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CLASSIFICATION OF SINGULARITIES FOR BLOWING UP
SOLUTIONS IN HIGHER DIMENSIONS

J.J. L. VELAZQUEZ

ABSTRACT. Consider the Cauchy problem
U — Au=uf whenx € RN, t>0, N>1,
(P) { u(x, 0) = ug(x) when x € RV,
where p > 1, and ug(x) is a continuous, nonnegative and bounded function.

It is known that, under fairly general assumptions on u#g(x) , the unique solution
of (P), u(x, t), blows up in a finite time, by which we mean that

limsup [ sup u(x, )| = +oo.
nr x€RN

In this paper we shall assume that u(x, ) blowsupat x =0, =T < +o0,

and derive the possible asymptotic behaviours of u(x, t) as (x,t) — (0, T),
under general assumptions on the blow-up rate.

1. INTRODUCTION AND DESCRIPTION OF RESULTS
This paper deals with the following problem:
(1.1) u,—Au=u’ whenxeRM, t>0, p>1,

(1.2) u(x,0)=up(x) whenxeRY

where up(x) is a continuous, nonnegative and bounded function. Local (in
time) existence of a classical solution u(x, t) of (1.1), (1.2) follows at once
from standard results. It is said that u(x, ¢) blows up in a finite time T < +co,
if u(x, t) satisfies (1.1), (1.2) in R x (0, T') and

lim sup (sup u(x, t)) = +00.
nT xXERN

In such case, a point xo € RV is called a blow-up point of u(x, t) if there
exist sequences {x,}, {¢,} such that lim,_, x, = xp, lim,_,t, = T, and
lim,_,o #(Xn, tn) = oo. Conditions on up(x) and p under which u(x, ?)
blows up in finite time have been extensively discussed in the literature (cf., for
instance, [Fu, AW]). See also [BBE, CM, FM, L, W] for related results.
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We shall concern ourselves with the task of describing the asymptotics of
solutions near blow-up points. To this end, we shall assume henceforth that

(1.3) u(x,t)blowsupatx =0and t =T < +o0.

Moreover, some information about the manner in which blow-up happens will
be taken for granted. Namely, we will suppose throughout that

ux, ) <M(T—-1t)~?=D foranyxeR", t< T, and

(1.4a)
some constant M.

(14.b) lim (7 — )/~ Du(x(T - )2, 1) = (p — )71/,
. uniformly on bounded sets |x| < R with R > 0.

We remark in passing that (1.4) holds under loose assumptions on the initial
values up(x) when p < (N + 2)/(N — 2); see for instance [GP] for the case
N =1 and the series of fundamental papers [GK1, GK2, GK3], where no
restriction on the dimension N is made.

Our aim here consists in obtaining an additional term in the asymptotic
expansion in (1.4b) when N > 1. Besides its intrinsic interest, we expect that
this fact will be important in describing the local structure of the blow-up set,
as it happens to be in the one-dimensional case (cf. [HV1, HV2, HV3]). We
shall recall briefly the corresponding results in [HV1, HV2], since these are
relevant for the analysis to be performed presently. Following [GP and GK1],
we introduce similarity variables

(15) u(x, ) = (T =070 "Vg(y, 1) where y =~ © = ~log(T ~1).
so that ¢ satisfies
(16) ¢I=¢yy—y¢y/2+¢+fl(¢),
where »
fi9)=¢ - ~Z0.
We then linearize about the nontrivial stationary solution of (1.6) by setting
(1.7) ¢y, 1)=@-1)""V 1+ ¥(y, 1)
so that ¥(y, 1) solves
(1.8) Y. =¥, - y¥,/2+¥Y+ f(¥) =AY + f(¥),
where
~1/p-1) —pip-1) _ PY
f) = (0= )7 4 — (p - el -

and f(s) = O(s?) as s — 0. Here and henceforth, free use will be made of the
customary asymptotic notations o( ), O( ), <, =, etc. For 1 <g, +o and
any positive integer k > 1, we define the spaces

(1.9a) Li(R) = {g € L,‘LC:/ lg(s)|9e 514 ds < +oc} ,
R
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HY(R) = {g € L2 (R): for any j € [0, k], gV € L} (R)

(1.9b) | :

and / lgV)(s)|2e™ /4 ds < +oo}.
R

It is readily seen that L2 (R) (resp. LL(R), 1 < g < +oo, g #2) is a Hilbert
space (resp. a Banach space) when endowed with the norm

(1.9¢) IglZ o= (. 8) = /R 18(s)Pe="1 ds

(resp.
lglle . = /R 18(s)l%e~4 ds).

Since the L2 norm will be extensively used hereafter, we shall denote it by
| || for simplicity. Clearly, for k > 1, HX(R) can be given a structure of
Hilbert space in a straightforward way. It is then natural to consider (1.8) as a
dynamical system in L2 (R). Actually, operator 4 defined in (1.8) with domain
D(A) = HX(R) is selfadjoint in L2(R) and has eigenvalues 4, = 1 — n/2,

n=0,1,2,..., with eigenfunctions H,(y) given by
Ho(y) = caHa(y/2), where ¢, = (2"/2(4z)"/(n!)'/2) 7",
(1.10) and H,(y) is the standard nth Hermite polynomial

so that ||H,|| = 1 for any n.
The following result was proved in [HV1] and [HV2].

Theorem A. Assume that N = 1 and (1.3) holds. Then one of the following
cases occurs:

(1.11a) Y(.,1)=0 foranyt>0.
(4m)'4(p — 1)"1P"D Hy(y) (1
(1.11b) Y, 1)+ N i —0(;) as v — oc.

(1.11c) There exist m even, m > 4, and C # 0 such that
Y(-, 1) = Ce'"™2H, (-) = o(e!"=™2%) as 1 — o,

where convergence takes place in HJ\ as well as in C,'f)c’" for any k > 0 and
a€e(0,1).

To deal with the case N > 1, we modify our functional frame in a natural
way. Let ¢, k be asin (1.9), and set

(1.12a) L% (RY) = {f € LIZ)C(RN):/RM(s)l"e‘SZ/“ ds < +oc} ,
(1.12b)
HK(RM) = {g € L (RV): gT{ € L} (RY) where o = (o, ..., ay),
3(:]‘ 0|u|f
— < = .
Ial (e3] + +(1N — k’ and 6X1y (’)x;'l 6)(}(,"}
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The change of variables; (1.5), (1.7) leads then to

¥, = AyY + f(¥), where f(¥)=O(¥?) as ¥ — 0 and
1.13 .
( ) Ay =AY — y- V¥
2
Operator Ay is now selfadjoint in L2 (RY) with domain D(4y) = H2(RV).
Its spectrum consists of the eigenvalues

+ Y.

_mi+-+my
2

and the corresponding eigenfunctions are

(1.14a) 1 where my, m,, ..., my=0,1,2, ...,

Hml,mz,...,m,v = Hml(yl)"'HmN(yN)a

1.14b
( ) where H;(y;) is defined in (1.10).

For x = (x1,...,xy) and a = (ay, ..., ay), letus write x® = x{" --- x3/",
and H,(x) = H,, (x1) - Hay(xn) . Our main result is

Theorem. Let u(x,t) be the solution of (1.1), (1.2) and assume that (1.3),
(1.4) hold. Let ¥(-, ) be given by (1.5), (1.7). Then, if ¥(-, 1) Z 0 for some
7 > 0, the following possibilities arise. Either there exists an orthogonal trans-
Jormation of coordinate axes such that, denoting still by y the new coordinates

— CP : 1
(1.15a) W(.,r)_-—T—;HZ(yk)Jro(?) ast— oo

where 1 <I< N and
Cp = (4m)/4(p — 1)=1/®=1V2p

or there exists an even number m, m > 4, and constants ¢, not all zero such
that

(1.15b) W(-, 1) = —e!=mDT N e Ho(y) + o(e!' ™) as 1 — oo,

|al=m
where the homogeneous multilinear form
B(x) = Z CaX®
|a|=m

is nonnegative. In cases (1.15a), (1.15b) convergence takes place in H.(RV)
as well as in CX:*(RN) forany k >0 and a € (0, 1).

We next discuss briefly previous work to ours, as well as some related results.
In [B], the author considers the Cauchy-Dirichlet problem for

(1.16) U — Au = e*

in a bounded domain with homogeneous side conditions. Such a choice of
the reaction term f(u) = e* is well known in combustion theory (cf. for in-
stance [BE]). It is shown in [B] that solutions satisfying (1.15a) (or rather its
counterpart for (1.16)) actually exist.
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On the other hand, let us denote by {e*} _, the eigenfunctions of Ay corre-
sponding to positive eigenvalues (cf. (1.14) ) {e°} " | its eigenvalues with eigen-
value zero, and {e }°°1 its eigenfunctions with negative eigenvalues. Recalling
the definition of ‘I’(y 7) in (1.7), we may write

m

¥y, 1) = Zﬁ, 7 ( Z 0e2) + 37, (0)e; (v)
j=1 j=1

Then the following result has been shown in [FK].

(1.17) Either ¥ — 0 exponentially fast as T — oo, or for any € >0 there is a
time sy such that

k 00 m
Z )+ Yy 2(r)<e) al(t) fort>s.
Jj=1 J=1 j=1

Moreover, if ¥ does not approach zero exponentially fast, the neutral modes
{oj}L, satisfy

aj = %’(p - HYe=NIWE) + 0 (e Ea§>
j=1

where I'I? denotes orthogonal projection onto e? and ¥y is the neutral compo-

nent of ¥ :
= Zaj(f)e?(}’)
j=1

Concerning the alternative state in (1.17), we obtain here a precise descrip-
tion of the situation where ¥(-,7) — 0 as 7 — oo exponentially fast (cf.
(1.15b)). Furthermore, an asymptotic expansion for ¥(-, ) in the case where
the neutral modes prevail is given in (1.15a). It is worthwhile to point out that
our approach is technically rather different from that in [FK]. While those au-
thors rely heavily on a center manifold viewpoint, we proceed along the lines
of the perturbative techniques already used in [HV1, HV2, HV3] to deal with
the one-dimensional case. The techniques introduced in these works, as well as
those developed in [FK], have been applied in [HVS, BB, Li]. Of these, [HVS]
and [BB] deal with the combustion model (1.16). In [HVS5], the final blow-up
profiles for the corresponding Cauchy problem are obtained, and the existence
of flat blow-up structures (in the sense of (1.11c)) is shown in a particular case,
which correspond to two maxima collapsing at blow-up time. The paper [BB] is
concerned with the description of final blow-up profiles for radial solutions in
any space dimension, under some assumptions on the initial values which are
not required in [HVS5].

After completion of this article, we learned about related and independent
work by Filippas and Liu [FL]. In that paper, the authors obtain, among other
results, that either (1.15a) holds, or the scaled error ¥(y, t) must decay at
least exponentially as 7 — oo. However, decays faster than exponential are not
excluded, and no precise formula like (1.15b) is obtained therein.
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The plan of this paper is as follows. A number of auxiliary results which
extend previously known facts for the case N = 1 can be found in §2. The
main novel points in the proof of our main result are then discussed in §3.

2. PRELIMINARIES

In this section we shall gather some results which are analogous to those
previously obtained in [HV1] for the case N = 1. To keep this paper within
reasonable bounds, we shall just stress the points where relevant differences
appear with respect to the corresponding results in [HV1], and refer to that
work for details.

As a starting point, we state a crucial delayed regularizing effect (cf. [HV1,

§2]).

Lemma 2.1. Assume that ¥Y(y, 1) satisfies (1.13) and |¥| < M < o for some
M >0. Then forany r > 1, q>1,and L >0 there exist 15 = t}(q, r) and
C=C(N,r,q, L) such that

2.1 P, t+ )0 S CI¥(-, T)llg,w foranyt>0and t° € [15, 15+ L].

It is worthwhile to point out here that (2.1) is basically a linear effect, which
holds indeed for solutions of the heat equation. To proceed further, we notice
that, since the set {H,:a € NV} is an orthonormal basis in L2 (R"), we can
represent ¥ as

(2.2) Wy, 1) =Y aa(1)Ha(y)

for some coefficients a,(7). The following nondegeneracy result can be proved
exactly as in [HV1, §3].

Lemma 2.2. Assume that |¥Y(y, 1)| is bounded. Suppose also that for any R > 0
there exists C = C(R) such that

I¥(-, 7)|| < Ce R for 1> 0.
Then ¥(y,1)=0.

As a further step, we notice that the first modes in (2.2) represent negligible
contributions to the L2-norm of ¥.

Lemma 2.3. Let Y(y, 1) be as in the previous lemmata, and assume also that
lim,o [|¥(:, 7)|| = 0. Then there holds

. Z|a|<1 aa(7)]
(2.3) TP T
Proof. Tt consists in a suitable modification of that of Proposition 4.1 in [HV1].
Of the various estimates which are used there to derive (2.3) when N =1, only
one does not carry over as such when N > 1, namely that obtained in Lemma
4.4. To circumvent this problem we proceed as follows. Assume that (2.3)
does not hold, so that there exists a sequence {7;} with lim;_ 7; =00 and a
constant ¢ > 0 such that

Y laa(t)l > el ¥, 7))l

laf<1
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Set now ¥(y, 1) =0j(y, 1)+ w;j(y, 1), j=1,2,..., where for any such j,
gj solves

(0)) = Ag)) — % - V(o)) +0; if 1>,
oi(y, ;) =¥y, 1)).
For R > 0, let us define xr(y) by xr(y) =1 if |y| < R and zero otherwise.
We then have

(2.4) For any given L >0, ¢ >0, and R > 0 there exists C > 0 indepen-
dent of R, ¢, and a constant C; such that

1 7j+L 1/2
TG 7)1 (/ xR ()8 (loj (-, >|>n2ds)

< Ce+ GI¥(-, 1))[|'74(1 + CR)3/4

where g(s) = min(s, s3/4).
To obtain (2.4), we notice that

/ T ROz )P = JRGE: / 0

j j ite
‘tj+L

Tj+e
<C [ o s + [ el R s

Tj+e
= Il + 12.
We then estimate I; as follows:

Tj+€
I < Cez("’f)/ ds/ et/
Tj ]RN

exp(—(&e=6—)/ 2/4 1 —e=(r=%)) |
* (/RN (47:(1 — e~ 6-1)))N]2 ['¥(4, T,)Idll)

Tj+€
< CeZL/ ds/ WA, )2 ¥4

exp(—(Ee=C—T/2 _ 2)2/4(1 — e~-)) _ E2/4 1 2/4)
x </R @n(l = eGP ‘“) 4@

2

< Cell¥(-, 1))l

On the other hand, a slight modification of the argument used in [HV1, Lemma
4.4] yields

5/2 6R*\5 2,5L/2 L
for some suitable constants C, 6 independent of ¢, R, and {7}, and (2.4)

follows. Taking now the limits j — co, R — oo, and ¢ — 0 (in this order) we
obtain that

lew;(-, Dl

lim =0 uniformly for 7 € [7;, 7; + L]

j=oo [|¥(, 7))

(cf. Lemma 4.5 in [HV1]). The rest of the proof of Lemma 2.3 proceeds then
exactly as in [HV1, §4]. O
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As a next step, we shall make use of a result which has been proved in [HV1]
for the case N = 1, and in [FK] for N > 1. For completeness, we shall give
here a different proof along the lines of that in [HV1].

Lemma 2.4. Under our current assumptions, the following alternative holds. Ei-
ther

-1
(2.5) Tim (2(aa<r>>2) (Z(aa(r»z) -0,

la#2 la]=2
or
(2.6) |¥(-, 7)] = O(e™*") as Tt — oc for some e > 0.
Moreover, if (2.5) is satisfied, we have that, if |a| =2,

(2.7) Ao =Vp Z(H,;Hy , Hy)aga, + O (8(1.') Z (aﬂ(f))2)
|8]=2

where v, = p(p — 1)V/?=1/2 summation in the first series is extended to those
indexes B, y with |B]|=1|y|=2, and ¢(1) -0 as 1 — .
Proof. Let us define p(7) = ||¥(-, 7)||. As in [HV1, §5] we have the following
possibilities:

(2.8a) limsup,_, . (7p(17)) = +00.

(2.8b) There exist dp > 0, J; > 0 such that

0<dp < liﬂilgf(rp(r)) < limsup(tp(1)) < d; < +oo.

(2.8¢) liminf,_,.(7p(r)) = 0 and limsup,_(e"p(1)) = +oo for any
e>0.

(2.8d) p(tr) < Ke~** for some ¢ >0, K >0 and large enough 7.
Clearly, if (2.8d) holds, (2.6) is satisfied. On the other hand, if one of the cases
(2.8a), (2.8b), or (2.8c) takes place, we may argue exactly as in [HV1, §5] to
obtain that (2.6) holds.

It then remains to show that the Fourier-Hermite coefficients a, with |a| =2
satisfy (2.7). We then write

Y(y,1)= Y aa(t0)Ha(y) + 6y, 7).
la=2
Since ¥ satisfies (1.8), where

fis)= p(p—_lz)l/(p—‘”s2 +8(s) = vps? + g(s),

and g(s) = O(Js|?) as s — 0, we readily see that, if |a| =2,
ay = (f(\P), Ha)

2
=Vp <(Z aﬂ(T)Hﬂ(y) + 0()/', T)) s le> + (g(\l’)’ H!)

(2.9) p1=2

=, < > Y ap(v)ay(1)HgH,, H,,> +2v, Y ag(t)(Hgb, H,)

[BI=21y|=2
+ Vp(02 ’ Ha) + (g(‘lj) 5 H(I)'

|B1=2
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Using the delayed estimates recalled in Lemma 2.1, and arguing as in [HV1,
§5], we readily bound the last three terms on the right in (2.9) as follows:

> ap(t)(Hpb, H,)
181=2

< > lag(IOC, Dlla,wll Hillasz
1B1=2

(6%, Ha)l < 116(-, D113, o »
[(&(¥), Ho)| < CI¥(-, DIIg oy < CI¥C, TP

3/2
<CI¥G, P < C (2 (aa(r»z)

la|=2

where here and henceforth C will denote a generic constant, possibly changing
from line to line. We now claim that

2
(2.10) lim N9C Dll3,w

L SN Es) e

Indeed, 6 satisfies

_ yveo
b =080~ ——+0+ | f(¥)~ lgﬂ‘w, H.)H,
=AN0+D(y, 1)

whence, dropping the subscript N for convenience,
T
(2.11) 0(y,1)=S4(R)O(-,T—R) +/ Sy(t—85)D(-, s)ds
—-R

for any R > 0. Recalling (2.5), we see that

1/2
16(-, 7= R)|l <« (Z (aa(7 - R))Z) <|¥E, = R < CIYC, )l

|al=2
1/2
<C (Z (a,,(r))z) as T — oc
|a|=2
so that
S4(R)O(-, T = R)lla,w < ClIO(-, T = R)|

12
2.12
(2.12) < (Z (a,,(r))z) as T — oc.

|a)=2

We next set out to estimate the second term on the right in (2.11). To this
end, we first notice that, whenever s € [t — R, 7] and R > 0 is large enough,
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there holds
ID(-, )llsw,w = I/ (¥) = Y (f(¥), Ha)Hallsn w
la]=2
< ”f ”5N w T Z | Ha)l ”HaHSN,w
(2.13) el =2

< CI¥C, $)lfow,w < CI¥C, s = )P < CI¥(-, 1))
<C (Z (aa<r))2) :
lal=2

On the other hand, we have that for any r, g with ¢ >r > 1

Cr
(2.14) [ISa(D)dollr,w £ C

(cf. [HV1, §5]), so that

N5 l#olly,w for some C >0 and any 7,

(I-e7)

T S D d < C CR ‘ ”D )”5N w d
1—R” 4(t—=5)D(-, 8)lla,wds < Ce r (1= e—(t=))1/10 $

<C (Z (aa(‘[))z) /T (1- e—(r-s))—l/m ds
7—R
1/2
< (Z(aau)v)

la|=2

as T — oo. Putting together (2.11), (2.12), and (2.14), (2.10) follows and the
proof is concluded.

We now consider the case where (2.6) is satisfied.

Lemma 2.5. Assume that (2.6) takes place. Then the following alternative holds.
Either there exist m > 3 and constants ¢, with |a| = m, not all identically zero,
such that

(2.15a) I¥(-, Z o MTH ||y 3 = o(e=m/)

la|=m
in HL(RN) as 1 — oo, or

(2.15b) Y(-,1)=0.

Proof. It can be modeled after that of Proposition 5.8 in [HV1]. Once more,
as a starting point we use variation of constants formula in (1.13). This yields

0, 1) = SuO¥C, 1) + | "Sa(t = $)f(¥(-, 5)) ds

where operator Ay is written as 4 for simplicity. Suppose now that

II¥(-, 7)|| < Me~** for some M > 0 and ¢ > 0 where
2e£l/2-1forl=3,4,....

(2.16)
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Fix now a positive integer ko > 2 such that ko/2 — 1 < 2e < (kg +1)/2 - 1.
Notice that

W(, 1) = Y aa(to)e!! 1A H, (y)

ol <ko
|a|>k0+l
T
(2.17) + Z Ha(y)/ eIl =9 £(@(.  5)), H,)ds
] <ko o

+ Y Hb / 1= F(W(., 5)), Ho) ds

|a|>ko+1
=Th+LH+T:+ T4
By direct computation, we obtain that

1/2 1/2
uTan,nus( > (aa(ro))z) ( > (1+4) ew—lavzw—m)

la|>ko+1 laf>ko+1

< CI¥(-, 7o)l exp ((1 - k02+ 1) (- T°)>

< CII¥(-, 7o)l exp(—2¢(t - 10))

if t>10+1.
Let us look now at T in (2.16). Clearly

T 2
1T, P Y (/ e(““‘ﬂ+”/2>“-s>|<f(~v<-,s>>,Ha>|ds)

o] >ko+1

. 2
= % ([ ertormaengnthor sy i, 5), Hy)lds )

o] >ko+1

where 4 and B are positive numbers such that 4 + B = 1. Use of Cauchy-
Schwartz inequality yields then

T
1T 0= 5 ([ et gg)
T

lo|>ko+1
5 (/1e(1—(ko+l)/2)B(T—S)t<f(\y(., 5)), Ha)P2 a’s)
To
<C / " 1=tk DB £, )2 ds
To

for some C; = Ci(4, ko). As in [HV1], delayed estimates give ||f/(¥(-, 5))||*> <
Ce~%5  whence

I T4(-, $)|I? < C /:exp ((2 (1 - ko; l) B) (t—5) —4ss) ds.

Therefore, if B is close enough to 1, —4¢ — 2(1 — (kg +1)/2)B < 0, and we
arrive at

ITs(-, 1)l < Ce™ "
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whence
ITa(-, D)l < Ce > for some C > 0

by standard semigroup theory (cf. for instance Appendix A in [HV1]). On the
other hand, since ko/2 — 1 < 2¢, we readily check that the function

e—(l_|a|/2)3<f(lp(' > S)) P Ha)

is integrable in [7(, co) for |a| < ky. Thus we can write

/ o= -Ial/s( £0W(., 5)), Hy)ds = / Ce U FOW(- ), H,) ds

70 To

= [T e, 5)), Ha) ds

= B - / T el (9 (-. 5)), H,)ds

provided that |a| < ky. In such cases, arguing as in Proposition 5.8 in [HV1]
we obtain that

< C(’_ZST.

e @)
[ e e, ), ) ds
T
Summing up our previous results, we may rewrite (2.16) in the form

> (@0 + Ba)e TV H, (y) + Ty + Ty
Ja| <kg

A y)/ ~U-1el /25 £(¥(- . 5)) . H,)ds.
lal<ko

Having obtained (2.18), we then repeat the iteration argument at the end of
Proposition 5.8 in [HV1] to conclude. Suppose first that ky > 3. We then
arrive at

(2.18)

Y, 1)= Y (aa+ Ba)e" TH,(y) + R(y, 1)
le|<ko
where [|R(-, 7)||p; = O(e~%*%) for t > 1. Recalling (2.16), we necessarily have
a,+ Bo =0 for |a| < ky. Then two possibilities arise. There may be an integer
m € [3, ko] such that a, + B, #0 for |a| =m and a,+ B, =0 for |a| < m.
In this case, we would have

Y(, 1) =) (@ + B)e' ™IH,(y) + Q. 1)
|al=m
where [|Q(-, 7)|lyy = o(e""~™/?") as © — oc and (2.15a) holds. If otherwise
a, + B, =0 for any |a| € [3, ko], we would obtain
(2.19) I¥(-, )| = O(e™%7) as 7 — x

which implies a faster decay than (2.16). Repetition of this argument would
lead us to (2.15a) in a finite number of steps, unless the hypotheses in Lemma
2.2 hold, in which case ¥ = 0. Finally, if k; = 2, we would use (2.19) to
reduce ourselves to the previous case. 0O

As a next step, we improve the convergence obtained in (2.15a).
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Lemma 2.6. Assume that (2.15a) holds. Then
(a) For any q € [1, 00), we have that

(2.20) IW(-, ) — =27 N~ o Hollg,w = 0(e!'™™/27) as 1 — oc.
|al=m
(b) Forany k>0 and o € (0, 1),
(2.21) ¥(-, 1) =el!"mDT N ¢ H, + o(e!!~m/7)
|al=m

in Cl’;é"(RN) as 1T — o0o.

Proof. Let us write

Then w(y, 1) solves

(2.22) w; = Ayw + = Ayw + 0.

f(\P) - Z (f(‘l")’ HOt)Ha
|al=m

Using variation of constants formula in the equation above, and recalling the
argument leading to (2.13) together with (2.14), we obtain

T

lo(-, Dllg,w < C (llw(', T—-R)| +/ R(l —e =N g, S)||5Nq,wds>
o
=o(e!!""™27) as 1 — 0

provided that R is large enough. On the other hand,

Y Ga(OHo() =TT N e H,

la|=m |al=m

— O(e(l—m/Z)r)

q,w

as T — oo, for 1 < g < oo, whence (2.20) follows.
Holder continuous convergence requires a different approach. For R > 0
given, it follows from (2.22) that we may write

eR (ye—R/2 _ 1)2
@n(l —e Ry /R @, 7= Rjexp (‘ AT F) ) al

T e(t=3) (ye—(r-—s)/2 _ /1)2
* /1_R @n(l = -2 /R o(4, s)exp (‘ AT —e ) ) di.

Using Holder inequality we obtain
eR
00, 1S G gmralet. T~ Rlewlv, g, R

wy,1)=

(2.23)

T e(I'S)
+/ (47[(1 _ e_(-(_s)))}v/z ”6(17 s)”q,wl(ya q,71 —S) ds
5

where

_ q’lz_(ye"‘/z—/l)zq’) )”"l
I(y,q,u)—(/RNexp(“q A0 = n) d
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and, as usual, ¢’ = q/(q — 1). Assume now that g > 2. Then there holds
(A-ye 22 22 (A-ye™? (a-yeh? R

41—e®) 3g= §(1-er) 8§ 4
If [yl <R,
(—l‘ygﬂ - 21/% > _C where C = C(R, q).
Therefore
10, g, i< (€ [ o (<422 ) )" <ct-empn

and substituting this in (2.23) yields

lo(y, 1)< C (Ilw(~, T=R)llg,w +/ eI (1 — e g (-, 5)llg ds)
T—R

with 6 = N/2q' — N/2. We now take ¢ large enough so that § > —1, and
noting that |o(-, 5)|lg.w < Ce21=™/27 " we arrive at |w(y, 7)| = o(e!=m/7)
as 7 — oo, uniformly on sets |y| < R. Then (2.21) follows by standard regu-
larizing effects for parabolic equations. The case 1 < g < 2 follows by Jensen’s
inequality. O

The last result in this section is

Lemma 2.7. Assume that (2.15a) holds. Then m is an even number, and the
multilinear form B(x) = Z|0|=m c.x* is nonnegative definite.

Proof. It is closely related to that of Lemma 2.1 in [HV2]. Set T =1 for
simplicity. For 0 <s < 1, we then define

(2.24) vs(x, 1) = (1 = )P Dy(x(1 —5)1/2, s+ t(1 —5)).
Then v satisfies

(2.25a) (v5); = A(vs) + vP when x e RV, 1€ (0, 1),
(2.25b) vg(x, 0) = ¢(x, —log(1 —s)) when x e RV,

where ¢ is defined in (1.5). By (2.15a), we have that
vs(x, 0) = (p— )7V — (1 —5)"2=1 3" ¢, Hal(y)
(2.26) Ja|=m
+o((1 =)™y inHass— 1,

w

where not all the constants ¢, are zero. Consider now the function

z5(x, 1) = ((S()p(x, —log(1 —5)))" =" — (p — D))~ 1/P=H.

Clearly, zs(x, 0) = vs(x, 0) and it is readily seen that z; is a subsolution of
(2.25a), so that

(2.27) vs(x, t) > z5(x, ).

On the other hand, since
¢y, )= (- 1)V 43 " a,(1)Ha(y)
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setting 7, = —log(1 — s), there holds
=11 nlelirg (X ___
S()d(x, 1) =(p—1) +Za H, ((1_s)l/2>'

Taking x = &(1 —0)1/™(1 — 5)1/m=1/2 | we obtain
SO — 1)1 —s5) /M2 —log(1 - 5))
=(p- 1)—1/(17—1) + Z Ao (1)(1 = t)lal/rn(l _S)Ial(l/m—l/Z)
lee|#m
Hy(§((1 = )1 —5))"/m-172)
(1 = 0)(1 = 5))lelt/m=1/2)
—mp2 Ha(E((1 = 2)(1 = 5))"/m=112)
D (T

(2.28)

We now relate ¢ and s as follows:
(1—1)=(1—sm/>!
so that (2.28) reads
S()¢(x, —log(1 - s))

=(p-1)~Me= 4 %m aa(15)(1 = 1)*2H, (ﬁ)

+ 3 au(z)(1 - 0" H, ((TZ%!_/Z>

la|=m
=(p-1)"Ye-D g +8,.
Arguing as in [HV1, Lemma 6.1], we deduce that
Si(x,t)=0(1-1t) ast— 17, uniformly for |x| bounded.
Since a,(ts) = co(l —t) +0(1 —¢) as t — 17, we easily obtain that

5 (x, t)_(z CaX ) 1—t)+o(l—t) ast— 17,

|la|=m
uniformly for |x| bounded.
Recalling (2.27), we then have that
vs(x, t)

—1/(p—1
> (((p—l) Vo=D 4 (1-1) Y cax™+o0(1—1)707D — (p —l)t)

lal=m

—1/(p—-1)
= (1 -7~/ ((p— )= (p—1p/e=D %" c,.X"+0(l))

|al=m

as t — 17, uniformly for |x| bounded. Setting 7/ = 1 — (1 —s)(1 — 1), we
eventually obtain

u(E(1= 0", 1) 2 (1= 07 10D((p = 1) = (p = 1PIPVBE) + o(1))~ /=D
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as ¢t — 17, uniformly for |{| bounded. Then if B(x) = > ;- CaX® is nOt
nonnegative definite (in particular, if m is not even), there would exist xy € RY
such that

lim (1 — )Y@ Vy(x(1 — )™ 1) = +0

t—1-

which contradicts (1.4a). This concludes the proof. O

3. ANALYSIS OF THE NEUTRAL MODES

This section is devoted to the study of solutions satisfying (2.5). More pre-
cisely, we shall perform a detailed analysis of the ODE system (2.7) which even-
tually will yield (1.15a). To this end, we begin by introducing some notation.
Set

(3.1) V' = linear space spanned by {H,} with |a| = 2.

We then denote by P the orthogonal projection from L2 (R") on V. Notice
that (2.7) can then be recast as follows:

p(p— 1)V~
2 b
and Tlingo e(1)=0.

) E=WPE) OGP, wherex = PY, v, =

A key point in out approach consists in replacing (3.2) by an evolution equation
in a suitable matrix space. Let My(R") be the linear space of N x N matrices
with real coefficients. For any given y € V', we consider G € My(RV) defined
as follows:

(3.3) G=(Gi ),
where
2(x, Hy(y;))HN ! if i =7,
G,»,,»:{‘/_(X’ 2(yi)) Hy o ifi=j L<i.i<N.
(x, Hi(yi)H,(y)))H, ifi#j,

Notice that G is symmetric. On the other hand, as recalled in (1.10), we have
that Hy(y:) = c2(v? — 2), Hi(yi) = c1yi, and Hy = (4n)~ /%, where ¢| =
(4m)~Y/4/V2, 3 = ¢1/2. Therefore, V2c,H) ™' = c]H})' ™2 . A straightforward
computation yields then that

(34)  Gij=Bwnx,yiy) fori<i,j<N where fy=ciH) >

We also point out that y can be reconstructed from the coefficients G; ; by
the formula
H -1

N N
x= 0
,;\/i

By means of simple (but tedious) computations, equation (3.2) translates into
the following set of evolution equations for the coefficients G; ; :

Gi.iHy(yi) + Y HY 2Gi jH\(yi) Hi(p)).

i<j

N
(3.5a) Gi.i= V2w ¥ G+ 0E(DIGIP),
=1
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N
(3.5b) Gi.j=V2nvp Y Gi Gy j+ O(e()|G1?)

I=1
where for any B = (B; ;) € Mn(RY), ||B||* =Y, ; B} ; = Tr(B?), v, is given
in (3.2), and
(3.5¢) VN=%Az,z,zAév,Bfo=A2,1,1A1,1,0A(1)V,6?o

where for any nonnegative integers n, m, and /,

+00
Ay = / Ho(y) Hu(9)Hi(y)e ™1 dy.

We remark that coefficients 4, , ; have been studied in detail in [HV1]. In
particular, 4, , ; # 0 ifand only if n+m+/ isevenand n < m+I/, m < n+l,
I <m+ n. In such cases

An,m,1 = (A7)~ /4 ((n1)(mh)(11))'?

) (m+n—l (rtl-m\ (m+l-n\, -
3 ! 3 ! 3 )
We may rewrite (3.5) in the form
(3.6) G = Q(G) + O(e(1)||G|*) where Q(G) = V2yyv,G.

An important point to be noticed is the following. The space V defined in (3.1)
can be characterized as the space of quadratic polynomials in R¥ which are
orthogonal in L2 (RV) to the affine functions. Therefore ¥ does not depend on
any particular choice of axes in RY, and remains invariant under orthogonal
transformations. Let 4 € My(RY) be any such transformation which maps
a coordinate basis (y;,...,yn) into another one (ji,..., ), and let G,
G be the corresponding matrices given by (3.3). Then G = AGAT where, as
usual, AT = (a; ;) provided that 4 = (a; ;), 1 < i, j < N. It then follows
that equations (3.2) are invariant under rotations, and therefore the form of
equations (3.5) does not depend on a particular choice of coordinate system.
Hence, for any matrix U € O(N) (the group of orthogonal transformations in
R¥) there holds

(3.7) UQUTGU)UT = Q(G), where Q is the quadratic part in (3.6).

This fact will be repeatedly used in what follows. Notice that (3.7) can be
obtained directly by a straightforward calculation.

Since the coefficients G; ; are C!, by standard results (cf. for instance
[K]) we may define a set of C!-functions (not necessarily different) A,(7)
(1 < k < N), such that for any fixed t the eigenvalues of G(r) are given

by 41(7), ..., An(7). We next proceed to obtain the evolution equations for
the A;’s.

Lemma 3.1. Assume that (2.5) holds. We then have that for 1 <k < N

(3.8) A = Kp(Ae (1)) + O(e ( NADI?) ast— oo,

where lim, . &() =0, |42 =N, 22, and K, = V2ynv, (¢f (3.5)).

Proof. Fix T > 0 large enough. Since G is symmetric, there exists an orthogo-
nal matrix U(7) such that G(7) = UT(7)D(T)U(%), where D(%) is a diagonal




458 J.J. L. VELAZQUEZ

matrix D(T), D(T) = diag{1,(T), ..., An(T)} . We then change to a new coor-
dinate system y = U(7)y. Recalling (3.7), we see that in the new frame the
evolution of G(t) is given by

G = U@QUT@G(1)U®)UT ()

(3.9) +U@OEDIIUT@GU@IHUT ()
= Q(G(x)) + 0(e(DIG(1)|1*) = Q(G(2)) + h(z, T)
if T > 7, whereas 6(?) = D(7). Consider now a set of repeated eigenvalues
Ay (T) =A5,(T)=---=4,(T) =1, 1<r<N.
Let {e;,...,ex} be the canonical basis in RY. By classical perturbation

theory for linear operators (see [K, Theorem 5.4, p. 128]), it follows that for
1 < j < r, the eigenvalues A (7) are differentiable at 7 = 7 and the r-tuple

(j»s, (T), ..., As,(T)) is given by the eigenvalues of the matrix
H=M(Q(D(7)) +h(T, T))M,
where M is the eigenprojection on the space generated by {e;, , ..., e;}. Using

the precise form of Q(G) (cf. (3.5) and (3.6)), we see that H = (H; ;), 1<
i,j<n, where

H; j = V2ynv,i%6; j + (e, h(T, T)ey)

where ( , ) denotes the usual scalar product in RV and i, j=1ifi=j
and zero otherwise. By the continuity results in [K, pp. 123-127] it follows that
the eigenvalues of H behave as \/EyNupﬁz + O0(&(T)||A(T)||?) where &(T) = o(1)
as T — oo. Applying the same argument for any set of repeated eigenvalues,
(3.8) follows. We point out that a careful examination of the previous argument
reveals that the continuity result required to obtain the conclusion is the fol-
lowing: For any & > 0, there exists d > 0 such that for any symmetric matrix
A € M,(R") with ||4|| £ B < 40, and ||4 — ul|| < &, the eigenvalues of A
satisfy |A;(A4) — p|+---+|A,(A4) — u| < ¢. This follows easily from the analysis
in [K, loc. cit.]. O

We next study equations (3.8). As a first step, we obtain
Lemma 3.2. Assume that equation (3.8) holds. Then
(3.10) lim sup — 4i(®) <0 fori=1,...,N.
oo (3050 (Ai(1))H)12

Proof. Define {(t) = max{4;(7), 42(7), ..., An(7)}. Then {(7) is absolutely
continuous, and by (3.8) we have that

{(r) = Kp(C(0)? + u(t) ae. > 1,
where |u(1)| < |A(D)|1?, A(t) = (A41(1), ..., An(T)). We shall prove that
: ()
3.11 1
(3.11) im sup S )

Indeed, (3.11) implies (3.10). Assume that (3.11) is not satisfied. Then there
exists a sequence {7,} such that lim;_,, 7, = oc and

(3.12) Cp/NAT)Il =2 >0
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for some 6 > 0, which can be assumed to be arbitrarily small. We now claim
that

If we select 6 > 0 sufficiently small in (3.12), then {(7) >
(0/2)]|A(7)|| for any T large enough.

To show (3.13), we consider the function S(7) = {(t) — (6/2)||A(7)||. A Lia-
punov function type argument quite similar, for instance, to that in Lemma 4.8
in [HV1], gives that (3.13) holds as soon as we can prove that

(3.14) 950 acin Il < 20 <A,

We now compute

N -1/2
2t~ (z w,»m) (z w)
j=1 Jj=1

(3.13)

6 N N -2
= Kp(£(0)” + u(0) = 3K, (Zj )CZ% )
=1 =1
J jl/z
0
el
> Ky({(0)2 ~ oA ~ T2 (0 ) ae. as T .

Recalling the a priori bounds on {(7) assumed in (3.14), we deduce that
ds

dt

for some positive constants C;, C,. Taking 6 > 0 small enough, (3.14) follows
and the proof is concluded. O

> G A)1? = G A + o(lA(D)]1?) ace. as T — oc,

On the other hand, we clearly have

(3.15a) hrrgggf ”ll(( ))” >—-1 forl <i<N.
(3.15b) There exists j € {1, ..., N} such that
h{[’,},{?f “i(r))” < - % < 0.
As a further step, we show
Lemma 3.3. Assume that iminf,_(4;,(7)/|[A(7)||) = =L < O for some i €
{1,..., N}. Then there exists § >0 such that
(3.16) Ai(t) < =6||A(7)|| for large enough t.

Proof. It consists in a Liapunov function type argument, similar to the one
recalled in our previous lemma. Let us write

S(t) = 4i(1)? - a||A(0)|]?
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where 0 < o < L? will be selected later. As remarked before, it suffices to show
that

(3.17a) dS/dt >0,
whenever
(3.17b) 6/2 < (Ai(0)/IA)I)? < 36/2 and T3> 1.
Recalling (3.8), we readlly see that
ds Al
d—_zu 2a2u > 2K, (1(1 Z )+0||/1( %)
j=1 j=1

as 7 — ocC.

Therefore, at any time 7 =7 where (3.17b) holds, we have that

ds _
Egﬂ(,,(-—aﬂu ||3—a2/1 ) o(JA@D)|?) as T — oc.

Set J(t) ={ie(1l,...,N)A(r) <0},Ir y={ie(l,...,N):d(r) > 0}.
We then notice that

2) < NY2N i)

Jjel

==Y @R+ 407

JjeJ Jjel

and, by Lemma 3.2,

. 3 -1 _

lim (szm ) @)~ =o.
jel

Therefore s

77 (0 2 2Kp0(c1 - AP + o(IAT)I1)

for some positive constants ¢1, ¢y, and T large enough. Therefore (3.17) holds

and the proof is concluded. O

By (3.15b), there exists at least one eigenvalue A; for which (3.16) holds,
and therefore (3.8) gives

A = KpA2 +0(A2) as T — oc.

Arguing as in [HV1, Proposition 5.7], we obtain for such eigenvalues

(3.18) A(1) =—-1/Kpt+o0(1/7) ast— oo.
On the other hand for those /1 which do not satisfy (3.15b) we clearly have
that lim,_,., 4;(7)(|A(7)||)~! = 0. Taking into account (3.18), we notice that

||A( )I=C/t+o(l/t) ast— oo for some C > 0.

Summing up, we have obtained
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Lemma 3.4. There exists | € [1, N] such that the eigenvalues {A (1)} (after
being possibly relabelled) satisfy

(3.19a) A(t)=—-1/Kpyt+0(l/7) ast—-ocfork=1,...,1,

(3.19b) A(t)=0(l/1) ast—>oofork=1+1,...,N.

To proceed further, we notice that by (3.2) and (3.19) there exists C > 0 such
that (1/C)||G|l < llxll < ClIG]| and since [|G]| = [|All, Ci/T < |lx(-, D) £ Co/t
as 7 — oo for some positive constants C; and C,. Let us write now
(3.20) Yy,t)=x(y,1)+0(,1), whereyeV, eV
(cf. (3.11)). We then have
Lemma 3.5. Assume that (2.5) is satisfied, and let 6(y, T) be the function de-
fined in (3.20). Then there holds
(3.21) 6(-, 1)l < C/t* for some C >0 as T — .

Proof. It consists in a slight modification of the results in [HV4, Lemma 3.1],
and [HV1, Proposition 5.8]. The basic idea consists in writing the evolution
equation for #(y, t) and use variation of constants formula to estimate the
various terms arising there. To avoid repetition, we shall omit further details,
which can be found in the aforementioned papers. O

It follows from our previous results that we can recast (3.2) in the form
(3.22) X =vP(x*) +0(1/1%) ast— .

Let now W(1) be the eigenspace associated to the eigenvalues (1), ..., 4;(1)
satisfying (3.19a), and let Py ;) be the orthogonal projection on W (7). Set
R(G, 1) = (G- 4)"!. We now prove

Lemma 3.6. There exists E = lim,_, Py
Proof. By classical results (cf. for instance [K, p. 77]) we can write

PW(t) = _Z[—I-/ R(G T) l) di

where I'(7) is a closed, positively orlented curve in the complex plane contain-
ing 41(7), ..., 4(tr) and no other eigenvalues of G. By Lemma 3.4, if 7 is
large enough, I'(1) can be taken to be a ball centered at (—1/K,7) with radius
1/2K,7. Furthermore, since

d .

77 (R(G(1), 4)) = —R(G(1), HG(1)R(G(7), 4)
'(cf. for instance [K, p. 32]), using the analyticity properties of the resolvent R
and (3.6), we obtain that

T2 Pr) = 37 [ R(G(). DGR, i

= 577 . RO . DOGERG(). 1 d

1
" 2w It )R(G(T)’ Ah(T)R(G(1), ) dA
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where ||A(7)|| = O(1/73) as T — oo by (3.22). We know that, for any fixed 79,
there exists an orthogonal matrix U(to) such that G(tg) = UT(19)D(10)U(70)
where D(7) is diagonal. Therefore
R(G(70), )Q(G(70))R(G(70), 4)
= U™(0)R(D(70), A)Q(D(70))R(D(10) , 1)U (7o)

and since
R(D(t0), 1)Q(D(10))R(D(10), A) = diag(K,A}/(A; — 4)%)

where K, is given in (3.8), we readily see that I, = 0.

On the other hand, for 7o > 1 and A € I'(1g), Lemma 3.4 yields that
IR(G(t0), A)]] £ Cto for some C > 0. Recalling the bound available for
llA(-, 7)|| , we obtain

G

d
—P
‘dr W) 2

suz|59/ 2] <
70 Jr(1o)

for some positive constants C; and C,, which implies the result. O

It is worth pointing out that the operator E obtained in Lemma 3.6 is an
orthogonal projection operator on an /-dimensional space, since the same hap-
pens for W (t) when 7 is large enough (see for instance [K, pp. 33-35, 58-60]).
As a final step, we next show

Lemma 3.7. There holds
(3.23) lim (1G(1)) = —E/K),

T—00
where C, is given in (3.5).
Proof. Let us write

G(T) = PW(T)G(T)PW(-[) + PW(r)/KpT
+ (I = Pw())G(T)(I = Pw (1)) Pw(o)/ KpT.

Notice that (I — Py/;)) is the orthogonal projection on the eigenspace corre-
sponding to the eigenvalues A;,,(7), ..., An(7). Then, by Lemma 3.4

(I = Pwz))G(D)(I — Pwry)|| = o(l/7) as T — oo
On the other hand,

| Pw(0yG(7) Pw (z) + Pw(ey/ KpTII?
= Trace{(PW(,)G(r)Pw(,) + PW(T)/KPT)Z}

! 12 1
=:L:‘1(Ak(t)+m) =0<;5) as T — oo.

(3.24)

Then (3.24) yields
G(1) = —Pwr)/KpT+0(1/17) as 1 — oc.

Recalling Lemma 3.7. the result follows. O
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End of the proof of the theorem. Since E is an orthogonal projection on an
/-dimensional space, E can be written in a suitable system of coordinates in

the form |

0

where there are N —/ zeroes in the main diagonal. In such a coordinate system,
Lemma 3.7 yields that

Gi,i=-1/K,t+0(l/1) ast—-o00 if1<i</,
Gi,j=o0(l/1) ast— o0 otherwise.

By the very definition of G, this means that
!

I'¥(-, Z > (Vi)| |—-0<1> as T — 00,

k=1

where C, is given in (1.15a). Convergence in H.(R") follows then by standard
regularizing effects for semigroup evolution equations. Finally, convergence in
C]’f)é"‘(RN ) can be obtained as in Lemma 2.6. O
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