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REGULARITY PROPERTIES OF SOLUTIONS
TO TRANSMISSION PROBLEMS

LUIS ESCAURIAZA AND JIN KEUN SEO

ABSTRACT. We show that the gradients of solutions to certain elliptic and para-
bolic transmission problems with internal Lipschitz boundary and constant co-
efficients at each side of the internal boundary are square integrable along the
internal boundary.

0. INTRODUCTION

In [E, F, V] we considered a weak solution u € W!:2(B), the space of
square integrable functions on the unit ball, B = {X € R"||X| < 1} with
distributional derivatives in L?(B), of the divergence form operator Lu =
div(A(X)Vu(X)) =0, where A(X) =kxp + xr\p and D denotes a Lipschitz
domain contained in the ball of radius 1/2 centered at zero, By, (see the body
of the paper for the relevant definitions). There we showed that the gradient
of u has a restriction to the boundary of D, 8D, and that it lies in L2(dD).
In particular, if N(Vu*) and N(Vu~) denote respectively the nontangential
maximal functions of the gradient of u from inside and outside of D, there is
a constant C depending on the Lipschitz character of D such that

IN(VuF)ll 2oy < Cllullw .2 p)-

To obtain this result we first showed that the operator AI — K* is invertible
on L%(D), where |i| > 1/2, and

P = o L [ {P=Q, N(P)
k@) =pv.o- [ EZL 2 10)do(0) for 7 e 20D,

where do and N(P) denote respectively the surface measure on D and the
outer unit normal at a point P on dD, w, the surface area of the unit sphere
in R” and (., ‘) denotes the scalar product on R"”. As a consequence, we
obtained a representation of u in a neighborhood of D as the sum of a single
layer potential and of a Newtonian potential. In this paper we will obtain similar
results for more general equations. In particular, we will show that the same
regularity holds when

(0.1) Lu = div(A(X)Vu(X)) with A(X) = Cixp + Caxr\p»
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where the matrices C; and C, are constant symmetric positive definite, and
C; — C, is positive or negative semidefinite. There are some works where the
regularity of solutions to this type of equations is studied [L, R, U], but in them
the boundary of D is required to be sufficiently smooth so that the boundary
can be flattened. Of course, in this case the regularity of the solution is much
better; for instance, when dD is locally the graph of a function in the class
WP:" and p > n the gradient of u is Holder continuous up till the boundary
on both sides of D (see [L, R, U)).

We will also show that the same type of regularity holds when @ = (u!, ..., u")
€ [W1-2(B)]" is a weak solution to a divergence from elliptic system
(0.2) S°u = Di(a;f (X)Djuf)=0 foralla=1,...,n,
where

a‘.’.ﬂ(X) _ { ,Lt(éaﬂé,’j + 5,'/;5!‘0,) + %6,«,350,- forXeD,
Y ﬂ(daﬂéij + 5,‘,35]0) + /151‘350,‘ for X € Rn\D,
and
(0.3) po >0, A>=2u/n, i>-2i/n;

that is, the coefficients coincide with those of two elasticity systems with Lamé
constants u, A, and i and A respectively in the interior and exterior of D.
In this case our method only yields the regularity result when 4 < /i and 4 < A
or u>jp and A> 4.

The method we use here to obtain the above estimates relies on the Rellich-
Necas indentities [N], and the so called paraproducts which where introduced
in [D, K, V, 1] to solve the Dirichlet problem for the biharmonic operator in
Lipschitz domains. Though this method gives directly after some technical ar-
guments the above estimates, we have chosen to show first that certain mappings
associated to the single layer potentials of the operators at both sides of D are
invertible, and as a consequence, as in [E, F, V], to obtain these estimates. In
particular, we will show that when S and S denote respectively the single layer
potentials of the constant coefficient operators in the interior and exterior of D
in (0.1), the mapping

L*(®D) x LX®D) — L}(dD) x L*(dD),

(f. 8) = (S(f) = S(8), (CIN, VS(/)*) = (C2N, VS(g)7)),
is invertible, where the superscripts + and — denote respectively the restric-
tions of the gradients to the boundary of D from the interior and exterior. Anal-
ogously, we will show that when S and S denote respectively the single layer
potentials of the constant coefficient operators in the interior and exterior of D
in (0.2), the operator from [L2(3D)]" x [L*(dD)]" — [L}(0D)]" x [L*(D)]"
mapping (f, &) into

(sU1-3(8). 2-5(7)* - 5558 )

where 9/0v and 9/07 denote the conormal operators (so-called tractions)
associated respectively to the elasticity systems in (0.2), is also invertible.

We will also show that the same method applies to obtain analogous estimates
for solutions to parabolic problems with transmission conditions; that is, if u €
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C([0, T], L3(B))nL%([0, T], W!-2(B)) with u(X, 0) = 0 is a weak solution to
Dyu—div(A(X, 1)Vu(X, t)) on Bx[0, T], with A(X, 1) = Cixq,+Caxgrn\q; »
and where Qr is a Lipschitz domain in time and space contained in By, x
[0, T] whose lateral boundary is not horizontal, and C,, C, satisfy the same
conditions as before, then

IN (V)| 200,08 x10, 1) + 1 Dettll 28y 0x10, T
< C{llull 2o, 1y, wirasy) + IDevtll 2y} s

where C depends as before on the Lipschitz character of Q7 and K is a
compact subset of B x [0, T] away from the lateral boundary of Q7. Here,
L?([0, T], W-2(B)) denotes the space of functions u € L%([0, T] x B) such
that u(-, t) liesin W1-2(B) for almost every ¢ in [0, T], and

T
|Iu||22([0,7'],wl,2(3)) = /0 /Blu(x, t)lz + IVU(X, t)ldedt < 0.

Throughout this paper we will assume that the dimension » is greater or
equal than 3, leaving the details when n = 2 for the reader.

1. NOTATION AND DEFINITIONS

The letter X will denote a point in R” and the letters P and Q points on
the boundary of a bounded open domain D. Derivatives 9/0 X; will often be
written D;, and time derivatives D,. An open ball of radius r centered at a
point X will be denoted as B,(X), and if the center of the ball is the origin
we will simply use the notation B, . In particular B = B; .

We will often use the index summation convention of repeated indices, and
the action of a matrix 4 = (a;;) on a vector & = (&, ..., &,) is defined as
(Aé), =a,~j§j for i = I,...,n.

A bounded open connected domain D in R” is a Lipschitz domain if for
each point P € 9D there is a coordinate system (x,s), x e R"! seR, so
that with respect to this coordinate system P = (0, 0), and a double truncated
cylinder Z centered at P with axis parallel to the s-axis and whose bottom
and top are at a positive distance from 9D, and a Lipschitz function ¢ with
IVolloogn-1y < m, sothat ZND = Zn{(x,s)s > e¢(x)} and ZNID =
Zn{(x,s)ls=px)}.

If u is a function defined on a neighborhood of D we define the interior
and exterior nontangential maximal functions of u at P € 9D as

N(u*)(P)= Sup |u(X)| and N(u7)(P)= Sup |u(X)|,
Xer+(P) Xer-(p)

where I'*(P) = {X € D/d(X, P) < 3d(X, D) and d(X, D)< r}, T~(P) =
{XeR'D/d(X, P)< %d(X , 0D)}, where r is chosen so that the above set is

strictly contained in the interior of D. When u is only defined in the interior
of D we define its nontangential maximal function as

N(u)(P) = XES;{I()P)IM(X)L

We say that f € Lf(dD), 1 <p < oo, if f € LP(0D) and for every cylinder
Z as in the above definition with associated Lipschitz function ¢, there are
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LP(dDN Z) functions g, ..., g,— such that
0
hx)gi(x, p(x)dx == [ Lm0 f(x, p(x))dx
Rn—l Rn-1 x,

whenever h e CP(R"™!'NZ).

It is easy to see that given f € L{(0D) it is possible to define a unique
vector V,f, at almost every P € 9D so that ||V, f||r»ap) is equivalent to the
sum over all the coordinate cylinders in a given covering of dD of the L?
norms of the locally defined functions g; for f, occurring in the definition of
L{(8D). The resulting vector field V,f, will be called the tangential gradient
of f. If F is a function defined on R”, V,F is orthogonal to the normal
vector N, and VF = V,F + (N, VF)N. In local coordinates V,F may be
realized as ((VF, T),...,(VF, T,—,)), where T, ..., T,_; are “tangent”
vectors to D at P = (x, ¢(x)), given by

7= (00t 1o 0, 0 14 [T0(P2,
ox j

where the number 1 is located in the jth coordinate. L?(dD) may be normed
as || fllropy + IVeflloap) and for F as above we have

n
VF =(VF, N)N + Z(VF, T;)T; almost everywhere on dD.
j=1
The following formulation of Poincaré’s inequality will be of use to us.
Theorem 0. Let D be a Lipschitz domain. Assume [, F do =0. Then

/ IFPdo < C/ \V,Fl2do,
aD oD
where C depends only on the Lipschitz character of D .

Given a constant coefficient elliptic operator

n
Lu= Z a;jDiju, witha;j=ajforalli,j=1,...,n,
i,j=1
and satisfying for some ¢ > 0

n
P < > aé; <c'E) forall{ eR”,
i,j=1
we will consider the single layer potential associated to L in the domain D,
given by

S(NX) = /BDF(X— 0)f(Q)da(Q) for X eR"and f € L?(4D),

where I'(X) is the fundamental solution of the operator L. It is well known
that the following properties are satisfied:

LS(f)(X) =0 on R"\8D, and S(f) is continuous at almost every P € 8D
with respect to surface measure do . If

Ki(f)(P) =p.v. /a _DI(P-0)f(Q)do(Q),
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then
(L.1) IKi()rop) < Cllflleop) >
’ IN(VS(O ) ze@op) + IN(VS(H ) rop) < Cllflleopy »

forall 1 < p < 400, where C depends on the Lipschitz character of D and ¢
[C, Mc, Me]. Standard arguments yield the trace formula [F, J, R]
. 1 N;(P)
lim D;S(N(X)=Fz———————f(P)+Ki(f)(P),
X—P
where A is the constant coefficient matrix 4 = (a;;) . In particular, the conor-
mal associated to L has the following trace on 4D when acting on S(f):

(1.2) Xelli"I‘P(P) (AVS(f)(X), N(P)) = ?%f(P) +K(N)(P),
where o
(1.3)  K(f)(P)=p.V. /aD(AVl"(P -Q),NP))f(Q)da(Q) for PedD.
Also,
X)el(ir_lip) (VS(N(X), Ti) = Xfl(irip) (VS(N)(X), Ti) foralll<i<n-1.

In the case of an elasticity system wpAd + (A + u)V(divié) = 0, with Lamé
constants 4 and A, u >0, and A > —2u/n, the single layer potential is given

by S(H) = (S, ..., S(n), where
S(f)i(X)=/6DF”(X—Q)f,-(Q)da(Q) for XeR",i=1,....n,

f=WUW,..., fn) €E[LP(OD)]", 1 <p < 00, and (I'Y(X)) is the fundamental
solution matrix
(1.4) r(x) = —A——5~~|X|2‘”+£X~X~|X|‘"
wp,(2-n)"" w, '’ ’
where A = %(1//1 +1/(2u+4)) and B = %(l/u —1/Qu+2)).
As before, the following properties are well known:

HAS(f) + (1 + D)V (div(S(f)) = 0
on R"\oD, S( f ) is continuous at almost every P on 9D, and from the results
in [C, Mc, Me] we have
(1.5)
IN(VS()Nr@p) + IN(VS() N rop) < Cllfllropy for I <p <oc,

where C depends on the Lipschitz character of D, A, and u.
As before, standard arguments yield the trace formulas:

. » 1 )
) flfgl}f’ DiS(f),(X) = % {ﬂNifj(P) _ BN:N,(N, f(P»}

+p.v. /6 _DI(P-Q)(Q)do(Q)
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We will write the matrix a;’.ﬂ associated to an elasticity system as a;; =

U(apdij + digdja) + Adjgdai, for a, B, i, j=1,...,v; so that the conormal
d/0v associated to the system is given by the so-called traction,
ou

3 w(Vii + V)N + Adiv(d) N,

where Vii denotes the matrix (D;u/) and V#*' its transpose (D;u'). In par-
ticular,

S I L+ =
(16) Jim LS00 = 457+ KO,
X—-P

where K is a bounded singular integral operator on [L?(0D)]", 1 <p < oc.

2. CASE OF A SINGLE EQUATION
In this section we will prove the following theorems.

Theorem 1. Let u € W' 2(B) be a weak solution to (0.1) on B, where the
constant matrices C, and C, are symmetric and elliptic, and C, — C, is either
positive or negative semidefinite, and D is a Lipschitz domain contained in
By)>. Then there is a constant C depending only on the Lipschitz character of
D, the ellipticity constants of C, and C,, and the smallest and largest of the
absolute value of the nonzero eigenvalues of Cy — C, so that ||[N(Vu®)| 12op) <

C"“"WM(B) .

Theorem 2. Let C,, C,, and D be as in Theorem 1, and S and S denote
respectively the single layer potentials of the constant coefficient operators with
coefficient matrices C; and C,. Then the mapping

L*(@D) x L*(dD) — L}(dD) x L*(9D),
(f, 8 = (S() - S(g). (CIN, VS(f)*) - (C2N, VS(g)7)),
is an invertible operator.
We will first show how to prove the first theorem.

Proof of Theorem 1. Let u be as in the statement of Theorem 1, ¢ € Cg°(R")
with ¢ = 1 on By, and ¢ = 0 outside Byj3. If C; = (¢;j) and we define
h = Z?,jzla,zDij(u¢)XRn\D, we have ||h]|2gny < Cllullpi.2p) . Setting w =
up —I'(h) + S(g) for X € R"\D and w = u+ S(f) for X € D, where §

and S are as in Theorem 2, and I'(k) denotes the Newtonian potential of 4
associated to the constant coefficient operator outside D, one can show as in
[E, F, V, Theorem 1] that for any f and g € L?(dD) the function w satisfies
for all ¢ € C§°(R")

.

/ (C\Vw, Vo) dX + / (CyVw, Vo) dX
D

R"\D

= aD{<C|N, VS(f)*) = (C:N, VS(g)") = (C2N, VI(h))} do.

From Theorem 2 we can find f and g in L2(0D) sothat S(f)-S(g) = -I'(h)
and (C\N, VS(f)*) = (2N, VS(g)7) = (N, VI'(h)) on 0D. With this
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choice of f and g the function w lies in W]éc’z(R"), w(X) = O(|X|*™") at
infinity, and satisfies

/D (CVw(X), VH(X)) dX
+/ (CVw(X), Vo(X))dX =0 forall ¢ € Cg°(R").
R"\D

These and the maximum principle for weak solutions to divergence form elliptic
equations imply that w is identically zero. Therefore, we obtain a representa-
tion formula for u in a neighborhood of D, which combined with Theorem 2,
(1.1), and the estimate ||VI'(h)||r~(8,,) < Cllullw1.25) implies the theorem.

Proof of Theorem 2. The operator in Theorem 2 is one-to-one. To see this
observe that if f/ and g € L?(dD), and S(f) - S(g) =0, (C/N, VS(/)*) -
(CaN, Vg(g)‘) =0 on dD, the function u defined as u = S(f) on D and
u=S(g) on R*\D lies in W':*(R") with u(X) = O(X|*™") at infinity, and
is a weak solution on R” to Lu = 0 with L asin (0.1). Thus, ¥ must be
identically zero. On the other hand, the identities

[ cvs), vsinax == [ siniein. vs(s))do,
R"\D oD

/D (C:V5(8), VS(eNdX = [ Sg)(CaN. VS(e))do

show that S(f) and S(g) are identically zero on R", and from the jumps on
0D of the conormals derivatives of S(f) and S(g) (see (1.2) and (1.3)) we
get f=g=0o0n oD.

Next, we will show that the following estimate holds:

(2.1)
I ANl 20y + 181l 20

< {18 = S(@ sz + CIN . TSN = (2N, TS() Mian

§(g)a’a
D

S(f)do

oD

+ +

b

where C is as in Theorem 1. To prove (2.1) we set ut = S(f) on D and

u~ = S(g) on R"\D, and observe that the function « defined on R” as u* and
u~ respectively in the interior and exterior of D, satisfies for all ¢ € C§°(R")

/(C.Vu, V¢>dX+/ (C3Vu, V¢>dX
D

R7\D

= [ (CN. IS - (N VSt Y edo,

ut —u= =S(f)-S(g) ondD.

After a linear change of coordinates and abusing the notation we may assume
that C;, = 4 and C, = I, where I denotes the identity matrix, and A4 is a
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diagonal matrix with diagonal elements «,, a3, ..., and «,, so that now u
satisfies for all ¢ € C§°(R")

/(AVu, V) dX+/ (Vu, Vo) dX
D R"\D

(2.2) = /BD{(AN, Vut) - (N, Vu~ )} do,

ut—u"=h and (AN,Vu*)-(N,Vu~)=h, ondD,

where h; € L?(0D) and h; € L?(8D). It is easy to check that under the change
of coordinates, the assumption that C; — C, is positive or negative semidefinite
is preserved, and becomes o; — 1 <0 forall i=1,...,n or a; —1>0 for
all i=1, ..., n. In this context we will show the following inequality:

IVutll20p) + IVU |l 2D
< C{limll 2oy + 12l 200y + IVutll 2oy + IVU | L2m\D) ) »

where C depends on the Lipschitz character of D and the smallest of |a; — 1|
with a; — 1 # 0. Returning to the original coordinates and recalling that

/D (CUS(). VSN X = [ SUNCN, VS())do

(2.3)

and
Jo,(C2¥S(8), S(@ndx = - [ Sie) N, vS(g)7)do

oD
we will get from (2.3) and Theorem O that

IVS(f)*ll2op) + ||V§(g)—||L2(aD)
< c{ISU) = 5@lzzom + NN T5(")

LDS(f)da }

Moreover, from the results in [V] and by a simple linear change of coordinates
there is a constant C depending only on the Lipschitz character of D and the
ellipticity constants of the matrices C; and C,, so that for f € L?(0D) the
following holds:

00 < € {1V ram + 1 [ stndo
b

S(g)do
oD

— (C:N, VS(8) M r2ep) +

+

lgll2p) < C {||V§(g)_||L2(aD) + ‘/ao S(g)da

and from the last three inequalities we get (2.1).

To prove (2.3) we recall that there is a vector field /? € C§°(Bs;4) such that

(ﬁ , N) > C with C depending only on the Lipschitz character of D [V], and
the following Rellich-Necas [N] identities:

div((AVu*, Vut)) = 2div((f, Vur)AVu*) + O(Vu*|?) on D,
div(B(Vu~, Vu~)) = 2div((, Vu~)Vu~) + O([Vu~|>) on R"\D.
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Integrating on D the first identity we get
/a (B N) AV, Yy do =2 [ (B, vun)AvaT, N do + O(19u )
Since
(AVut, Vu*) = (AVu*, T))(Vut, T)) + (AVu*t, N)(Vu*, N)
and .
(B, VuT)y= (B, N(Vu", N)+ (B, Ti))(Vu", T,
we obtain from the above integral equality the following formula:

(B, NY{(AVU*, T)(Vu*, T}) = (4Vu*, N)Vu*, N)}do
(2.4) oD )
= 2/6D(B , TI(Vu*, T))(AVu*, NYdo + O(HVqu”iZ(D))-

Similarly we get for u~ the following formula:
(B M T Ti) = (Fum, YU, M) do
aD

w(ﬁ . TNVu™, TNVu~™, N)do + O(||Vu |25 p))-

From the transmission conditions (2.3) we can rewrite the above formula in
terms of the gradient of u*, h;, and A, on &D, obtaining

/ (B, NY{(Vu*, T)(Vu* | Ty) - (AVU* , N)Y(AVU* | N)}do
(2.5) =2 [ (F, TV T)AVU, N)do
oD

+ 0(||Vu_||iz(3\p) + VUl 2ap) {1 20y + 1820l 200 })-
Subtracting (2.5) from (2.4) we have
(2.6)
(B, N){(4 - D)Vu*, T)(Vu*, T))do

(B, NY((A4 - D)Vu*, NY(AVu*, N)do
oD

= O(IVu~ 172m\p) + IVU* 120y + IV | 200y {1l 1 200 + A2l 20y })-
From the orthonormality of the linear base {N, T;, ..., T,} we have
((A=D)Vu®, Ti)(Vu*, T)) + (A= 1)Vu", N)(4Vu®, N)

(2.7) =((A-1)Vu*, AVu*) =) ((A-)Vu*, T))?
I=1

=((A-DVu*, Vu*) + (A - 1)Vu*, N)2.

From the above equalities, (2.6), and the transmission conditions (2.2), we get
(2.3) when A—1 is positive or negative definite. When 4—1 is only semidefinite
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we only obtain control on some of the partial derivatives of u* on 9D. In
particular, if H = {ila; — 1 # 0} we get

28) Z ”Diu+”§,2(p) < C{Hvu_”izw\p) + ||Vu+||2Lz(D)
. i€H
+ IVl 2@ {11l 20y + N h2ll290))}-

But (2.2) can be formally rewritten in the following way

/ (Vu, Vo) dX = -3 / (1 - a))D2u* ¢ d X
(2.9) R ieH "D
+/ {hz +y (1- a,)D,u*N,-} ¢do forall ¢ € C3°(R"),
oD i€H
ut—u=h, and (AN,Vu')—(N,Vu~)=h, ondD.
Let I'(X) and S denote respectively the fundamental solution and the single

layer potential for Laplace’s operator in D, and w be the solution to Aw =0
on D with w = h; on 8D . We define the function

v=w+TI (Z(l - ai)D,'zu+XD)

i€H
-S (h2 + Z(l —a;)Diu*N; — (Vw, N)) onD,
i€H

and

v=T (Z(l - ai)D,-Zu+xD>

ieH

—§ (hz-f—Z(l —a,')D,‘u+Ni— (V’LU, N)) on Rn\D
i€H
At this point we will recall the following result which is essentially proved in
[K, V, D, 1] and whose proof we postpone to the end of this section.

Lemma 1. Let u satisfy Au =0 in the interior of a bounded Lipschitz domain
D, where A is a constant coefficient second order elliptic operator, and K be
a smooth homogeneous even function of order 2 — n; i.e., K(AX) = 2> "K(X)
and K(X)=K(-X) forall A>0 and X € R", and set

H(X)= / KX -Y)Diu(Y)dY for X e R" for some 1 <i<n.
D
Then, there is a constant C depending on the Lipschitz character of D and the

ellipticity constants of A such that ||N(VH*)||125p) < Cllullr2opy- Moreover,
VH* = VH~ almost everywhere on 0D, and H(X) = O(|X|*~") at infinity.

From Lemma 1 and the well-known estimate, ||N(Vw)| 24p) < C||h.||le(aD)

[J, K, 1], we conclude that v(X) — u(X) = O(]X|>*~") at infinity. On the other
hand, it follows from (2.9) and (1.2) that v — u is harmonic on R”. Hence,
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u = v on R". From this representation formula for #, Lemma 1, and the
above estimate we obtain

IVu™ll2op) + VU [l 20p) < C {”thL:;-(aD) + 12l zom) + Y ”Diu+“L2(aD)} ,
ieH
which together with (2.8) implies inequality (2.3) as we wanted.

It is easy to show by means of a compactness argument that the estimate (2.1)
implies that the operator in Theorem 2 has closed range (see [V]). As in [V],
approximation of D by smooth domains and the estimate (2.1) imply that the
operator in Theorem 2 has dense range, provided it is known that the range of
this operator is dense when D is a smooth domain. But, it is an easy exercise
to show using the classical variational methods and Sobolev imbedding that
there is a constant C depending only on the Lipschitz character of D, such
that when given h; and h; in C§°(R"), there exists a function u satisfying
div((Cixp + Coxr\p)Vu) =0 on R"\0D, u* —u~ = h; in the sense of trace
operators, (C\N, Vu*) — (C;N, Vu~) = hy on 90D, and so that

(2.10) lull orey + VUl L2ey < C{UIVAL L2Rey + 2]l 220D) } >

where g = 2n/(n — 2). To see this one could find for each r > 1 the weak
solution w, € WO"z(B,) ; the closure of C§°(B,) in W!-2(B,), to

div((Cixp + Coxre\p)Vw;) = —div((Cixp + Coxrn\p) V1) + F,

where F acts on test functions as F(¢) = [;,, ¢hyda . Since the estimate (2.10)
holds uniformly when u is replaced by w,, we have that w, converges to a
function w, and setting u* = w + h; on D, u~ = w on the complement,
one constructs such a u. Moreover, from the arguments in [L, R, U] and when
D is smooth, it follows that the gradient of this function u at both sides of
D is a bounded continuous function. Also, Theorem 2 in [S, W] shows that
u(X) = O(|X|*™™) at infinity. From all these facts, it follows after a linear
change of coordinates (see [V]) that u can be represented inside and outside
of D in terms of some densities with respect to the single layer potentials
associated to the operators inside and outside of D respectively. From all
these we conclude that the range of the operator in Theorem 2 is dense when
D is smooth.

We will now indicate how to proceed to prove Lemma 1. By a simple linear
change of coordinates and again abusing the notation we may assume that u
is harmonic in D . After this change of coordinates the function K will turn
into a new potential with the same homogeneity. Also, without loss of general-
ity we might assume that the gradient of u is square integrable in D, so that
the integral defining H is absolutely convergent. In this case it is obvious that
VH* = VH~ almost everywhere on dD. In [D, K, V, 1, Lemma 1.3, 1.4]
Lemma 1 is proved when K(X) is the fundamental solution of the Laplace
operator, but an analysis of the proof of the first lemma which we mentioned
in the above reference, shows that the same proof can be carried over when
substituting this particular potential by an arbitrary potential K satisfying the
conditions in Lemma 1. The only minor difference in the proof of the general-
ization of this result is that instead of solving AB(X) = |X|>~" on R”, asin the
proof of Lemma 1.3 in [D, K, V, 1], we would have to solve AB(X) = K(X),
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observe that B is a smooth homogeneous even function of order 4 — n, so
that from the results in [C, Mc, Me] and the method of rotations [C, Z], the
principal value operators

p.v./ D} B(P-Q)f(Q)ds foralli,j, ke{l,..., n}
oD

define bounded operators on L?(0D); and repeat the same integration by parts
argument which is done in their proof. That VH* = VH~ almost everywhere
on 0D follows from standard arguments and the fact that this is the case when
the gradient of u is square integrable in D. The last statement in the lemma
is a consequence of the representation of H which is obtained when repeating
the argument in [D, K, V, 1, Lemma 1.3].

Remark 2.1. We would like to observe that when the argument given to obtain
the estimate (2.3) is localized one obtains the following estimate, if P lies on
oD, r>0,and A,(P)=B,(P)NAdD then

VUt L2, py + VU L2, Py
< C{IVihill2a,py) + 12l 2o py) + IV Ul 28, Py + VUl 208, (P)) }-

Well-known arguments (see [K] and [D, K, V, 1, Theorem 4.1]), and the above
estimate show that given a Lipschitz domain D, there exists ¢ = ¢(D), so
that our results extend in the obvious way to 4, € L{(0D) and h, € LP(dD),
2—-¢e <p<2+e. So that under the same conditions as in Theorem 2 we
obtain that this operator is invertible from L?(8D) x LP(0D) onto L{(8D) x
L?(8D). In particular, this and the argument in Theorem 1 show that under
the conditions of this theorem a solution u to a transmission problem satisfies
"N(Vui)“LZH(aD) < C||u||W|,z(B) with ¢ = S(D) .

Remark 2.2. The reader will observe that the method we used in the proof of
Theorem 2 can be carried out when the matrices at both sides of D are given
by two symmetric elliptic nonconstant matrices C;(X) and C,(X), satisfying
that C,(X) — C(X) is positive definite on 9D, and whose gradients are uni-
formly bounded on D and B\D respectively. This and the techniques in [J,
K, 1, 2] show that the same type of regularity can be obtained for solutions to
transmission problems with coefficient matrices as above and internal Lipschitz
boundary.

Remark 2.3. Finally, we would like to point out that the method we used to
obtain the above estimates does not work in all the situations. For instance,
when trying to extend the above estimates for arbitrary constant matrices at
both sides of D, one could think of trying to choose different vector fields [f
at each side of D, say [f* and ,B“ , so that when applying the Rellich-Necas
identities to u*t and u~, and rewriting the identity corresponding to #~ and
ﬁ ~ in terms of u*, and subtracting this new formula from the original Rellich-
Necas identity corresponding to u* and [f* , then one could choose suitable
boundary values for E“‘ and ﬁ‘ so that the formula obtained in this way would
yield an L? estimate for Vu* on dD. But even in the simple case when §D
is a line segment and n = 2, the reader will easily verify that if C, is a diagonal
matrix with entries a and 1/a, where a > 0, and C, is the identity matrix,
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then there is no choice of /?+ and B" which would give control on the L2
norm of Vu*t along this line segment. Essentially, this is due to the fact that
in this case when the Rellich-Necas identity for »~ is written in terms of u™,
one obtains a multiple of the original Rellich-Necas identity for u* .

3. CASE OF TRANSMISSION FOR ELASTICITY

In this section we will show that the methods used before apply to obtain sim-
ilar results for solutions to transmission problems associated to some systems.
In particular we consider solutions # € [W!-2(B)]* to Sii =0 on B, where S

is as in (0.2). That is, # satisfies for all ¢ = (@', ..., ¢") € [CERM]"
/ W(Vil + V)V + A div(d) div() d X
D
+ / A(Vid + Vit)Ve + Adiv(id) div(§) d X =0,
B\D

where (Vii + Viit)Vé = (Dju/ + D;u')D;¢’ , and where (0.3) is satisfied.

We recall that a system of elasticity with Lamé constants x4 and A satisfying
(0.3), and whose coefficient matrix is written as u(d,p9i; + d;gd;a) + 4000
is the standard example of a linear system satisfying the Legendre-Hadamard
condition; i.e., af}”(X) = afi"(X) and C|¢*n)? < agﬂ(X)é[éjn"n” for some
constant C, and for all X, £, and 7 in R". From condition (0.3), we also
have that the matrix af}ﬂ (X) in (0.2) satisfies the Legendre-Hadamard condition
on R”. Also, there is a constant C depending on u, 4, jt, and 4 [D,K, V, 2,
Theorem 1.12] such that

(3.1) C7|V + Vit 2 < g (X)DjvP Div® < CIVT + Vit
for all vector functions @, where
(u/2)|VT + VT+)? + Adiv(7)? for X €D,
(1/2)|VT + VFL ]2 + Adiv(7)? for X € R"\D,
and |VT + Vit)? =37 _ (Div/ + Dju')>.

In this case the conormals associated to the operators in the interior and
exterior of D are given respectively by

a;? (X)DjvP Dy = {

Yhs
% = u(Vit + Vitt)N + Adiv(@t)N  and
612_ ~ —-— -] 3 . -
55 = AVu~ +Vu )N + Adiv(d™)N.

We will now prove the following two theorems which are the analogues of
Theorems 1 and 2.

Theorem 3. Let i = (u', ..., u") € [W!-2(B)]" be a weak solution to Sii =0
on B, where S is as in (0.2), and D be Lipschitz domain contained in B, .
Also, assume that (0.3) holds. Then, if u < ji and A <A or u>ji and A > 4,
there is a constant C depending on the Lipschitz character of D, u, i, 4, 4,
and the smallest of the absolute value of the nonzero numbers u — ji and A — A
such that “N(Vﬁi)”LZ(dD) < C“ﬁ”W'Z(B) .
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Theorem 4. Let u, ji, A, A, and D be as in Theorem 3, and S and S denote
respectively the single layer potentials on 0D associated to the elasticity operators
with Lamé constants u, A, and ji, A respectively. Then the mapping

[LX@D)]" x [LA@D)]" — [Lz(aDn" (LX@D)]",
(7, 8) = (S~ 5(8), oS~ 2-5(8))
is an invertible operator.

Proof of Theorem 3. Since the proof of this theorem is similar to the proof
of Theorem 1 we will only sketch the main details. As in Theorem 1, we
consider ¢ € Cg°(R") with ¢ = 1 on By, and ¢ = 0 outside By, and

define / = {2A(dp) + (i + 1)V (div(ip))} xrm\p - As before we have || g <
Clii@llw.25) -

We introduce the function W defined as

W=ip-T(h)+S(@) forXeR\D, and W=id+S(f) forXeD,

where S and S are as in Theorem 4, and I:(il.) denotes the Newtonian potential
of h associated to the elasticity system outside D (here I' = (I'/) as in (1.2)
but with 4 and A replaccd by i and A respectlvely) From Theorem 4 we
can choose f and g in [L2(8D)]* such that S( -8z g) = ~T'(h) and

—S(f) ——S( g)- =—§r<h> on 4D.

With this choice of f and g‘*and as in Theorem 1 it is easy to check that
W € [W:*(RM]", and for all ¢ € [C5°(RM)]*
/ w(VE + VL)V + A div(w) div(g) d X

+ LV + VL)V + Adiv(w) div(¢) d X = 0.
B\D

Now we will show that w =0. Let n € C§°(By,) with =1 on B,. From
Plancherel equality, the Legendre-Hadamard condition, and (3.1) we have

JivaamPdx <c [ Sreamn « v@tnl + ddivin)? dx

<C [ |50+ Swro | 190) + V()P

+ [Axp + Axre\pldiv((Wn))2 d X.

The above estimates also hold when w0 is replaced by w—w, , where w, denotes
the average of W on B,/\B,. These and standard arguments [G, Chapter 3,
Proposition 2.1] imply

/ |Vu7|2dX§0/ \V@PdX forallr>0,
B, BZV

where 6 is a number in the interval (0, 1) dependingon u, i, 4, and . Since
Vw(X) = O(|X|'~"), the above inequality implies after letting r tend to infinity




REGULARITY PROPERTIES OF SOLUTIONS TO TRANSMISSION PROBLEMS 419

that Vi is identically zero on R”. The behavior of w at infinity shows that
w is identically zero on R”. Thus, we obtain as in Theorem | a representation
formula for # ina neighborhood of D, which combined with Theorem 4, (1.5),

and the estimate ||VF( )|| L= (Bys) < Clléllw1.25) proves Theorem 3.

Proof of Theorem 4. Let S and S be as in Theorem 4. An argument similar to
the one we gave in Theorem 3 to show that the function w is identically zero

shows that when f and g € [L2(2D)]" satisfy
) —8(8) = 9 oA — 955 =
S(f)-S(&) =0, 555 a~S() =0 ondD,

then S( f ) and S(g) are identically zero in the interior and exterior of D
respectively. Since

/ L19S() + VS + 2divS(H)2 = - [ S(HL-S(f) do
R"\D 2 oD ov
and
[ 5IVS(@)+ VS@)*P +2div(S(@)7 = [ S@)3-5()do
D oD

we have S(f) = §(§) =0 on R", and as in Theorem 2 we get from the jump

relations of the tractions (1.6), f=g=0d on 0D. Therefore, the operator is
one-to-one.

As in Theorem 1 to show that the range is [L?(0D)]" it suffices to obtain an
estimate of the form

||f||L2(aD) + 1181l 2o D)
c{us<f> Sz >||Lz(w)+\ s - 25)

v ov

(3.2)

L2(dD)
+ Ly ()] + |L_<§)|} ,

where L, and L_ denote bounded linear operators on [L?(8D)]” whose norm
only depends on the LlpSChltZ character of D.

Setting @* = S(f), @~ =S(8), h = S(/) - 5(g), and hy = 3S(/)*/0v -
0S(8)" /00 we will show that
IVt 200y + IVE (| 220D)
(3.3) < C{llA 2200y + Iall 20y + IVE + Vid* [ 2 p)
FIVE™ + Vi p2ppy + (@) + -]},

where [, and /_ are respectively linear forms on W' 2(B) and W' -2(B\D),
whose norms depend respectively on the measure in R” of D and B\D, and
with C as in Theorem 4. On the other hand, from [D, K, V, 2] there is a
constant C with the same dependence, so that

11 200y < CUIVE 200 + 1L+ (D]}

(3.4) . o .
I€llL20p) < CUIVE |l 20y + | L-(8)]}-
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Once we have proved (3.3), inequality (3.2) will follow from (3.3), (3.4), the
identities

o
/ Bivas + vart + ddiv(i) = w0 g do

/ 5|Vﬁ‘+Vu‘l|2+Ad1v( )=-/ a2 i de,
R"\D oD

(3.1), and Theorem O.

To prove (3.3) the following formulas will be of use to us. Let {N, T}, ...,
T,—1} be the orthonormal basis defined in §1 and associated to almost every
point P € 8D, where N is the exterior unit normal at P, and 713, ..., T,
are n—1 tangential vectors at P on dD. Then, for any vector valued function
U

n—1

VT + VL2 = (Vi + VTN, N)2+2 (VG + VTN, T;)

(3.5) . =l
+ (VT + Ve T;, T))?,
i,j=1
1 n—1
(3.6) div(?) = S{{(VT + VFIN, N) + 3 (V0 + VIH)T;, T},
i=1
d . _2u+4 S A —
(3.7) <%—’U,N>— =S5 (VI + VTN, N) + 52; (VT + ViHT;, Ty,
(3.8) <;—Uﬁ,Ti>=u((Vz7+V6l)N,T,) foralli=1,...,n—1.

These identities derive from the orthogonality of the base {N, Ti, ...
From the above identities we have

Adiv(7)? + %lvﬁ + VP

1 a_’ 2 1n—l (9 . 2
‘*—zu+x<a—v“’N> +zZ<a—v”’T">

3 Tn—l}~

(3.9)

As in Theorem 2, we will consider a vector field ﬁ € C§°(B3s) so that

([f , N) > C, with C depending only on the Lipschitz character of D [V], and
the following Rellich-Necas [N] identities:

div (ﬁ [Adiv(ii*) |V12+ + Vit ])

= 2div (,B,D,-u* . {ldw(ﬁ*)] + 5( oy v*ﬂ)}) +O(Vit|}) on D,
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N TN E SO Ry ey =12
div(B[Adiv(d™)" + 2|Vu + Vi 7))
= 2div (/}‘,-D,-zz- . {idiv(ﬁ-)l + g(w— + vaﬂ}) +O(|Vii )

on R"\D,

where I denotes the identity matrix and - the multiplication of matrices. In-
terating on D the first identity above we get

/ (B, N) {Adiv(zﬁ)2 + ﬁlVﬁ* + Vﬁ“|2} do
aD 2

> 0
= D:ut
2 - BiD;u 5

(3.10)
—E”+da+0(||Vﬁ+||iz(D)).
Observing that

~ 3} ~ 1/0

D:ut—ut = [ 2 g+ 4+ e+l

B0 ot = (F ) |5 (it N ) (Vi + Vi )N W)

0
. 0 .
(3.11) + (Vi T”N><6vu ,T,>]
+{(B, T, vir L+, T,
> 1 av > 1 ’

we get the following formula after substituting (3.9) and (3.11) in (3.10):

(3.12)
. 1 o . 2 ln—l 9 .. ‘ 2
Ab<ﬂ’N>{—zﬂ+a<%“ M) ()
,UI‘L n—1 2
+ 5 Z((Vﬁwv&“)n,n)]
22u+7) | &=
n—1
+ 5 Y (Vi + VErh T, 7))

i,j=1

— ((Va* + Vitt)N, N) <6‘9—vﬁ+, N>

n—1
0
- Tha . .__~+ .
2§ (Vi 7,,N)<avu ,7z>}d0

=1
n—1 9
_ i vt g T 12
=2/ S#.m (vt ot Ti) o+ OV ).
From the identities

1 9 4 ? i+ L <8 A >
2,u+l<c’)_vu ,N> (Vid* +Vu™—)N, N) 70" , N

1 d . 2
(3.13) T <a—u+, N>

v
) n—1
L <_g+, N> S ((vat + vathTi, T,

i=1
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1n—l a 2 n—1 8

; <6_'Uﬁ+’ 7-}> _22 4-"7—‘191\,><8_ T}>
(3.14) =1 o =
_ <iﬁ+, T,~> (Vi*N, T)) - (VaN, T)),

n—1
Y (Vi + Vidth)T;, T)
i=1

2
n—1
Y (vat + vathT, T»]

=1

(3.15)
%Z (Vi* + Vit T;, T;)?

;—UT, Ti> (V@*N, T;) = (Vi**N, Ti))} do

n—1
. 0 . et
=2 [ SR T (Vi it 1) do+ 09 I

The same argument leads to an identity similar to (3.15) but with &+, u, 4,
and 0 /61) replaced respectively by i, ji, 4,and §/8% . Since hy =it —ii~
and h, = 9ii*dv — di#*i—89 on AD, and from (3.7) and (3.8) it is easy to
rewrite this second identity by replacing #~ by #* to obtain the formula

(3.16)

/ao(ﬁ’ " { 2/11+,1 <5a"ﬁ+’ N>2

Z (Vit* +Vi*t*)T;, T)

2
(Va* +vath)Ti, T;)

+ <f—ﬁ+, r) (“/{”(vaw, Ty~

(Vitt N, T,-))} do

IR
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_2/81)2/3 T;) < u——a—u T,~>da

+ O(IViE™ [B2p\py + 121l 20y + 12l 200y
+ ||Vﬁ+||L2(aD){||El||Lf(aD) + “;12“L2(6D)})~
Subtracting (3.16) from (3.15) and using the identities (3.7) and (3.8) we get
(3.17)

n—1
/ </§,N){ (Viit + VitH)N | N)?
oD

B | ((va*+Vatt)T;, T))

i=1

n—1
> (Vit + vathTi, T;)

i=1

+ C((Vil* + Vii*H)N, N)

n—1
+D ((Vil* + Vi*)N, T;)?
i=1

i,j=1

n—1
+E Y (Vit +VathT, T,)2} do

—. 2 —— 2 - e 7
= O(IVia* llz2py + VU 128\ p) + ||Vu+||L2(aD){||h1”Lf(ao) + 172l 200y }

+ ”hl“le(aD) + 172l 2200)) »

where
4o QuANQu— )+ (- 1) g (AUl +2u+ A+ - )
20+ 4 ’ Qu+ A2+ 4) ’
2+ A i

A short calculation shows that the determinant of the 2 x 2 matrix

e %]
ic B
equals (A —A)(u — 1)(2u+4)/(2jt + A) . Therefore, when u > ji and A > 4 the

above matrix is definite positive, and from (3.17) and (3.5) we get

(3.18)
IVa@* + Vit |22 p)

72 12 mn i h
< CURE o) + 12l 300y + IV 20 Wz + Wallzom)
=412 7
VI T2y + IVE 723y 0) -

The same reasoning shows that the above estimate holds when x4 < i and
A < A. At this point we recall the following form of Korn’s boundary inequality
(see [D, K, V, 2]).
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Theorem 5. Let i satisfy uAi+(A+u)V(divi) = 0 in the interior of a bounded
Lipschitz domain D contained in B\, (respectively on B\D), with Lamé con-
stants u and A, u>0,and A > —2u/n. Then there is a constant C depending
on the Lipschitz character of D, u, and A so that

IVilll L2op) < C{IIVE + Vit || 20p) + ()]},

where | is a linear form on W2(D) (W2(B\D)) whose norm only depends on
the measure in R" of D (B\D).

On the other hand, from the classical Korn’s [F] inequality we have

IVt || 2py < C{UIVET + Vi | 2y + |1 (@)1}
IV~ || 2oy < C{IVE™ + Vi~ || 2p\py + 1= (@)1},

where [, and /_ are as in (3.3). From these inequalities, Theorem 35, the
transmission conditions, and (3.18) we obtain (3.3) when u < ji and A < 4 or
u>jand 4> 4.

Also observe that when A = A the integrand in the left-hand side of (3.17)
can be rewritten as

(=) [w, N {g%ﬁ—f«vm HVEHN, N2

n—1

+ 4% Y (Vidt + VEtt)N, T;)?

i=1

i, j=1

n—1
+2 ) (vat+vathT, T,-)Z}]

which as above gives (3.18).
When g = i and A # 4, and using (3.6), the integrand in (3.17) can be
rewritten as
2Qu + (A —-A)
20+

(B, N)div(i)?,
to obtain the estimate
| div(@)22(0p < COVLIZz ) + I 220

(3.19) + ||Vﬁ+||L2(aD)[||h1||Lf(aD) + 172/l r20p)]
+ “V[ﬁ"iz(m + Vi~ “%,Z(B\D}'

Observe that in this case the same argument gives

e 72 o2
” d1v(u )”%,2(31)) < C{”hl ”L%(aD) + IthHLZ(BD)

(3.20) + ||Vl7_||L2(aD)[||h1||L§(aD) + A2l L20m)]
- =12
+ ”Vlﬁ”iz(p) +1IVa~ ||z2\py }-
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At this point we will proceed as in the last case of Theorem 2. The weak
formulation of the equation satisfied by # on R” can be rewritten as

/ w(Vii + Vit)\Véd X
/ Adiv(@)(divi@)dx — [ Jdiv(i)div(d)dX
(3.21) RAD
[Alev( ) xp + AV div(i~ JXrm\plPd X

+/ {h2+[/1div(ﬁ) Adiv(i@*)|N}ddo
aD

for all test functions ¢ € [CPRM]", and 4t —ii~ = hy on 8D.

If we let T'(X ) and S denote respectively the matrix fundamental solution,
and single layer potential of the system of elastostatics with Lamé constants
u >0 and A =0, and W be the solution to uAwW + uVdived = 0 on D,

W= if, on D, and define the function

7 = S(hy + [Adiv(@™) — Adiv(@*)IN + (Vi + Viit)N)

— TAV div(i*)xp + AV div(i#~)xgnp) on R"\D,
and

+ S(hy + [Adiv(i™) — Adiv(i@H)]N + u(V& + Vi) N)

— TV div(@*)xp + AV div(il) ") xgn\p) on D,

it turns out from (3.21) and (1.6) that v—u satisfies uA(V—i)+uV(div(T-il)) =
0 on R". From Lemma 1 and its obvious generalization to the exterior of D,
the fact that div(#*) and div(#~) are harmonic functions on their domains

of definition, and arguments similar to those we used in Theorem 3, we have
# =17 on R". From this representation formula for i, Lemma 1, (1.5), and

the estimate ||N(VW)||25p) < Cllﬁl ||Lf(aD) (see [D, K, V, 2]) we get

IV~ 1200y < Cllimll 2@y + Ih2ll o)
+ | div(@*)| 2op) + 1 div(i7)l 2o ]-
From (3.22), (3.21), and (3.20) we get (3.3).
Finally, as in Theorem 2, the estimate (3.2) and the fact that the operator in
Theorem 4 is invertible when D is smooth (this can be proved with arguments

similar to those in Theorem 2) imply Theorem 4. We will leave these details as
an easy exercise for the reader.

(3.22)

Remark 3.1. In this case, and for analogous reasons to those given in Remark
2.1 there is also an ¢ = ¢(D) and a constant C, so that when u is as in
Theorem 3 the following estimate holds:

||N(Vﬁi)”1.2+e(ap) < Cllullpr.os

Remark 3.2. A more careful analysis of the identity (3.17) shows that Theorem
3 also holds under the assumptions 2u + kA > 2ji+ kA forall k=2,...,n,
and u>ji.
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4. TRANSMISSION FOR PARABOLIC EQUATIONS

In this section we will show that the methods outlined before also apply to
obtain regularity properties for solutions to parabolic equations with transmis-
sion conditons. In particular, and for the sake of simplifying we will only con-
sider the operator D,u — div(A(X, t)Vu(X, t)) on B x [0, T], T > 0, where
AX,t) = klxq, + Ixgnnq, » Qr is a Lipschitz domain in time and space
contained in Bj;; x [-oo, T] whose lateral boundary is not horizontal, and [
is the identity matrix. In this case we have the following theorem.

Theorem 6. Let u € C([0, T], W'2(B))NL*([0, T], W'-2(B)) be a weak solu-
tion to the above parabolic operator on B x[0, T] with u(X,0)=0 on B. As-
sume that the lateral boundary of Qr isgivenby I' = {(X, )|t = o(X),t < T},
so that the interior of Qr is the region QF. = {(X, t)|t > ¢(X), t < T} C Byj5x
[-oo, T], and the exterior the complement Q7 = {(X, t)|t < ¢(X),t < T},
where ¢ is a Lipschitz function for which there is a positive number y such that
y~1 < |Vo(X)| and ¢(0) < 0. We will also assume the following conditions:

a. For each t < T the level set T, = {P € R"|p(P) =t} is the boundary of a
bounded connected Lipschitz domain D, in R", such that when 0 <t < T, their
Lipschitz character is uniformly controlled and their diameters are proportional.

b. There exist numbers o and ry in (0, 1) such that for each (Q,t) € 0D,
0<t<T,and X eTTH(Q) with |X — Q| =r < ry (respectively X € T~(Q))
the cylinder Bio,(X) x [t — 4(ar)?, t] is contained in QF (respectively in Q7).
Also, for each (Q,t) € 0D, with 0 <t < T, the surface measure on dQr of
the set B,(Q) x [t —r?, t) N Qr is bounded from above and below by as"*!
and o~ 's"! forall r<ry.

Then there is a compact subset K C Bx[0, T] away from the lateral boundary
of Qr and a constant C depending on y, o, T, and the Lipschitz character of
the domains D,, such that

NVl 200,08x00. 1) + 1Dl 28y, x (0, 1)
< C{llull 2qo, 7y, w28y + 1Dl 2k }-

Proof. As usual, to show the above estimate we might assume that the spatial
and time derivatives of u are bounded continuous functions at both sides of
Qr (which is the case when the boundary of Q7 is smooth (see [L, R, U]), and
standard methods will give the above estimate under the conditions of Theorem
6.

Let u be as in Theorem 6, then u satisfies

T
/ /uD,¢> - ((kIXQ7 + ]XRn+1\Q,r)Vu, V) dXdt=0
0

forall p € C°(B x [0, T)).

Observe that the above weak formulation and the continuity of u across the
lateral boundary of Qr imply that D;u—k Au=0 on Qr, Diu—Au=0 on
B x [0, T\Qr, and k(Vu*, N;) = (Vu~, N;) when ¢(Q) =1, 0<1<T,
Q € By);, and where N, is the exterior unit normal to D, at (Q, () € 9D;.
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We have the following estimate:

T
/ (Du)?dX dt
0

T T
<C [/ / [|Vu+|2+|Vu‘|2]da,dt+/ /quldedt].
0 aD, 0 B

To see this, let y € Cg°(B) with y =1 on B3/ and y =0 outside Byg.
Then integration by parts gives

T
/ /(Dtu)zy/2 dXdt
0

T

T
(4.2) =/ (k(Vu*, NyDu* — (Vu~, NyDu- 1y do, di
0 Jab,
1 T
- 5/0\ /(kXQT + XR"+]\QT)Dt(|VuI2)l//2 dth

T
- 2/0 /(kXQT + Xreen\Q, ) Dy VuVy d X dt.

From the fact that u is continuous across the lateral boundary of Qr, the
tangential derivatives of u* and u~ should coincide across this boundary.
Thus, D;u* +Du*D;9p = Diju~ +D,u~D;p when t=¢(X) and i=1,...,n,
which implies (Vu* —Vu~, Vo) = (Dut — D,u~)|Ve|? for t = p(X). Hence,
|Diut — Diu~| < C|Vu* — Vu~| on the lateral boundary of Q7. On the other
hand, the integrand in the second integral on the right-hand side of (4.2) equals
[k(Vu*, N)(Du* — D,u~)]w?, and the third integral is larger than

1

5 (IVu~|> = k|Vut ) (X, (X)) w2 (X)dX.
2 Jio<p(x)<T)

Using the co-area formula [M] this integral equals

T
s [ v = kvt el doar
2 Jo Jap,
From all these and Schwartz’s inequality we get (4.1).
Defining for each time ¢ the function
w(X, t)=u(X, 1) = II(Du(-, t)x8,,)(X) + v'(X),

where the second term denotes the Newtonian potential of D,u(-, ¢) XBsa s and
v’ € W!-2(By,) the unique weak solution to div((kIyp, + Ixro\p,) V! (X)) =
Fi, v' =0 on 9By, where F, denotes the linear functional given by

F($) = /0 (k= (YTt () tm,,). N dor,

it turns out that w(-, ¢) is a weak solution to div((k/xp, + I xrn\p,) V(X)) =0
on B34 . From Theorem 1 and the obvious generalization of this theorem we
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getforall 0<t<T
IN(VUE(-, D)llzopy < CLllUl Dllwirs,,
(4.3) +[|N(VIT*(Dyu(-, )x8y,.))l 20D,
+ ITX(Deu(-, ) x8y0) llwr.2(85,)}-
On the other hand, we will show that there is a number 1 < p < 2 such that

- 1/2
(4.9) { /0 /w |N<vn*<z>,u(-,t)xm))lzda,dz} < ClIDll (s 0.

and
(4.5) || II(Dyu(-, t)x33/4)||wl,z(33/4) < Cl[Deu(- 5 )| Lr(8yy4) foral0<t< T,
where C is as in the statement of this theorem. Squaring both sides of (4.3),
integrating in time from 0 to T, and using Holder’s inequality together with
(4.4) and (4.5) we obtain
IN(Vu*)| 2 00,08x10. 1))
< C{llull oo, 7, wr2(8y) + 1Dt L2k, + €l Dettl| 2By x0, T } >
where ¢ > 0 is any positive number and K, is a compact subset of B x
[0, T]\Qr . Choosing ¢ > 0 sufficiently small we get from (4.1)
IN(Vu*)| L200,08x0, 1)) + 1 Deull 2B, x 0, )
< C{llull 2o, 7y, w28y + 1Dl 2 (k) }

where K is a compact subset of B x [0, T'] away from the lateral boundary of
Qr.

Inequality (4.5) follows from fractional integration [St]. To show (4.4),
we observe that for (Q,t) € 8D, and (X,t) € I't(Q) with r = |[X - Q|,
IVIX(Du(-, t)x8,,)(X)| is bounded by

/ X = Y|'""|Du(Y, t)|dY
Bss

<C l/ |Q - Y|'"""|Du(Y, t)|dY +r sup |Du(Y, t)|
B34\ Bar(X) X)

ar

The first term on the right-hand side is bounded by

1/p
1
1@, = su —/ Du(Y, t)Pxs,, dY ,
() Sup [|BS(Q)|1—B/n Bx(Q)l (Y, O xs, ]

when 1< B <p.

On the other hand, since ¢(0) < 0 we might extend u as zero for ¢t < 0 as
a solution to the parabolic operator inside Qr on a cylindrical neighborhood
below the set Dy x {0} . From well-known interior estimates we have

r Sup [Dau(Y, )| <C :

t
|Diuxs,,|dY ds
Bur(X) rtl /Bzm(X) /1—4(ar)2 a

1 ' I/p
< - D PdYy d ,
- C{’ n+2mp /Bzr(Q) /:-4rz| um s}
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and if I;(Q, t) denotes the supremum for 0 < r < 1 of the above integrals we
have

N(VH+(Dtu(° ’ t)XB3/4))(Q } t) S C[’](Q ) t) + IZ(Q ) t)] [}
and a simple Vitali covering argument [St] shows that

M1 (-, Dllz2op,y £ CUDu(-, HllLr(8y4)

for 2 < p(n - 1)/(n — B). Also a parabolic Vitali covering argument and
condition b in Theorem 5 gives |l 290, < ClIDillLs(sy4xp0, ) for p >
2(n+2)/(n+ 3). A similar argument gives similar estimates for the exterior
nontangential maximal function of VII(D,u(-, t)xs,,). Choosing f with 1 <
B <p,and p>max{2(n+2)/(n+3),2(n—B)/(n—1)} proves the claim and
completes the proof of this theorem.

Remark 4.1. The reader will observe that when Q7 has the shape of a cone
(p(0) =0, and 0 < ¢), condition b in Theorem 6 can only hold uniformly for
points (Q,t) € D, with 0 < ¢ <t < T. But even in this case, the argument
in Theorem 6 and the estimate

n—1
IVINi2op,) < Cllf s,y for2<p

n—p

(this follows again from a Vitali covering argument) show that

and f € LP(0D,)

IVu* || 200,n8x10, 7 HIDettll 2By e xi0. 7y < CLIMN 20, 71, w1208y + I Dettll L2k }

where C depends only on the uniform Lipschitz character of the domains D,
0 < ¢t < T. In this case, for the nontangential maximal functions, which should
be defined with respect to cones fitting the domains D,, 0 < ¢ < T (the heights
of this cone should decrease with ¢ € (0, T7]), we get

IN(VuS) ) r200,08x(, 1)) + 1 Deull 2By %10, TY)
< Clllull2qo, 7y, w2y + IDettll k) } s

where now C depends on the Lipschitz character of the domains D, and ¢ > 0.
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