, 6), 0).
It follows from (4.5), (4.11), (4.12) and (4.13) that

623 IRtFly <CollFl.  Fecr(CxsiAlar).,

~ 2
(6.24) K5 Fllg < C-IFleye FecCe (c xS, \ M,,*) )

It is clear that that homotopy formula
(6.25) OFKY + Ky =1
is still valid in A, x S.

The definition of z,.; does not depend on systems of coordinates of S. So,
to prove the convergence of z, in the space C%(C x.S) we can use coordinates
but this does not mean a localization in the variables of S.

We take a chart (6,, 0;, ..., 6,_;) from the covering of S fixed before.

Using (z, 6,, ..., 0,—;) as coordinates, the equation (2.14) can be written
in the following form:

_of, _of _
Llf_ﬁ-i_alaz _0,
0 of
Ljf_ 60!‘_] + a}a_z -

(6.26)
0, j=2,...,n.

and the operator adapted to the chart z, has the form (6.11).
Putting

1
(6.27) O f=(LYfi— L' fi)icicj<n» S E€C™ (CxS, A M,,*) ,
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and using the fact that [L;, L;]=0, we get
(6.28) o7 - 05 =0.

Returning to (6.14), we want to prove that {z,} is a Cauchy sequence in
C"”’(A% xS), 0<a< 1; for this we must estimate

12041 = Zullgss = [[W0llas,o = 11 = S KY G 201
(6.29) < CNoilRY 8 2l < Ot 1KY 85 20l
< CNpall6 2l
We are using (6.14), (5.3) and (6.23).
Second step (estimate for J5z,; ). Using (6.14), (6.25) and (6.11), we can write
8 21 = 04 2y + Sw, = (03" KY + K3 6{*)(0 2,) + (65° + Ry)(wy)
= OF KV 0 2, + K3 07052, — (85" + Ru)(Sw,., K138 2,)

in Q, .
Now from (5.4) and (6.23), we conclude
(6.31) B B
“(sgl(l - SNu+I)KiI6(l)/ZV“‘;)': S CNV_-fl”Ki/(sgzl/”H};-:v S CNI/_-f]”(s(‘)/ZV”IHS»:,u

where A is a parameter to be determined.
Using (6.11), (5.3) and (6.23), we get
(6.32)

1Ry St KY 05 2l € CNyallE1(Z) ™l (1 -+ 16070 |Gl 10F 2

We can use (6.28) and (6.24) to estimate
(6.33)

I1K3 8105 2llo,» = [IKS (6 ~ 61)38 zuleyr < CII(SF* ~ 61)38 2ol
< CINL1(Z)) ™ oo (1 + 116070l lg,2)1100 20l 1188 2o s

In this estimate we lost one derivative, but putting

(6.34) 0 zv = SN,,, 00 zv + (I = Sn,,,)05 20 »
from (5.3) and (5.4),

(6.35) IISNV+156’ZVIII+5'V < CNV+1II56’ZVII3;,
(6.36) I = S, )38 2l < CN;A 165 20 sz -

Collecting (6.31), (6.32), and (6.33), we can finally write
(6.37)
108 2011l SCNyallLa(Z0) ™ lly o (1 + 11607 g IS0l 1165 20

+ CNZAILIZ) ™ o (1 + 11807l 16020l 1188 2 g

+ CNI/—-fllla(l)jzl/”Hga,v .

Third step (preparatory lemmas).
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Lemma 6.1. Let Z:CxS - Cx S, Z(p,0) = (z(p, 0),0) be a global
diffeomorphism. Using the fixed covering in S, we can define || ||i...., 0<
CxS

a<l. Let (6;,0,,...,0,_1) bea chart of this covering and let w:C — C a
C® function such that
1

Ilw”'c*i‘sz <7
Then
(a) Z':CxS—-CxS, Z'(z,0)=(Z(z,0),0)=(z+w(z, 0), ) isalso
a global diffeomorphism and so (z',0,, ..., 6,_|) is a system of coordinates
on CxS.

(b) The Hélder norms in C'**(C x S) (orin C*(C x S)) using (z, 6, ...,
0,—1) or (z',0y,...,6,_1) as coordinates, are equivalent.

Proof. (a) By hypothesis

, 1
(6.39) [[I = DZ"||cocxs) < 3

where I is the identity matrix and D.Z” is the Jacobian matrix of .Z” in the
coordinates (z, 6, e 0,—1). Then DZ' is nonsingular in C x S and if
Z'(z,0)=Z"'(z, 0), we get

N N ' N
(6.40) 2 - 2] =w(z, 0) ~w(z, O)| < flwl], : |2 - 2] < 5]z - Z].
(b) Let f belongs to C!**(C x S) and denote by F the expression of f in
the coordinates (z’, 6, ..., 6,—1). Then
1A isa.: = |IF ©Z"||1sa.:
CxS CxS
< C(IIFllo + 1IF llcrsaexs) IDZ 116 + IF |l criexsy IDZ lcogexs))
< ClIFllcrecxs) = Clllhsn s

because ||DZ"||cacxs) < 3 (see (6.39)).

For the opposite inequality, we observe that Z =1 is of the same kind as
Z', that is

(6.42) (Z) ', 0 =" (p,0),0),

where

(6.43) () Yz,0) =72 —w((Z) Y, 0) =2 -, 0).
Since ||D(Z")7!|cecxsy < 2, we get similarly the other inequality.

Remark 6.1. Using the fact that
(6.44)

Wl o = C([wllyo MDE) g™ +1wl], - 1D(Z7)  llceexs) + 1wllo)

< Cllwl|isa.:
CxS§

we get for a compact subset K of C, a constant C(K) such that
(6.45) 271k xs) < C(“Z”x'fs + ||1Uu||K|vsz +1) < C(K),
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(646) 1) llcwwns) < CUIZ N + Il + 1) < C(K)
Lemma 6.2 (Moser) [9]. Let p, be a sequence of positive real numbers such that:
N‘ll
.47 <L
(6:47) n< 5
and
(6.48) Pe < CUNZP2_ + NN, o=1,...,v,

3
where N, = N? |, Ny > 1, u, A, s and t are parameters determined in the
following way: s and t are positive known numbers; we first choose u > 4s
and then A >0 such that 1+ 3u -4 < -3.

Then, if Ni' < ﬁ we get

N,
(6.49) Ps < 52

Proof. See Kuranishi [8].

Fourth step (induction). We now add to the hypotheses (H;),, (H,), and
(H3), the following inductive hypotheses:

(Hajo 11057 2ullyoms < GO 201+ NSNS,
(Hs), 100Zy [lsyw < Cs,

(He), 1L1(Z0) "l < G

(Hy), 0 tllsg s <N and lwy-ille, o < N
(Hs), |uAmmﬁ5NL j=0,1,...,A+1.

where C;, Cs and Cg do not depend on v ; Ny > 1 will be chosen a posteriori.
If Ny is sufficiently large, then 3 7 N,~! can be made arbitrarily small.

When v =1, weput §;' =60, Q_; =Qp and
(Hy), ”‘5321”3; < C4[N1||5820||§,0 + NTANGT' .
0

We begin by setting
(6.50) zo=2z, Qy=AxS,

First we prove that the validity of the hypotheses for step v implies the same
hypotheses in the step v + 1, choosing N, large and ¢, small. Finally we will
prove the hypotheses when v = 1.

By (6.14),

v—1
(6.51) z, =20+ Y ;.
j=0
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Using (H3), ,
v—1 00
(6.52) D w0 < DN
N CxS N
j=0 Jj=0
This last sum can be made < % if we take N, sufficiently large (see (6.16)).

Lemma 1 implies that the norms || ||..,, j =0, ..., v, are equivalent. We can
CxS
now prove (Hj),,; . It follows from (6.29) that

(6.53) W lliyar < CNps1[10g 20l v
but according to (6.11) and (2.5),
LYf Lf
(6.54) o f = : =M, : =M,df
L.f Lyf
where
Li(z,)™! 0 --- 0
-Ly(Z Zy)h 1 - 0
(6.55) M, = 2( v). 1 v) . .
_Ln(_z-v)Ll(—Z_v)_l o - 1
(the matrix M, is well defined due to (H>),). So,
(6.56) 5§ =M,M; "oyt

The elements of the matrix M, (and M, !) can be estimated by Cs or Cg
(due to (Hs), and (Hg), )and using (H3), , we can write

||wl/||l+u,u < C(5, 6)Nu+l||5(l)l_lzu”"~"
CxS§ Q

< C(S’ 6)N,,+|||5(I)/_IZVHB‘,_I .

v—1

(6.57)

Here C(5, 6) is a constant involving only Cs, Ces and universal constants.
We now use (H,), and the Lemma 6.2 with

(6'58) pU = Hég—lZ‘U“:;iv—l )

(6.59) s=§, u=2, t=1 and A=14.

We take N, large such that

-1
(6.60) NS e

On the other hand,

(6.61) Po = Ilégzoll...o=’
Q

(al )
On .

if &g is sufficiently small (this can be achieved due to (6.1)).
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Lemma 6.2 implies

N-2l
v+l
(6.62) Dy < 3G,
Hence, using the equivalent norms || ||.+(,, i, J=0,1,...,v, weget
C(5, 6)
(663) ”wl/”léz&" S C4 u+1
and
C(s, 6) n
(6.64) lollgee < —F=N

We take C; > 1 sufficiently large such that C(5, 6)/C4 < 1 (for, C4 de-
pends on Cs and Cs and it may be necessary to increase Ny and, hence,
decrease ¢y ). Therefore (H7),,; holds.

Once more, by using Lemma 1, we can claim that all the norms || ||.+,, g Jj=

0,1,...,v+1 are equivalent and that (z, §) — (z,,,,0) isa global diffec-
morphism (due to (6.16) and Lemma 6.1).

So (Hy),41 is true. We will now prove (H3),,,. From (H;),,; it follows
that

(6.65) sup|z,41 — z,| < N
CxS

V+l

hence
(6.66) 2ol < |zutl + N

Since r,4; =1, — 2N} w1 and ro = 1,1if |z,44| < r,y, we have |z,] <

-N7} i1 <Tv. This implies (H3), 4 -
Futhermore,

(6.67) r=infr, <1- 22 o
v=0

if we want r > 1 (see (6.10)), we must require
> 1
(6.68) Y; N\ < 2

but this follows from (6.16).
Now we will prove (Hg),41.
First, we must note that ||gj||,,...., are bounded for j =1,...,n (o; are
2

smooth in C x §).
So, from (6.14), (6.4) and (6.5),

v—1

(6.69) 19020 I, < 1doZoll, +CZ|I’~U1H~ >
j=0

hence |Iéoz,,||,h,u is bounded independently of v .
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Using now (6.37), (Hs), and (Hg), ,
(6.70) I|5oZu+nI|a » < C(5, 6)( u+1||f502u||2 + N} I|56’2u||1+(;;4,u)

v+1
On the other hand, Q, c Q,_; and due to (6.56),
(6.71)  ldg zu+1lle,r < C(5, 6)(Nusalldg ™ 'z 02+ N ||502v||1+a+A o) -

v—1

Then, to prove (H,),+; it is sufficient to show that
(6.72) |8y z,,||,+m , < C(5, 6)NH!

Now (6.11) implies that 5z, = R,z, and also gives the expression of R,
in the (zg, 6,, ..., 6,—1) coordinates. It is convenient to change R,z, to new
coordinates. We then consider

(6.73) Z,:CxS—>CxS, (z,0)~(z,(z,0),86).
Then
”60 zl/|||+<;{l v S C(”R Zl/||l+a+/1 0”2 1”;;—?;1)(3
(6.74)

+ ”RVZVHIQOOHEL l”C(lAt:;AS) + IRUlelO) .
We noted in (6.45) and (6.46) that ||.Z,[|ci(a, xs) and ||2:,"||C.(Amxs) are
bounded. Then we can use the following lemma:

Lemma 6.3 [6]. If B, and B, are two compact convex subsets of R'; g: B, —
B, f: B, — R! satisfy

f(g(x))=x’ xeBla
and ||fllc: and ||gllcv are bounded then ||g||la < C||fllas, @ > 1. So,

(6.75) “Z/_IHCWH(A,,, ><S) S C”z/”C”“”(A,OXS) .

and since Z,(z, 0) =(z,(z, 69), 0),

(6~76) ||6('),Zl/||l+a+l.u < C(||Ruzu|||+a+1,o + ”RVZU”I,0||ZV||I+a+}.,0)-
Q Q Q Q

We now proceed to estimate R, z, . The first line of R, z, can be estimated
by

1Ly (Zo) " Li(Zo)|livasa o S”Ll(?I/)_l||l+r;)+l,0”Ll(Zl/)||0
(6.77) o o
+||L1(Z0) ||0||L1(Zu)|||+[6+z,o .

0

We claim that

(6°78) “LI(EV)_IHHMLO S C(S 5 6)||Ll(?u)nl+n+i,0 .
9 9
This follows by induction over 4. First we note that
v—1 v—1
_ _ — 1
(6.79) ILiZ)] 2 |Li(Z0)] = D ILi@j1 2 1= C Y llojllo > 5
j=0 j=0

if Ny is sufficiently large.
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So,
(6.80)

NLW(Zo) ao = IL1(Z0) o+ sup
Q (z,0),(z',0)EQ

[Li(Zo) " (z,0)=Li(Z)"'(z", 0')]
I(z,0)—=(z",8")]

— |L1(Zu)(z,0)— L zu( 69|

_2+ sup = L = T 7
.0 0P o, EENEONLENE O 1.0 00"

<2+ 4||L1(Ev)“‘;i00 < ClILi(Zw)]

a,0 -
Q

To simplify matters, we omit in (6.80) the partition of unity fixed in S. We
will make this omission from now on.
Similarly, we can show that

(6.81) IL1(Z) Moo < GIL1(Z ) [loo, — J=1,2, .0,
Q Q

and using (Hs),
(6.82) ||Ll(7u)_j“360 <GB, ONLIE o, J=1,2,..0
0

A straightforward calculation yields

-1
——1 -
@< € (| 2k I
(6.83) oL o
+ L[(?y)z ||Ll(zl/)||1’310‘0 + |LI(ZV) IO
< €5, OILIEZ g o
Q

This prove (6.78) for A = 0. The general case follows by induction using
the fact that the kth-derivative of L;(Z,)~! is equal to a finite number of
derivatives of order < k of the function z — 1 evaluated at L,(Z,) with
derivatives of L,(Z,) of orders ki, k,, ..., with k; + k, +--- < k which can
be estimated using (6.81).

Returning to (6.77) and using (6.78),

||Ll(7ll)_lLl(ZV)HH-:;)H,O

0

(6.84) < C(5, O)IL1(Z0)  hsasao + L1 (Z0)lligra o)
0 0
< C(5, 6)|1Zo]lrrasi.o
Q

Analogously, we can estimate all the others terms of R,z,. Going back to
(6.76),

(6.85) 1106 Zullisasi.e < C(S, 6)(I12ull2eara.o + (12020l Z0 ] isas.0) -
a 9 9 s

Hence (Hg), implies
(6.86) 185 2,

trasiw S C(5, 6)(NM' + N, N,
Qy

So, (6.71) yields
(6.87) 1106 20 + Ulae < C(S, 6) (N1~ 'zuu% + NN
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To get (Hy), , we choose Cy4 larger than this last constant C(5,6) (N, I and
& can be shrunk).

We will now prove (Hg), 4 -

Let jeZ, 0<j<Ai+1.

Due to (Hg), ,

(6.88) ||Zv+l||a+h+j,0 < NJ+ ||wu||a+}l+of,o-

0

Changing coordinates

1
(6.89) Ilwullnm, 0 < Cll[wpllisar 12 e A sy HIwully o 12l i +Hws o)
CxS (Ar, x$)

where Z,, is given by (6.73). Hence

”wll||l+u+j_0 < C(”wll||l+n+;,u(1 + ||Zu”|,o)1+a+j
Q CxS Q)

(6.90)
+wyll 10 (14 [120]ivass.0) + [lwillo) -
CcxS Q

By using (Hg), once more, we obtain

(6.91) ||wl/|||+n+j,0 S C(”wl/||l+n+/.v+N1{)
Q [

because ||z,||,., and |Jw,||,,. are bounded.
Q CxS
But now, (5.3), (6.54), (6.56), (6.23), (Hs), and (Hg), yield

”wl/”n+cl:{gu = IlSN,,+|K6/6(')IZV||u+I+j v < CNJ+1||($0 Zl/”

6.92
( ) <C(5 6 j+l||51/ 12,/“ Yt

v+1

Hence from (6.58) and (6.62),
-2

N
o < J+1 v+l
(693) llw‘/”"i‘;{sm = C(S’ 6)Nu+l 2C

and from (6.88), (6.15), Cy > 1,
”ZV+1”1+ +, 0 < C(5, 6)(N. +l| + NJ)

(6.94) . N, \’
=C(5,6) (Nu+l+ (Nu+l> ) v+l <an+l

since N is sufficiently large.
We now prove (Hs),,. It follows from (6.14) that

(6.95)  ldoZvsilly vt < ClldoZoall, % <C (||5020|l O+Z|Iw,|||+ o) :

Q4 j=0

Since
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and E;;o lwjllisa,0 < Z}.io N; < % (see (6.4), (6.5) and (6.16)), it is sufficient
CxS§

to take Cs > %C, where C is the constant in the right hand of (6.95).
Since L(Zp) =1, if Ny is sufficiently large, we get

|1 = LiZys1| = |Li(Z0) = L1(Zv4+1)| £ |00(Zo — Zu41)]

(6.96) - = . 1
< CZIITU;'II]S:.SO < CZNj < 3
j=0 j=0
then Li(Z,41)#0 in Cx S. Hence (H,),,; is valid.
Similarly
(6.97) -2 2.1<) incxs
. ax v+1 2 1 .
It remains to prove (Hg),, -
Since
v
_ _ 1
IL1(Zos1)| 2 |L1(Zo)] ~ jZOLIw; >3
then
(6.98) Lt (Zysn) loyonr <2+ L1 Z+ )l ver < 2+ 4C5 < Co
v+l v+l

if Cg is sufficiently large.
We need to prove the hypotheses when v = 1.
From (6.29), we have

(Hy), [1woll14a.0 < C N1 168 20 .o
CxS CxS
and using (6.1),
(6.99) ”wOH'c*":v" < CNig < N/
since & < N;2/C.
1

Lemma 1 implies (H;), because N, S 5 . It is also clear that Q, c Q
because

(6.100) |zol < |z1] +|wol < 1 = Ny ' < 1.
Now, (H,); can be expressed by
(6.101) 196211l 0 < CalNil133 2ol o + N7 NG ™1
0

To prove this we use (6.37)
(6.102) 160 21la.0 < CNi[Id0Zoll..ol188 Z0ll..0 + CNTA169 Z0l v -
Q 2 2 Q

We need show that
(6.103) 19020111110 < Nt

0

but this is obvious because dyzo is bounded in C'***4(Qg) and N, can be
taken large.
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Now |L,(Z1) - L1(Zo)| € C|[Wollisa.0 < CN7' < & then Ly(Z;) #0 in Cx S
CxS§

since Ly(Zg) = 1. So (H;), holds.
It follows from (6.14) that

(6.104) [160Z1]la.1 < C(l|wollisa.0 + [|00Z0]}a.0) < Cs
9 2 9%

where Cs is chosen after (6.95). Since |L,(Z)| > |Li(Zo)| — |L1Wo| > %, we
get

(6.105) IILl(?l)'lllan,n S 2+ 4L (Z) 1 <2+ 4Cs < G

where Cg is chosen in (6.98).
Hence (Hs); and (Hg); hold.
(Hg); is a consequence of

(6.106) [[wolfieass.0 < € N{+l|‘6820||r50
v 0

(see (6.29), the proof is similar), shrinking ¢, once again if necessary.

So, if Ny is sufficiently large and & is sufficiently small, the inductive hy-
potheses are true for v =1, 2, ....

Finally we note that

(6.107) A%xSCQU, v=1,2,....
Indeed, if |zo| < §, (6.65), (6.16) and (6.10) imply that
v—1

_1 | N
(6.108) |z,| < |z +JZ_30Nj <lzol + 7 <5 <infr.

Now, (H;7),4; yields
(6.109) HZos1 = Zullivao < N
CxS

v+1

since Z;’;’l N j“ < %, {z,} is a Cauchy sequence in the space C lJf"(A% x S)
and hence it converges to a function z,, of this space.
It follows from (H,), and (6.62) that

- C(5,6)
< v—1 < .
(6.110) ”‘5"2"”,,;‘35 < C||(sozy||.‘.i:_.ll < C(5,6)[|6§ Z"”'a,,":,' <3G N

3

Since N,,; — oo when v — oc, we get
(6.111) 00(Zo) =0 in A% x S.
It is clear that

(6.112) dzee#0 in Ay xS

this is a consequence of (6.97). So, z., is a solution of the system (2.5) in
A% x S whose differential does not vanish in A% x S. But (2.5) is an elliptic

system and therefore

(6.113) ZOCECOO(A% x S)
(see [2]).
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This proves the semiglobal integrability of the structure % given by (2.7),
because we can proceed analogously from Ag x .S, R > 0 and zy = z (the
canonical chart of C), to get a C™ solution zg o 0of .2 with dzg - # 0 in
Ar xS

K3

Proof of the Corollary 6.1. We must show that .# given by (2.7) is globally
integrable. Let zg o € C°°(A% x S) the solution of
(6114) 6021{,00=0 inA§xS

where dy is the operator (2.8).
If o/ < a, we know that the embedding C‘+"(A§ x S) — C'*""(Ag x S) is
compact.

The functions z; o, 22,00, ... belong to C'*"(A% x S) and from (6.109),
> 1
-1
(6.115) ||zk,oo—z||,c+:,s,g§1vj <3

So {zk,} is bounded in C '+"(A% x S) and therefore it has a subsequence
{2k;,00} converging to a function z} in C 1““(A% x S).

The functions z;, o, j = 1,2, ..., belong to C”"(A% x S) except for
a finite number of them. Hence {z; o} has a new subsequence {2k, 00}
converging to z% in C'*+* (A3 x S). But then z{ =z} in A x .

By diagonalization we get a subsequence {Z;} of {z; -} which converges
to a function z% € C'**(A¢ x S), Vk € N. But

(6.116) (Sofk =0 in A% x S
and so
(6.117) 50(z§0)=0 inCxS.

It follows that z# € C>®(C x S) because ¢y is an elliptic operator. Futher-
more, since

1

(6.118) Wzk = 2l|sn < =,  k=1,2,...,
CxS 4
we get
(6.119) 1|z§<,—z||,+,....sl
CxS 4

hence dz*¥ #0 in CxS.
So, .Z is globally integrable.

7. PROOF OF THE THEOREM 2.1

We consider the vector fields given by (2.5), with S = S"~! and where
gi, j=1,2,...,n, are flat at Im z=0. Hence, given N € N, there are
C=C(N) and R = R(N) <1 such that

g1
(7.1) () <CrV, r<R.
On

1+, 0
Apxsn—1
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Theorem 6.1 can be used to obtain a solution Z,, of the system

0 0
(8—+Xala >ZOO_05

7] 0 .
(m-i—XO’j&)ZOO—O, j=2,...,n.

with differential dZ., # 0. Here x(z) = w(%), v € C*(C), w = 1in Ag

and ¢ = 0 outof Ag. :
(721 (]
Un a”

Then
0y
x| : )
(7.3) o,
< CRUHAIRN < ¢

if N > 2 and R is chosen sufficiently small. So (6.1) is true. Since y = 1
in Ax x S, we get a solution Z,, of the system (2.5) and therefore Z. is
a null solution of the system (2.4) with differential # 0, globally defined for
0 esr!

We consider now

2
(7.4) Z(x, 1) = Zoo (x, % 0(:))

where 6(t) =t/|t|e S"~!, t #0.

Z isa C® local solution of the Mizohata system given by (2.1) with differ-
ential # 0. Indeed, if t #0, Z(x, t) isa C*> function. Z is also continuous
at t =0 because Z, satisfies the system (2.5) and o; =0 when s < 0. Hence

0Zo 02, 0Z .
. i = = <0.
(7.5) 30, +pj 57 50, 0 ifs<O0

So Z,(x, 0, 6) does not depend on 6 and Z(x, t) can be defined contin-

uously in a neighbourhood of the origin in R**! .

(1.2)

<Alxllcr+aag)

I+a,0 1+a,0 I+a,0
Cxsn—1 xsn—1 Agxsn—l

Now
0 0 2|2 )
(7.6) aZ(x, t) = azoo ( , =, 0(t)
can be defined at ¢t = 0 because
0 0 o0 0 _
(7.7) ﬁazw(x,s,e)—agézw(x,s,0):0 fOI'SSO.

The derivatives with respect to ¢, are

0z BZ 60k _
(7.8) 6! t’ 6s Z 00 at, =L ....n
Since
(7.9) i%EO, $§<0,
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it is only necessary to prove that

0z o 0 0k
(7.10) 30, —871
can be defined continuously at the origin. We know that
oz
7.11 “fx
(7.11) 30,

is flat at s = |¢|>/2 = 0. So, given N € N, there is a neighbourhood of the
origin in R**! and a constant Cy such that

0z Cy
) | < N _ NN
(7.12) 26, < Cwls 5 1l
A simple calculation yields constants C > 0 and M € N such that
00,
7.1 —fi< -M
(7.13) 5| < Cl

in a neighbourhood of the origin in R**!.
Taking N > M/2, we see that

0z
ot j
can be defined continuously at the origin. Hence Z is a C' function. The
same reasoning shows that Z is a C*> function, because the derivatives with

respect to ¢ are always multiplied by a flat term at s =0.
The chain rule implies

(7.15) MZ=0, j=1,2,...,n,

where M, are given by (2.1). From (6.112), it follows that dZ # 0 in a
neighbourhood of the origin.

Finally, we conclude that a strongly pseudoconvex Mizohata structure over
R"*! | n > 2., is locally integrable since in a convenient system of coordinates
it has the form (2.1).

(7.14)

Remark 7.1. The proof of Theorem 6.1 does not fully use that the coefficients
of the system (2.1) are smooth. We can get information about the regularity of
Z(x,t) from the choice of parameters given by (6.59). If the coefficients of
the system (2.1) belong to C'>*%(C x S) that is enough to construct a solution
of class C'*+*.
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