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ON COMPLETE MANIFOLDS OF
NONNEGATIVE kTH-RICCI CURVATURE

ZHONGMIN SHEN

ABSTRACT. In this paper we establish some vanishing and finiteness theorems
for the topological type of complete open riemannian manifolds under certain
positivity conditions for curvature. Key tools are comparison techniques and
Morse Theory of Busemann and distance functions.

1. INTRODUCTION AND MAIN RESULTS

One of the most important aspects of riemannian geometry deals with the
relationship between the curvature properties of a riemannian manifold and its
topological structure.

Two classical theorems are Gromoll-Meyer’s theorem [GM] and Cheeger-
Gromoll’s Soul Theorem [CG1]. Gromoll-Meyer’s theorem asserts that any
complete open riemannian manifold of positive sectional curvature is diffeo-
morphic to R". Cheeger-Gromoll’s Soul Theorem says that for any complete
open manifold of nonnegative sectional curvature, there is a totally geodesic
compact submanifold S, to be called a soul, such that M is diffeomorphic to
the normal bundle v(S) of S in M (the diffefomorphism does not come from
the exponential map of S, in general). Therefore it is quite natural to study
complete open manifolds under certain partial positivity for curvature.

For a riemannian n-manifold A , we say the kth-Ricci curvature of M,
for some 1 < k < n -1, satisfies Ricy) > H, at a point x € M if for
all (k + 1)-dimensional subspaces V' C T, M, the curvature tensor R(x, y)z

satisfies
k+1

Z(R(e,»,v)v,ei)zH, vevr,

i=1
where {e|, ..., €} is any orthonormal basis for V. By Ricy)(M) > H we
mean Ricy), > H at all points x € M. In a similar way we can define that
Ricy) > H at a point x, and Ricy (M) > H. Clearly, Ric,_(M) > H
if and only if Ric(M) > H, and Ric (M) > H if and only if Ky > H,
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where Ric(M) and K), denote the Ricci curvature and the sectional curvature,
respectively.

1. We say a complete open n-manifold M is proper if the Busemann func-
tion b, at some point p is proper. This property of the Busemann functions
is independent of a choice of p (see §2.1 below for definition and basic prop-
erties). Any complete open n-manifold M of nonnegative sectional curvature
outside a compact subset must be proper. Moreover in this case M has finite
topological type (cf. [CG1, GW2]). H. Wu [W2] has proved that any complete
open n-manifold M with Ricy)(M) > 0 for some 1 <k < n -1 and non-
negative sectional curvature outside a compact subset, has the homotopy type
of a CW complex with finitely many cells each of dimension < k — 1. By using
the techniques developed in [SH, W2], we will establish the following

Theorem 1. Let M be a proper open n-manifold with Ric, (M) > 0 for some
k, 1 <k <n-—1. Then M has the homotopy type of a CW complex
with (possibly infinitely many) cells each of dimension < k — 1. In particu-
lar, H(M ;Z)=0, for i > k.

Theorem 1 should be viewed as a generalized version of the Gromoll-Meyer
theorem [GM]. In the case of kK = n — 1, Theorem 1 tells us that any proper
open n-manifold of positive Ricci curvature has the homotopy type of a CW
complex with cells each of dimension < n — 2. Hence H,_ (M;Z) = 0.
This is an analogue of a vanishing theorem for closed manifolds which says
that any oriented closed n-manifold M of positive Ricci curvature satisfies
H\(M;R) = H,_;(M;R) = 0 (cf. e.g. [BY]). In [Y], by using a different
method, S. T. Yau proves that any complete open n#-manifold M of positive
Ricci curvature satisfies H,_;(M, R) = 0. His method, however, does not give
a vanishing theorem for H, (M, R) for k < n — 2 under the positivity condi-
tions for the kth-Ricci curvature. One notices that M. Anderson also proves a
relative result that if M is a complete open n-manifold of nonnegative Ricci
curvature, then the first Betti number b;(M) := dimH(M; Q) < n—1. For
further information see [An].

Recently, Sha-Yang [SY1, 2] have constructed n-dimensional complete open
manifolds of infinite topological type for all n > 4, on which the metrics
can be chosen to be proper, have positive Ricci curvature and bounded cur-
vature!. Topologically, their examples are obtained by removing infinitely
many disjoint balls D**', i = 0,1,..., 400, from RP*! and then gluing
Sn=P=1x (RPHI\ 12, PP+ with D*? <[], S? together by the indentity maps
along the corresponding boundaries, where 2 < p < n-2. Let M, , denote the
resulting manifolds. Clearly, the singular homology groups H,_>(M, n—2; Z)
are infinitely generated. In this sense, Theorem 1 is sharp. In dimension 3,
Schoen-Yau [SHY] prove that all complete open 3-manifolds of positive Ricci
curvature is diffeomorphic to R3. Thus there is no nontrivial examples in this
case.

It seems to be difficult to determine whether a complete open riemannian
manifold M is proper or not, even if M has nonnegative Ricci curvature.
However, we will show that if (with respect to a point) M has small diameter
growth of ends, then M is proper. For a subset 4 of M, denote by dia(A4)

I This property of the sectional curvature is not stated explicitly in [SY1, 2]
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the diameter of A measured in M, ie. dia(4) = sup, yead(x,y). We will
prove that if for some point p € M,

dia(S(p, r))
——

(1) lim sup <1,

r—+o00
where S(p,r):={x € M;d(p, x) =r} denotes the geodesic sphere of radius
r around p, then M is proper (see Corollary 2 below in §2.2). Therefore one
has

Corollary 1. Let M be a complete open n-manifold Ricyy(M) > 0 for some
1 <k < n—-1. Suppose that for some p € M, (1) holds. Then M has the
homotopy type of a CW complex with cells each of dimension < k — 1. In
particular, H{(M ;Z) =0 for i > k.

In the case of kK = n — 1, Corollary 1 tells us that if a complete open n-
manifold M of positive Ricci curvature satisfies (1), then M has the homotopy
type of a CW complex with cells each of dimension < n — 2. To my best
knowledge, all known examples of positive Ricci curvature satisfy (1).

2. It was proved by M. Gromov [G1] that there is a constant C(n) depending
on only n such that for any closed n-manifold M of nonnegative sectional
curvature, the total Betti number of M with respect to any field F satisfies

n

> bi(M; F) < C(n).

k=0
By the Soul Theorem of Cheeger-Gromoll [CG1], this theorem is also valid for
complete open n-manifolds of nonnegative sectional curvature. Examples in
[SY1, 2 and AKL], however, show that this theorem does not hold for com-
plete n-manifold of nonnegative Ricci curvature. But one can still obtain some
topological obstruction to complete open manifolds with nonnegative Ricci cur-
vature and bounded curvature. Let M be a complete open riemannian -
manifold and let p e M. For r >0, put B(p,r)={x€e M; d(p,x) <r}.
Let bi(p, r) denote the rank i, : H;(B(p, r); F) — H;(M; F), where F is an
arbitrary field. We will prove

Theorem 2. Let M be a complete open n-manifold with Ricci curvature Ric(M)
> 0 and sectional curvature Ky > —1. Then there is a constant C(n) depending
only on n such that

n
Y bip,r)<Cm)(1+r)",  r>0.
i=0
As we see from Sha-Yang’s examples, in order to prove a finite topological
type theorem for manifolds in Theorem 2, additional conditions are required.
Recently, Abresch-Gromoll [AG] have proved that a complete open n-manifold
M of nonnegative Ricci curvature has finite topological type if M has essential
diameter growth of order o(r'/"), provided that the curvature is bounded from
below. In §2.2 we will introduce the notion of essential diameter of ends. There
are several definitions for the (essential) diameter of ends. It seems to the author
that the definition given by Cheeger [C] is the simplest one. Denote by Z (p, r)
the one defined in [C], which is called the essential diameter of ends at distance
r from p. Roughly speaking, & (p, r) is the maximum of the diameters of the
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connected components, X, of S(p, r), with y(r) € £ for some ray emanating
from the point p. We will generalize the Abresch-Gromoll’s theorem to the
case Ricy)(M)>0.

Theorem 3. Let M be a complete open n-manifold of Ricy, (M) > 0 for some
2 < k <n-1. Suppose that the sectional curvature Ky > —K, K > 0, and for
some point p e M,

: D, 1) ko)
hmsup e < gk |

Then M is homeomorphic to the interior of a compact manifold with boundary.

One notices that the diameter growth condition is violated by Sha-Yang’s
examples. By definition, & (p, r) < dia(S(p, r)) for all r. Thus any growth
condition on dia(S(p, r)) implies that on & (p, r). The advantage of Z(p, r)
is that the growth of Z(p, r) can be controlled by the volume growth condition.
For a complete open n-manifold M with Ric(M) > 0 and volume noncollapse,
1.e. infyeps vol(B(x, 1)) > v > 0, it is shown in [SW] that for all r > 1,

L vol(B(p, 1))
Z(p.r) < Cmpu 2=,

Thus we have

Theorem 4 [SW]. Let M be complete with Ricy(M) > 0 for some 2 < k <
n — 1. Suppose that M has weak bounded geometry, i.e. Kyy > —-K, K >0,
and infy¢p vol(B(x, 1)) > v > 0. If the volume growth at a point p satisfies

. vol(B(p, r))
Am — e

then M is homeomorphic to the interior of a compact manifold with boundary.

=0,

In the case of kK = n — 1, Theorem 4, in particular, implies that for a com-
plete open n-manifold M with Ric(M) > 0 and bounded geometry, if M has
linear volume growth at a point, then M has finite topological type. One should
compare this result with Calabi-Yau’s theorem ([Y], see also [CGT]) which as-
serts that any complete open n-manifold of nonnegative Ricci curvature has at
least linear volume growth at any point p, more precisely, for all r > 1,

vol(B(p, r)) > e¢(n) vol(B(p, 1))r.

M. Gromov [G2] proves that a complete manifold M of sectional curvature
—1 < Ky <0, and vol(M) < +oo, is diffeomorphic to the interior of a compact
manifold with boundary. Furthermore, if in addition the sectional curvature is
strictly negative, then M has finitely many ends, F, with dia(S(p, r)nE) - 0
as r — +oo. We will prove the following relative result.

Theorem 5. Let M be a complete open manifold with sectional curvature Ky >
—K, K > 0. Suppose that M has finitely many ends and for some p e M,
limsupZ(p,r)<In2.-K~'/2,

r—+oo

then M is homeomorphic to the interior of a compact manifold with boundary.

The organization of this paper is as follows. The proof of Theorem 1 is in
§3. The proof of Theorem 2 is in §6. The proof of Theorem 3 is in §5. The
proof of Theorem 5 is in §4.
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2. PRELIMINARIES

2.1. Busemann functions. Let M be a complete open riemannian n-manifold
and let p € M. Recall that the Busemann function B, associated with a ray
7 issuing from p is defined as B,(x) = lim, o0t — d(x, y(¢)), x € M. For
arbitrary r > 0, let

R(p, r)={y(r); y isaray issuing from p},
which is a closed subset of the geodesic sphere S(p, r). Set p,(x) =d(p, x).
Set B,(x) = t—d(x,R(p,t)), x € M. It is clear that B}(x) is increas-
ing in ¢ and |B,(x)| < pp(x), x € M. Then the function B,, defined as
Bp(x) = lim,— ;o Bj(x), is a Lipschitz function with Lipschitz constant 1. An
elementary argument shows that B, = sup, B, , where the supremum is taken
over all rays y issuing from p. For x € S(p,r), r >0, set
RP(X) = d(xa R(pa r))
Since Bj(x) is increasing in ¢, it is easy to see that

(2) Pp(X) = Rp(x) < Bp(x) < pp(x).

Consider a family of functions b, : M —R defined by b,(x)=t—-d(x,S(p,1)),
t € [0, +00). They are Lipschitz continuous (with Lipschitz constant 1) and
also satisfy |bj(x)| < p,(x) (by the triangle inequality). It is not difficult to
show the following

Lemma 1. Fix any point x € M, bj(x) is decreasing in t, for t > pp(x), ie.
Jorall t; >t > py(x),

(3) by (x) > by (x).

Proof. Let x’ € S(p, t;) such that d(x, x’) =d(x, S(p, t;)). Take a minimal

normal geodesic ¢ from x to x’. For so:=d(x,S(p, 1)) —t2+1¢ >0, the
point a(sp) satisfies

d(pa G(SO)) Z t2 - d(U(SO) 5 S(p; t2)) = t2 - d(x’ S(p’ 12)) +S0 = tl'
Thus a(sg) € M\B(p, t,), that implies
d('x> S(p, tl)) S d('x, G(SO)) = d(x’ S(p’ 12)) —bh+ 1.
This gives (3). Q.E.D.
Thus b}, converges to a Lipschitz function b,, with the convergence being

uniform on compact subsets. The function b, is called the Busemann function
at point p. Set

ep(x) = pp(x) = bp(x), xXeM.
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e, is called the excess function at point p € M (compare [GP]). By definition
and (2), one has

(4) By(x) < by(x), xeM,
(5) ep(x) < Rp(x), XEM.
For r > 0, set

(6) Ep,r = ohax ep(x p(X),
(7) Zp,r) = x| Ry(x).

Then (5) immediately implies that for all r,
(8) Ep,r)<E(p,r)<dia(S(p, r)).
The following lemma is important for further study.
Lemma 2. Let M be a complete open riemannian n-manifold and let p € M .
Then for any point q € M, there is a ray o,: [0, +o0) — M issuing from q

such that
(i) forall t >0,

b (x) 1= by(q) + 1 — d(x, (1)),

by(q)
supports by(x) at q, i.e, bi'(x) < by(x) forall x € M and b}*'(q) = by(q).
(ii) (Wu) forall t >0,

9) bp(04(1)) = bp(q) + 1.

Proof. Take a divergent sequence ¢, — +oo, and a sequence of points x, €
S(p, t,) such that d(q, x,) =d(q, S(p, tn)). Take a normal minimal geodesic
o, issuing from g to x,. By passing to a subsequence if necessary, one can
assume that 6,(0) converges to a unit vector v € T, M . Set g,(s) = exp, sv .
It is clear that g, is a ray. Notice that for sufficiently large ¢,

d(g,S(p, tn)=t+d(aa(t), S(p, tn))
Thus one obtains
by(x) — bi>'(x) = bp(x) = by(q) — t +d(x, g,4(1))
= lim d(q, S(p, tn) —d(x,S(p, ta) -t +d(x, g4(t))

llm d(on(t), S(p, tn)) —d(x, S(p, ta)) +d(x, 0,4(1))

tp—+00

lim —d(a,(t), x)+d(x, g,4(t))

tp—+00
t liToo —d(on(t), 04(1)) = 0.
It is obvious that bJ''(q) = b,(q) .
The equality (9) was proved by Wu in [W1]. Q.E.D.

AV

v

An open riemannian manifold M is called proper, if M is complete and
for some point p € M, the Busemann function b, is proper, i.e. the subset

b;'((—o0, a]) is compact for all a € R. The following lemma shows that by

is proper for some p € M, then b, is proper forall g € M.
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Lemma 3. Let M be a complete open riemannian manifold. Suppose that for
some point p and some sequence of closed subsets & = {Cy}32, With r, =
d(p, Cp) — +o0, bpc" :=r,—d(-, C,) converges to a function bf. Then for all
q i)

by(x) > by (q) + by (x).

In particular,
by(x) > =by(q) + by(x).
Thus b, is proper if and only if b, is proper for all points q € M .
Proof. Let t, = d(q, C,). Clearly, for ¢, > d(q, x), one has x € B(q, t,)
and d(x, S(q, tx)) <d(x, C,). Thus
br(x)=t,—d(x,S(q, tx) >d(q, Cy) —d(x, Cp)
=—(r,—d(q, Cp)) +(ra—d(x, Cp)).

Letting r, — +o00, one obtains b,(x) > —b¥ (q) + b7 (x). Q.E.D.

Remark 1. It was proved in [CG1, GW2] that any complete open manifolds
with nonnegative sectional curvature outside a compact subset is proper. In
particular [LT], for any point p e M,
by(x) - lim By(x) _
x=i0 p(X)  x=toe pp(X)

The question is when the Busemann function b, is proper. By (5) one sees
that if R,(x) satisfies
lim sup M <1,
r—+to0  Pp(X)
then b, is proper. In the next section we will continue to study the properness
of open riemannian manifolds.

2.2. Diameter of ends. In this section, we will prove an elementary result for
Busemann functions, which tells us how the smallness of the diameter of ends
implies the properness of the Busemann functions. In particular, we prove that
if a complete open manifold M with finitely many ends has diameter growth
of order o(r), then M is proper. No restriction on curvature will be required.

There are several definitions for the (essential) diameter of ends (cf. [AG,
S1, C]). Let us first give the most natural one here for manifolds with finitely
many ends. The essential diameter of ends will be defined in the last of this
section. Let M be a complete open riemannian manifold with N ends. Let
Rpmin be the smallest number R such that M\B(p, R) has N unbounded
connected components. Let U, ..., Uy be the unbounded connected compo-
nents of M\B(p, Ruin). Then the diameter of ends at distance r > Ry, from
p, ¥ (p,r), is defined as

Y (p,r)= max dia(S(p, r)NU:).

When M has only one end, 77 (p, r) is defined for all r > 0, and
Y (p,r)=dia(S(p, r)).

Remark 2. By the Cheeger-Gromoll’s splitting theorem [CG2], one can conclude
that any complete open manifold M of nonnegative Ricci curvature has no




296 ZHONGMIN SHEN

more than two ends. In addition, if M has positive Ricci curvature at some
point, then M has only one end. Thus in this case 7 (p, r) is always defined
as the diameter of S(p, r).

Lemma 4. Suppose M is a complete open riemannian n-manifold with finitely
many ends. Then there is Ry such that for all r > R,

(10) Zp,r)<H (p,r) <dia(S(p, r)).

Proof. Suppose M has N ends. Let U;, ..., Uy be the N unbounded con-
nected components of M\B(p, Ryi,). Clearly there are only finitely many
bounded connected components of M\B(p, Rmin), to be denoted by 7, ...,
Vk, with V; N S(p, 2Rnin) # @. Thus for Ry := max;<i<k Supyey, pp(x) >
2Rmin ’

(11) M\Bp,Ro)= |J U\B(, Ro).
1<i<N

By (11), forany x € M\B(p, Ry), there is an unbounded connected component
Ui, of M\B(p, Rmin) such that x € U;,. Take a ray y issuing from p such
that y|(r,,..+00) C Ui, . Let ro=d(p, x). Then
Ry(x)=d(x, R(p, ro)) < d(x, y(ro))
< dia(Uio N S(p 3 rO)) < W(p [} rO)' Q'ED

(5) and (10) immediately imply the following

Corollary 2. Let M be a complete open manifold with finitely many ends. Sup-
pose that for some p e M,

limsupw ={<1,
or o
liﬂgpw ={<1.
Then 5
liﬂi{)\f;ﬂ%% >1-¢.

In this case, the Busemann function by, is proper. Thus M is proper.

Now we will introduce a weaker concept of diameter of ends for complete
open manifolds (compare [C]). Let M be complete with p € M fixed. For

r > 0, the connected components, X, of d(M\B(p, r)), are called the boundary

components of M\B(p, r). Set
Z(p, r) =supdia(X),
b
where the supremum is taken over all boundary components X of M\B(p, r)

with N R(p,r) # @. We call I (p, r) the essential diameter of ends at
distance r from p. Clearly, one has

(12) Z(p,r) <dia(S(p, r)).
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Remark 3. Without any additional assumption there is no relation between
Z(p,r) and D(p, r). However, one still has that for all boundary compo-

nents, X, of M\B(p,r) with ENR(p,r)# 2,
(13) R,(x)<Z(p,r), xeX

3. OPEN MANIFOLDS M WITH POSITIVE kTH-RICCI CURVATURE

3.1. Smoothing theorem. In [SH, W2], J. Sha and H. Wu independently stud-
ied the k-convexity for certain distance functions on a riemannian n-manifold
(with boundary). Let (M, g) be a riemannian n-manifold (not necessary to
be complete) and let p € M. Let f be a continuous function defined in a
neighborhood of p € M. Let y : (—a, a) - M be a normal geodesic with
7(0) =p € M and $(0) = v € T,M. As in [W2], we define the following
extended real number:

Cf(psv) = liminf 2 {f o 7(r) + f o y(~r) = 2/ o 7(0)}.

We say that f belongs to C(k) at p € M forsome k, 1 < k < n,if f
is Lipschitz continuous in a neighborhood W of p, and there are positive
constants ¢ and 5 such that if x € W and {v,, ..., v} issetin T\M with
l('l),', ’Uj) — 5[1'[ <Eg¢, then

k
Y Cf(xsv) >
i=1

We say that f belongs to C(k) on a subset 4 of M if f is defined on a
neighborhood U of A, such that f € C(k) at every point p € U. Similarly, a
function f is said to be C*> on asubset 4, if f is defined on a neighborhood
U of A suchthat fe C>(U).

Clearly, a C? function f: M — R belongs to C(k) on M if and only if

k

V(Wi V) >0,

i=1
for any set of orthonormal vector fields {V;, ..., Vi} locally defined in M .
Thus if a smooth Morse function f : M — R belongs to C(k) on M, then
the index of f at each critical point satisfies that ind(f) < k — 1. By Theorem
1.1 in [GW1] Wu proves the following smoothing theorem for C(k).

Theorem 6 [W2]. Let (M, g) be a riemannian n-manifold. Let f: M — R
belong to C(k) on M, and &: M — R be a positive continuous function.
Then there exists a C* function F: M — R which belongs to C(k) such that

IF-fl1<¢.
For the applications below, one needs a refinement of Wu’s smoothing theo-
rem for proper functions f: M — R.

Lemma 5. Let (M, g) be a riemannian n-manifold. Let f: M — R be proper
and belong to C(k) on M, and &: M — R be a positive continuous function.
Then there exists a proper Morse function F: M — R which belongs to C (k)
on M such that |F — f| < ¢&.

The proof of the above lemma strongly relies on the argument in §2 of [M1].
The outline of the proof is as follows. By Theorem 6, one can assume f is
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a smooth proper function belonging to C(k) on -M . Take a sequence a; <
a, < --- — 400, such that all ag; are the regular values of f. Let W, =
f~Ylai, aiy1]). One can find a smooth Morse function F;: W; — [a;, ai;]
such that each F; has no critical points in a neighborhood of 9 W;. Moreover,
each F; is sufficiently close to f in CZ2-topology so that it belongs to C(k)
on W;. Then by gluing all F; together, one obtains a desired Morse function.
Since the proof is elementary, so the details are omitted here (see [S2]). The
following algebraic lemma is also elementary. It will be useful to verify that a
locally Lipschitz function f belong to C(k) at a point p € M .

Lemma 6. Let V be an inner product space of dimension n. Let S be a
symmetric bilinear form on V. Suppose that for some k, 1 < k < n, and
some positive numbers n and A, S satisfies

Z, S(ei, e;) > n for any orthonormal set {e,, ..., e} in V,
(11 IS(v, v)| < Av|* for ve V.
Then there is ¢ > 0 depending only on k, n, and A such that for any set
{vi, ..., v} in V with |(v,~,v,)—6,~j| <e,

3.2. Construction of proper Morse functions. In this section we will prove
Theorem 1. It suffices to prove the following

Theorem 7. Let M be a proper open n-manifold. Suppose that for some 1 < k <
n — 1, the kth-Ricci curvature is nonnegative everywhere and positive curvature
outside a compact subset. Then M has the homotopy type of a CW complex
with (possibly infinitely many) cells each of dimension < k — 1. In particular,

H(M;Z)=0, fori>k.
We begin with the following elementary result.

Lemma 7. Let M be a riemannian n-manifold. Suppose at some point p € M
the sectional curvature and the kth-Ricci curvature, for some 1 < k <n-1,
satisfy |K,| < K and Ricyy > H, respectively. Then for any orthonormal set
{er, ..., e} in T,M and any unit vector v in T,M,

k
D (R(v, e)ei, v) > —(k — 1)K(o? + 4ap) + HB?,
i=1

where a = Zf‘ (v, e)? and B = \/l Yo (v, e)?.

Proof. Let V = span{e,,..., e} and v = v; + v, such that v; € V and
v L V. Clearly, [vj]> = 5 (v, e)? and |03)> = 1 - ¥ (v, e)?. Let
{fi,-.., fx} be another orthonormal basis for V' such that v, = |v,|f;. Let

Ji+1 be the unit vector such that f,,; L V and v, = |va|fi4 - Consider the
following identity for i =2, ..., k,

2AR(fi, fi) s, fi) = (RUfis (fi + S VU + Soir) s i)
- (R(f; s ﬁ)ﬁ s .ﬁ) - (R(.f;» f}(+l)f}(+l > f;)
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It turns out that 2|(R(f;, f1)fx+1, fi)] < 4K . Thus
k

k
Y (R, eei, Z

i=1

x~

=02 Y (R, MDA L)

i=2

+2|UI||UZ|Z (fis Miesrs fi)

+ |UZ|2 Z(R(f; ) ﬁ(+l)ﬁ(+l s f;)
i=1
> — (k- DK(|v1)* + 4|vi| |va|) + H|v2|?. Q.E.D.

Now we are in position to construct a proper function on M as in Theorem 7
such that it belongs to C(k) on M . Then Theorem 7 follows from the standard
Morse theory.

Lemma 8. Let M be as in Theorem 7 and let p € M be fixed. Then there exists
a function x € C2(R) such that x o b, is a proper function and x o b, belongs
to C(k) on M.

Proof. Let a = minyep bp(x). Let Ro > a be a number such that Ricy > 0
in {y; b,(y) > Ro}. For r>a, define

H(r) = inf{Ric()(y); r+ Ro—a < by(y) <r+Ro—a+1} > 0.
Let T(r) = max{16kH(r)~', 2(Ro —a + 1)} . Define
K(r) = Sup{lel; r<by(y)<r+T(r}

Let C: [a, +o00) — R*™ be a positive continuous function to be determined

later. Set .
x(1) =/ exp </ C(r)a’r) ds +a.

It is easy to check that yx is of class C? and has the following properties:
(1) x'(r)>1 forall rela, +0),
(i) x"(ry=C(r)x'(r) forall r € [a, +o¢).
Clearly, (i) above implies x o b, is also proper. By choosing an appropriate
C(t), we will prove that y o b, belongs to C(k) on M.
Fix any point ¢ € M with b,(q) = r. From Lemma 2 in §2.1 it follows that
there exists a ray og,(s) issuing from ¢ such that forall s >0,

bl (x)=r+s—d(x, a,(s))

supports b,(x) at g, and b,(g,(s)) =r+s.
Define 0 : T,M x [0, T(r)] - M as

0(v, s) = expg, () (1 - Lr) v(s),
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where v(s) denotes the parallel vector field along o,(s) such that v(0) = v.
Define f locally at g as

T(r)
foexp,(v)=r+T(r)- /0

Clearly, f supports b, at gq. Take any orthonormal set {e;,..., e} in
T,M. Let o and B be nonnegative numbers such that o + 2 = 1 and

o? = E;f:l(ej , 64(0))2. Then by the first and second variation formulas and
Lemma 7, one obtains

k k
C(N D leifF+> VSl )
j=1 j=1

1
> C(r)a® - m(k - a?)

T(r) 2
—(k—1)/0 (I‘T_Z-S) max | Ky, s)|(o? + 4a) ds

06

a(v, s)| ds.

T(r) 2
+/0 (l - %) min Ric (a,4(s)) B* ds

T(r) 2
ZC(,)QZ_%—(k— l)K(r)(a2+4a,3)/ (1_%) ds

0
R [ R' (1- ﬁ)z ds

> C(r)o? - % - %(k — DK("T(r)(a? + 4aB) + %H(r)ﬂz.

Clearly, one can find a positive continuous function C(r) depending only on
k, T(r), K(r), and H(r) such that

r)Zle,f|2+ZV2f (ej, ej) > %H(r)

Jj=1 j=1
Thus
k k k
Z Niej,e)) = [C D leif1P+> V2flej, )| (X' ° Na)
j=1 j=1 j=1
> S HO) o by)(a) = T X' (D).

One can also check that there is a positive continuous function A(r) on [a, +oc),
such that
IV (xo ), v)| S ANvf,  veT,M.
It follows from Lemma 6 that there is a positive continuous function &(r)
on [a, +oo) depending only on H(r) and A(r), such that for all vector set
{vi, ..., v} in T,M with [(v;, v;) —d;;| < &(r)

z (xo 1w, 1) > 35HO)
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Since x o f supports xob, at g € M, one obtains

Clxoby)(a: ;) > 53 H().

~.
Ii M»

By definition, x o b, belongs to C(k) on M. Q.E.D.

Proof of Theorem 7. 1t follows from Lemmas 5 and 8 that there is a smooth
proper Morse function F which belongs to C(k) on M . Clearly, the index of
F at each critical point satisfies that ind(F) < k — 1. Thus Theorem 7 follows
from the standard Morse theory [M2]. Q.E.D.

It is a conjecture that any complete open rn-manifold of positive Ricci cur-
vature admits a sequence of compact domains Q; C Q, C --- such that
M = U, Q; and each Q; has smooth boundary with positive mean curva-
ture. This conjecture is affirmative in case that A is a proper open manifold
of positive Ricci curvature. In fact, we will prove the following

Theorem 8. Let M be a complete proper n-manifold Ricyy(M) > 0 for some
1<k <n-1. Then M admits a sequence of compact domains with smooth
boundary Q; C Q, C --- such that M = J;2, Q; and each Q; has k-convex
boundary.

Proof. Since M is proper, it follows from Lemmas 5 and 8 that there is a proper
smooth function f: M — R such that f belongs to C(k) on M. Choose a

sequence of numbers a; < a; < --- — +oo such that each a; is a regular value
of f. Set

Qi ={xeM; f(x)<a}.
Then each Q; has a smooth boundary 9Q;. Let {e;,..., e} be any or-

thonormal set in T,0Q;, g € 9Q;, and {é,,...,é} be any extension of
{e1, ..., e} toaset of tangent vector fields to 9Q; near g. Since f belongs

to C(k), one has 3% V2f(e;, e;) > 0. Notice that

k k k

Y Viflei e) =D {&i(éif) — (Veor)f} = =Y (Voo f.

i=1 i=1 i=1
Thus — Zf=l(Vé,é,~) f>0. Let £ be the outward-pointing unit normal at ¢ €
0Q; . Then the second fundamental form /; at g satisfies

]T'M::-

k k
1
Le) ==Y (Veli, &) =~ S (V5ér,
el el ~ e,el ” gl‘adf” ,_:l( t’,el gradf)

- Igradfllz V. é)f > 0.

Thus Q; has k-convex boundary. Q.E.D.

Corollary 3. Let M be a complete open n-manifold with Ricy,(M) > 0 for
some 1 < k < n—1. Suppose that for some point p € M, (1) holds. Then M
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admits a sequence of compact domains Q, C Q, C --- such that M =2, Q;
and each Q; has k-convex smooth boundary.

4. OPEN MANIFOLDS WITH CURVATURE BOUNDED FROM BELOW

4.1. Isotopy Lemma. For an open manifold A , if there is a proper smooth
function f: M — R such that f has no critical points outside a compact sub-
set of M, by Morse theory, M is diffeomorphic to the interior of a compact
manifold with (smooth) boundary. For a complete open riemannian mani-
fold M , the natural candidate of such function on M is the distance function
pp(x) :=d(p, x) from a fixed point p € M. It is well known in riemannian
geometry that p,(x) is only Lipschitz continuous. The concept of critical point
of pp(x), therefore, cannot be given in a usual way. Grove-Shiohama [GS]
have made the fundamental observation that there is a meaningful definition of
“critical point” for such distance function, such that in the absence of critical
points, the Isotopy Lemma of Morse theory holds.

A point g(# p) is called a critical point of p, if for all unit vector v in the
tangent space T,M , there is a minimal geodesic, y, from g to p, making an
angle, Z(v, (0)) < /2, with $(0). As was shown in [GS], if ¢ is not a critical
point of p, , then there is a small positive number ¢ > 0, an open neighborhood
U, of ¢, and a smooth unit vector field W on U, such that for any minimal
geodesic, y, from x € U to p, y makes an angle, Z(W,, (0)) > n/2+ ¢
with W, . By using a partition of unity and the first variation formula, one can
prove the following

Isotopy Lemma [GS, G1,C]. If ry <r; < +oo,and if C isa connected compo-
nent of B(p, r;)\B(p, r) such that the closure, C, is free of critical points of
Py, then there is a homeomorphism

y:Ix(r,n)-C,

where L = 0C NS(p, r) is a connected boundary component of C, such that
pp(w(x,t) =t, forall (x,t) €Zx(r,r). Moreover, X is a topological
submanifold (without boundary).

Remark 4. Note that the closure of B(p, r;)\B(p, r) is strictly contained in
B(p, rp)\B(p, r) in certain cases. If B(p, r;)\B(p, r) contains no critical
point of p,, then this region is homeomorphic to S(p, r{) x [r, r2]. More-
over, S(p, r;) is a (not necessarily connected) topological submanifold without
boundary (cf. e.g. [C]).

The Isotopy Lemma above, in particular, implies that if a complete open
riemannian manifold M does not contain critical points of p, outside a com-
pact subset, then M has finite topological type. For our purpose we need the
following

Lemma 9 (cf. e.g. [C]). Let M be complete, and let p € M be fixed. Suppose
that there is Ry > 0 such that for all r > Ry, all boundary components, X, of

M\B(p, r) with ENR(p, r) # @, are free of critical points of p,. Then there is
a R, > Ry, such that M\B(p, R;) is free of critical points of p, . In particular,
M has finite topological type.

Outline of the proof. Follow [C], let U be any unbounded connected com-
ponent of M\B(p, Ry). Let Zg, be a boundary component of U with
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XR,NR(p, r) # @. One can take a ray y emanating from p with y(R) € Zg, .
For r > Ry, let X, denote the boundary component of M\B(p,r) with
y(r) € Z,. By assumption, all X,, r > Ry, are free of points of p,. By
the same argument for the Isotopy Lemma, one can show that there is an em-
bedding v : Zg, x (Ro, +o0) — U such that y(Zg, x {r}) = Z,. It is also
easy to see y is onto. Thus w(XZg, x (Ro, +o0)) = U. Clearly there are
only finitely many bounded connected components, V', of M\B(p, Ry) with
V'NS(p, 2Ry) # @. Thus there is R; > Ry, such that M\B(p, R,) is free of
critical points of p,. Q.E.D.

4.2. Small excess and finite topological type. In order to prove a complete
riemannian manifold M has a finite topological type, one needs to show that
there is no critical points outside a compact subset with respect to a fixed point
p € M. For this purpose we will prove an important lemma, which tells us
that the value of excess function e, at critical points cannot be small. In [AG]
Abresch-Gromoll have proved a similar result for the excess of a thin triangle
in M. The following lemma gives us a concrete information for the excess
function e, which can be thought of as the excess of the triangle with one
vertice at infinity.

Lemma 10. Let M be a complete open riemannian manifold with sectional cur-
vature Ky > —K for some constant K > 0, and let p € M be fixed. Suppose
that q # p is a critical point of p. Then

1 . expvKpy(q)
(14) ep(q) 2 \/Eln cosh VK py(q)’
Proof. Take an arbitrary sequence f, — +oo so that by (x) = t,—d(x, S(p, tn))
converges to b,(x) on M. There is x, € S(p, t,) such that d(q, x,) =
d(q, S(p, t,)). Take a minimal geodesic y issuing from p to x,, and a min-
imal geodesic ¢ issuing from ¢ to x,. Since ¢ is a critical point of p, there
exists a minimal geodesic 7 issuing from g to p such that ¢(0) and (0)
make an angle at most 7/2. Apply Toponogov’s Theorem [CE] to the triangle
formed by y, o, and 7, we obtain

(15) cosh VKt, < coshVKd(q, x,)cosh VKd(p, q).
Multiplying (15) by 2expVK(d(p, q) — t»), and letting ¢, — 400, we obtain
(16) exp VK pp(q) < expVKe,(q) cosh VK p,(q).

Then Lemma 10 follows from (16). Q.E.D.

Proof of Theorem 5. By (13), for sufficiently large r, Z(p,r) < In2.K~!/2
implies that R,(x) < In2-K~!/2 for x in all boundary components, X, of
M\B(p,r) with ZNR(p, r) # @. Since e,(x) < Ry(x) (5), then by Lemma
10, one concludes that all such X are free of critical points of p,. Theorem 5

therefore follows from Lemma 9. Q.E.D.

Next we will give an upper estimate for the Betti numbers of complete
open riemannian manifolds with small excess at infinity. Let H,(X;F) de-
note the kth singular homology group of a subset X in a riemannian man-
ifold M, where F is any fixed field. For any two subsets i: X Cc Y Cc M,
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let be(X,Y) denote the rank of i,: H (X ; F) — H (Y ; F), and b (X) =
be(X, X) = dim H (X ; F). Notice that for subsets X CX CY CY in M,
bi(X,Y)<b(X, 7).

Theorem 9. Given n, K >0, D > 0, 08 < In2. There is a constant C =
C(n,K,D,0) > 0 such that if a complete open n-manifold M satisfies the
bounds:

(1) Ky > -K,

(2) for some pe M and all r > D,

1
Ep,r) < —0,
P ) vK
or |
Fp,r)< —0,
) VK
or

. 1
dia(S(p, r)) < WO.

Then M has finite topological type and its total Betti number satisfies

2": bi(M) < C
=0

Proof. By Lemma 10, there is Dy = Do(K, D, 6) > 0 such that M\B(p, Dy)
is free of critical points of p,. Thus by the Isotopy Lemma and its remark,
M and B(p, Dy + 1) are homeomorphic to B(p, Dy), respectively. Thus by
Theorem 11 below

Zbk(M>=Zbk(B(p,Do Zbk (P, Do), B(p, Do + 1))
k=0

<Zbk (. Do), TiB(p, Do) < C(n, K, D, 6). QED.

5. OPEN MANIFOLDS WITH NONNEGATIVE kKTH-RICCI CURVATURE

5.1. Better estimates of excess functions. Recall that we always have the esti-
mate e,(x) < Ry(x), x € M (5). No conditions on curvature are required in
this case. The basic idea of the proof of Theorem 3 is to find a better estimate
of e,(x) in terms of R,(x) if Ricy,(M) > 0. We start with the following

Lemma 11. Let M be a complete n-manifold with Ricy (M) >0 for some k,
1 <k<n-1. Let C, be the cut locus of p. Then the distance function p,
is smooth at any point x € Q, := M\C, U {p} and for any orthonormal set
{er, ..., 41} in TxM with grad p,(x) € span{e;, ..., €41},

k+1
i k

VZp,(e;, e;) < )
IZ_‘T polej, €)) Py (X)

Proof. The proof is quite standard. Let y be the minimal normal geodesic
issuing from p with y(r) = x, r = p,(x). For each u e T, M, let u(t) be the
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parallel vector field along y with u(r) = u. Then define §: T,M x[0,r] - M
as

Set

t
O(u, t) = exp, ;u(t).
£9—0(u, t)‘ dt.

s =[5

Clearly, p,oexp;! supports f at u =0, i.e., pyoexpy'u < f(u), forall u
close to 0, and the equality holds at ¥ = 0. Hence by the second variation
formula [CE] one obtains

d? 1
V2pp(u, u) < —5 f(su)|s=0 = (1 = (u, grad p)?)

-/ () R, 1030, u) d.

P
Thus

k+1 1 k+1 k
szpp(ej s ej) <= (k +1- Z(ej s grad pp>2> = 7 QED

X r X
J:l i=1

By using a modification of the argument given in [AG], we can prove the
following

Lemma 12. Let M be a complete open n-manifold with Ricy,(M) > 0 for
some 1 <k<n-1. Then forall xe M,
Ry(x)\' Jk
ep(x) < 4R,(x <”—> .
P( ) p( ) pp(x)
Proof. In case of k =1, M has nonnegative sectional curvature. By Topono-
gove Theorem (cf. [CE]), one can easily obtain

I Ry(x)?

e(x) < 2 Pp(x)

For 2<k<n-1 and r >0, set
1
o) = T w1

It is easy to check that
(a) o/ (1) + (k/0)' (1) =1,
(b) pl(t) <0 for O<t<r,
(c) pr(r)=0.
Now fix a point x € M . Take C = 2kp,(x)~! and / = Ry(x).
First we assume that R,(x) < $p,(x). Take any r with R,(x) < r <

%pp(x). Define f: B(x,r) — R as
J)=Cold(x,y))—e(y), yeB(x,r),

(11K — ik ket

where e,(y) =d(p, y)—bp(y) is the excess function at p. We claim that f has
no locally maximal point in B(x, r)\{x}. We will prove it by contradiction.
Suppose f has a locally maximal value at some point xy € B(x, r)\{x}. Take
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a normal minimal geodesic y issuing from p to X, and a normal minimal
geodesic 7 issuing from x to xp. By triangle inequality one can prove that
—&e—d(-, y(€)) supports —d(-, p) at xo and —e—d(-, t(€)) supports —d(-, x)
at xo, respectively. By Lemma 2, there is a ray oy, issuing from x; such that
byt (y) := by(xo) +t —d(y, 0x,(2)) supports b,(y) at xo. Therefore for small
e>0,

J0)5= Coe+d(y, (o) + by(xo) + 1 d (v o (1)) e - dey. 260

is smooth near x, and supports f(y) at xo. Thus f; is locally maximal at xg
and for all v € T, M,
Vi fi(v,v) <0.

Let {ei,..., ey} be and arbitrarily orthonormal set in Tx,M such that

#d(p, x0)), t(d(x, x0)), and 6,(0) is in spanfer, ..., €1} By Lemma
11, one has
k+1 k k
2 o ! -
0> ZV fe(ei,e)>C |1+ g (d(x, XO))<d(X0,T(8')) d(x,xo))]

=
k
B EATE

Since kd(xo, p)~! < k(pp(x) —r)~! < 2kp,(x)~' = C, the right side of (17)
is positive for sufficiently small ¢ > 0. It is a contradiction. Therefore one
concludes that f has no locally maximal point in B(x, r). Take z € R(p, ro)
with d(x, z) = Ry(x) (hence e,(z) = 0), where ry = p,(x). Clearly, f does
not achieve the maximum on S(p, r). Then forany p, 0< p </ = Ry(x),

0< < =Co,(p)— mi ,
fiz) s ye%l(?c)fp) fw) ¢r(p) yerg‘%y?p) e )

which implies

ep(x) < min e, (¥) +2p <2p+ Cor(p).
YES(x, p)

Letting r — [/ = R,(x), one obtains
ey(x) < min (2p + Co(p))-
O<p<l

Notice that h(p) :=2p + Cg;(p) satisfies that
lirg h(p) = +oo and plim h(p) = +oo.
p—0*

—+0C

Then Ah(p) has a minimal point py € (0, +00).

; c -
(18) h'(po) =2+ k—_ﬁ(po—pokl“'):O.
It follows from (18) that
c k+1 W
(19) Po < (2(k+ 1)l ) ,
and

(20) po < L.




ON COMPLETE MANIFOLDS 307

By (18), (19) and (20), one obtains

% L C
k—17° T2 —'\Po

< Zk ( C lk+l)l/k
k-1 \2k+1)

~ M:[ 2k Ry(x)<!
Tk-12(k+ D) p(0)

Rp(x))l/k
Pp(x) ’

Second, if R,(x) > §p,(x), then by (5), one obtains

2k

_12)S k_lpo

ep(x) <

1/k

< 4R,(x) (

Ry (x)
Pp(x)

1/k
qu)sRAMS4RAﬂ( ) . QE.D.

Remark 5. Let M be as in Lemma 12. Let e, 4(x) := d(p, x) +d(q, x) —
d(p, q) denote the excess of a triangle formed by p, ¢, x in M, by the same
argument as above, one can show that

h(x) 1/k
< _
er.at) < $h06) (527)
where s(x) =min{d(p, x), d(q, x)} and h(x) equals the distance between x
and a minimal geodesic joining p and q.

5.2. Small diameter growth and finite topological type.

Proof of Theorem 3. By (13), for sufficiently large r, the assumption of Theorem
3 implies that
Ry(x) L k/a(ks1)
ooy < gK

for x in any boundary component, £, of M\B(p, r) with ZNR(p,r) # @. It
follows from Lemmas 10 and 12 that all such components X are free of critical
points of p,. Then Theorem 3 follows from Lemma 9. Q.E.D.

The same argument as in Theorem 9 also gives the following

Theorem 10. Given n, K>0 and D>0. There is a constant C=C(n, K, D)>
0, such that if a complete open n-manifold M satisfies the bounds:

(1) Ky > -K,

(2) Ricyy(M) >0 for some 2 <k <n-1,

(3) for some pe M,

Zp,r) 1 k/2(k+1)
—rl/(k+l) < '8'K s r> D,
or .
dia(S(p, r)) lKk/z(k+l), r>D.

<3

V)
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Then M has finite topological type, and its total Betti number satisfies

Y (M) <C.
k=0

6. BETTI NUMBERS AND NONNEGATIVE RICCI CURVATURE

In this section, we will study the “topological growth” of the geodesic balls
in complete open manifolds of nonnegative Ricci curvature. First let us recall
Gromov’s theorem [G1]. One can also refer to [A] for the details.

Theorem 11 (Gromov [G1]). Let M be an n-dimensional complete riemannian
manifold with sectional curvature Ky > —1. Then there is a constant C(n) > 1
depending only on n such that for any 0 < ¢ < 1 and any bounded subset
XcM,

n
D be(X, TX) < (1+dia(X)e™!)"C(n)! =),
k=0
T.X denotes the e-neighborhood of X in M.
This theorem, in particular, tells us that for a complete n-manifold M with

sectional curvature Kj,; > —1, the total Betti number of the geodesic balls in
M has at most exponential growth, more precisely, for all r > 0,

> bilp, r) < C(m)'r,
k=0

where by (p, r) = b (B(p, r), M), the rank of the natural inclusion

i*: Hk(B(p’ r)a F) - Hk(M’ F)
What we will show in this section is, if in addition, M has Ric(M) > 0, then
the total Betti number of M has polynomial growth of degree n.

Proof of Theorem 2. Let B be any ball in M with radius r and let p > 1.
Denote by pB the concentric ball of B with radius pr. By Theorem 11, there
is a constant C,(n) depending only on » such that for all balls B with radius
r<lin M,

n
(21) > _bi(B, 5B) < Ci(n).

i=0
The rest of the proof will rely on the following topological lemma which was
proved by Gromov [G1].
Lemma 13 [G1, A]. Let M be a complete riemannian n-manifold and let p €
M . For any fixed numbers r > 0 and ro < 77", let B}) =B(p;,n), j=
1,..., N, bea ball covering of B(p,r) with p; € B(p,r). Let Bj.‘ = 7"'B?,
k=0,...,n+1. Then

Y bi(B(p,r), Blp, r+1))

i=0

s(e—l)Nt"sup{Zbi(B}‘, SBI’-‘); 0<k<n, 1<j<N},

i=0




ON COMPLETE MANIFOLDS 309

where t is the smallest number such that each ball B]’.’ intersects at most t other
balls By

Take ro = 77"~!, and let B(p;, %ro) , j=1,..., N, be a maximal set of
disjoint balls with p; € B(p, r). Then BJ(.’ = B(pj,rn), j=1,...,N,isa
covering of B(p,r). By Bishop-Gromov’s volume comparison theorem, one
obtains \

N< (1 + 4ri> <474 )
0
Let B}‘ = 7"B}), k=0,...,n+1. Assume that B? intersects ¢ other balls
B}, . By the same volume comparison argument, one obtains ¢ < 5". Since
each ball B}"‘ has radius < 1, it follows from (21) and Lemma 13 above that

n n
Y bi(B(p,r), M)<> bi(B(p,r), Bp,r+1))<C(n)(1+r). QED.
i=0 i=0
This theorem gives a topological obstruction to complete open manifolds M
with nonnegative Ricci curvature and sectional curvature bounded from below.
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