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ASYMPTOTIC BEHAVIOR FOR A COALESCENCE PROBLEM

OSCAR BRUNO, AVNER FRIEDMAN, AND FERNANDO REITICH

ABSTRACT. Consider spherical particles of volume x having paint on a frac-
tion y of their surface area. The particles are assumed to be homogeneously
distributed at each time ¢, so that one can introduce the density number
n(x,y,t). When collision between two particles occurs, the particles will coa-
lesce if and only if they happen to touch each other, at impact, at points which
do not belong to the painted portions of their surfaces. Introducing a dynamics
for this model, we study the evolution of n(x,y,t) and, in particular, the
asymptotic behavior of the mass xn(x, y, t)dx as t — co.

INTRODUCTION

Aerosol dynamics is often modelled by an evolution equation for the number
density n(x, t) of the particles of volume x,

on(x,t) _ _ 00
(0.1) ot "(x’l)/o o(x, EnE, 1) d¢

1 X
+§/0 p(x =&, On(x —&, Hn(E, 1) de

where ¢(x, &) is the collision rate between particles x and &. The underlying
assumptions are that particles of any volume x are homogeneously distributed
at each time ¢, and that when two particles of volumes x and & collide,
they coalesce, thus forming a new particle of size x + ¢. The right-hand side
in (0.1) is called the coagulation operator. The choice of ¢ depends on the
physical environment of the particles (see [2, 5]). Some models incorporate
also a fragmentation operator, and some models study the discrete version of
(0.1) whereby

n(x,t)= Z nj(t)o(x — j) (6 = Dirac function).
Jj=1

For existence and uniqueness theorems, and numerical calculations, we refer to
[1-12 and 14, 15].

Recently David Ross and Tom Whitesides [13] introduced a new coagulation
model. They consider spherical particles (such as oil drops) that are partially
covered with surfactant (or “paint”). Collision between two particles will result
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in coalescence if and only if the particles touch each other on their “unpainted”
surface at the moment of collision. If we denote by y the fraction of surface
area of the particle which is painted, then the number density n(x, y,t) of
particles (x, y) satisfies the evolution equation given in (1.1) below.

Several questions arise

(a) What is the effect of the surfactant for large times? Do all particles become
painted as ¢t — o0 ?

(b) Does the asymptotic distribution of the mass depend continuously on the
initial distribution?

In this paper we answer these questions. Regarding (a) we prove that

1 0o
(0.2) // xn(x,y, )dxdy — 0 if { — oo,
0 JO

i.e., all the mass is contained in completely painted particles as ¢t — occ. To do
this we shall introduce in §4 a more detailed description of the evolution of the
system than the one given by (1.1).

Denoting the limiting density number by n(x, y, oo), we also prove that

(0.3) //(l+x)|n(x,y, £) = n(x, y, 00\ dxdy — 0 if = o,
P

where P denotes the space of all particles (x, y) (when two particles coalesce
they may produce a particle (x, y) with y > 1 ; however, y < 2!/3).

Take a family of initial conditions #;(x,y) (0 < A < 1) and denote by
n;(x,y,t) the solution corresponding to n;(x,y,0) = ni(x,y). We shall
prove the following stability result which answers positively question (b) above:

if //(1 +X)|mi(x, ¥) = no(x, y)|dxdy asA—0
P

(0.4)
then //(1 +x)|ny(x,y, <) —no(x,y,)|dxdy -0 asi—0.
P

The above results are first proved for the case where the initial data are
continuous functions. In the last section of this paper we extend the results to
initial data that are measures, thus enabling one to compute an approximation
for the mass distribution xn(x, y, oo)dx by working with solutions of the
form

A, y, 1) ZR,,,,( 5(x = xm)d(y — yx) (finite sum)

whereby R, (t) are solutlons to systems of ordinary differential equations. A
different numerical approach based on Monte Carlo simulations was carried out
by D. Ross and T. Whitesides [13].

1. THE MODEL

Spherical particles with variable volume x are distributed in the entire space
R3. The surface of each particle is partially covered by surfactant; we refer to
the surfactant as “paint” and to the covered area as the “painted area”. We
denote by y the fraction of the painted surface area of the spherical particle,
i.e., the total painted area is yyx?/3 where y = 4n/(%£)*3; for simplicity we
drop the factor y, since it will cancel out in all subsequent ca]culauons
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We characterize each particle by (x, y). The model assumes that at each
time ¢ the particles are distributed homogeneously. We denote by n(x, y, 1)
the density number of particles (x, y), that is, the number of particles in
(x, x+Ax) x (y, y+Ay) is approximately n(x, y, t)AxAy.

Denote by ¢(x, &) the rate at which particles with volumes x and & will
collide, per unit time. The model assumes that when two particles (x, y) and
(&, n) collide, they coalesce if and only if they touch each other at the unpainted
portion of their surface. More precisely, the number of aggregations of particles
in (x,x+Ax)x(y,y+Ay) and (&, &+ A&) x (n, n + An) per unit time is
proportional to the numbers n(x, y)Ax Ay, n(&, )A€ Ay, to the fractions of
surface areas 1 — y and 1 — 5 that are unpainted, and to the collision rate
@(x, &). This assumption leads to the following evolution equation

(11)
220 7 [ g, 1 - n1 - y1niE n, Onte, v, e
B yx2/3 — per’
raf e xmou-n (1-2)
yx2/3 _ n62/3 X2/3
€ on (36 Himie o) (e
where

0 ifs>1lorifs<0,
(1-9)= .
-5 ifO<s<1,
the last notation means that the last integral

min(l,p(%)
/ / -dn d¢ is actually / / ! cdndé.
max(0, y(§ )23~ )2/3)

To explain the somewhat complicated form of the mtegrand in the last inte-
gral in (1.1), we observe that if a particle (x, y) collides with a particle (¢, n)
so that they coalesce, then the new particle (z, s) is given by

(1.2) z=x+¢, S22/3=yx2/3+,’62/3.

We also write
(z,8)=(x,y)®(&,n)

and call (z, s) the impact of (x,y) and (&, n). Thus except for the factor
x23/(x —&)?/3, the integrand in the last integral in (1.1) represents all particles
(&, 1), (x—¢&,§) whose impact is (x, y); the expression

(rx*? = ne?)/(x = &)

for § follows from the definition (1.2). The factor % in front of the integral
accounts for the fact that collisions were counted twice in the integral. To
explain the factor x?/3/(x — &)?/3, consider all the particles in (x, x + Ax) x
(v + Ay) obtained by impact of (£, ) and particles from (p, p + Ap) x

(¢, q9+Aq). Then

x=p+&,  yx?3=qp*P+ e,




136 OSCAR BRUNO, AVNER FRIEDMAN, AND FERNANDO REITICH

and
Xx+Ax=p+Ap+&, (v +Ay)x?3 =(q+Aq)p* + nE*3.

It follows that
ApAg X3

AxAy — (x - ¢&)¥3

so that, with p = x — &, g = (yx*¥3 — né?3)/(x — £€)*3 we need to put, in the
last integral in (1.1),

n&, n, tnp, q, t)x**/(x —&?*3 (rather than n(&, n, Hn(p, q, 1)).

The impact of two particles may result in a particle (x,y) with y > 1;
however, y < 2!/3. For this reason the particle space is taken to be

P={(x,y);0<x <00, 0<y <23},

Throughout this paper we assume that

p(x, & =9(, x), ¢ iscontinuous,
(1.3) 0<p<C<oo (Cconstant), and
p(x,&) >0 ifx>0, £>0.

We shall impose an initial condition
(1.4) n(x,y,0)=no(x,y),
and assume that

no(x, y) is continuous,
no(x,y) 20,  no(x,y)=0 ify>1,

//nodxdy<oo //xno(x,y)dxdy<oo.
P

Theorem 1.1. Under the assumptions (1.3), (1.5), there exists a unique solution
n(x,y,t) of(1.1), (1.4) such that n(x,y,t) >0 and, forevery T >0,

//n(x,y,t)dxdySCr, //xn(x,y,t)dxdysCr
P P

if 0<t< T, furthermore, n(x,y,t) is continuous.

(1.5)

The proof follows by minor changes from Melzak [11]. This proof is briefly
outlined in §5, where the theorem is generalized to measure-valued solutions.
As in [11] we also find that n(x, y, t) is analytic in ¢ with values in L!(P).
The uniqueness assertion holds also if # is not assumed to be nonnegative.

Remark 1.1. The last assumption in (1.3) is not needed for Theorem 1.1 or
for all other results proved in this section; it will be needed however in the
subsequent sections.

Remark 1.2. The boundedness of ¢ is needed only for uniqueness. Indeed, the
method of Friedman and Reitich [3] (who considered a more general evolution
equation than (0.1)) can be modified to prove existence provided ¢(x, &) <
o(x +¢&) where a(r)/r — 0 as r — oo.

The next theorem establishes conservation of mass and paint.
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Theorem 1.2. The following relations hold:

(1.6) //Pxn(x,y,t)dxdy://Pxno(x,y)dxdy,

(1.7) / yxn(x,y, )dxdy = // yx?ny(x, y)dxdy.
Proof. Multiplying (1.1) by x and integrating over P we get

at//x”‘ ////WX &L —n)*(L=y)n&, n, n(x,y, 1)

2 /dedx/o dr;/o dexp(E, x —&)(1—n)*
yx2/3_n¢'2/3
(1—W> n&,n, 1

yx23 — pg2/s x2/3
o) e

In the last integral we change the order of integration of (x, y) and (£, 1) and
then change variables,

xn(x—é,

z=x-¢ (& fixed, sothat 0 < z < x0),

(1.9) Xx2/3 — pe23
5= % &, 7 fixed).

Noting that
x2/3 J
dzds = m dx Y,

we get

1 1 o] 00 . .
s [an[ ae [ as["azetz 0 - ny(1 -9z O, n otz 5,0

L[] s ][

and each of the last two integrals coincides with the first integral on the right-
hand side of (1.8). Consequently

7]
E//l)n—o

and (1.6) follows. The proof of (1.7) is similar. O

2!/3

We next establish a stability result that will be needed later on.
Let n;(x,y) (0<A<1) be a family of initial values satisfying:

ny(x, y) is continuous and nonnegative for (x, y) € P,

(1.10) /P(l+x)|n1(x,y)—no(x,y)(—>O ifA—0.

Denote by n;(x, y, t) the solution of (1.1) with initial values n;(x, y).
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Theorem 1.3. Forany T >0,

(1.11) //(1+x)|n1(x,y,t)—no(x,y,t)l—»O asi—0
P

uniformlyin t, 0<t<T.

Proof. Set

Uz(f)=//P(1+x)lna(X»y,l)—no(x,y,l)|~

Write (1.1), integrated in ¢, for n; and ng, and take the absolute value of the
difference. Then, multiply by (1 + x) and integrate over (x, y) € P. On the
right-hand side we obtain integrals which can be estimated by terms of the form

/dt////(l + x)®;|n; — nglng, /a’t// //(l + x)®;|n; — no|n;

where ®; (®;) corresponds to integrals obtained from [; [>(1 [ [*). Using
Theorem 1.1 integrals with i = 1 can be estimated directly, whereas for integrals
with i = 2 we first change the order of integration and change variables (cf.
(1.9)). We then easily derive the inequality

ai(1) < C /0 0,0t + 0,(0),

from which we deduce that
(1.12) 0,(t1) < Cra;(0) if0<t<T,
so that (1.11) follows. O

2. IMPENETRABLE SETS

Defintion 2.1. A set S in P is called impenetrable if the impact of any two
points not in § is again not in §S.

Example 1. Any set {y < yo} is impenetrable since if (x,y)® (&, 1) = (z, )
then s > min{y, n}. Analogously, {x < xo} is impenetrable.

Example 2. For any C > 0, the set
(2.1) S={x>Cy*, 0<y<1}
is impenetrable. To prove this we have to show that if two points (x, y), (¢, n)
satisfy x < Cy3, & < Cn3 then their impact (z, s) satisfies
px 4 g (x4 &)
(x +&)2/3 c\3

and this is obvious.
Example 3. The union of two impenetrable sets is impenetrable.

Theorem 2.1. If S is impenetrable then the integral

//Sn(x,_v, Hydxdy

is monotone decreasing in t.
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Proof. Integrating both sides of (1.1) over S we get

silln== I

1 [ 2173 oo 1
sy [Cax [ ay [ de [ ant st vixosess
0 0 0 0

For any fixed (£, n) define a transformation

2173

0o 1
dy d¢ | dnl---1xs(x, y)
(2.2) /0 /"

T{,ﬂ:(x’y)-*(z,s)

by
yx23 — pEl3
22/3
Then the second integral on the right-hand side of (2.2) can be written as

/Ooodé/oldn/ooodz/o‘dsq)(f, (= ) —5)"

X n(éa n, t)n(Z, S, I)X{ZZO}XS(X s y)

z=x-¢&, s =

since
a(x,y) 1 23 (x - ¢&)3

d(z,s) 0s/dy x23 x2/3

The function xs(x, y) coincides with the function x7, (5)(z,5),and x(:>0) =
1. Hence we get

// dédn// (. (1 =) (1= s)7n(. 1. On(z, s, )dzds.
P T: 4(S)
Using this in (2.2) we find that
(2.3)
g—t//sn(x,y, t)dxdy

=—// dédn//w(x,é)(l —y (= ma. 0, On(x, v, Dldxdy

P S
l * * .
+§//P dédn//n’”(s)[a’(é,Z)(l—ﬂ) (1-s)*n(&. 1, On(z. s, D]dz ds;

the integrands in the last two integrals are actually identical if we set z = x
and s =y in the last integrand. Setting

(24) H={(&,n,z,s)ePxP:T; ,(x,y)=(z,s) for some (x, y) € S},
we shall prove that
(2.5) Hc(PxS)U(SxP);

it will then follow that the right-hand side in (2.3) is < 0, and the theorem is
proved.
To prove (2.5) let (¢, n, z, s) € H. Then by the definition of Ty ,,

(&, n)&(z,s)=(x,y) forsome (x,y)€S.
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Since S is impenetrable, either (£, n) or (z,s) must be in S, and (2.5)
follows. O

Corollary 2.2. If no(x, y) = 0 on an impenetrable set S, then n(x,y,t) =0
for (x,y)€eS andall t >0.

By Example 2 above, for any xo >0, y > 0, the set

4
S = {y < ——1/3x1/3}
Xo

(2.6) T={0<x<xp, y<y<l1}

is impenetrable. The set

lies in the complement of S . Hence, by Corollary 2.2,

Corollary 2.3. If the support of no(x, y) lies in a set as in (2.6) then, for any
t >0, the support of n(x,y,t) lies in

X
e

In particular, n(x,y,t) =0 if x> 2xy/y>.

This means that if initially all the particles are partially painted at a uniformly
positive fraction, then the size of the particles remains uniformly bounded for
all times.

3. [} Jndxdy — 0 1F t — oo

In this section we prove
Theorem 3.1. There holds

1 oo
3.1) lim/ / n(x,y,t)dxdy =0.
o Jo

t—o00

This means that the number of particles which are not totally painted goes
to zero as ¢t — oo. (Compare with Theorem 4.1.)
We first establish

Lemma 3.2. Forany 0<0 <1,

6 poo
(3.2) / / nx,y,t)dxdy -0 ift— oco.
o Jo

Proof. Integrating (1.1) over (x, y) € (0, co)x (0, 1) and proceeding similarly
to the proof of (1.6) to change the order of integration and to change variables
in the last integral on the right-hand side of (1.1), we obtain

a 1 00
E/o /0 n(x,y, 0)dxdy

1 1 oo 1 o] . .
(3.3 <=3 [ [ [ [ e ou-ma-prne .0
xn(&,n,t)dxdydldn.
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By (1.3), we see that for any ¢ > 0, there exists ¢, > 0 such that ¢(x, &) > ¢,
if x, & > ¢e. Using this in (3.3) we get

a 1 0o
5/0/0 n(x, v, f)dxdy

(3.4) s—%ce/()(’/f/oo/fu (L= y)nE, n, On(x, v, 0

6 poo 2
5—%65(1—0)2</0/8 n(x,y,t)dxdy).

Suppose (3.2) is not true; then, by Theorem 2.1 and Example 1,

6 poo
/ / nix,y,t)dxdy |y>0 ast]oo.
o Jo

Choose ¢ small enough so that

I pe y
/ / no(x,y)dxdy<§.
0o Jo

Since the set {0 < x <€, 0 <y < 1} is impenetrable (if x > ¢, & > ¢ then
x+&>e¢),

1 €
/ / n(x,y,t)dxdy < 7 forallt>0
0 Jo 2
(by Theorem 2.1) and therefore

0 re N
/ /n(x,y,t)dxa’y<£ forallt > 0.
o Jo 2

It follows that the integral on the right-hand side of (3.4) is > £ for all ¢
sufficiently large, so that

a ! [* | )2
E/o/o n(x,J’,t)dxdyg_Ece(]_g)_“_.

This implies that [} [°n becomes negative for ¢ large, a contradiction. O

Proof of Theorem 3.1. By (1.6), for any & > 0 there exists an x; such that

0o 1
(3.9) / / n(x,y,t)dxa’y<£<s.
X0 0 X()

Choose & positive and small enough such that

< e
/ / no(x, y)dxdy < 5,
0 0 2

and choose J positive and small such that

2%, 1 e
/ / no(x,y)dxa’y<?.
%o 1-9

Then, defining
L={0<x<&, O<y<l}u{lo<x<2, l-d<y<l}
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we have

(3.6) //Lno(x,y)dxdy<£(%+%) .

Evidently L is impenetrable, so that

1 1
//Ln(x,y, t)dxdy<s(§+?) vt>0.

On the other hand, by Lemma 3.2,

2%, -6 ¢
/ / n(x,y,dxdy < 55
& JO 2

if ¢ is sufficiently large, say, ¢ > ¢, . It follows that

/2{0/ n(x,y,t)dxdy <e L 1+1 ift >1¢
Y y<élztzmty =h

Next choose another small positive d such that
4 ol P
/ / ”(X,y,tl)dXdY<—4,
2%, J1-6 2
and introduce the set

Li={0<x<2, O0<y<1}U{2<x<4, 1-d<y<l}.

This is again an impenetrable set. Since

1 1
(3.7 //Ln xytdxdy<s( +-2—3+24>

for t =t , the inequality holds for all ¢ > ¢, . By Theorem 1.3,

4y p1-0 e
/ / n(x,y,t)dxdy < 55
2% JO 2

if ¢ is sufficiently large, say ¢ > t,. Thus, together with (3.7),

4% 5 e
/ / n(x,y,t)dxdy < 25,7 ift>1.

After a finite number of steps we conclude that

X0 1
/ / n(x,y,t)dxdy <e
o Jo

if ¢t is sufficiently large. Combining this with (3.5), the assertion (3.1) fol-
lows. O

From (1.1) we see that, if y > 1, then n(x, y, t) increases as ¢ increases.
Set

lim n(x, y, 1), yz=1,
3.8 No(X,y)=hn(x,y,oc)=g 7=
(3.8) (x,y)=n(x,y, x) {0’ 0<y<l.

From Theorem 3.1 and the monotone convergence theorem we then have
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Theorem 3.3. As t — oo, n(x,y,t) = He(x,y) in L' (P).

4. fol foooxn(X,y, t)dxdy - 0 IF t — oo

In this section we consider the mass contained in particles which are not
totally painted

1 o)
(4.1) M(t)=/0/0 xn(x,y,t)dxdy,

and prove
Theorem 4.1. M(t) - 0 if t — oo.

Notice that (3.1) does not imply Theorem 4.1 since, in principle, a positive
amount of mass could concentrate in a small number of very large and not
completely painted particles. In order to prove the theorem we therefore resort
to a more detailed description of the evolution of the system than the one given

by (1.1).
Consider a particle (x, y) attime ¢. Necessarily, there were, at ¢t = 0, parti-
cles (&1, m), (&2, m), (&3, m3), ..., that eventually combined to form (x, y)

at time ¢ that is to say,
(x, )=, me&&, mn) e, mne--.
In order to track back in time the particles contributing to (x, y), we define

A 4(x,y, f,t) = number (density) of particles (x, y) (at time ¢)
such that a fraction f of x consists of particles which were
originally (¢ = 0) of type (&, ).

With this definition, the quantity

/

is the total mass in {y > 1}, at time ¢, originally contained in (£, n)-particles.

Thus,
1 [? o pl

is the number of (&, n)-particles (at time ¢ = 0) whose mass is contained, at
time ¢, in completely painted particles. Finally, if we set

1/3

00 1
/0 /0 fXAé‘,,(x,y’ f,tdfdxdy

1/3

21/3

oo 1
(42) N(é,n,t)=no(é,n)—é/l /O/Ofog,,,(x,y,f,t)dfdxdy

then N(&, n, t) represents the number of (£, n)-particles whose mass has re-
mained in particles that are not totally painted, up to time ¢. We clearly have
the “mass relation”

(4.3) /Ol/oooxn(x,y,t)dxdyz/ol/oooéN(é,ry,t)dédn.
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Also the total paint in particles with y < 1 can be expressed either in terms of
n or in terms of N, so that

(4.4) /01 /Oooxwyn(x, y,t)dxdy = /Ol /00062/377N(é, n,t)dédn.
From the considerations above we should also have that

(4.5) N >0,

and that A; , increases with time for y > 1, so

(4.6) N¢&E,n,0)y) ifer.

We now have

Lemma 4.2. If there exists a measurable function N(&, n,t) defined for 0 <
E<oo, 0<n<1, t>0 and satisfying (4.3)-(4.6) then

1 poo
(4.7) / / xn(x,y,t)dxdy -0 ift— .
0 Jo
Proof. Set Ny(&, n) =lim,_ N(&, n, t). By (1.6) and Theorem 3.1

1 oo 1 oo 2/3 1 o) 1/3
/ / x¥n(x,y, t)dxdy < (/ / xn) (/ / n) -0
o Jo 0 Jo 0 Jo

as t — oo. Hence also

1 00
lim/ / x¥yn(x,y, t)dxdy =0.
0 Jo

t—00

From (4.4) and the monotone convergence theorem we then deduce that

1 poo
[ eranae, mdedn o

hence Ny = 0. By the monotone convergence we then also have

t—o0

I oo
llm/o/0 EN(E,n,)déEdn =0

and, upon recalling (4.3), the conclusion (4.7) follows. 0O

To prove rigorously that a function N as above in fact does exist, we shall
first write down the evolution equation for As ,. The number A ,(x,y, f, )
decreases by collision of particles (x, y) with any particle in the system; on

the other hand, it increases as a result of collisions of particles (x’, y’) and
fx—f'x'
(x—=x") >

(x—x', s) containing (&, n)-particles in fractions f’ and respectively.
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Thus, A; , must verify the following equation
File(6. v, 110 = ~Acy e,y fo0) [ ax
1
x/dﬂu—rm—ymuxmmxmzn

(4.8) +3 / dx' / dy / df'he (X' ¥, 1)
fo,,<x x',s, {c, )(1— *(1 —s)*

x2/3 x
(x=x"2Bx—-x""

x g(x —x", x")

We would also like to determine initial conditions for A, to prove that there
exists a solution to (4.8) with these initial conditions, and to verify the relations
(4.3)-(4.6) for N defined by (4.2). However A is a complicated mathematical
object, which is “singular” at f = 0 (for example if ¢ =0).

To circumvent this difficulty we can work instead with a more regular “func-
tion:”

1
(4.9) &ML%”=Af&ALyJJMﬁ

Indeed, from (4.2),

I/3
(4.10) N(¢&,n,t)=ng / / xKs 4(x,y,t)dxdy.

Of course, so far everything is formal; rigorous proofs will be given below.
If we integrate both sides of (4.8) with respect to fdf, we get

OKs y(x, ¥, 1)
ot

[eS) 1
x/ dx/'mal—yxl-wwuzxmuxyzn

4.11) 2/ dx/dy/df’/ faf AV S

><A¢,,(x x',s, x—f ,t)

xl

= _Ké,n(-x’ .V’ l)

x2/3

(1= (1 =99 (x =X\ X) 7 -

To integrate on f in the last integral we change variables

_x/) +f’x’

X

r=4 ar—= = dg;

’ '
X X=X
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the last integral becomes

X 1 x —x' 1
/ dx’/ dy’' / df'Ae 4(X', V', f, OKe y(x = X', 5, 1)
0 0 X Jo

1\ * * ! ! x2/3
x(I=y)(1-s5)px-x Jﬂm

X 1 ! 1
+/ dx’/ dy’x—/ dqhg o(x = x',5,q, )Ks 4(X', ¥, 1)
0 0 X Jo

1\ * * / ! x2/3
x(1L=y)(1-s5)"p(x~-x ,x)m-

Formally
1
(4.12) ',y 1) =/0 df A o(X ¥, I 1),

since (x,y) always contains some fraction of (&, n) (possibly zero fraction).
Using this remark to simplify the preceding two integrals, we then obtain from

4.11),
0K: ,(x,y,t
———5%=—K¢,,,(x,y t/ dx/dy

x (1=y)(1=y)e(x’, X) x' ¥,

(4.13a) 2/ dx/ dy’ [

—n X'y, OKe g(x =X, 5,1

I

+;n(x —x', 8, )Ke p(x', ¥, 1)

x2/3
x(1=y)(1-5)p(x-x, x,)m >
where
(4.14) y'x"?3 4 5(x — x")3 = yx*3
Notice that, upon a change of variables, (4.13a) can be written as
—BK,f,,,Eaxt, v, 1) =—K: p(x,y,10) /Ooo dx’/o1 dy’'
x (1=y)"(1=p)e(x, x)n(x", y', 1)
(4.13b)

X 1 x'
+/ dx'/ a'y’;n(x -x', s, 0K 4(x', ¥ 1)
0 0

1\ * * ! ! x2/3
x(1=y)(1-s5)p(x~-x ,X)m-

Further, since

/dfdn/ dxdyx Ky ,(x,y,0)
w v

= {mass contained in V" at ¢t = 0 which is in W at ¢t = 0}

= / xno(x, y)dxdy,
Vnw
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we see that

(4.15) K p(x,9,0)=0d(x =)oy —mno(x, y).

One can show that the system (4.13), (4.15) has a measure-valued solution.
However, in order to prove (4.3)—(4.6) it is much easier to work with smooth
functions K’” 4 which are approximations to K: ,. The functions Ké’"ﬂ will

solve (4.13) with initial conditions
(4.16) K (x,y,0)=m(x —&)0m(y —n)no(x, ¥)x_ 1

1
> m>¢> m

113

where J,,() is a smooth approximation to the Dirac measure (), i.e. “an
approximation to the identity:”

Om(t) = 0(mt)m
where
BeCe(-1,1), 0<6<l, /0:1,
R
and x4 is the characteristic function of the set 4.

Lemma 4.3. There exists a unique solution K g”(x, y,t) of (4.13), (4.16) which
is continuous in (£, n,x,y,t). Furthermore,

. 1
(4.17) K, = zfés% or £>m,
and
21/3
(4.18) sup/ / (1+x)K£",7(x,y,t)dxdy§CT.
<1 Jo 0 ’

Proof. The proof of existence and uniqueness of a solution satisfying (4.18)
can be established by the method of successive approximations. Uniqueness
(for each (&, 1)) and (4.16) clearly implies (4.17). To prove that K, is

nonnegative, write the second term in the right-hand side of (4.13b) as
/ Ke (X', Y, B(x, x", y, ¥, t)dx'dy'
A(x)
where A(x) ={(x',)):0<x'<x, 0<y <1}.
We now replace A(x) by
A(x), x<M,
A =
v ={aar, o

and add the number 4; to the right-hand side of (4.16).
Denote the solution corresponding to this problem (with 0 < x < M) by
Kg’f ;’M (x,y,t). One can easily show that, for any fixed (x, y, ?),

Kf"f;,M(x,y, )= K, (x,p,0) as M — 0.

Therefore it is sufficient to prove that K, ’"'M > 0. The function y(x,y,!?) =
K”’ M(x v, t) satisfies (for 0 < x < M, 0 <y <1) an equation of the form

oy
ot

+ay=f, y(x,y,0)>0,
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where f(x,y,0)>0 and f(x,y,s)>0 forall 0<s<¢ if w(x,y,s)>0
for all 0 <s <t. A simple argument shows that y(x, y, t) must then remain
strictly positive forall ¢t >0. O

The following two lemmas will be used later on for establishing (4.3) and
(4.4).

Lemma 4.4. Let n™ denote the solution of (1.1) with initial values

1 oo
n’"(x,y,0)=n()"(x,y)5/0 dn/O déK,(x,y,0).

Then

1 oo
(4.19) ey = [Ldn [ dekg, oy o

furthermore

(4.20) n™ = nin L'((1 +x)dxdy) as m — oc, uniformly for0<t<T.

Proof. Denote the right-hand side of (4.19) by I'(x, y, t). Integrating both
sides of (4.13a) (for K n) with respect to (&, ) we see that I' satisfies
the same evolution equation as K" . Since n™ also satisfies (4.13a) and

n"(x,y,0) =I(x,y,0), (4.19) follows by the uniqueness of solutions to
(4.13).
Using (4.16), we can write

1 oo
ng'(x, y) = (/0 a!n/0 dE0m(x = &)om(Y = MAy>1X

E'/’m(x,,V)"O(xa,V)'

) no(x, y)

1
m>¢>m

Then

1 Ie’s)
/ dn / dEmO(m(x — EYymO(m(y —n)x 1% . 1
0 0

y>o m>é>;

my mx
</_(l—y)m 0(s)xy>#ds) (/—oo B(Z)X'">-“Z/'">#dz>
my mx—1
6(s)ds / 6(z)dz
(Xy># /—-(l—y)m ( ) ) ( —m2+mx ( ) >

so that, for 0<y <1, x>0,

Wm(x, y)

0<wyn<1 and y,—1 asm— x.
Therefore, the dominated convergence theorem implies
nd —ng in L'((1+x)dxdy) asm —

and this in turns implies (4.20), upon using Theorem 1.3. O

A similar argument can be used to establish
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Lemma 4.5. Let n™ denote the solution of (1.1) with initial values

xl3

A(x, y, 0) = AF(x, ¥) /dn/ A7 KT (X 9. 0).
Then
(4.21) w(x, y, 1) /dn/ a’éz:/:nKé 6, D);
furthermore
(4.22) nm(x,y,t)—=n(x,y,t)in L'(1+x)dxdy) asm — o,

uniformly for0 <t < T.
Next, define (cf. (4.10))

21/3

@23) N0 =mE -z [Cdx [ dyxkp, ey

where

I/3
(4.24) nr&, n) é/ dx/ dy xK{",(x,y,0).
Lemma 4.6. The functions N™, n(’," satisfy
(i) N >0,

(i) N™(x,y,t) is nonincreasing in t for (x,y) fixed,
(iii) nf" — ng in L'((1+ x)dxdy) as m — oc.
Proof. To prove (i), it suffices to show that

1/3
(4.25) / dx/ dny¢ ,,(x y, )= éno &,n).
Denoting the left-hand side of (4.25) by u(?), (4.25) will follow from (4.24)
once we prove that
(4.26) w(t)=0.
Multiplying (4.13b) by x and integrating in (x, y) we obtain

oo 213 0o 1
WD) = -/0 ax [ dnyg",,(x,y,z)/ dx’/o dy’
x(1=y)(1=y)e(x, xnx", y', 1)

2!/3
+/ dx/ dy/ dx’/ dy'x'n(x-x",s,1)
0 0 0 0

) x2/3
X KO ¥ (1 =31 =9 0lx = ¥, X s
= — 11 +12-

Now, once again we use Fubini’s theorem and a change of variables to show
that I, = I,, thereby establishing (4.26).
From (4.13) it is clear that
oKy

6t —(x,y,)>0 ify>1,

and (ii) follows.
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Finally, we want to prove (iii). Making a change of variables, we get

e, m) = 3 /Cm dz/ml:_ﬂ ds (é * ) rl+s/m>lxrn><>—
x 8(2)8(s)no (5 ot E) .

Hence,

0o 213
/0 dg [ dn(1+EIRFE, m) - mol€, )
2173 23 —nm
5/0 [ azan+o) /émdz/ ds(1 + z/mé)
XX 1X

r]+s/m>

LB (2)0(s)Ino(& + z/m, n +s/m) — no(C, )

/Cm dz/zm_")m ds(1 + z/mé)

X X 1 X, 10(2)0(s) -1

r/+s/m>— m>{>

m>&>
21/3

+/ dedn(1 +&Eno(E, )
0 0

=J"+J".

But, clearly

Jr <2/ dz/ ds6(2)6(s /dé/l/adn (1+2)

x |no(§+z/m, n+s/m)—no(&, M| —0

as m — oo and

J#P—0 asm—oo. O
Next, we estimate the “mass” and “paint” for the functions N .

Lemma 4.7. Forany T >0,

oo 1 00 1
(4.27) /0 dé/o dnéN”‘(é,n,t)z/O dx/o dyxn(x,y,t)+on(t)

where op,(t) —» 0 as m — oo, uniformly for 0 <t <T.
Proof. Integrating (4.23) and using (4.19), we get

/Ooodé/ld"léN’"(f,n,t):/wdg/ld,,é;@(é,n)
_/ dc/ dn/ dx/mdyx](é"

21/3

=/ df/ dnéno / dx/ dyxn™(x,y,t).
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Now, from (1.6), we know that
2!/3

/ dx dyxn™(x,y,t)
0 1

00 1 00 1
=/ dx/ dyxn(,"(x,y)—/ dX/ dyxn™(x,y,t).
0 0 0 0
Hence,

/Owdé/oldﬂfN”’(f, n, t)=/0°°dx/oldyxn(x,y, 0) + om(t)

where

) 1
Om(t) = /0 dé /0 dAnET(E . m) — no(E, 1)
00 1
+ /0 dé /0 dne(no(E, ) — nZ(E . )

0 I
+/0 dx/o dyx(n™(x,y,t)—n(x,y,t)).

Finally, (4.20) and Lemma 4.6(iii) imply
om(t) - 0 asm — oo, uniformly fort < T
as desired. O
In a similar way, but using Lemma 4.5 instead of Lemma 4.4, one can prove
Lemma 4.8.

00 1 [e’s) 1
(4.28) / de / AP NT(E 0, 1) = / dx / dy xPyn(x, v, 1)+ m(0)
0 0 0 0

where y,(t) —» 0 as m — oo, uniformly for 0<t<T.
The existence of a function N is established in the following
Theorem 4.9. There exists a function N(x,y,t) such that, forany T >0,
(4.29) N™(-,t) = N(-, t) in L'(1 + x)dx dy)
as m — oo, uniformly for0<t<T.

Before giving the proof of the theorem, we notice that N is the desired
function, that is

Corollary 4.10. The function N in Theorem 4.9 satisfies (4.3)-(4.6).

The corollary is an immediate consequence of Lemmas 4.6-4.8 and Theorem
4.9,

Proof of Theorem 4.9. Set

I/J
mE,n,t) = é/dx/ dy xK;" (XY, 1)
By (4.23) and Lemma 4.6(iii), (4.29) will follow if we show that

{™(-, 1)} converges in L'((1 + &)dédny)
as m — oc, uniformly fort < T.

(4.30)
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Clearly, (4.13) and Gronwall’s inequality imply, for t < T,

0o 213 .
/ dc/ dn(1+ OV, 1, 1) ~THE, 7, 1)
0 0

2]/3

(4.31) SCT/OOdg dn(lzé)
0 0
1/3

0o 2 .
x/o dx/0 dyx|Ké,”(x,y,0)—K§,,,(X,y,0)|

so that it suffices to show that the right-hand side of (4.31) converges to zero as
j, k — oo. Since
2I/3

> (148 = 2" J ;
[ e [ ant g [Cax [ ayxin] ey 00 KE yix v, 0

o0 2!
= / dx / dy xno(x, y)
0 0

2I/3

x{ [Tae [ an S - 050 -nx 1z,

j 5

— Ok(x = &)k (y — ’I)Xy>%xk>c>%l}
2]/3 21/3

:—:/ dx dyxno(x,y)/ d¢ dn
0 0 0 0

it is enough to prove that

(1+¢)
¢

|Aj = Al

21/3

o0

(4.32) x/ dé dn(lzé)|A,—Ak|§IjksC(l+x)
0 0

for some constant C > 0, and that

(4.33) Ijxy—0 asj,k—oo.

The inequality (4.32) is an immediate consequence of
21/3

= (1+8),
x/o déo dn é' Aj

VJ xj—1 1
= ds/ dz0(z)6(s)x . , (— +x>,
/—u—y)j ~(2=jx) (2% )XP’“Z/P} (1-2/jx)

while (4.33) can be easily proved using (4.34). O

(4.34)

5. ASYMPTOTIC STABILITY

Using Theorem 4.1 we can extend the stability result in Theorem 1.3 to the
case t =00:

Theorem 5.1. Under the assumption (1.10),

(5.1) /]

2!/3

dy/ x|n(x, y) —ng(x, y)ldx -0 asi—0.
0




ASYMPTOTIC BEHAVIOR 153
Here n$°(x, y) is the L'(P)-limit of ny(x,y,t) as t » 0.

Proof. Consider the family of functions, parameterized by ¢:

1 %)
ﬁ(/l)=/dy/ xm(x,y, 0dx, 0<Ai<l.
0 0

By Theorem 1.3, f;(4) — f,(0) as A — 0, forany ¢ > 0. Since dn;(x, y, t)/0t
>0 if y > 1, it follows from (1.6) that

fiA) L ifer.
By Theorem 4.1
(5.2) tlim fi(A)=0 forany 4.

We can therefore apply Dini’s lemma to conclude that given ¢ > 0 there exist
Ao >0 and T > O such that, for all 0 <A< A4y, we have fi(A) <e if t>T.
By the conservation of mass and since n°(x,y) > m(x,y,t) if y > 1, it
follows that

(5.3) /

We can now estimate the left-hand side of (5.1) by

2173
/ / x|n2(x, y)—ny(x,y, T

2173
(5.4) / / Xny(x, v, T) = no(x, , T)|

21/3
/
1

By (5.3), the first and the last terms are bounded by ¢ . Finally, the middle term
in (5.4) tends to zero as A — 0, by Theorem 1.3, and Theorem 5.1 follows. O

2I/3
/ x[nP(x,y)—ny(x,y,t)dxdy <e

ift>T and 0<A<4.

/0 xlno(x,y, T)—ng(x, y)|.

6. INITIAL VALUES THAT ARE MEASURES

In this section we consider the case of initial data that may be measures.
Consider first the case where the initial distribution is

(6.1) nPx,9) =3 Amd(x = xm)S (v — vi)

m,k

where x,, and y, are all positive, (x,,, y,) belong to a finite set 4 C P and
Amk are nonnegative constants, A,, = 0 if y, > 1. We may try to find a
solution of the form

(6.2) nD(x,y, 1) =Y Ru(1)8(x = xm)S(y = v,

m,k
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where (x,,, yx) € AC P and A is the closure of A under impact, which is also
a finite set. The R, (¢) satisfy the system of ordinary differential equations

dRmk( )

—a E 0 Cam» Xt )(1 = i) (1= Y1) Ry (1) Riie (1)
kl
6.3 1
(63 50X e x)(1 =) 1=y Ru(DR(0)
Xi+Xj=Xm
xPy+xPyg=xalvi
where
(64) Rmk(o) = lmk .

One can show (as in the proof of Theorem 1.1) that the system (6.3), (6.4)
has a unique solution; actually, as will be shown later on, (6.2) is the only
measure-valued solution of (1.1), (6.1).

Suppose now that ng(x, y) is a function satisfying (1.6) and approximate it

by a sequence nf, of measures of the form (6.1),

(6.5) 175" = noll + lx(ny”) = no)|| - 0 as j — oo,

where | g|| stands for the total variation of the absolute value of a (signed)
measure g . Our goal is to prove that n%)(x, y, o) exists, as a measure, and

I(1+x)[n*)(x, y, 00) = n(x, y, )] =0 if j— oo.

This implies that the distribution of the mass of n(x, y, oo) can be approx-
imated by the distribution of the mass of n%)(x,y, c0) and, therefore, by
solving ordinary differential equations of the form (6.3), (6.4).

Let us recall some ideas from Melzak [11] that will be further developed in
the sequel.

Define the brackets

=3[ [oexmenn (-2

yx2/3 _ 052/3 x2/3
x f(&,ng (x—é, (x — &)2/3 ) (x —&)23

1 oo
~fix, ,v)/0 /0 p(x. &)1 — (1 - )g(&. n)dEdn

dédn

1 oc
—g(x,y) /0 /0 p(x. (1 - n)(1 - »)fE, rl)dédn}

so that equation (1.1) can be written in the form

on
at

Proceeding analogously to [11], a function

(6.6) =[n, n).

(6.7) nix,y,t) Zakx L
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will be a formal solution to (1.1), (1.4) if and only if

1
(6.8) ap = hy, gy = rrl Z [ai, a;].
i+j=k
The estimate

(6.9 J[rcanse([[in)([]1e)

can be established as in [11] and it can then be used to derive the inequalities

(6.10) J[ 1t < ([ 1)

for some positive constant m depending only on [ |no|. If [[|ng] < oo,
this yields a nonnegative solution of (1.1), (1.4) for times ¢t < 1/m. Since
f[|n] = [f n is nonincreasing, the solution can be continued step-by-step to all
times.

We wish to extend this procedure to the case in which ng is a finite measure.
To do this, we use the fact that the space of finite signed measures on P is the
dual space of CO(P) = {y € C(P): v vanishes at co}. We first notice that if
f,ge€LY(P) and y € CO(P) we have
(6.11)

1 (e
(f, g, v) = /0 /0 w(x. LS gl(x, y)dxdy

1 1 poo 1 poo
=3 . y)dxd |
2{/0/0 e vy y(/o/o Hpepe iy 006 €

2/3 2/3
< (=1 =n (x4 8 B0 ) e nidedn )

—/Ol/ooof(x,y)dxdy

1 oo
x(w(x,y) /0 /0 ¢(x,€)(l—y)(l—n)g(é,n)dé‘dﬂ>

1 0o
—/ / g(x,y)dxdy
0o Jo
1 0o
x (w(x, [ [ et aa-na-nre. n)dcdn) } .
Therefore the definition of [f, g] can be extended, in the obvious way, to the

case in which f and g are finite measures. Hence, [f, g] is also a finite
measure with the property (cf. (6.9)).

(6.12) KLf S gl I < Clf gl w L=
for any y € C°(P), and therefore
(6.13) I/ gl < gl

Definition 6.1. A function n: R* — .# = {space of finite (signed) measures on
P} is a measure-valued solution of (1.1) if (6.6) holds, where [n, n] is defined

by (6.11) and %’} is the strong derivative of 7.
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Theorem 6.1. If ny is a nonnegative finite measure with finite || xny||, then there
exists a unique measure-valued analytic solution n(t) of (1.1) such that n(0) =
ng. The function n(t) is nonnegative, and with finite ||n(t)|, ||xn(t)|| for each
t>0.

Proof. The proof of existence was already outlined above. We seek a solution
in the form (6.7) where the g, ’s are finite measures. Then (6.6) reduces to the
relations (6.8). Using the estimate (6.13), we can establish (cf. (6.10)) that

(6.14) lagll < lImollm*, — m >0,

which yields a unique analytic measure-valued solution ¢ — n(¢) for all ¢ <
1/m, satisfying ||n(¢)|| < oo, ||xn(¢)|| < co. If we can show that n is nonneg-
ative, then ||n(¢)|| is nonincreasing, and proceeding step-by-step, we extend the
solution to all ¢.

To prove that n is nonnegative-valued we approximate ng by smooth non-
negative data ng;. The corresponding solutions n; are nonnegative functions
(by Theorem 1.1). If we can show that

(6.15) lInj(t) =n()l = 0 asj— oo,

then the nonnegativity of n follows.
The assertion (6.15) is a special case of the following lemma.

Lemma 6.2. Let nf(0 < o < 1) be a family of nonnegative measures such that
(6.16) ln§ — noll =0 ifa —0.
Then, for any T > 0, the corresponding solutions n°(t) satisfy:

(6.17) In°(t) = n®(t)|| = 0 ifo — 0, uniformly for0<t<T.
Proof. One can show that

if ||as — al| — 0, lbs —b]] -0 asa —0

W1
(6.18) then ||[a;, bs] —[a, b]]l = 0 aso — 0.

Writing n?(x, y, t) in the form (6.7),
(6.19) no(t) =Y agtt
k=0

it follows that for any k >0,
(6.20) laf —adl -0 ifo —0.
On the other hand (6.14) implies that

= : [
Z||a,f||tk—‘0 lflﬁz—;n-,f—’oc
k=

uniformly in ¢. Combining this remark with (6.20), the assertion (6.17) fol-
lows. O
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Lemma 6.3. If ng is a nonnegative measure with compact support in 0 < x < oo,
0 <y <1, then the corresponding solution ny(t) satisfies:

1 oo
(6.21) (o)l = /0 /0 no(t) = 0,
1 [e9)
(6.22) lxno(t)]) = /0 /0 xno(t) — 0
as t— oo.

Proof. We approximate ng by continuous nonnegative functions n,(x, y) with
supportinaset yp <y <1, 0<x <Xxy where yp >0, Xy < oo. By Corollary
2.3, the corresponding solutions n4(x, y, t) have, for all ¢, their support in
some set

(6.23) p<y<23 0<x<x (X <o)

The inequality (3.4) holds for each n, ; letting ¢ — 0 and using Lemma 6.3
we deduce that (3.4) holds also for ng. This inequality can be used to establish
the relation

6 poo
(6.24) // no(t) — 0 ift—o00, 0<O<1,
0o Jo
as in the proof of Lemma 3.2. Here we use the fact that
(6.25) / / no(t) | if ¢t 1 provided S is impenetrable;
s

the proof follows by approximating ny with n,. Having proved (6.24) and
(6.25), the proof of (6.21) follows as in Theorem 3.1. Finally, since the supports
of all the n,(t) lie in (6.23), the same is true of the support of ng(¢). This fact
together with (6.21) yields the assertion (6.22). O

We now specialize to the case where ny(x, y) is a function (1.6) and intro-

duce nonnegative measures ”o ) of the form (6.1) (with y, all positive) such
that (6.5) holds.

Theorem 6.4. Denote by n'*) (l) the measure-valued solutions corresponding to
ngl /) Then the limit measure n ) (00) exists and (6.5) implies that

(6.26) lx(n%(c0) = n(c0))l = 0 if j — oo.

Proof. The proof of existence of n*)(c0) follows by (6.21) and monotonicity
on {y > 1}, much as in Theorem 3.3. By Lemma 6.3, for each ;,

(6.27) ) = // xnt if 11 0.

We can now proceed to establish (6.26) as in the proof of Theorem 5.1. O
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