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CRITICAL LIL BEHAVIOR OF THE
TRIGONOMETRIC SYSTEM

I. BERKES

ABSTRACT. It is a classical fact that for rapidly increasing (n;) the sequence
(cos nix) behaves like a sequence of i.i.d. random variables. Actually, this al-

most i.i.d. behavior holds if (n;) grows faster than ec‘/E; below this speed
we have strong dependence. While there is a large literature dealing with the
almost i.i.d. case, practically nothing is known on what happens at the critical

speed n; ~ ecvk (critical behavior) and what is the probabilistic nature of
(cosnx) in the strongly dependent domain. In our paper we study the critical
LIL behavior of (cosn,x) i.e., we investigate how classical fluctuational theo-
rems like the law of the iterated logarithm and the Kolmogorov-Feller test turn

to nonclassical laws in the immediate neighborhood of n; ~ e¢ vk

1. INTRODUCTION

The purpose of this paper is to study the probabilistic behavior of lacunary
trigonometric series. Specifically, we shall give essentially optimal lacunarity
conditions under which a subsequence of the trigonometric system satisfies the
law of the iterated logarithm and some of its refinements, e.g., the Kolmogorov-
Feller upper-lower class test. We shall also investigate critical phenomena re-
lated to the LIL, i.e. study the surprising properties of lacunary trigonometric
series in the immediate neighborhood of the gap condition where the law of the
iterated logarithm and the Kolmogorov-Feller test break down.

It is well known that for rapidly increasing (n;) the sequences (sinnx)°,,
(cosnix)2, behave like sequences of independent random variables.! For ex-
ample, if (ny) is a sequence of positive integers satisfying

(L.1) Ngpr/me>qg>1  (k=1,2,...)
then by classical results of Salem-Zygmund [14] and Erdds-Gal [6] we have

. 1
(1.2) A}l_rgoﬁ/l O§x§27z:Zcosnkx<t\/N/2 =®(1)

k<N
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554 1. BERKES

and

(1.3) @(NloglogN)"/z > cosmx=1 ae?
k<N

where ®(t) = (2n)"'/2 ['_exp(~u?/2)du is the standard normal distribu-
tion function. Actually, much more than (1.2) and (1.3) is true: Philipp and
Stout [12] proved that under (1.1) the partial sum process S(¢) = S(¢, x) =
Yok<iCosnex (t > 0) is nearly Wiener in the sense that without changing its
distribution it can be redefined on a suitable probability space together with a
Wiener process {W(t), t > 0} such that

(1.4) S(t) =W (t/2)+ O(t'*>7?) as.ast—

for some constant p > 0. The approximation (1.4) implies not only the central
limit theorem (1.2) and the law of the iterated logarithm (1.3) but it extends a
large class of limit theorems of independent r.v.’s to the sequence (cosn;x).
For example, (1.4) implies easily that (cosn;x) obeys the Kolmogorov-Feller
test, i.e., for any positive nondecreasing sequence ¢y the inequality

Z cosngx > +/N/2¢n
k<N
holds a.e. for finitely or infinitely many N according as the series

1
% ew (-30)
N>1

converges or diverges. Since the same test is valid for the Wiener process, we
see that under (1.1) the partial sum growth of (cosn;x) is exactly the same as
that of i.i.d.r.v.’s.

All the results formulated above concern the case of the Hadamard gap con-
dition (1.1) and in fact most known probabilistic results for (cosn,x) in the
literature assume (1.1). (For a survey of the existing results before 1966 see
[10]; for modern results see e.g. [11].) Erdds was the first to note that the near
independent behavior of (cosn,x) remains valid for a large class of sequences
(ny) growing slower than exponential; in fact he proved the following result:

Theorem A (Erdds 1962). Let (ny;) be a sequence of positive integers satisfying
(1.5) Mo /re > 1+ /Vk, ¢ — .

Then (cosnix) satisfies the CLT i.e. (1.2) holds. On the other hand, for every
¢ > 0 there exists a sequence (ny) of integers satisfying

et /me > 1+e/Vk (k> k)
such that the CLT (1.2) is false.
To understand the meaning of (1.5) let us say, given positive numerical se-
quences (an), (by), that ay = by if ay,i/an > by, /by for N > Ny. Then
Erdos’ theorem shows that (cosn;x) satisfies the CLT if n; - ek for some

¢ 1 oo and for n; > e°Vk the result breaks down. An analogous, but slightly
less precise result for the LIL was found by Takahashi:

2 Relations (1.2), (1.3) remain valid also for sine series 3 sinn,x and more generally, for
>~ cos(nex + @) where ¢, are arbitrary real numbers. To simplify the formulas, however, in our
paper we shall deal only with pure cosine series.
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Theorem B (Takahashi 1972, 1975). Let (n,) be a sequence of positive integers
satisfying

(1.6) ne=e ., a>1/2.

Then (cosnyx) obeys the LIL (1.3). On the other hand, there exists a sequence
(ny) of integers satisfying (1.6) with a = 1/2 such that the LIL (1.3) is false.3

Theorems A and B show that at the speed n; ~ eVk the probabilistic be-
havior of (cosn;x) undergoes a fundamental change: from almost independent
the sequence turns to strongly dependent. Due to a series of remarkable papers
by Takahashi (see [15-20]) the behavior of (cosn,x) on the near independent

side of eV is fairly well known; on the other hand, practically nothing is
known in the strongly dependent domain. In a recent paper [3] we constructed
the first class of nongaussian limit distributions of normed sums

1 Z cosnx — by

N o<n

in the strongly dependent case; no complete characterization of the class of limit
laws of such sums is known (or seems to be easy). It is not known, either, what
asymptotic result replaces the law of the iterated logarithm (1.3) in the strongly
dependent domain.

The purpose of this paper is to study the LIL behavior of (cosn;x) in the
‘critical zone’ i.e. in the immediate neighborhood of the critical speed n; ~
eVk  In view of the strong relation between the central limit theorem and the
law of the iterated logarithm, it is natural to expect that the gap condition (1.5)
implies also the law of the iterated logarithm (1.3) for (cos#,x). Surprisingly,
however, this is not the case: in [4] we constructed a sequence (n;) of integers
satisfying (1.5) with a very slowly increasing (c;) such that (1.3) is false. On
the other hand, Theorem B above shows that (1.5) with ¢, > k* (¢ > 0)
implies the LIL (1.3) and in [20] it is proved that (1.5) with ¢, > k® implies
also a version of the strong approximation theorem (1.4). These remarks show
that even though the Erdds gap condition (1.5) implies the CLT (1.2) for any
¢, — oo, the partial sum behavior of (cosn,x) follows the independent pattern
only if ¢, has a certain minimal speed and for very slowly increasing ¢, (i.e.
near the critical speed ef‘/’;) the independent behavior of (cosn,x) breaks
down, e.g. the ordinary LIL (1.3) becomes false. The main result of our paper
will show that the change from independent to strongly dependent LIL behavior
of (cosn;x) takes place at the speed

(1.7) Ny ~ eVk(loglogk)"

In fact, as o changes, the LIL behavior of (cosn,x) goes through a variety
of types from “very good” to “very bad”. For « large, the LIL behavior of
(cosngx) 1is classical: it satisfies not only the ordinary LIL (1.3) but also the
Kolmogorov-Feller test and even a slightly weaker form of the a.s. invariance
principle (1.4), namely

(1.8) S(t) = W(t/2) + O(t'*(loglog )~ #) a.s.

3 The second half of the theorem is implicit in Erdds’ example in Theorem A.
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where f = f(a) - © as a — oo. For a small, (cosn,x) fails even the
ordinary LIL (1.3) and in fact the cluster set of

{(NloglogN)‘l/z > cosmx, N > 1}

k<N

can be asymmetric around zero and contain points with absolute value > 1. For
an intermediate range of «’s the LIL behavior of (cosn;x) is “transitional”:
it satisfies the ordinary LIL (1.3) but fails the Kolmogorov-Feller test and the
upper-lower class behavior of (cosn;x) is described by an asymmetric test
whose form is different from the Kolmogorov-Feller test and becomes, as «
decreases, gradually more and more complicated. At a = 1/2 the test blows
up and even the ordinary LIL breaks down.
We now formulate our results in detail.
Theorem 1. Let (ny) be a sequence of positive integers satisfying

(1.9) ny - e\/E(](’g‘ng)"

forsome o > 5/2. Then (cosn,x) satisfies the Kolmogorov-Feller test i.e. setting
SN =Y r<nyCOSnX we have for any positive nondecreasing function ¢y

(1.10) P{Sy >+/N/2¢y i0}=0 or 1,*

according as
(1.11) ¢—Nexp (oN <400 or =+oo.
N 2
N>1

Theorem 2. For any 1/2 < a < 3/2 and all sufficiently small A > 0 there exists
a sequence (ny) of positive integers satisfying

(1.12) ny = eVk/84(loglogk)"

such that the Kolmogorov-Feller test (1.10)-(1.11) fails for the partial sums
Sy = st n cosngx . More precisely, given any positive nondecreasing sequence

oN satisfying
(1.13) 27 !(loglog N)'/? < gy < 2(loglog N)'/?
the alternative in (1.10) holds according as

as .y ”
(1.14) Z%exp{ 22 logl(l)vgNa” +2}<+oo or =+oo.

N>1
Here ay , (v=0,1,...) are explicitly calculable numbers with
VA 54
(1.15) ayo=1, aN,1 =3, av2= %3¢,
(1.16) av < VA s s

4 Whenever they concern the trigonometric system, the symbols P and E mean normalized
Lebesgue measure and integral in (0, 27) , respectively. (Cf. footnote 1.) The symbol “i.0.” stands
for “infinitely often”.
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Theorem 3. Let (n,) be a sequence of positive integers satisfying (1.9) for
a > 1/2. Then (cosnix) satisfies the upper half of the law of the iterated
logarithm, i.e.

(1.3a) Nm (Nloglog N)~'/2 <1 ae.

Z COS My X

k<N

On the other hand, there is a sequence (ny) satisfying (1.9) with o =1/2 such
thct (1.3a) is false.

There is a gap between the constants 5/2 and 3/2 in Theorems 1 and 2 and
thus the upper-lower class behavior of (cosn;x) remains open if (1.9) holds
with 3/2 < a < 5/2. We believe that the example of Theorem 2 is best possible
i.e. Theorem 1 holds actually for o > 3/2. (See in this respect the remarks at
the end of this section.) It seems also likely that Theorem 3 remains valid with
<1 in (1.3a) replaced by = 1.

To understand the meaning of (1.14) we mention a few special cases.

1. Assume 1 <a < 3/2. Then (1.14) reduces to

3
io-jlexp{—%(o%,—@(I)—N}<+oo or = +oo.

= N 6 (loglog N)-
2. Assume 5/6 < a < 1. Then (1.14) reduces to
3 4
¢_Nexp __1_¢12v_ﬁ (oN +§é ¢N
(1.17) = N 2 6 (loglogN)> = 72 (loglog N)2«
<+00 Or = +oo.

Generally, let ¢, = (k+2)/2k, k=1,2,.... Then ¢; = 3/2, ¢ =1,
c3=15/6,...,¢c4 >¢c > - and limg_,cx = 1/2. Now if a € [ckqy, k)
then (1.14) reduces to

oN ELUCT DA ).
N e"p{ 297 7 29N 1 oglog N)2
N>1
(1.18)
1 1;]—&-2
—"'—EaN’k(l—ogWZ"}<+00 or = +oo.

In other words, if o decreases from 3/2 to 1/2 then the test (1.10)-(1.14)
becomes gradually more and more complicated: passing each value ¢;, one
new term appears in the exponent in (1.18). For a > 1/2 the first term in the
exponent in (1.14) dominates (for ¢y satisfying (1.13)) and thus in this case
(cosnix) satisfies the ordinary LIL (1.3). For a = 1/2, on the other hand, all
terms in the exponent in (1.14) have the same order of magnitude as the first
term —g¢% /2 and this leads to a change in (1.3). In fact in this case the test
(1.10)—(1.14) implies

(1.19) 13_1-1‘?1. (Nloglog N)™'2 )" cosmex =1 — %\/2A +0(4*3) ae.

k<N

i.e. for sufficiently small 4 the lim in (1.3)is < 1.
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To get further comparisons between the test (1.10)-(1.14) and the Kolmogo-
rov-Feller test (1.10)-(1.11) we recall the well-known fact that if the Kolmogo-
rov-Feller test holds then

(1.20) oy = (2logy, N +3logy N +2logs N +---+2log,_, N+ (2+¢)log, N)!/?

belongs to the upper or lower class (i.e. the first or second alternative in (1.10)
holds) according as ¢ > 0 or ¢ < 0. (Here log, denotes the / times iterated
logarithm.) Under the test (1.10)-(1.14) this will change, namely we have to
insert some new terms between 2log, N and 3log; N in (1.20) as the following
corollary shows. Set

(1.21) pe(N)=3logz N+ 2loggy N +---+2log,_; N+ (2+¢)log; N.
Then we have

Corollary. Let 1/2 < a < 3/2, then

1/2
k(a)

(1.22) oN = (2 loglog N + Y by j(loglog N)¥2=e=4/ 4 pg(N))
j=0

belongs to the upper or lower class with respect to (cos nyx) according as ¢ > 0 or
€ < 0. Here k = k(a) is the integer defined by « € [cki2, Cky1), d =a—1/2>0
and the by j are explicitly calculable numbers (actually polynomials of the ay |
in (1.14)). In particular by o = —2V2A4/3, by 1 = 114/9.

Again we mention a few special cases.
1. Let 1/2<a < 3/2. Then

on = (2loglog N — c(loglog N)3/2=)!/2

belongs to the upper or lower class according as ¢ < 2v24/3 or ¢ > 2vV2A4/3.
2. Let 1 <a<3/2. Then

12
oN = (2 loglog N — 2 32A(loglog N)3/2=a 4 pg(N)>

belongs to the upper or lower class according as ¢ > 0 or ¢ <0.
3. Let 5/6 <a< 1. Then

2v24
3

12
on = (2 loglog N — (loglog N)¥/2= + %(mglog Ny 4 pg(N)>

belongs to the upper or lower class according as ¢ > 0 or ¢ <0.

A remarkable additional property of the sequence (n;) constructed in The-
orem 2 is that the sequences (cosn,x) and (—cosn,x) have different upper-
lower class behavior. Indeed, the proof of Theorem 2 shows that for any positive
nondecreasing sequence @y satisfying (1.13) we have

P{—Sny > /N/2¢y 10} =0 or 1
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according as

bN v v+2 _
_exp{ 22 (loglog N) T e PN <400 Or = 4o00.
N>1
Here by, (v > 0) are explicitly calculable numbers satisfying the same in-

equalities
v
wMAs§ﬂ¥ZL, N>1, v>1
as we have for the ay , but the sequences (ay,,),>0 and (by, ., ),>0 are dif-
ferent. In particular,

va o, _ 34
3> N7 T3

An immediate consequence of this asymmetry is that for « = 1/2 the cluster
set of (Nloglog N)~1/2%", .y cosmx is not symmetric around zero; in fact we
have -

bvo=1, byi=-

lim (Nloglog N)™/2 3" cosmx = —1 - —\/ +0(4*3) ae.
N—oo k<N

Hence

A}_ﬁﬁ (N loglog N)~!/2 >1 ae.

> cosnx

k<N

if A is small enough.

There is a remarkable similarity between the change of the upper-lower class
behavior of (cos#n,x) described by Theorem 2 and the change of the upper-
lower class behavior of independent sequences (X,) under the condition

EX,=0, EX}<+oco, st=) EX}— +oo,

(1.23) s ksn
n

Xl < K forioessy (B21/2)
as B changes. Feller [8] showed that under (1.23) the upper-lower class be-
havior of (X,) is described by an integral test whose form is getting more
and more complicated as f decreases;, as f approaches 1/2, successively
higher and higher moments of the (X,) enter the test. Formal analogy with
Theorem 2 leads to the conjecture that o = 3/2 is the critical exponent for
the Kolmogorov-Feller test for (cosn,x) i.e. Theorem 1 holds actually for
a > 3/2. It is also natural to expect that under conditions similar to those
of Theorem 1 (cosn,x) obeys Chung’s test for partial maxima, i.e. setting
S} = max;<y<n | Y r<p COsnex| we have for any positive increasing sequence
VN

(1.24) P{Sy < V/N/2yy'i0} =0 or 1

according as

2 2
(1.25) Z%’lexp{—%}<+oo or = 4oo.
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The method of the proof of Theorem 1 shows (see the remark at the end of
§3) that (cosnix) satisfies the test (1.24)-(1.25) if (1.9) holds with o > 7/2;
whether a > 5/2 (or even a > 3/2) is also sufficient remains open. The proof
of Theorem 1 also shows that under (1.9) with a > 3/2 (cosn,x) satisfies the
a.s. invariance principle (1.4) in the slightly weaker form

(1.26) S(t) = W(t/2) + O(t'*(loglog 1) 5 —2+8)/4) g,

for any ¢ > 0. It should be noted that the proof of Theorem 1 will not proceed
via the a.s. approximation (1.26). In fact, while this traditional approach would
work, it would mean a loss of precision: (1.26) implies the Kolmogorov-Feller
test (1.10)-(1.11) only for o > 7/2 i.e. under stronger assumptions than we
assumed in Theorem 1. Hence, while in the standard theory of weakly depen-
dent r.v.’s (see e.g. [12]) the a.s. invariance principle, the Kolmogorov-Feller
and the Chung tests are obtained simultancously, under the same conditions,
in the very delicate trigonometric situation around the critical speed eV the
difference between the above limit theorems becomes essential.

It is worth noting that condition (1.13) in Theorem 2 cannot be omitted
completely since (1.16) guarantees the convergence of

) aw ., (loglog N)~ x"+2
v=0

only for |x| < (48vA)~!(loglog N)* and thus for too large ¢y the series in
the exponent of (1.14) may become divergent. However, a standard argument
shows (see [9, Lemma 2] and [8, p. 398]) that for any positive nondecreasing ¢y
the probability in (1.10) does not change if we replace ¢ by the nondecreasing
sequence Wy defined by

27 !(loglog N)'/2 if gy < 2 !(loglog N)'/2,
wn =< 2(loglog N)!/2  if gy > 2(loglog N)'/2,
oN otherwise.

Thus Theorem 2 permits us to decide, for any nondecreasing ¢y , if the prob-
ability in (1.10) is 0 or 1.

In conclusion we note that Theorem 2 states only that the LIL behavior of
(cosngx) is bad for some sequences (n;) satisfying (1.9), 1/2 < a < 3/2 but
not that all sequences (n,) with the same speed have bad LIL behavior. As we
shall prove at the end of §4, given any sequence (n;) satisfying (1.12) for some
A >0, a> 0, there exists a sequence (my) such that |m; — ny| < const - k3
(and thus my ~ ng) such that (cosmyx) satisfies the Kolmogorov-Feller test

(1.10)=(1.11). This remark also shows that near the critical speed nj ~ e°v¥
the LIL behavior of (cosn;x) becomes very unstable: small relative changes in
(nx) lead to essential changes in the behavior of (cosnx).

The proof of Theorems 1 and 2 will be given in §§2-3 and in §4, respectively.
As we noted above, for a = 1/2 the sequence (cosn,x) constructed in Theorem
2 fails the upper LIL (1.3a) (see the remarks on the asymmetric behavior of
(cos nix)) and thus the second half of Theorem 3 is also contained in the proof
of Theorem 2. The proof of the first half of Theorem 3 requires combinatorial
tools similar to those used for Theorem 1 but the details are considerably more
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complicated. Hence to keep our paper at a reasonable length, we will give the
proof in a subsequent paper.

2. SOME LEMMAS

The crucial step of the proof of Theorem 1 is Lemma 2.1 below giving a fairly
sharp estimate for the number of solutions of a certain diophantine equation.

Lemma 2.1. Let {nj, M +1 < j < M+ N} be a finite sequence of positive
integers such that

(2.1) nia/ni>l+c/vji, M+1<j<M+N-I1.

Let p > 2 be an integer and assume that

(2.2) cv/Np < VM + N < cN/48.

Let finally €, ..., ¢, be a sequence of £1 s and d an arbitrary integer. Then

the number of solutions of the equation
eini, +é&n, +---+éepn;, =d

(2.3) . .
M+N>12>20> -2, >M+1)

is at most

(2.4) 2(576logp)’ N(VM + N/c)P~2.

For the proof we need some preparatory lemmas.

Lemma 2.2. Let {n;, M +1 < j < M + N} satisfy (2.1) and assume that

M+ N >c?. Then for any 0 < a < b the interval [a, b] contains at most
2c7'VM + Nlogh/a + 1

terms of the sequence {nj, M +1< j< M+ N}.

Proof. Let n, and n, be the smallest and largest among the n;’s (M +1 < j <
M + N) in the interval [a, b]. Then n,/n; < b/a; on the other hand by (2.1)
we have

r—1 r—q
n, c c c
T (052 (10 i) 2o (st 0).
e g( i VTN Plavarsn "9
using the fact that 1+ x > e*/? for 0 < x < 1. The two estimates for n,/n,
imply

exp (Z\/_FE—?WU - q)) <bl/a,

whence r —q+1<2c™'v/M + Nlogb/a+ 1, as stated.

To simplify the writing, in the sequel we shall use the symbol a < 2/ to
denote 2/ < a < 2/*!,

Lemma 2.3. Assume M + N > ¢? and consider those solutions of (2.3) where

ni,/ni,, <2 (v=1,...,p—1) where j, ..., j,—1 are fixed nonnegative
integers. Then, given n;,, ..., n,_, (2<k <p—1), the number of choices for
n;, is at most

48c-'vVM + N if p275k > 1/8,

(2.5) 48¢~'/M + N -p2=J if ¢/(32VM + N) < p2~/ < 1/8,
1 if p277x <¢/(32v/M + N).
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The results remain true also for k = 1 (i.e., for the number of choices of n;,)
except that in this case 48¢~'v/M + N in the first line of (2.5) should be replaced
by N.
Proof. Assume k > 2; the argument for k = 1 is identical (the first alter-
native in (2.5) is trivial for k = 1). By n,_,/n;, < 2/ we have n;, €
[2=J-1=1p; _, 27J-1n; _]. Hence using Lemma 2.2 it follows that given n;,,
, mj,_,, for n; we have at most 2c~'vM + Nlog2 + 1 < 3¢c"'vV/M+N
choices, no matter which assumption on p2~J in (2.5) holds. Thus the es-
timate in the first line of (2.5) is proved. Assume now p2=/x < 1/8. Let

Mi,...,n_, begiven and let en; +---+&_n;,_, =A. By n;/n; , < 2%k

it follows that the numbers n;_,, n;,,...,n;, are all < n;27/ and thus

|&ks1ni,,, + -+ &pni,| < pn;, 277 . Hence (2.3) yields
A+8kn,-k(l+0p2‘jk)=d, 6] < 1.

Thus, setting B = (d — A)/¢; and using p2~/ < 1/8 and the fact that for
|x|] < 1/2 we have (1+x)~! =1+ Ax with |A| <2, we get

(2.6) n, =B(1+0p2~i)~' = B(1 + 0'p270), || <2.

Here B # 0 since n; # 0. Thus using Lemma 2.2 it follows that there are at
most

2~V T Niog LH 222"

2.7) T 2p2 +1<2c7'VM + Nlog(l + 6p277) + 1

< 12¢7'"WM + Np2=5 + 1

choices for n; . It remains now to observe that the last expression in (2.7)
is bounded by 48¢~!'v/M + Np2=J or 3/2 according as p2~Jk satisfies the
inequality in the second or third line of (2.5).

Remark 2.4. In Lemma 2.3 we estimated the number of choices for »n;, in the
diophantine equation (2.3) provided n;,, ..., n;_, are given and provided we
consider only those solutions of (2.3) such that n;, /n;,,, <2 (1<v<p-1)
where ji, ..., jp—1 are fixed nonnegative integers. Note, however, that for the
estimate in the second and third line of (2.5) we used only the fact that j, is
fixed (for the estimate in the first line we need also that j,_; is fixed). Observe
also that in the third line of (2.5) the number of choices for n;, is <1 not only
for any fixed ji with p2=/ < ¢/(32y/M + N) but for all such j; ’s combined.

In fact, in the proof we saw that if n; , ..., n; , aregiven and n; /n; , < 2%
with p2=/ < 1/8, then n; € I;, where I; = [B(1 —2p2~J), B(1 4 2p2)]
where B is a number uniquely determined by n; ,...,n;, ,. We saw also

that for p2=/* < ¢/(32V/M + N) the interval I, contains at most one integer.
Clearly, for increasing jy , the intervals [/, are shrinking and thus the union

U I
{x:p2~ 7 k<c/(32V/M+N)}

contains also at most one integer.

Proof of Lemma 2.1. To simplify the writing, we introduce some terminology.
Given a solution (n;,, ..., n;,) of (2.3), the ratios n; /n;,,, (1<k<p-1)
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will be called the gaps in this solution. For any fixed 1 < k < p — 1, the gap
n; /ni,,, will be called small, medium, or large depending on whether p2~/ lies
in the intervals [1/8, +o0), [c/(32vVM + N), 1/8) or (0, c/(32VM + N)),
respectively, where n;, /n;,,, < 2% . (Thatis, the gap n; /n;,, issmall, medium,
or large according as in Lemma 2.3 the inequality in the first, second, or third
line of (2.5) is valid.) Remark 2.4 shows that given #; , ..., n;_, in (2.3) (but
without fixing any of jj, ..., j,—1), there is at most one choice for n; such
that the gap n;,/n;, ., is large. We now proceed in steps.

1. Consider first those solutions of (2.3) where n;,/n;,,, <2 (1 <v <p-1)
and all the gaps are small or medium. We separate 2 cases.

(a) The first gap n;,/n;, is small. In such a solution, for n; there are N
possibilities and given n;,, ..., n;,_,, 2<k <p-1, for n; there are at most
48c~1'v/M + Ny(ji) possibilities where the function y(j) (j > 0) is defined
by

) 1 if p2=/>1/8,
w(j) = e
p2~/ if p277 < 1/8.

Finally, given n;,, ..., n;_, , for n;, there is at most one possibility. Thus the
number of such solutions of (2.3) is at most

p—1
(2.8) N48VM + N/cyP~2T] wlin)-
k=2

(b) The gap n;,/n;, is medium. In this case for n; there are at most
48¢~1'\/M + Np2~J' possibilities and the number of choices for the other n;, ’s
can be estimated as above. Thus the number of solutions of this type is at most

p—1
(2.9) (48VM + N/cy~'p27 ] wic)-
k=2
Adding (2.8) and (2.9) and summing for j;, ..., j,—1 We get an upper estimate

for the number of solutions of (2.3) containing only small and medium gaps.
Note that

o0
Swi)= Y 1+ Y p2<2log8p+1+1/4<12logp (p>2)
=0 p2-i>1/8 p2-i<1/8

since the last sum is a geometric series with ratio 1/2 and first term < 1/8.
Now in case (a), the gap n;,/n;, is smalli.e., p27/t > 1/8 thus j; < 2log8p <
121logp . Hence adding (2.8) for jj, ..., j,—1 we get at most

p—1 o0
N48VM +N/cy~212logp [] (Z w( jk))

k=2 \Jx=0
< N(48VM + N/c)~%(121ogp)P~".

In case (b), we have p2~/' < 1/8 i.e., adding (2.9) for jj, ..., j,—1 we get at
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most
p—1 [e9)
(48VM+N/jcyp=t > p27i ] (Z w(jk))
p2771<1/8 k=2 \Jik=0
< (48VM + N/c)""%(lZlogp)"‘2

< N(48VM + N/c)*~%(12logp)”~2,

where in the last step we used the second inequality of (2.2). Thus we proved
that the number of solutions of (2.3) containing no large gaps is

< N(48VM + N/c)P~2(121ogp)?  (p > 2).

2. Let us consider now those solutions of (2.3) where there is exactly one

large gap, say n; /n;,, . Then the s-tuple (n;,..., n;) and the (p — s)-tuple
(ni,,, ..., nj,) contain no large gaps and by Remark 2.4 for n; there is at most
one possibility provided the previous 7;, ’s are given. (The same is trivially true
for n;,.) Hence the previous argument can be applied for both (n; , ..., n;)
and (n;,,, ..., n;,) and it follows that for (n; , ..., n;) we have at most
(2.10) N(48VM + N/c)*~%(12logp)*

choices and given (n; , ..., n;) we have for (n;, , ..., n;) at most

(2.11) N(48VM + N/c)P~52(12logp)"~*

choices. Here we assumed 2 < s < p — 2 but the estimates (2.10) and (2.11)
remain valid also for s = 1 and s = p — 1. (Indeed, if e.g. s = 1 then the
gap n; /n;, is large i.e., by Remark 2.4 there is at most one choice for n;
while (2.10) gives (cN/48vM + N) - 12logp which is greater than 1 by the
second inequality of (2.2).) Since the location of the large gap n; /n;,, can be
chosen in p — 1 different ways, it follows that the number of solutions of (2.3)
containing exactly one large gap is at most

N2(48v/M + N/c)»~*(121logp)°(p — 1).

Similarly, the number of solutions of (2.3) containing exactly / large gaps
(0<I<p-1) is at most

N (48 N /)P~ 2(1210gp) (P 1)
!

Adding for / = 0,1,...,p—1 and using (”;') < p' we get that the total
number of solutions of (2.3) is at most

p—1
> N1 (48VM + N/cyp~22(1210gp)?p!

1=0

p—1 !
~ Ncp
_ p—2 p
= N(48VM + N/c)’~*(12logp) g (482 M+N))

< 2N(48VM + N/c)*~%(12logp)”,

where in the last step we used that Nc2p < M + N by the first inequality of
(2.2). Hence Lemma 2.1 is proved.
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From Lemma 2.1 we immediately get the following moment estimate for
block sums of (cosngx).

Lemma 2.5. Let {nj, M +1 < j < M + N} be a finite sequence of positive
integers satisfying (2.1), further let p > 2 be an even integer and assume (2.2)
holds. Then

2z | M+N p
(2.12) %/ Z cosngx| dx < 2(576plogp’ N(VM + N/c)*~2.
0 lk=m+1

Proof. Using cosacos f = [cos(a+ f) + cos(a — B)]/2 it follows that the inte-
granc in (2.12) equals 277 3 cos(+n;, £ --- £ n;,)x, where the sum is extended
forall M +1<1i,...,i, <M+ N and all possible choices of the signs *1.
Since fozn cosnxdx =0 or 2n according as the integer n differs from zero or
not we get that the left side of (2.12) equals 277 times the number of solutions
of the equation

(2.13) inil:t~'~inip=0 (M+1Si|,...,ipSM+N).

Fixing the signs in (2.13) and assuming i; > i, > --- > i,, the number of
solutions of (2.13) is bounded by the expression in (2.4). Since there are 27
possibilities for the choice of the signs +1 and p! < p? possiblilties for the
order of iy, ..., ip, (2.12) follows.

We complement Lemma 2.5 with the following simple estimates for the first
and second moments of the trigonometric sums appearing in (2.12).

Lemma 2.6. Let {nj, M +1 < j < M + N} be a finite sequence of positive
numbers satisfying (2.1) with some ¢ > 1. Then forany 0 < a < b < 2rn we
have

b M+N
(2.14) / ( > cosnjx) dx = O(N/np41),

j=M+1

b [ M+N 2 1
(2.15) / Z cosn;x dx=§N(b—a)+0(N3M/nM+.),
4 \j=M+1

where the constants implied by the O are absolute.

Proof. (2.14) follows immediately from the fact that

(2.16)

b
/ cosyxdx| <2/|y| (y #0).

Since the integrand in (2.15) equals

M+N

1 1

sN+5 3 cos2mx+ 3 [cos(ny +m)x + cos(ny —m)x]
j=M+1 M+1<u<v<M+N

2
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(2.15) follows from (2.16) and the estimate

1 1 2
Z n,+n + n,—n = n,—n
M+1<p<v<M+N Y H v H M+1<u<v<M+N Y #

M+N—1 MN-t )
<2N z —  _<2N Z M
v=M+1 nu+1 - ny =M1 ny Bar+1

In the proof of Theorem 1 we shall also make use of a recent upper-lower
class result for martingales, due to Einmahl and Mason [5] which we state here,
for the purpose of reference, as a lemma.

Lemma 2.7. Let {X,,%,, n > 1} be a martingale difference sequence with
finite second moments such that

n
(2.17) st=Y E(X}|F-1) >+ as.
j=1
and
(2.18) | Xs| < Ms,/(loglogs,)*? a.s.

for some constant M > 0. Let S, = Z;Ll Xj. Then for any nondecreasing
Sunction ¢:(0, 00) — (0, c0) we have

(2.19) P(Sy > spp(s?) i.0)=0 or 1
depending on whether

(2.20) /loo g(;t_)_ exp (—%(oz(t)) dt <+o0 or =+co.
Moreover, if ¢:(0, c0) — (0, 00) is nondecreasing and satisfies
(2.21) 27" (loglog t)'/? < ¢(1) < 2(loglogn)'/* (1 > to),
then

(2.22) P(Sy > sn9(s?) i.0.) = P(S, > $,0(52) i.0.)
Jor any sequence {5,, n > 1} of r.v.’s such that

(2.23) $n = sn(1 4+ O((loglogs,)™!)) a.s.

Relation (2.22), which is implicit in [5], complements the upper-lower class
test (2.19)—(2.20) by stating the stability of the probability in (2.19) at small per-
turbations of s, . This fact will be useful in extending Lemma 2.7 to unbounded
martingale difference sequences (see Corollary 2.8) and for small perturbations
of martingale difference sequences appearing in the proof of Theorem 1.

Corollary 2.8. The conclusion of Lemma 2.7 remains valid if condition (2.18)
of the lemma is replaced by

3
(220) 3" LOBIBI) 1 121 (1x, > M (oglogsn) Do) < 400 as.
n>1 n
Proof. This follows from Lemma 2.7 by a simple truncation procedure like e.g.
in [8, pp. 399-401]. Without loss of generality it suffices to consider functions
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¢(t) satisfying (2.21) (see [9, Lemma 2]). Assume that {X,, n > 1} satisfies
the conditions of Lemma 2.7 with (2.18) replaced by (2.24) and put

b, = Ms,/(loglogs,)3?,
X, =X I(|Xy| < by), Xyt = XuI(|Xn| > bn),
Y, = X; — E(X3Fo1) = X — an,

a,,=/ de;,Z"(x),
|x|<bn

here V,,y"‘l is the conditional distribution function of X,, given .%,_, . Clearly,
{Yn, %, n>1} is a martingale difference sequence with |Y,| < 2b, ; set 532 =
i1 E(Y}|Z-1). Following the argument in [8, pp. 399-401] with obvious
modifications (the only change is that ¥, used in [8] should be replaced in our
case by V,,‘?"") we get
(2.25) 522 = s2(1 4+ O((loglogs,) %) a.s.
and

n n

ZX" = Z Y; + O(sn/(loglogs,)*?) a.s.

i=1 i=1
Now Lemma 2.7 applies for {Y,, n > 1} and thus for any nondecreasing
function ¢:(0, c0) — (0, co) satisfying (2.21) and any sequence {§,, n > 1}
of r.v.’s satisfying (2.23) we get, using the fact the convergence or divergence

of the integral in (2.20) is not affected if we replace ¢(t) by ¢(¢) = C/¢(t) for
any constant C >0,

n n
P (E Xi > $n0(52) i.o.) =P (Z Y; > §,0(5%) + O(sn/(loglogs,)3?) i.o.)
i=1

i=1

I

P (i: Y > $alp(37) + O(p(57) 1] i-o.)
i=1
=P (Z Y > 5,0(52) i.o.)
i=1
=P (i Y > sio(s3?) i.o.) ,

i=1

where in the last step we used the fact that §, = 5}(1 + O((loglogs;)~!)) a.s.
by (2.23) and (2.25). Hence the proof of Corollary (2.8) is completed.

Remark 2.9. In Philipp-Stout [13] and Einmahl-Mason [5] various further limit
theorems for martingales under conditions similar to (2.17), (2.18) are proved.
We formulate here two which we shall need in §3 to prove some supplements
to Theorem 1. Let {X,,%,, n> 1} be a martingale difference sequence with
finite variances satisfying (2.17) and

(2.26) | Xn| < Ms,/(loglogs,)? as.
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for some constants M > 0 and B > 0. Let S, = >/ | X; and S(¢) =
Yiist2<n Xi for £ > 0. In [5] it is proved that if (2.17) and (2.26) hold
for some g > 5/2 then {X,, n > 1} satisfies the upper-lower class test cor-
responding to Chung’s LIL, i.e., for any nondecreasing ¢:(0, oo) — (0, co) we
have

(2.27) P (max S| < sn/@(s2) i.o.) =0 orl
1<j<n
depending on whether

00 a2 2
(2.28) / “’T(’)exp(—%) di < 400 of = +oo.
1

Whether the original conditions of Lemma 2.7 or of Corollary 2.8 imply the test
(2.27)-(2.28) is still an open problem. In Philipp-Stout [13] it is proved that if
(2.17) and (2.26) hold for some S > 1/2 then without changing its distribution
the process {S(¢), ¢ > 0} can be redefined on a suitable probability space
together with a Wiener process {W(¢), ¢ > 0} such that

(2.29) S(t) = W (1) + O(1'2(loglog)3-28/4)  ass.

Using the truncation method in [8, pp. 399-401] it follows that the same con-
clusion holds if (2.26) is replaced by

2
> ‘(log_ligs") E(|Xal*1(|1Xa| > Mssq(loglogs,) )| F,-1) < 400 ass.

n>1 n

For p large, (2.29) implies both the Kolmogorov-Feller and Chung tests and
much more; on the other hand, to get just the tests (2.19)-(2.20) and (2.27)-
(2.28), the direct arguments used in [5] require slightly weaker rates. (For
example, (2.29) implies the Kolmogorov-Feller test (2.19)-(2.20) for g > 5/2
while in Lemma 2.7, (2.26) is assumed only for g > 3/2.)

To conclude this section we formulate a maximal inequality for partial sums
of Fourier series which we shall need for the proof of Theorem 1.

Lemma 2.10. Let p > 2 be an even integer and let f € L”(0, 2n) be an even
Sfunction with nonnegative Fourier coefficients. Let s,(f) denote the nth partial
sum of the Fourier series of f. Then

2n 4 2n
(2.30) /0 (:l;l:l@(f)l) dx < A”/O |f17dx,

where A > 1 is an absolute constant.
Proof. We first note the well-known fact that for any /€ L?, p > 1 we have

k>1

n p n
(2.31) /02 (sup|ak<f>|) dx <K /O " fPdx,

where oy (f) denotes the kth (C, 1) mean of the Fourier series of f and
K > 1 is an absolute constant. (See [21, Chapter IV, Theorem 7.8] and the
remark after Theorem 7.5 concerning A,.) Next we observe that if p > 2 is an
even integer and g = 7 brcoskx, h =377 cicoskx are L2-convergent
sums with 0 < b < ¢, (k=0,1,...) then |g|, <|All, (where the p norms
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can also be +o0). Clearly we can assume ||4|, < +oo; let gy and hy denote
the Nth partial sum of the series defining g and 4. Expanding |gy|’ as in
the proof of Lemma 2.5 we get

gl =277 D bi-bw(eii + -+ i),
0<iy, ..., ip<N
€1 ,...,Ep=%1

where w(x) = 1 or 0 according as x = 0 or x # 0. A similar expansion
holds for ||Ay|5 and thus we get ||gn|l, < |lAn]lp. By ||All, < +0o we have
lAnll, = |lAll, as N — oo (see [21, Chapter VII, Theorem 6.4]) and thus the
partial sums gy, N > 1 and consequently also the (C, 1) means of the Fourier
series of g remain bounded in L” norm whence we get ||g[|, < +oo. (See the
remark preceding Theorem 5.12 in [21, Chapter IV]). Thus ||gn|, — ||gll, and
our above claim follows.

Assume now that f = Y77 a,coskx and p satisfy the assumptions of the

lemma. Set Ay =Y ,v v @gcoskx, N=0,1,..., and
fi=ap+ajcosx + ZAN, = ZAN.
N even N odd

Since f € L?, the series defining f; and f, converge in L? norm and by
f € L? and the above remark we have f; € L?, f, € L?. Clearly, if N is odd
then s;(f;) does not change for 2V < k < 2N¥*! and thus

2Vson (1) = sov (1) +sov g1 (1) + -+ Sova g (1)
= 2oy (i) = 2Vo_y (1),

whence

20 (S| =[S0 (f1)] < 2laom00_ (i) + |oaw 1 ()] < 3ilill>|0k(f1)|'

A similar remark holds if f; is replaced by f, and thus using (2.31), f =
H+ A WAl < N0Alps 1Al < IIfll, and the Minkowski inequality, we get

(2.30) with A = 6K .

3. PROOF OF THEOREM 1

Assume that (n;) satisfies (1.9) with a > 5/2. Then we get, using the mean
value theorem,

(k > ko).

Pict1 1 (loglog k)™
G Zexp(zm( 3k
We now approximate the trigonometric functions X, = cosngx by step-
functions Y, as follows. Given k > 1, define / = I(k) and m = m(k)
by 2! < n < 2*', m = [l + Slogk] where [ ] denotes integral part. Then
set Y = E(Xy|Fmk)) where & denotes the o field generated by the intervals
[2mi277,27(i+ 1)277) (0 < i <2/ - 1) and E, P denote expectation and
probability in the probability space ((0, 2n), %, (2n)~'4). Clearly

loglogk)") >1+

(3.2) | Xe — Ye| < g - 2027 < dp - 273108k |3
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where <« means the same as the O notation. Let us divide the set of positive
integers into consecutive blocks A;, A}, A, A, ... such that

(3.3) Akl = k*, AL = K2,

where |A4| denotes, for any set 4 C R, the number of integers contained in 4.

Set
=YX, Ti=Y X,
VEA, vEA,
De=) Y, Di=YY,, Di=D-ED%-1),
VEA, uEA;(
where %,_; denotes the o-field generated by Dy, ..., Dy_, .

Lemma 3.1. We have
|E(Di|%i—1)l = O(k™),  E(Di|%—1) = §1Al + O(k™),
where the constants implied by the O are absolute.

Proof. Let p = p(k) and g = g(k) denote the largest integer of the block
Ai_; and the smallest integer of the block A, respectively. Let / be the
integer defined by 2/ < n, < 2/+! and set m = [/ + 5logp]. Clearly, each Y,
1<v<p,is &, measurable and thus &,_, C %, . Thus to prove Lemma 3.1
it suffices to show that for every atom [a, b) of %, we have

b
/ DkdX

b
(b—a)! / D2dx = %|Ak| +0(k-2).

(b-a)! =0(k™),

(3.4)

Now by (3.2), (3.3)

(3.5) De-T| < Y v3< Y vi<k?®
VEAL v=(k—1)*

and thus by |T;| < k* we get

(3.6) D2 — T?| < k.

Here, and in the rest of the proof of the lemma, the constants implied by «
are absolute. Clearly ¢ = Yo, (i*+i%)+1 < 2k%, g—p = (k—1)’ and thus

by (3.1) n . g
w0+ 535 T (1 75)= ()

> exp (5(4 —p)/\/ﬁ) > exp (%\/E) (k > ko).

Hence using Lemma 2.6, relations (3.1), (3.3), (3.7), b —a = 272~ , and
2m < 2/p% < mpp® < mpk? , we get

(3.7)

(3.8) L 2Mk4 g < (ny/ng)k*® < k2

b
(b- a)" / T dx
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and

b
(3.9) ‘(b —a)! / T2 dx — %IAkI < 2K\ Jng < (np/ng)k® < k2.

Now (3.4) follows from (3.8), (3.9), (3.5), and (3.6).
Put Uy = E(D¢|%_,) then
E(D¢%i-1) = E((Dx - Ur)*|%-1) = E(D}%—1) - UF,

since Uy is Z;_; measurable. Thus Lemma 3.1 and (3.5) imply

(3.10) (Dk|?k 1) = 3|Ac| + O(k™?)
and
(3.11) Dy — Tiel = O(k™?),

where the constants implied by the O are absolute. Now we state our key
lemma.

Lemma 3.2. Let

(3.12) =Z (Del%i-)-

Then for any nondecreasing functlon 9:(0, 00) — (0, 00) we have
n

(3.13) P (Zﬁk > sp(s2) i.o.) =0 or 1
k=1

depending on whether the integral in (2.20) converges or diverges. Moreover, for
any nondecreasing function ¢:(0, co) — (0, co) satisfying (2.21) we have

(3.14) P (Zﬁk > 5p0(s2) i.o.) =P (Zﬁk +Tn > 5,0(52) i.o.)

k=1 k=1
for any sequences {t,, n> 1} and {3,, n > 1} of r.v.’s such that

(3.15) 7, = O(s,/(loglogs,)'?) a.s.,
(3.16) $n = sn(14 O((loglogs,)™')) a.s.

Remark. Relation (3.14) expresses the fact that the probability

P (i Dy > snp(s2) i.o.)

k=1

does not change at small perturbations of Y _, D, and s, . Actually, it suffices
to prove the statement for 7, = 0 since the convergence or divergence of the
integral in (2.20) is not changed if ¢ is replaced by ¢ + C/¢ for any constant
C > 0 and by (3.15), (3.16), and (2.21) we have

(ZDk+t,,>s,,¢( ) (ZDk>sn 2+ 0(p(53H)71)) i.o.).

k=1
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Proof of Lemma 3.2. Clearly, {D;,%,, k > 1} is a martingale difference
sequence with finite variances and thus by Corollary 2.8 it suffices to prove that

3.
31y ¥ (logls;zgsk)E(DilﬂDH > sp(loglogsy)~¥2)|%_,) < 400 ass.
k>1 k
To verify (3.17) we first observe that by (3.12), (3.10), and (3.3) we have

1
(3.18) 3_22|Ak|+0( En +0(n*).
k=1

Next we note that setting p, = si(loglogsy)~3? we have, for any integer
Pk >2,

E(DI(Dil > pl%i—1) < pyc * P E(Di*|%i-)
since p; is &;_, measurable. Hence a sufficient condition for (3.17) is
E (loglogsk 3pi/2

k>1

E(|Di|P¥|%_1) < +o0  as.,

which, in view of (3.18) and the Beppo Levi theorem, will be proved if we show
that

z (8loglog k)3p«/2

(3.19) o

E(|Dy|P*) < 4o0.
k>1

We now choose p; = 2[loglogk] and use Lemma 2.5 to get

(k372
(3.20) E(|T,|P) < 2(576py Ingk)pkk4T,
where ¢, = (loglogk)*/4. (To verify the assumptions of Lemma 2.5 in the
present case note that by (3.1) we have nj, /n; > 1+ c¢/\/j for j € A, with
¢ = ¢, and also

1/2

)< (Zz+21) < cpk*/48

for k > ky.) (3.11) and the Minkowski inequality show that (3.20) remains
valid, with an extra factor 2% on the right-hand side, if 7 on the left-hand
side is replaced by D, . Thus the kth term of the series in (3.19) is

8 log log k )%/ Ic5/2)(Pe=2)
< (gk+/2)221’k(576pk log py)Peks 27 cgk)—z
576p)+¢)Pc 167
1 3n/2 (376D
(3.21) k(sloglogk) (log log k)P« =2)
1 (237)loglogk 1 1
= E(loglogk)(Za—S—Zs)loglogk—za s k (log log k )(2a—5-3¢) loglog k
1
(k > ko)

= k(logk)?
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for any sufficiently small ¢ > 0 since a > 5/2. Thus (3.19) is verified and the
proof of Lemma 3.2 is completed.

Observe now that by (3.3) the sequence {v2k~32T]} is an orthonormal
system and thus the Rademacher-Mensov convergence theorem (see e.g. [21,
Chapter XIII, Theorem 10.21]) implies that )., k=2(logk)~27T} is a.s. con-
vergent. Hence by the Kronecker lemma and (3.18) we get

n
3" Ty = O(n’log’ n) = O(s4/(loglogss)'/?) a.s.
k=1

The last relation, together with (3.11), yields
n

n

(3.22) Y (T + T)) =Y Dy + O(sa/(loglogs,)'/?) as.
k=1 k=1

Moreover, setting N, = S, (i* + %), (3.3) and (3.18) yield

(3.23) Ni/2 = si(1 + O((loglogs,)™")) as.

From (3.22), (3.23), and Lemma 3.2 (cf. also the perturbational statement
(3.14)) it follows that for any nondecreasing function ¢: (0, co) — (0, o) sat-
isfying (2.21) and any sequence {7,, k > 1} of r.v.’s satisfying (3.15) we
have

k
P (Z(T,- +T) + 1% > /Nie/29(Ni /2) i.o.) =0 or 1
Jj=1

depending on whether I(p) converges or diverges. Here, for brevity, we in-

troduced the symbol I(¢) for the integral in (2.20). Since I(¢) < +oo iff
I(py) < +00, where ¢,(t) = ¢(t/2), we have proved the following lemma.

Lemma 3.3. Let Sy = Z?’z ycosnjx. Then for any nondecreasing function
9:(0, 00) — (0, 00) satisfying (2.21) we have
(3.24) P(Sn, > V/Ne/20(Ni) i.0)=0 or 1

depending on whether I(p) converges or diverges. Moreover, the probability in
(3.24) does not change if we replace Sy, by Sn, + i, where {1, k > 1} is
any sequence of r.v.’s satisfying t;, = O((Ny/loglog N,)'/?) a.s.

To complete the proof of Theorem 1 it remains to show that for any nonde-
creasing function ¢:(0, co) — (0, oo) satisfying (2.21) we have

(3.25) P(Sy > \/N/2¢(N) i.0.) = P(Sn, > VN /20(Ny) i.0.).
This statement will be an easy consequence of the following lemma.
Lemma 3.4. Let M, = maxy,<j<n,,, |S; —Sn,|. Then

(3.26) M = O((Ny/loglog Ny)'/?) a.s.

To deduce (3.25) from Lemma 3.4 note that if /(¢) = +oco then the right-
hand side of (3.25) and thus also the left-hand side is 1 and hence we may
assume /(@) < +oo. Then the right-hand side of (3.25) is 0 and by (3.26) and
the last statement of Lemma 3.3 we have Sy, + My < /Ny /2¢(Ny) a.s. for
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k > ko . But then for any Ny < N < Ny, k > ko we have Sy < Sy, + My <
VN /20(Ni) < /N/2¢(N) i.e., the left-hand side of (3.23) is also 0.

Proof of Lemma 3.4. Set

Nk+|
Z cosnjx, p(k)= max{i:n; < 2%}, H={p(1),p?2),...}.
J=N¢+1
Clearly
G2 Mc<  may 1S =Sul+ may (D -pOl= it
JEH
By (3.1) we have for k > kg
plk+1)—1
(loglog m)~
22 np(k+l)/np(k)+1 > H <1 ==
m=p(k)+1 3‘/;’—1
pk+1)-1
(loglog )" (loglogp(k +1))°
21+ Z ——F——21+pk+1)-pk)-1) ,
m=p(k)+1 3vm 3vpk +1)

whence p(k + 1)/p(k) — 1 and

p(k +1) - p(k) < p(k)'(loglog p(k))~*
Thus for J, in (3.27) we get, using Ny, /Ny — 1 and o >1/2,
(3.28) |J2] < (Ni/loglog Ni)'/? as.

On the other hand, applying Lemma 2.10 for f = Z, we get for any even
integer p > 2

(3.29) E|LJP < APE|Z P,

where 4 > 1 is an absolute constant. Hence choosing p = p; = 2[loglogk]

and using (3.29), Lemma 2.5, Ny ~ k°/5, Ny, — Ny ~ k*, and the Markov
inequality, we get, setting ¢, = (loglogk)~/4,

P(|Ji| > /Ny /loglog Ny) < E’%—AP*HZH“
(3.30) Ne

 (12loglog k )/ 4Apk(576pk log pi )P k*

(k3/2)Pi=2)
= k5o /2 ’

k_2
%

Observe that for k > ky the last expression in (3.30) is smaller than the first
expression in (3.21) and thus it cannot exceed k~!(logk)~2. Hence (3.30) and
the Borel-Cantelli lemma imply

(3.31) |J1] <« (Ni/loglog Ni)'/?  as.
Now Lemma 3.4 follows from (3.27), (3.30), and (3.31).

The just completed proof of Theorem 1 yields, with trivial modifications,
various related limit theorems for (cosn,x) under condition (1.9). For exam-
ple, replacing Lemma 2.7 in the proof of Theorem 1 with the martingale version
of the Chung test formulated in Remark 2.9 we get that (cosn,x) satisfies the
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Chung test (1.24)-(1.25) if (1.9) holds with « > 7/2. Similarly, using the a.s.
invariance principle mentioned in Remark 2.9 we get, without any difficulty,
the a.s. invariance principle (1.26) for (cosn;x).

4. PROOF OF THEOREM 2
Lemma 4.1. We have

3
1 7 [Z . 3,
(4.1) 57?/0 (}§=lcos1x) dx = §N + O(N),
) 4
| Rl . S 5
(4.2) 37 Jo (,~§=100ij) dx = §N + O(N?).

Proof. We prove (4.2). As in the proof of Lemma 2.4, the left side of (4.2)
equals 1/16 times the number of solutions of

(4.3) thtpt/3+ja=0, 1 <1, j2,J3, Ja<N.
Simple calculations show that the equation
thth=v, 1<j1,2<N

has 2N, 2N -1 - |v|, 2N + 1 — |v|, or O solutions according as v = 0,
1<|v|]< N, N+1<|v|<2N,or |v|>2N. Thus the number of solutions
of (4.3) equals

QN2+ > RN-1-p)r+ Y (2N+1—|u|)2=16—m+0(N2)

I<|v|<N N+1<|v|<2N 3
and (4.2) is proved.
Let a, = 2¢°, my = [Ak/(loglogk)?] (k > 3); m, =m, =0 and M; =

E;;] m; where a > 1/2 and A is an absolute constant with 0 < 4 < 1076,
Using the easily verifiable formula

say ¥ L0 o(oglogn)! 1
( . ) kz=3 (loglogk)}' - B+ 1 (loglogn))'( + (( Og Ogn) )) (ﬂ # - )
we get
(4.5) My = ﬁk—zu + O((loglogk)™"))
: k™ 2 (loglog k)2 glog ’
Let I, = {ay, 2ay, ..., meay};clearly thesets I, , k =1, 2, ..., aredisjoint.

Define the sequence (n;) by (ng) = U;‘Z, I; . We prove that (cosn,x) satisfies
the requirements of Theorem 2. As a first step we show that

(4.6) ny > exp {ﬁ\/lz(loglog k)"} .
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Indeed, if M;_, < j < M, then setting { = j — M;_, and using (4.5),
M, /M, _; — 1 and the mean value theorem we get
. 2a
Mgyl Ly (oglos)™
1 my Ak
(loglog M} ) _ , , (loglog j)* ((loglogj)">
WAM_, WAV T 4vA4\/j

> exp (= { V7F Tlloglog + 1) - V/loglog )} )

for j > jo. On the other hand, if j = M} thenn;/n;j = ax /(Mmpax) > 2 >
1+ 1/my i.e., we get the same lower bound for n;,;/n; as above. Thus we
proved (4.6). Set now gy = ay,/a;, and

n;

> 1+ 1+

Mk my
Xe= ) cosmix,  filx)=)_ cosjx.
j=M1+1 j=1

Further let py(x) (0 < x < 2x) be the function which equals 27j/g; provided
2nj/qk < (arX)2x < 2m(j + 1)/qx for some integer 0 < j < gx — 1; here ()2,
denotes the residue of ¢ mod 2n . Clearly, pi(x) is constant on each interval
[2nj/agsy, 2n(j + 1)/axs1) (0 < j < axyy — 1) and is periodic with period
2n/ay . Thus the functions py(x), Kk =1,2,..., are independent r.v.’s over
the probability space ((0, 27), &, (2r)~'4). Further,

(4.7) |pk(x) = (@kX)2n| < 2m/q (0< x < 2n).
Now let Yi = fi(pr(x)), then using X = fi(arX) = fi(akX)2x), |f] < mE,

(4.7), and the mean value theorem we get | Xy — Yi| < 2nm? /g, < 2% which,
in view of EX;, = 0, implies

(48) |Xk - Zkl < 2k s

where Z;, = Y, — EY; . Moreover, the Z; are independent r.v.’s over the
probability space ((0, 2n), &, (2n)~'A). Since |X;| < my, the last relation
and the mean value theorem imply

(4.9) |XE - Z} < 27kmy « 27K/

and similarly

(4.10) X2 -Z3 <272\ xft -z} < 27k,

Now using (4.5) and (4.9) we get

(4.11) o} :=EZ} = EX}? + 027k?) = %mk + 027k,
Z 1

(4.12) 52 :=I§Ez,3=§M,,+0(1),

whence we get by (4.5)

(4.13) s,,=ﬁ27i 2___(1+ O((loglogn)™)).

(loglogn)
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Further using Lemma 4.1, X; = fi(ayx), the periodicity of f;, (4.10), and
(4.4) we get

ZEZk—ZEXk+0 1)—2 / fax)dx +0(1)

k=1 k=1
2n
(@.14) —Zzn/ rdx+ (1 Z8mk+0(2mk)
A? n3

= ?W(l + O((loglogn)™1)).

Similarly
n* 4
(4.15) ZEZk 12W(1+O((loglogn) ),
3
2 _ h -1
(4.16) Z(EZk) (loglogn)“a( + O((loglogn)™")).
Set
(4.17) An = 4V A(loglogn)~®.

Then by (4.8), |X;| < my, and (4.13) we have
|Zn| S Ans’l (n 2 no).
Also by (4.13), a>1/2,and 4 < 10~® we have

An < 5~=(loglogs,) ™2 (n > ny).

1
200(
Hence applying Feller’s general upper-lower class criterion (see [8, Theorems 1
and 11]) for the independent sequence {Z,, n > 1} we get that for any positive
nondecreasing sequence y, we have

n
(4.18) P (Z Zi > SpWn i.o.) =0 or 1
k=1
depending on whether
o2
(4.19) Zs—'z’a//,,exp{ 2t//,,(l+Q,,(y/,,))} <400 oOr = +oo.
n>1 "

Here Q,(x) = 3,2, 4dn,,x" is a function analytic for |x| < 1/(124,) whose
coefficients can be explicitly calculated from the moments of the Z;’s. Actually

dn,» depends on the first v +2 momentsof Z,, ..., Z,, e.g.
dn,1 = 3s 23 ZEZ]( s
.
(4.20) : ) .y \
22 L 3
= g b B g 6 - g (38
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Further

(421) gl < 2(120)° (221, w2 1),
Using (4.13)-(4.16), (4.20), and (4.21) we get

—A(loglogn)“’(l + O((loglogn)™1)),

(422) ani=5
54 —2a -1

(4.23) dn,2 = — 3¢ (loglogn)™*(1 + O((loglogn)™")),

and

@29 el < B ogrogmyrr (nx 1, vz,

From (4.21) we easily get
(4.25) |On(x)| < 1/4,  |Q(x)] < 124, for |A,x] < 1/24.

We also note the fact that if 4-!(loglogn)!/? < y, < 4(loglogn)'/? (actually,
it suffices to assume A,y, < 1/48) then replacing y, by v, +C/y, (C >0
is an arbitrary constant), the convergence or divergence of the series (4.19)
is not affected. (This is observed in [8] and easily verified since (4.25) and
the mean value theorem show that replacing v, by w, + C/y, the exponent
in (4.19) changes by O(1) if A,y, < 1/48.) This remark implies that the
probability in (4.18) does not change if Y ;_, Z; is replaced by S;_, Zy + Tn
where {t,, n > 1} isany sequence of r.v.’s such that 7, = O(s,/(loglogs,)'/?).
Now letting Sy = EKN cosn;x , we have by (4.8) and (4.13)

k
=Y x = ZZ +0(1 EZ + O(si/(loglog si)'/?)
i=

i=1
and thus we proved the followmg result.

Lemma 4.2. Assume ¢, is a nondecreasing sequence satisfying

(4.26) 27 !(loglogn)!/? < ¢, < 2(loglogn)'/2.
Then
(4.27) P(Spm, > skpm, 1.0)=0 or 1

depending on whether

2

g, 1
(4.28) > é(f'm exp {—E(P;zuk(l + Qk(‘/’Mk))} <+o00 or =+oc.
k>1

Here

Ck,v
(4.29) Z (loglog k)'”’

is a power series converging for |x| < 10(loglogn)* whose coefficients ¢, , are
explicitly calculable numbers with

(4.30) ¢y = \/TZ(I +O((loglogk)™)), 2= (l + O((loglogk)™")),
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and

(4.31) ¢k, vl <

M (k>1, v>1).

In what follows we shall prove that

P(SN >y N/2¢N 10) = P(SMk > SkP M, 10)

and we shall also write the sum (4.28) in a simpler form, not containing quan-
tities depending explicitly on the sequence M) . We break the argument into
steps.

Lemma 4.3. Let the nondecreasing function ¢, satisfy (4.26) and assume that
Oy, — P4, < 1. Then

(4.32)  |oF(1 + Qk(9:) — 07(1 + Qu(9))| <2 for My_; < i < j < My.
Proof. Clearly the left side of (4.32) is bounded by

(4.33) (97 = 011+ |Qk(9)]) + 9510k (9:) — Qi (9))]-
By a>1/2, A <1079, (4.5), (4.17), and the second inequality of (4.26) we
have Arp; < 1/24, Arp; < 1/24, and thus (4.25) implies |Qk(pi)| < 1/4.
Hence the first term in (4.33) is < (¢}, — ¢}, _)-3/2 < 3/2. On the other
hand, using (4.25) and the mean value theorem it follows that the second term
in (4.33) is

< 0F - 124k(0) — i) < 9 - 12(9F — 9}) < 12040, < 1/2.
Hence (4.32) is proved.

Lemma 4.4. Assume that ¢, is nondecreasing and satisfies (4.26). Then the
series in (4.28) is equiconvergent with

1 ~
(434) > 2 exp {3021+ Quloa) }
n>1
where Qp = O for Mj_ i <n< M.
Proof. Let # denote the set of those integers k > 1 such that g3, —¢3, <1

Using the monotonicity of ¢,, (4.11), (4.12), Lemma 4.3, M /M;_, — 1, and
the fact that by (4.26) and (4.5) ¢, /¢um,_, is bounded, we get for k € Z,

3 %exp {_l¢,2,(1 + Qn(son))}

My _<n<M,
1
< % e - let 0+ Oulom)) +0M)
(4.35) M_y<nsM, K
_ M- M_, 1,
< MMt g, exp { - S0 (1+ Quloun)
o} 1,
< 7 PM, EXP —§¢’Mk(1+Qk(¢Mk)) ,
k

where ¢, < d;, means that ¢, /d; lies between positive constants independent
of k. On the other hand, in the proof of Lemma 4.3 we saw that |Qy(¢,)| < 1/2
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for any My_, <n < M;, k > 1 (regardless whether k € #) and thus for any
k ¢ Z the first sum in (4.35) is bounded by

1 C
> IMe exp —=0%_ ¢ < 0um, exp{—Cop3, } < exp —= 0,
M, 4 2
My _ <n<M;
for some constant C > 0; here again we used the boundedness of ¢, /@, _, -
Since @3, — @3, > 1 for k ¢ #, the terms of the sum

> exp{ ¢Mk}

kg#

decrease at least exponentially and thus the sum of converges. Since o /s2 <1,
the same argument shows that adding the terms of (4.28) for k ¢ % we get a
convergent series. From these facts, the equiconvergence of (4.28) and (4.34)
follows immediately.

By (4.29) and the definition of 0, we have

A _ — Cﬁ,l/ v
(4'36) Q’I(x) - ; (IOgIOgﬁ)""x s
where 7 is defined by M;_, < n < Mz . The sum (4.36) is similar to (4.29) but
the coefficients on the right-hand side contain the powers of (loglog7)* instead
of (loglogn)*. As the following lemma shows, replacing loglog7 by loglogn
in (4.36) will not affect the convergence or divergence of (4.34).

Lemma 4.5. Let ¢, be a nondecreasing sequence satisfying (4.26). Then the
series (4.34) is equiconvergent with

4.37 2n expd L2014 020V
(437) = exp { - 5021+ Gi(o) }
where

(4.38) Qi (x) = mev.

Proof. By (4.5) we have /n <7 < n and thus loglogn—loglog7 < 1 for large
enough n. Hence by the mean value theorem we get

|(loglog n)~® — (loglog7)~*| < av2®*!(loglogn)=®~!  (n > np).
Thus using (4.31), (4.26), a>1/2,and 4 < 107% we get

0210n(0n) = Ci(0n)l < 02 lcs | 2002 (loglog )=~

v=1
<2 «»,%_iu 2 48VAp, "
-7 loglogn (loglog n)>

< 0(1 Zuz v=0

and Lemma 4.5 follows.
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The coefficients ¢; , in (4.38) depend on 7, v in a rather complicated way.
However, as we shall not explicitly compute them (with the exception of the
first two), it is worth changing the notation and to write

* _ — an,V v
(4‘39) Qn(x) - VX;I (loglogn)""’x >

where, in view of (4.30), (4.31) and loglog7 ~ loglogn we have

an,| = \/—2(1 +O((loglogn)™")),

(4.40) 3
2240 5 o((loglogm) 1)
an,2 = =3 glog ,
(4.41) |a,,,”|§M (nz1, v>1).

Moreover, the convergence or divergence of the series (4.37) is not affected
if we change the coefficients a, ; and a, > in (4.39) by deleting the error
terms O((loglogn)~!) in (4.40). (Indeed, the error made by these deletions in
020 (9n) is < @3(loglogn)=o! + p4(loglogn)~2>~! which is O(1) by (4.26)
and a > 1/2.) Thus instead of (4.40) we can write

VA 54
(442) an,l=T, an,2=_%-
Lemma 4.6. Let ¢, bea nondecreasing sequence satisfying (4.26). Then
(4.43) P(Sy > V/N/2¢n i.0.) = P(Sm, > Sk@m, 1.0.).

Proof. By emma 4.2 the right-hand side of (4.43) is 0 or 1 according as the
series (4.28) converges or diverges. Moreover, the remark following (4.25) shows
that the right-hand side of (4.43) does not change if we replace gu, by oum, £

10/@as, . Further, by (4.12) we have s, = /M,/2 + O(M, '/?).
Assume that the right-hand side of (4.43) is l Using the above facts and
(4.26) it follows that with probability one we have for infinitely many k&

Sm, > Sk(om, +10/94,)

> (VM /2 - O(M; ")) (pu, + (loglogk) ™) > /My /20,

and thus the left-hand side of (4.43) is also 1. Assume now that the right-hand
side of (4.43) is 0. Then it remains O if we replace ¢, by ¢, — 10/9py, and
thus we have almost surely for large enough &

Su, < Sk(pu, — 4(loglogk)™'/?)

(4.44) < (VM 2+ O(M; %)) (pu, — 4(loglogk)~'/2)
< VM 2(pu, -2 loglogk)“'/z)-
Now if M, < N < My, then by (4.5), a >1/2,and 4 < 107° we have
1SN = Sum,| < myyr < /M (loglogh)™ (k> ko),
and thus by (4.44) we have
Sy < VM [2(pm, — 2(loglogk)~"/?) + /M, (loglog k)~"/2
< VM 20m, <VN/20n (N 2 N).
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Thus the left-hand side of (4.43) is 0 and the proof of Lemma 4.6 is completed.

Now Theorem 2 follows immediately from Lemmas 4.2-4.6 and the remarks
made after the proof of Lemma 4.5.

Remark. Note that we obtained the validity of the test (1.10)-(1.14) for all
a > 1/2, regardless whether a < 3/2. For a > 3/2, however, the series (1.14)
is equiconvergent with (1.11) (see the computations below) and thus the test
(1.10)-(1.14) of Theorem 2 reduces to the Kolmogorov-Feller test.

In conclusion we prove the remarks we made in the Introduction concerning
the test (1.10)-(1.14). First we note that if ¢y satisfies (1.13) then using (1.16)
we get for a > 1/2, 0< A< 107%, and any k > |

.y ! u 3 —ayw
Z (log l(I)Vg N)au ¢N+2 7 loglog N Z (96\/2 (log log N) 12 )

v=k+1
< (loglog N)!~(k+D(e=172) (N > Np).

Thus if o € [cx41, cx) then the total contribution of all terms v > k + 1 of
the sum in the exponential in (1.14) is O(1) and thus for such «, (1.14) is
equivalent to (1.18). (If a > 3/2 then the last expression in (4.45) is O(1) for
k = 0 and thus, in this case, the sum in the exponential in (1.14) is aN,o(o,zv +
O(1) = 9% + O(1) i.e., the test (1.10)—(1.14) reduces to the Kolmogorov-Feller
test.) (4.45) also shows that if a > 1/2 and (1.13) holds then the contribution
of allterms v > 1 inthe sumin (1.14) is < (loglog N)!~(@~1/2) = o(¢3%) whence
it follows immediately that (cosn,x) obeys the ordinary LIL (1.3). Next we
prove that for a = 1/2 the test (1.10)-(1.14) implies (1.19). Observe to this
end that for a = 1/2 and ¢y = c(2loglog N)!/2, 0 < ¢ < 2 the exponent in
(1.14) becomes exp(—fy(c)loglog N) where fy(c) = Y 00,2"/%ay ,c’*?. By
(1.16) the total contribution of all terms v > 2 in the last sum is O(4) and
thus by (1.15) we get

(4.46) v(e)=c*+1vV243 + 0(4),
where the constants implied by the O’s are absolute. Let
a=1-V24+ 43,  o=1-1V24- 4"

Substituting into (4.46) we get by a simple calculation
n(e) = 14243 +0(4),  fu(c) =1-24°7+0(4),

and thus fy(c;) > 1, fa(cz) <1 if A4 is small enough. Hence (1.14) converges
forpn = c;(2loglog N)!/2, diverges for gy = cy(2loglog N)!/2, and thus the
lim in (1.19) lies between ¢, and c,, completing the proof.

Next we prove the Corollary concerning the upper-lower class behavior of
the function ¢y in (1.22). For simplicity, we shall give the proof for the case
k(a) =1 (ie., for 5/6 < a < 1) when the sum in (1.22) contains two terms.
(This is exactly the third special case listed after the Corollary.) The proof in
the general case is the same.

Assume 5/6 < a < 1; then, as we already observed, (1.14) is equivalent to
(1.17). Set

(4.45)

(4.47) o¢n = (2loglog N + c(loglog N)32~* 4 c*(loglog N)?~2* + p,(N))'/?,
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where ¢ and c* are arbitrary constants and p.(N) is defined by (1.21). Writing
ON as

12
gy = (2loglog N)'/2 (1 + 2(loglog N)12=2 4 O((log log N)l—za))

and using the power series of (14 x)3/? we get
(4.48)
(loglog N)™*¢3

= V8(loglog N)3/2~ (1+ 3¢ (loglog N)!/2~* + O((loglog N)'~ 2"))

— V8(loglog N)¥/2 + 3C;/§(1oglogzv)2 ~2a 4 O(1).

Similarly
(loglog N)~2*¢% = 4(loglog N)>*~22(1 4+ O((loglog N)'/2=2))
= 4(loglog N)*=2* + O(1).

Substituting (4.47), (4.48), and (4.49) for the terms of the exponent in (1.17),
the exponent becomes

(4.49)

—loglog N + (—% - %) (loglog N)*/*~@
(4.50)
4 A
+ (—%——c 42A > )(IOgIOgN)2 2“_@4_0(1)_

Choosing ¢ = —2v24/3 and c¢* = 114/9 the coefficients of (loglog V)32~
and (loglog N)?~22 in (4.50) become 0 and thus the series (1.17) reduces to

(2loglog N)!/2 pe(N)
NZ>:x(l+ (1))—N———exp{ loglog N' — =5== + O(1 )}

which is clearly convergent if ¢ > 0 and divergent if ¢ <0.

Regarding the first of the special cases listed after the Corollary, its validity
clearly follows from the Corollary for ¢ < 2v/24/3 and ¢ > 2v24/3. In the
case ¢ = 2v2A4/3, gy belongs to the lower class for arbitrary 1/2 < a < 3/2
since the coefficient by ; = 114/9 in the sum in (1.22) is positive. (Hence to
decide for arbitrary 1/2 < o < 3/2 if

- 12
oN = (210glogN— 2 2A(loglog N)32= oy 114 9 (loglogN)2 2")

3
belongs to the upper or lower class (for 1 < a < 3/2 it is upper class and for
5/6 < a < 1 it is lower class by special cases 2 and 3 listed after the Corollary)
one has to compute coefficient by > in (1.22).)

In conclusion we prove the remark made at the end of the Introduction i.¢.,
we show that if (n;) is the sequence in Theorem 2 or more generally (7;) is any
sequence satisfying (1.12) for some 4 > 0, a > 0 then there exists a sequence
(my) such that |m; —n;| < k3 and (cosn;x) satisfies the Kolmogorov-Feller
test (1.10)—(1.11). In fact, let I, = [n; — 4k3, n; + 4k3] (k > 1); clearly the
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intervals I, are disjoint for k > ky. Now the desired (m,) can be constructed
by induction as follows. Let m; = n; forl < k < ky e+.d if for some k > ko,
my, ..., my are already constructed, choose my_; € I;,; so that it is different
from all numbers of the form +n; +n;, £n,, 1 <, i, i3 < k. Since the
number of such sums is < 8k3 and I;,,; contains more than 8k3 integers, this
choice is possible. Clearly, the so constructed sequence (m;) has the property
that for large enough v the equation

v=mtm (k>1>1)
has at most one solution. Also, |m; — n;| < 4k3 (k > 1) and since (1.12)
implies ny > e‘/’?, we get

Mir1 S Mt -4k +1)° — Pk
my - ny + 4k3 Ny

oo ) 10002 (1) 1)

1
Zl+m (k > ko).

Hence by Theorem 3 of [2] (cos n,x) satisfies the a.s. invariance principle (1.4)
and consequently the Kolmogorov-Feller test (1.10)-(1.11).

(1 + O(k3e=Vk))
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