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CAYLEY-BACHARACH SCHEMES
AND THEIR CANONICAL MODULES

ANTHONY V. GERAMITA, MARTIN KREUZER AND LORENZO ROBBIANO

ABSTRACT. A set of s points in P? is called a Cayley-Bacharach scheme (CB-
scheme), if every subset of s — 1 points has the same Hilbert function. We
investigate the consequences of this “weak uniformity.” The main result char-
acterizes CB-schemes in terms of the structure of the canonical module of their
projective coordinate ring. From this we get that the Hilbert function of a
CB-scheme X has to satisfy growth conditions which are only slightly weaker
than the ones given by Harris and Eisenbud for points with the uniform posi-
tion property. We also characterize CB-schemes in terms of the conductor of
the projective coordinate ring in its integral closure and in terms of the forms
of minimal degree passing through a linked set of points. Applications include
efficient algorithms for checking whether a given set of points is a CB-scheme, re-
sults about generic hyperplane sections of arithmetically Cohen-Macaulay curves
and inequalities for the Hilbert functions of Cohen-Macaulay domains.

INTRODUCTION

There are many ways in which the study of finite sets of points in projective
spaces has entered into geometric discussions about other objects. One of them
is due to Castelnuovo and centers around the study of smooth and irreducible
curves.

It is well known that the genus g of a curve in P? is determined by its
degree d via the formula g = (d —1)(d —2). It was also known to geometers
of the last century that for curves in P’ this formula represents an extreme
among the possibilities for the genus of a curve of degree d. One result that
Castelnuovo showed in [C] was that if C is not contained in a hyperplane, then
g < x(d-r—4(x—1)(r—1)), where y is the integer with =1 -1 < y < 4=L.
He also studied and classified curves whose genera are extremal with respect
to this inequality. Castelnuovo’s major tool is a careful examination of the
postulation of a general hyperplane section of C. For a detailed discussion of
his method we refer the reader to the manuscript [HE).

More recently, J. Harris has extended the scope of Castelnuovo’s approach
with his proof of the Uniform Position Lemma in [H]. This lemma asserts that
a general hyperplane section (in characteristic 0) of an integral curve has the
uniform position property, i.e. the property that any two subsets of X with the
same cardinality have the same Hilbert function.
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If X isasetof pointsin P? with the uniform position property (e.g. a general
hyperplane section of an integral curve in P3), then it is possible to completely
describe all the numerical functions that could be the Hilbert function of X .
It is also possible to show that every such numerical function actually arises as
the Hilbert function of a general hyperplane section of some integral curve in
P3. For a discussion of the work that has been done on this subject see [GM].

As soon as we look at general hyperplane sections of curves in P4 for d > 4,
the situation becomes much less clear. Harris and Eisenbud have asked for
a characterization of the Hilbert functions of sets of points with the uniform
position property, and, as yet, there is no solution to this problem. There
have, however, been some partial results. Most notably, Harris and Eisenbud
themselves give a growth condition that the Hilbert function of a set of points
with the uniform position property has to satisfy (cf. [HE, 3.5]). It is clear that
their growth condition is not sufficient to characterize those Hilbert functions,
since it fails to do so in P2.

Now we come to a description of our contribution to this discussion. In a
nutshell, what we have done is postulated a small piece of the uniform position
property and investigated the consequences. More precisely, we say that a set X
of s points in P¢ is a Cayley-Bacharach scheme (CB-scheme), if every subset
of s — 1 points has the same Hilbert function. The theme of this paper is then
to find out how much information about X can be obtained from this “weak
uniformity.”

One consequence is that every subset Y of X that consists of s — 1 points
has Hilbert function Hy(n) = min{Hx(n), s—1}. Therefore we start in §1 with
an investigation of the Hilbert functions of subschemes of degree s — 1 of X .
For this we need not restrict ourselves to reduced 0-dimensional schemes X of
P4 . We find certain functions, called truncators, which define the subschemes
of X of degree s—1 scheme-theoretically, and which can be used to determine
whether those subschemes have the Hilbert function given above. Moreover,
the images of those functions in the projective coordinate ring R of X form
a k-basis of R,, .1, where ay + 1 is the first degree n for which Hy(n) =5,
and they can be used to completely describe the ring structure of R from that
degree onwards.

In §2 we refine the notion of a truncator to include functions of smaller de-
grees defining subschemes of colength one. For a reduced 0-dimensional scheme
X and a point P € X, the smallest degree of such a function is called the degree
of P in X. Then X is a CB-scheme if all of its points have (maximal) degree
ay + 1. When we look at examples, we immediately see that it is necessary
to understand when a subscheme of a CB-scheme is again a CB-scheme. The
remainder of §2 is devoted to giving a few results in that direction.

The central result of this paper is given in §3. Theorem 3.5 characterizes
CB-schemes in terms of the structure of the canonical module wpg of their
projective coordinate ring R. More precisely, it says that X is a CB-scheme
if and only if the homogeneous component of least degree of wgz contains
a faithful element. From this theorem we get that the Hilbert function of a
CB-scheme X has to satisfy growth conditions which are only slightly weaker
than the ones given by Harris and Eisenbud for points with the uniform position
property. Section 3 concludes with a comparison of our characterization of CB-
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schemes to earlier characterizations that were given in terms of the conductor
of R in its integral closure. The link is established by showing that Dedekind’s
formula for conductor and complementary module always holds for sets of
points.

In §4 we explore another way of interpreting what it means for a set of points
to be a CB-scheme. Choose a reduced 0-dimensional complete intersection Z
containing X and let Y be the complement of X in Z,ie. X and Y are
linked by the complete intersection Z . We then characterize CB-schemes X
in terms of the forms of minimal degree that vanish on Y . One advantage of
this characterization is that it leads to efficient algorithms for checking whether
a given X is a CB-scheme.

In the final section we apply our results to hyperplane sections of curves. We
show that the general hyperplane section of an integral, arithmetically Cohen-
Macaulay curve is a CB-scheme, regardless of the characteristic of the ground
field. In contrast to the topological arguments in J. Harris’ proof of the Uniform
Position Lemma, we use a purely algebraic technique. We also compare the
inequalities that we obtain to recent results of R. P. Stanley about the A-vector
of a Cohen-Macaulay domain and to Rathmann’s results about the validity of
the Uniform Position Lemma in characteristic p. We close with an example
that shows that not every hyperplane section of a smooth, arithmetically Cohen-
Macaulay curve has to be a CB-scheme.
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its Hilbert function, and E. Kunz for explaining the link between the conductor
and the canonical module. The second and third authors are very grateful for
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Queen’s University, Kingston, during part of the preparation of this paper. All
three authors gratefully acknowledge financial support from the Natural Science
and Engineering Research Council of Canada.

1. TRUNCATORS

First of all we fix the notation that will be used throughout the paper. We
work over an infinite field k. By X we denote a 0-dimensional subscheme of
the projective space P4 over k. The degree of X as a projective variety is
denoted by s. It is also the multiplicity of the vertex of the affine cone over
X . We equip 4 :=k[Xp, ..., Xy] with its standard grading deg(X;) =1 and
let I := I(X) be the homogeneous ideal of X in 4. Then R := A/I is the
homogeneous coordinate ring of X in P¢ . To avoid overburdening the notation
we will use capital letters to denote elements in 4 and the corresponding lower
case letters to denote their residue classes in R. Once and for all, we choose
our coordinates in P? in such a way that xp, the image of X, in R, is not a
zero divisor of R.

Given any homogeneous ideal J of A, we define the Hilbert function H(S)
of the ring S := A/J by H(S, n) := dim; S, = dimy 4, — dim; J, for all
n € Z. Analogously, for a finitely generated, graded S-module A, we let
H(M,n) := dimy M, for all n € Z. When J = I(X), we emphasize the
relationship of the Hilbert function of R to the scheme X by setting Hy(n) :=
H(R,n) forall neZ.
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Remark 1.1. We recall some rules which describe a part of the growth behaviour
of the function Hy (see e.g. [DGM]). There are integers axy and ay such that

(a) Hx(n)=dimy 4, = (*3?) if and only if n < ay,

(b) Hy(n) < Hxy(n+1)<s for 0 <n<ay,

(c) Hx(n)=sforn>ay.

Given X, it is in general difficult to say much about the Hilbert functions
of the various subschemes of X . This problem was explored in [GMR], where
the notion of the truncation of Hy , as defined below, was discussed. We shall
extend some of the results of that paper in this section.

Definition 1.2. The truncation of Hy , denoted Trunc(Hy), is defined by

Hy(n) forn<ay,
Trunc(Hx)(n) = { s f 1 forn> ai

We say that a homogeneous ideal J of A truncates Hx ,if J contains I and
H(A/J) = Trunc(Hy).

Propeosition 1.3. Let J C A be a homogeneous ideal. The following conditions
are equivalent.

(a) J truncates Hy .

(b) There is a homogeneous polynomial F € A of degree ay + 1 such that
J=(,F), and dimy(J,/I,)=1 for n > ayx.

- Proof. First we show that (a) implies (b). Since J truncates Hy, we obtain
that
. 0 forn<ay,
dimy J,/I, = H —H(A/J,n)= -
imy Jo/ 1, = Hy(n) = H(Ap )= { |00 =8
It follows that there is an F € J,,41\I5,+1 . Since xp is not a zero divisor of
R=A4/1,wehave X)F € J;,414i\lsy+1+i forall i>0. Thus J = (I, F).
As for the converse, since deg F = ay + 1, we have that J, = I, for n < ay,
and so H(A/J, n) = Hx(n) for those n. For n > ay we get H(A/J, n) =
dimy(A4/I), — dimy(J/I), = Hx(n) — 1 =s — 1, as we wanted to show. O

In general, an ideal J (as above) is not the ideal of the subscheme of X
that it defines. It may happen that the irrelevant ideal of 4 is an associated
prime ideal of J, i.e. that J is not a saturated ideal. It is important to be able
to decide when J is saturated. In the light of Proposition 1.3 and in order to
discuss this possibility, we make the following definitions.

Definition 1.4. Let F € A be homogeneous of degree ay + 1.

(a) We say that F is a truncator of X, if the ideal J := (I, F) truncates
Hy.

(b) We say that F is a strong truncator of X, if F truncates X and J :=
(I, F) is a saturated ideal.

Remark 1.5. Since X is a 0-dimensional scheme, an ideal of the form J =
(I, F) is saturated if and only if J is a perfect ideal, i.e. if and only if 4/J is
a 1-dimensional Cohen-Macaulay ring. This last is the case if and only if 4/J
contains a nonunit which is not a zero divisor.

We now give a simple criterion for a form to be a truncator.
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Proposition 1.6. Let F € A be homogeneous of degree ay + 1. The following
statements are equivalent.

(a) F is a truncator of X .

(b) (I : F) is an associated prime of I which describes a k-rational point of

(¢) J:=(I, F) defines a subscheme of X of degree s — 1.

Moreover, there is a 1-1 correspondence (up to multiplication by nonzero
scalars of k and addition of elements of I,,.,) between truncators of X and
subschemes of X of degree s — 1.

Proof. First we show that (a) implies (b). Since degF = ay + 1, we find
that (I, F)/I = (A/(I : F))(—ax — 1). Also, since F is a truncator of X,
we have dimy(J/I), = 0 for n < ay and dimy(J/I), = 1 for n > ay.
Thus dimy(4/(I : F)), = 0 for n < -1 and dim(4/(I : F)), = 1 for
n > —1. In particular, dimy(/ : F); =d,andso (I : F) 2 (Ly,..., L),
where L, ..., L; are linearly independent linear forms. Comparison of the
Hilbert functions of A/(I : F) and A/(L;, ..., Ly) now yields the equality
(I:F)=(Ly,...,Lg). Since the ideal (L,, ..., L;) contains I/ and has the
same height d, it is an associated prime of .
In order to prove that (b) implies (c), we use the assumption and calculate

0 forn<ay,

dimy (J/1)p = dimy(A/(I : F))n—ay-1 = { 1 forn> ay.

Thus we have dim(A4/J), =s—1 for n > ayx, and so J defines a subscheme
of X of degree s — 1, as we wanted.
Finally we show that (c) implies (a). Consider the exact sequences

0= (J/Dn— (4/D)n— (4]J)n — 0

for every n € Z. Since Xy is not a zero divisor on R = A4/I and J/I is
an ideal of R, it follows that dim(J/I), < dimy(J/I),y, for all n € Z.
By the definition of ay, we have dimy(A4/I), = s for n > ax. Since J
defines a subscheme of X of degree s — 1, we have dimy(4/J), = s — 1
for all » > 0. Thus dimy(J/I), =1 forall n > 0. Now F & I;,,1, SO
dimy(J/1)g+1 = 1. It follows that dimy(J/I), = 1 for all n > ax. Since
deg F = ay + 1, Proposition 1.3 gives that F is a truncator of X .

For the last claim it suffices now to show that every subscheme of degree s— 1
of X corresponds to a truncator. So, let Y be a subscheme of X of degree s—1
and let J be the ideal of Y in A. Then Hx(ax+n)=s> Hy(ax+n)=s-1
for all n > 0. It follows that dimy(J/I)g4+n = 1 for all n > 1. Hence a
representative in J of a generator for the vector space (J/I),, 4+ is a truncator
of X. O

Corollary 1.7. Let X = {Py,..., P} C P¢ be a set of s distinct k-rational
points where P; corresponds to p; C A. Suppose that F € A is homogeneous of
degree ay + 1.

Then F is a truncator of X if and only if there is an i € {1, ..., s} such
that F ¢p; and FepN---Np;_1 Npiy1 N---Nps.

Example 1.8. Let X = {P;, P,, P3, P4} C P? be the points P, = (1:0: 1),
P,=(1:0:0), s=(1:1:0) and P,=(1:2:0).
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Sketch, drawn in the affine space D, (Xp):

P[O
P,e Pie Py

The Hilbert function of X is 1344..., and so ay = 1. Here XoX; € 4, is
a truncator of X, but not a strong truncator.

Remark 1.9. It is worth recalling here that if X is any 0-dimensional subscheme
of P4 which has degree s, then X always contains subschemes of degree s—1 .
This is completely obvious when X consists of s distinct k-rational points.
In the general case, it suffices to note that if p is a prime ideal in 4 and q is
p-primary, then if length 4, (4p /aA4,) =:r > 1 there is always a p-primary ideal
q' O q having length, (4,/q'4,)=r—1.

We now consider how to distinguish between truncators and strong trunca-
tors. Let F € A, be a truncator of X, and let f be the image of F in
R. As we have said, F is a strong truncator if and only if R/(f) is a Cohen-
Macaulay ring. Since R is a Cohen-Macaulay ring, this is equivalent to saying
that (f) does not have the irrelevant maximal ideal m of R as an associated
prime. Put another way, F is not a strong truncator if and only if there is an
element g € R with m = (f) : (g). In this case we have /g € (f)\{0} for any
| € R, which is not a zero divisor in R, and it follows that degg > ay. On
the other hand, since dimy(f), =1 forall n >ay+1 and /: R, — R, is
an injective map carrying (f), onto (f),4, for n > ax + 1, we are forced to
conclude that g € R,, and /g =cf for some c € k\{0}.

We summarize this discussion with the statement of the following proposi-
tion.

Proposition 1.10. Let X be a 0-dimensional subscheme of P¢ andlet F € Ay,
be a truncator of X . Then the following conditions are equivalent.

(a) F is a strong truncator of X .

(b) F & LAg, + In,+1 for every L € A, whose image in R is not a zero
divisor.

(c) F & N (LAay + Isy+1), where the intersection ranges over those linear
forms L whose image in R is not a zero divisor.

In [D] E. D. Davis asked whether any 0-dimensional subscheme of P¢ has a
strong truncator. We now show that this question has a negative answer.

Example 1.11. The ideal I := (X7, X1 X,, X; — X3X,) defines a 0-dimensional
subscheme X of P? having degree four which has a unique subscheme Y of
degree three but no strong truncator.

Proof. First observe that rad(I) = (X, X;) and therefore I has depth 2. Also,

I is generated by the 2 2-minors of the matrix (43 b { ). So, / is saturated
0 2

(cf. [BV], (2.7)) and hence (X, X;)-primary. Thus I is the homogeneous ideal
of a 0-dimensional subscheme X of P? which is concentrated at the point
(1:0:0).

It is easy to check that a k-basis of R/(xo) is given by {1, x1, X2, x3}.
Thus Hy is 1344..., and we see that X has degree 4 and ax = 1. By
Proposition 1.6, a form F € A, is a truncator of X if and only if (I : F) =
(X1, X2). A simple calculation shows that this is equivalent to F being of the
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form F = cXoX; + G, where ¢ € k\{0} and G € I,. Using Proposition 1.6,
this means that X has a unique subscheme of degree 3, namely the one defined
by (I, F) = (XoX1, X}, X1 X2, X3). Since this ideal is not saturated, X does
not have a strong truncator. 0O

Remark 1.12. A description of those 0-dimensional subschemes of P? which
have strong truncators has, so far, eluded us. We have an example of two
schemes, each of which does not have a strong truncator, but whose union has
a strong truncator.

In spite of the negative nature of the example above, there is an impor-
tant class of 0-dimensional subschemes of P4 which do have strong truncators,
namely sets of k-rational points. To see this, we first study how we can use
truncators to describe the ring structure of R from degree ay + 1 onward, if
X is a set of k-rational points.

Proposition 1.13. Let X = {P,, ..., P;} CP? be a set of s distinct k-rational
points. By 1.6, for each i € {1, ..., s} we have a truncator f; € Ry,41 of X
corresponding to the subscheme X\{P;}. Since X C D,(Xy), we can write P; =
(L:ipin:---:pig) Withpjj€k fori=1,...,s. ForgeRand ie{l,...,s}
we write g(P;) := G(1, p;1, ..., Diq), where G is any representative of g in
A

(a) The elements f,, ..., fs form a k-basis of Rgy+1 .

(b) By multiplying f; with a suitable element of k, we can assume that
fi(P;) = 1. For every n > ax + 1 and every element g € R, we have a unique
representation

g=xy % 'g(P)fi+ -+ x5 g(R) £
Proof. First we show claim (a). We know that Hy(ayx + 1) = dimg Ry, = 5.
By 1.7, we have fi(1, pj1,...,pjq) =0 for j#i and fi(1, pi, ..., pia) #0.
Suppose now that g =c¢; f; +--- + ¢ fy = 0 for some ¢; € k. By evaluating g
at P; we find that ¢; = 0. That is enough to show that fi, ..., f; are linearly
independent, and so form a k-basis of R, 4 .

Now we prove part (b). From dimg R, = s for n > ay + 1 and from
the injectivity of the multiplication by xg it follows that R, = x{,"“""RaxH .
Thus we have to show that every g € R, satisfies g = g(Py)fi+---+8(Fs) fs .
This follows from the observation that g — g(P,)f; — --- — g(Ps)f; vanishes at
every pointof X. O

Using this proposition, we can now show that sets of k-rational points always
have strong truncators.

Proposition 1.14. Let X = {P,, ..., P} CP? be a set of s distinct k-rational
points.

(@) X has at least s — Hx(ax) + 1 linearly independent strong truncators.
In particular, there is always a subscheme Y of X with degY = s — 1 and
Hy = Trunc(Hy).

(b) For any r € {1, ..., s} there is a subscheme Y of X consisting of r
points such that the Hilbert function of Y is given by Hy(n) = min{r, Hx(n)}
forall neZ.

Proof. First we show (a). With no loss in generality we can assume that x; :=
Xi+1 is not a zero divisor in R foreach i =0, ..., d. Then the spaces x;R;,
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cannot all be equal, since they span R, ;. Thus dimy(xoRs, N---NX4Rg,) <
dimy R,;, = Hx(ax). In view of Propositions 1.10 and 1.13, we conclude that
X has at least s — Hy(ax) + 1 strong truncators. Each of those corresponds to
a subscheme Y of X with Hilbert function Trunc(Hy).

Claim (b) follows by repeated application of (a). O

Compare this with Lemma (2.3) in [GMR]. The number s — Hy(ayx) + 1
does not, however, appear to be a very good estimate for the number of strong
truncators of X . It would be interesting to have sharper bounds. A. Sodhi, in
[So], has made some observations on this question.

Remark 1.15. We had occasion to use the computer algebra system CoCoA (see
[GN]) to help us with the initial explorations of the ideas in this paper. We
found those explorations quite useful and want to mention some of the things
one can do in that regard.

When X = {P,, ..., P} consists of s distinct k-rational points, then the
truncator of X corresponding to Y; = X\{P;} can be found by looking at a
generator of the 1-dimensional vector space (I(Y;)/I)a,+1 - In the next section
we shall see that having a truncator for each of those subschemes Y; of X is
very useful for performing other computations with the scheme X .

2. SEPARATORS

From now on and for the rest of this paper X will always denote a O-
dimensional subscheme of P? of degree s which consists of s distinct k-
rational points P;, ..., P;. We shall continue to use the notations and assump-
tions given at the beginning of the first section. In particular, we assume X C
D,(Xp),sowecanwrite P,=(1:p;;:---:pjg) with p;jek fori=1,...,s.
For feR and i€ {l,...,s} wewrite f(P):=F(1,pi,...,Dig), where F
is any representative of f in A4.

Definition 2.1. Let i€ {1,...,s},let n >0 andlet f € R,. We say that f
is a separator of P; from X\{P;},if f(P;)#0 and f(P;) =0 forall j#1i.
The minimal number n > 0 such that there is a separator of P; from X\{P;}
is called the degree of P; in X and denoted by degy(P;).

We shall often just say that “ ' is a separator of P,” when the enveloping
scheme X is clear from the context. We shall also refer to an element of A,
as a separator of P; if it is a representative of a separator of P;. Another way
to phrase the definition of degy(P;) is that it is the largest number n such
that any hypersurface of degree less than n which contains X\{P;} must also
contain P;.

Remark 2.2. A separator f € R, of P; is unique up to multiplication by a
scalar from k\{0}.

Proof. Suppose f, g € R, are two separators of P;. If n > ay + 1, then f
and g differ only by a scalar factor by 1.13(b). If n < ay then multiply f

ax+1—n

and g by x; and get separators of P; again. Therefore, by 1.13(b), the

elements x{**'~"f and x@*'~"g only differ by a scalar factor. The fact that
Xo is not a zero divisor of R finishes the proof. O
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Proposition 2.3. Let F € A, . Then the following conditions are equivalent.
(a) F is a separator of P; from X\{Pi}.
(b) F is a truncator of X corresponding to X\{P;}.

Proof. This follows from Corollary 1.7. O

Lemma 2.4. For every i€ {1,...,s} we have degy(P;) <ax +1.

Proof. If we let Y; := X\{P,}, then Y; is a subscheme of X of degree s — 1,
and so, as we observed in 1.6, there is a truncator of X corresponding to Y;.
Using 2.3, it follows that degy(P;) <ax+1 forevery ie{l,...,s}. O

Example 2.5. ForX = {P,, P,, P;, P;} C P? as in Example 1.8 we have
degy(P;) =1 and degy(P,)=2=ax+1 for i=2,3,4.

Proposition 2.6. Let i € {1,...,s} and let F € Ay, 1 be a truncator corre-
sponding to X\{P;}. The following statements are equivalent.

(a) F is a strong truncator of X .

(b) degy(P;) =ax +1.

(c) Yi:= X\{P;} has Hilbert function Hy, = Trunc(Hy).

Proof. Conditions (a) and (c) are equivalent by Definition 1.4. If F is a strong
truncator, then the homogeneous ideal of Y; is given by (I, F). Therefore
it agrees with I up to degree ay and we must have degy(P;) > ay + 1. By
Lemma 2.4, this means degy(P;) =ax + 1.

Conversely, suppose that degy(P;) = ax+ 1 but F is not a strong truncator
of X. By Proposition 1.10, we can write F = LG+ H where L € A, isa
linear form whose image in R is not a zero divisor, G € 4;, and H e I, ;.
Since L(P) # 0 for every P € X, it follows that the image of G in R is a
separator of P;. This contradicts our assumption degy(P;) =ax +1. O

In view of Proposition 1.14 there are always at least s — Hy(ay) + | points
of X with degree ay + 1. Again this appears to be a rather bad bound. In
practice, usually almost all points of X have degree ay + 1. The extremal case
is the most important situation in our investigations.

Definition 2.7. We say that X is a Cayley-Bacharach scheme (CB-scheme), if
one of the following equivalent conditions holds.

(a) Every P € X has degree degy(P)=ax + 1.

(b) For any P € X we have Hy\(p} = Trunc(Hy).

(c) The Hilbert function of X\{P} is independent of the choice of P € X .

(d) Every hypersurface of degree less than ay + 1 which contains all but one
point of X must contain all the points of X .

Condition (d) is the one referred to by most authors discussing this property.
For CB-schemes X , the notions of truncator, strong truncator and separator of
degree ax + 1 all agree by 2.6 and the definitions.

Example 2.8. Every set of points in P4 which is a complete intersection of d
hypersurfaces is a CB-scheme. More generally, any arithmetically Gorenstein
set of points in P? is a CB-scheme (cf. [DGO]).

Example 2.9. If C is a reduced and irreducible curve in P4*! | then J. Harris
[H] has shown that the points of a general hyperplane section of C are in
uniform position, i.e. any two subsets of X with the same cardinality have the
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same Hilbert function. Harris’ proof is for characteristic zero, but with some
notable exceptions J. Rathmann [Ra] has also shown this result in characteristic
p # 0. From the above definition we see that this notion of “uniform position”
is equivalent to saying that the points of a general hyperplane section of C
form a CB-scheme and that this is true for every subset of those points.

Example 2.10. Let X = {P;,..., PR} C P2 begivenby P, = (1 : 0 : 2),
Pb=(1:0:1,P=(1:0:0, Po=(1:1:2), s=(1:1:1),
Ps=(1:1:0), ,=(1:2:1) and Pg=(1:2:0).
Sketch in D, (X)) :

Pie Pye

PZO P50 P70

P3O PGO PgO
It is easy to check that X is a CB-scheme but not a complete intersection. Also,
X is clearly not in uniform position.

Notice that Example 2.10 is a complete intersection less a point. Since we
have already mentioned that complete intersections are CB-schemes, one is nat-
urally led to ask which subschemes of a CB-scheme are also CB-schemes. For
points in uniform position the answer is “all of them”, but e.g. the scheme of
Example 1.8 is a complete intersection minus two points and not a CB-scheme.
The remainder of this section is devoted to investigating this question a bit
further.

Notation. For the rest of this section we shall use the following notation. For
each P; € X, we choose a separator f; € R,,.1 and a representative F; of f;

in Ag,41. By Proposition 1.13(a), the set {f;, ..., f} isa k-basis of Ry .
Lemma 2.11. Let re{l,...,s},andlet J:=(I,Fy, ..., F,). Then
. dimy(4/1), forn <ax,
d A/, =
ime(4/7) {s—-r for n > ay.
Proof. If Y := X\{P,, ..., P}, then the elements of J all vanish on Y . For
ie{r+1,...,s} the polynomial F; is not in J by Proposition 1.13. So the

ideal J defines the subscheme Y of P4 scheme-theoretically and dimy(A4/J)n
=s—r for n>0.

Now we claim that k- (I"fi))®--- & k- (I"f;) = (J/I)ay+14n for every n >
0 and every !/ € R, which is not a zero divisor. The case n = 0 is true
by hypothesis. The inclusion C is then obviously true. If n > 1 and the
inclusion is strict, then dim(J/I)g+14m > r for all m > n, because [ is
not a zero divisor of R. This contradicts the fact that dimy(J/I)g+14m =
dimy (A/1)gy+14m — dimg(A4/J)ay+14m = r for m > 0. Thus the claim is true,
and we get dimg(A/J)gp414n = § — dimg(J/D)gys14n = s —1 for n > 0 as
desired. O

Definition 2.12. If J is a homogeneous ideal of A, we define the first difference
Sfunction AH(A/J , —) of the Hilbert function of 4/J by

AH(A/J , n):=H(A/J,n)— H(A/J, n—1)

for all n € Z. In the case J = I we also write AHx(n) or simply A, for
AH(R, n).
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By Remark 1.1 we have AHx(n) # 0 if and only if 0 <n <ay+1. The last
nonzero value of AHy is denoted by A := AHx(ax + 1). Notice that if / € R,
is not a zero divisor of R, then AHy is the Hilbert function of R//R.

Proposition 2.13. Let r € {1,...,A}, let Y := X\{P,, ..., P.} and choose
L € A, such that its image | in R is not a zero divisor. Then the following
conditions are equivalent.

(a) The residue classes fi, ..., f, are k-linearly independent in (R/IR)4,+1 -

b Y)=(UI,F,...,F).

(c) Hy(n) = Hx(n) for n<ayx and Hy(n)=s—r for n>ayx.

Moreover, it is possible to renumber the points of X such that the above
conditions are satisfied.

Proof. First we show that (a) implies (b). As we observed in the proof of 2.11,
the ideal J := (I, Fy, ..., F,) defines Y scheme-theoretically, so it suffices to
prove that J is saturated. We shall do this by showing that the image of L in
A/J is not a zero divisor. Notice that J, = I, for n < ay, whence L + J
does not annihilate any homogeneous element of degree less than ay in 4/J.

For n >ay wehave J, =1, ®kL" % 'F, @ ... @ kL"%~1F,  as shown
in the proof of Lemma 2.11. Suppose that LG € J,,, for some G € A4, . This
means that L(G—c¢;L" %~ 1F,—...—¢,L""%~1F,) € I, forsome ¢; € k. But
| = L+1 is not a zero divisor, so G € I, ®kL" %" 1F .. .9kL"%~1F, = J,.

Finally we need that if LG € J,,;, for some G € 4,,,then Ge l,, = J, .
In this case write LG = H +c¢;F; +---+ ¢ F, with ¢; € k and H € I, .
Now consider this equation in R//R. We get ¢, f; + --- + ¢, f, = 0. Since the

elements f, ..., f, are linearly independent, we have ¢; = --- = ¢, = 0. Thus
LG € I,,1 , which implies G € I,, , as we wanted to show.
Now we prove that (b) implies (a). From 1.13 we know that {f;, ..., f;}

is a linearly independent set in R,,.;. So to prove the result it will suffice to
show that (kfi @ ---® kf,) NIR,, = (0). Suppose that /g =cifi+---+ ¢ fy
with g € R;, and ¢; € k is in the intersection. From the hypothesis we get
that /g € I(Y)/I. Since the image of / in A/I(Y) is not a zero divisor, this
implies that g € (I(Y)/I),, . But 1(Y),, = 1,,,s0 g =0 and we are done.

Conditions (b) and (c) are equivalent by Lemma 2.11, because J C I(Y)
and both ideals agree if and only if their Hilbert functions agree.

The last claim follows from Proposition 1.14, or from the fact that { f,,..., f}
is a basis of R,,,; which implies that {f}, ..., f;} generates the A-dimensional
vector space (R/IR)g,+1. O

As a first application of this proposition we can give a criterion for a sub-
scheme Y of X to be a CB-scheme, if Y is of the form Y = X\{P,, ..., P}
with 1 <r<A.

Corollary 2.14. Under the assumptions of the proposition let A>2 and 1 <r <
A — 1. Then the following conditions are equivalent.
(a) Y is a CB-scheme with Hilbert function Hy(n) = min{Hx(n),s—r}.
(b) Forevery i € {r+1, ..., s} the residue classes {fi, ..., f,, fi} form a
k-linearly independent set in (R/IR)g,+1 -

Proof. Combine the proposition and 2.6. 0O
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In the situation of Corollary 2.14 it is not always possible to choose a num-
bering of the points of X such that Y becomes a CB-scheme, even if X isa
CB-scheme to begin with. Our next example demonstrates this fact.

Example 2.15. Let X := {P;,..., Ps} CP3, where ,=(1:0:0:1), P, =
(1:0:0:—-1), P3=(1:0:1:0), P,=(1:0:-1:0), Ps=(1:1:0:0),
and Po=(1:-1:0:0).

Sketch in D, (X)p):

/

— @

'

® —

Here Hy is 1466... and AHy is 1320.... Thus ay =1 and A= 2. Also,
X is a CB-scheme, since any hyperplane contains at most four of the six points
of X . But no subset of five points of X forms a CB-scheme.

To see why this is so, observe that, since X is a CB-scheme, all subsets
Y C X of degree five have Hy : 1455... and ay = 1. Also, it is geometrically
clear that each of those subsets has a point with degy(P) = 1, namely the one
opposite the point that we removed. Hence none of those Y is a CB-scheme.

In the case r = A an application of Proposition 2.13 to our question yields
a much more satisfactory answer.

Corollary 2.16. Suppose that X is a CB-scheme. Renumber the points of X
such that Y := X\{Py, ..., Pp} satisfies the conditions of 2.13.
Then Y is a CB-scheme.

Proof. From 2.13(c) we see that ay = axy — 1. Suppose that Y is not a CB-
scheme, i.e. that there is a point P, € Y and a form G € A4,, which is a
separator of P; from Y\{P;}. Let L € A, be a linear form which vanishes at
P; ,but at no other pointof X . Then LG € I(Y)gy11 =, Fi, ..., Fp)ay = Igy
means that G is a separator of P; from X\{P;}. That contradicts the fact that
X is a CB-scheme. O

Corollary 2.17. If X is a CB-scheme with A =1, then X\{P;} is a CB-scheme
Jorevery ie{l,...,s}.

Proof. Definition 2.7(b), Proposition 2.3 and Proposition 1.10 imply that ev-
ery f; is nonzero in (R/IR),,+;. Hence the subscheme X\{P;} satisfies the
conditions of 2.13. Now apply the previous corollary. O

Example 2.18. If X is a complete intersection of d hypersurfaces of P4, or,
more generally, if X is arithmetically Gorenstein, then A = 1 and Corollary
2.17 applies. For instance, in this way one can see immediately that the scheme
of Example 2.10 is a CB-scheme.

The following example shows that not every subset of s — A points of a
CB-scheme is again a CB-scheme. Corollary 2.16 merely claims that there is
at least one such subset. Of course, this raises the question whether one can
characterize the CB-schemes having the property that all subschemes of degree
s — A are CB-schemes again. We do not know an answer to this question.
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Example 2.19. Let X := {P;,..., K} C P2 begiven by P, = (1 : 0 : 3),
Pb=(1:0:2),=(1:0:1), ,=(1:1:1), Ps=(1:2:
Ps=(1:0:0), P,=(1:1:0) and Pg=(1:2:0).

Sketch in D, (Xp):

P]O

Pje  Pye  Pse
P60 P70 Pg‘

Itis easy to see that Hy is 13688...,that ay =2 and that X is a CB-scheme
with A=2. Now Y, := X\{P,, Ps} has Hilbert function Hy, : 1366... and
by 2.16 we conclude that Y; is a CB-scheme.

On the other hand, Y, := X\{Ps, Ps} and ay, = 2, and there is a conic
which vanishes on Y,\{Ps;}, but not on P;. Thus Y, is not a CB-scheme.
Notice also that Y3 := X\{P;, P»} is a complete intersection and therefore a
CB-scheme, but it does not have the same Hilbert function as Y, .

Remark 2.20. Finally, we would like to make some comments about the com-
putability of the notions of this section. On either of the computer algebra
systems Macaulay or CoCoA, it is possible to calculate the defining ideal of
a given set of points X and the Hilbert function Hy of that set of points.
For simplicity it is useful to assume that the points of X do not lie on the
hyperplane defined by Xg. If that is not the case at the outset one makes an
appropriate linear change of coordinates.

To check if X is a CB-scheme it suffices to check that for n < ay and any
subset Y of degree s — 1 we have (I(Y)/I), = 0. Another way to check this,
which also gives information for other computations, is to find a truncator for
each subscheme of X of degree s — 1. Then X is a CB-scheme if and only if
each truncator is a strong truncator. This can be tested by setting Xy = 0 in
the truncator and seeing if the result is in I or not. Neither of these tests is
very efficient. We shall see later (see §4) another approach to this problem.

To find out which subschemes of a CB-scheme are also CB-schemes, we use
2.14 and 2.16. We know that the residue classes of the truncators form a ba-
sis for the vector space R, (cf. 1.13). Using the truncators that have been
found (cf. 1.15), set Xy = 0 in each of them. We then need to discuss the linear
independence of the residue classes of the resulting elements in (R/XoR)g,+1 -
To apply 2.16 we just need to find A truncators which remain independent in
R/xoR. To apply 2.14 we need to find r truncators which remain indepen-
dent in R/xoR and have the property that every other truncator also remains
independent of those r truncators in R/xoR. Both computer algebra systems
mentioned earlier are very well suited to this kind of computation.

3. THE CANONICAL MODULE OF A CB-SCHEME

Throughout this section we continue to use the assumptions and conventions
of the previous two sections. Since the projective coordinate ring R of X isa
Cohen-Macaulay ring and x; is not a zero divisor of R, we have k[xy] C R,
and R is a free k[xp]-module of rank s. A homogeneous basis for R can be
found easily by lifting a homogeneous k-basis of R/xoR. In this way we get
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an isomorphism of graded k[x]-modules

ax+1

R= @ (k[xol(—i))*

i=0
where h; := AHx(i) as in 2.12. Now consider the graded R-module
Homk[xO](R bl k[xO]) s

whose homogeneous component of degree n consists of all graded k[xp]-linear
homomorphisms ¢ : R — k[xp] with @(R,,) C k[xolm+n forall m € Z. Its
R-module structure is defined by setting (ro)(r’) := ¢(rr’) for all r' € R.

We shall be particularly interested in the R-module

wg = Homy (R, k[xo])(—1).

By [GW, 2.2.9], this is the canonical module of R. It is a finitely generated,
graded R-module. First of all, let us compute its Hilbert function.

Proposition 3.1. For every n € Z we have H,,(—n) =s — Hx(n).
Proof. From the above description of R we find

ax+1

wr & @ (Homy (k[x0](=i) , klxoD)")(=1).

i=0
Therefore the ith summand is canonically isomorphic to k[xp](i — 1)* , and
0 Hye(—n) = Y% b; dimy k[xoli—1—n . On the other hand, since Hx(n) =
E;’;‘gl h; dimy k[xg],—;, and since i —1—n >0 ifand only if n—i <0, we

get
ax+1

Hy(—n) + Hx(n)= Y hi=s
~
forevery n€Z. O

Our next goal is to give a characterization of CB-schemes in terms of the
structure of their canonical module.

Lemma 3.2. Let f; € Rs,11 be a separator of P; for some i € {1, ...,s}, let
g €R, forsome n>0, and let ¢ € (WR)—qa, . Then

(a) gfi = g(P)xg fi,

(b) (ge)(fi) = g(P)xgo(fi).
Proof. Claim (a) follows from 1.13(b) using the fact that the difference of the
two expressions vanishes on X . Claim (b) follows immediately from (a), since
¢ is k[xo}linear. O

Remark 3.3. Let us consider Lemma 3.2(a) from another point of view. It gives
a description of the multiplication in R from degree ay+1 onward in terms of
the separators of degree ax +1. Now recall that the integral closure R of R in
its total ring of fractions is of the form R = k[T;]x - -- x k[T;] with polynomial
variables T, ..., T;. In one sense, we already know the multiplication of R
from degree ay +1 onward, since R and R agree in that range. Lemma 3.2(a)
simply recognizes that structure and interprets it in R itself.
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In particular, if fi,..., fs € Rs41 are separators of Py, ..., Py respec-
tively, then we find that fif; = 0 for j # i and f? = fi(P)x**'f; for
i=1,...,s.

Lemma 3.4. (a) There is a 1-1 correspondence between elements of (wgr)—q, and
k-linear maps from R,, .\ to k which vanish on xyR,, , given by ¢ — ¢| Rupsi -
(b) Let g € R, for some n >0, and let ¢ € (WR)—q4, . Then go =0 if and
only if the restriction of gp to Rg,41 is the zero linear transformation.
(c) For i = 1,...,s5 let fi € Ry,41 be a separator of P;. An element
@ € (WR)-ay is faithful, i.e. Anng(¢) = (0), if and only if ¢(f;) # 0 for all
ie{l,...,s}.

Proof. First we prove statement (a). Using the above description of wg,
an element ¢ € (wgr)-4, can be regarded as a graded k[xp]-homomorphism
¢: R — k[xg] of degree —ax — 1. It follows that ¢(R,) =0 for n =0, ..., ay
and that ¢| Rogsr R4, 41 — k is a k-linear map which vanishes on xgRg, .

Conversely, suppose that we are given a k-linear map v : R,,+; — k which
vanishes on xoR,, . We can extend y to a k-linear map ¢: R — k[xp] in
the following way. For g € R, with n < ayx define ¢(g):=0. For g € R,
with n > ay +1 write g = x[ " 'g’ using 1.13(b) and define ¢(g) :=
b7 ~ly(g'). Now the condition ¥ (xoRg,) = 0 is precisely what we need to
show that this definition makes ¢ a k[xp]-linear map which is homogeneous
of degree —ay — 1. Hence ¢ represents an element of (wg)—g, -

For the proof of (b) suppose that ¢ € R, and ¢ € (wgr)—, are such
that the restriction of gp to R, is zero. If h € R, with m < ay,
then xg**'""(gg)(h) = (g9)(xg**'~"h) = 0 implies that (gg)(h) = 0. If
h € Ry, with m > ax +1, then we write & = xj""*~'h’ asin 1.13(b) and find
(gp)(h) = xJ'~*~'(ggp)(h') = 0, too. Hence gy =0 as we wanted to show.

Finally we prove (c). If ¢ is faithful and ¢(f;) =0 forsome i € {1, ..., s},
then fip restricted to R,, 4 is the zero homomorphism, because Lemma 3.2
vields (fi0)(f;) = fi(P)x&*'o(f;)=0 for j=1,...,s and {fi,..., f} is
a k-basis of R,,.;. By (b), this implies that fip = 0 in contradiction to our
assumption.

On the other hand, if ¢(f;))#0 fori=1,...,s and g € R,\{0} for some
n > 0, then there is at least one i € {1, ..., s} such that g(P;) # 0. Using 3.2
again, this means (g¢)(f;) = g(P;)xjo(fi) # 0. Therefore g¢ # 0 and we are
done. O

Theorem 3.5. The following conditions are equivalent.
(a) X is a CB-scheme.
(b) There is a faithful element in (WRr)-q, -
(c) A generic element of (wR)-q, is faithful.
(d) There is a homogeneous exact sequence of graded R-modules

0-R-— a)R(—ax).

Proof. Since (b) and (d) are clearly equivalent, and since (c) obviously implies
(b), it suffices to prove that (a) implies (c) and (b) implies (a).

Suppose that X is a CB-scheme, and take a generic element ¢ € (wg)-g, -
By 1.10 and 2.6 we have f; € xoR,, for i=1,...,s. By 3.4(a) and since ¢
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is generic, it follows that ¢(f;) # 0 for i =1,...,s. Thus ¢ is faithful by
3.4(c).

If we start with a faithful element ¢ € (wg)_q, , Wwe get ¢(f;)) #0 and f; ¢
XoRg, from the lemma. By 1.10(c) and 2.6, it follows that degy(P;) = ax + 1
for i=1,...,s,i.e. that X isa CB-scheme. 0O

Remark 3.6. There is also a nonreduced version of Theorem 3.5, which is
proved in [K1, §2] using a similar technique. More precisely, there is a faithful
element in (wg)-4, if and only if X is locally Gorenstein and a CB-scheme.

One consequence of this theorem is that the property “X is a CB-scheme”
implies certain inequalities for its Hilbert function.

Corollary 3.7. Let X be a CB-scheme.
(a) Forall i € Z we have Hx(i) + Hx(ax — i) <s.
(b) For i=0,...,ax+1 wehave hg+h;+---+hi <hgp1—i+--+hayy1.
(c) Forall i,j with 0 <i < j<ax+1 wehave hy+h +---+h; <
hj_,'+"'+hj.
Proof. From Proposition 3.5(d) and Proposition 3.1 we obtain

Hy (i) < Hop(—ay)(i) = Hug(i — ax) = s — Hy(ax — i).

This proves (a). Since Hx(i)=ho+h +---+h; and s=ho+h +---+hgyy1,
claim (b) follows from (a). It remains to prove (c). By repeatedly applying
Corollary 2.16 we find a subscheme Y of X of degree Hy(j) with Hilbert
function Hy(n) = min{Hx(n), Hx(j)} for n € Z and such that Y is also a
CB-scheme. Now (c) is nothing but (b) applied to Y. O

Remark 3.8. Like 3.5, this corollary also has a generalization to 0-dimensional
locally Gorenstein schemes X . In fact, we do not even have to assume that
X is a CB-scheme, if we replace ay by the largest integer n such that every
hypersurface of degree n containing a subscheme of degree degX — 1 also
contains X . That number is occasionally referred to as the Cayley-Bacharach
number cxy of X . In this case the inequalities that are valid are

Hy(i)+ Hy(cx —i)<s fori=0,...,ax+ 1.
These results follow from [K2], 4.18 with A = @p4(i) and L = Gpa(cx — i) .

Example 3.9. Let X be a CB-scheme which does not lie on a hyperplane of P4 .
If hgpy1 =1, then h,, > d. For if not, then hyy, + hgypy < 14+d =ho+ hy,
and that contradicts Corollary 3.7(b).

Remark 3.10. If X has the uniform position property, i.e. any two subsets of
X of the same cardinality have the same Hilbert function, then J. Harris and
D. Eisenbud showed in [HE], 3.5 that

(1) Hy(i +j) 2 min{s, Hx(i) + Hx(j) - 1}

forall i, j € Z. Note that if i+j > ax, then Hx(i+ j) =s and the inequality
holds trivially. So, the interesting case of (1) is i + j < ay. In that case,
Hyx(i+ j) <s and (1) is equivalent to

(2) Hyx(i+j) 2 Hx(i) + Hx(j) - 1.
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It is easy to see that (2) is the same as 3.7(c), if in those inequalities we replace
hj by 1. In particular, if we let i + j = ay, then (2) is equivalent to

(3) ho+h +--+h <hgir—i+ - +hg + 1.

Again this is the same as 3.7(b) with A, replaced by 1.
The stronger inequalities (2) are no longer true for arbitrary reduced CB-
schemes X , as the following example shows.

Example 3.11. Let L; and L, be two skew lines in P3, and let P, ..., Py €
Ly and Ps,..., Pg € L, be k-rational points. Then it is easy to check that
X = {P,..., Pg} is a CB-scheme with Hilbert function Hy : 14688...
which does not satisfy (3).

This raises the question whether it is possible to find weaker conditions than
the uniform position property which still imply the inequalities (2). One possi-
ble case is given by the following proposition.

Proposition 3.12. Suppose that X is a CB-scheme with the property that for every
i €{0,...,ax} there is a CB-scheme Y; C X of degree degY; = Hx(i) + 1
and with Hilbert function Hy,(n) = min{Hy(n), degY;}.

Then we have the inequalities Hx(i + j) > Hx(i)+ Hx(j)—1 for i,j >0
such that i+ j <ay.
Proof. Applying 3.7(a) to Y., ;, we get the inequality Hy(i+j) =degY;j—1 >
H}'i+j(i) + Hy,.ﬁ(ayw - l) —-1= Hx(l) + Hx(]) -1. 0O

Another possibility is to ask for conditions that imply inequality (3) only.
For instance, we have no example of a CB-scheme X with A;,,; > 2 and
the property that every subscheme Y of degree s — 2 has Hilbert function
Hy (i) = min{s — 2, Hx(i)} which does not satisfy (3).

In the last part of this section we want to point out the relation of the canoni-
cal module of R to the conductor of R in its integral closure. For i=1, ..., s
we set d; := degy(P;) and we let f; be a separator of P; of degree d;. Recall
that the integral closure R of R in its total ring of fractions is given by

R R/py x -+ x R/ps = k[Ti] x - x k[T}],
where p; is the ideal of P; in R and T7; is the image of xo in R/p;.

Proposition 3.13. Let ¢, denote the conductor of R in R.

R/R N
(a) We have ¢~ = Td'k[Tl] x -+ x TSk[T;] as an ideal of R.
(b) Wehave@ =(fi,..., fs) asan ideal of R.
Proof. Part (a) is shown in [O]. We now use (a) to prove (b). The image of f;
under the inclusion R C R is a scalar multlple of f o,...,0, T,.d",O, ...,0).
Since the k[xp]-algebra structure of R is given by xo — (T}, ..., T), those

elements generate ¢ . asa k[xo]-module, and the claim follows. O

/R

More precisely, note that from the above description of R we get f; =
fi(P)f; and f? = ﬁ(Pi)xg" fi. In view of 3.13 it is possible to make a simple
connection between the conductor and the CB-property.
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Corollary 3.14. The scheme X is a CB-scheme if and only if ¢z R= ) n>ay+1R

Proof. Since dimy ﬁ,, =s if and only if n >0, and since dimy R, =5 if and
only if n > ax + 1, we have R, = R, precisely for n > axy + 1. The ideal
Ean g+l R, is an ideal of both R and R, and thus always contained in the
conductor. By the proposition, we have equality if and only if deg f; = ay + 1
for i=1,...,s,1e. if and only if X is a CB-scheme. O

In other words, CB-schemes could have been defined as those schemes whose
conductor is as small as possible. This characterization translates to 3.5 via
Dedekind’s formula for conductor and complementary module, which is the sub-
ject of the next proposition. Recall that the canonical module of R is given by
wz = Homyy) (R, k[x0])(-1).

Proposition 3.15. For any set of k-rational points X the following formula holds.

¢§ /R *WR = wz.
Proof. For r € Q:R g and ¢ € wg we have (ro)(R) = (o(rﬁ) C ¢(R) C k[xo],
so that r¢g € wg. Obviously this defines an inclusion € IR @R C wg.

To prove lhat this is an equality, we first compute the Hilbert function of
w5 Since R is a free k[xo]-module of rank s with a homogeneous basis of
degree 0, it follows from the above description of wz that Hw;(n) = 0 for
n <0 and Hw;(n) =5 for n > 1. Therefore the projections

9i: R=K[T)] x - x k[Ts] - k[T;] = k[xo],

where i € {1,..., s}, form a k[xo]-basis of w and it suffices to show that
they lie in (’ZR/R wpg .

Consider the epimorphism & : Homy,,;(R, k[xo]) - Homy(R/(xo), k) in-
duced by reduction modulo xo. Since f; is a separator of P; of minimal
degree, we must have f; & (xo). Hence its image f; in (R/(xo))y is not zero,
and there is a homogeneous k-linear map V¥; : R/(xg) — k of degree —d,;
such that ¥,(f;) # 0. Now lift ¥, via ¢ to a homogeneous k[xp]-linear map
Vi : R — k[xo] of degree —d; with y;(f;) # 0. We conclude the proof by
showing that there is a 4; € k\{0} such that ¢; = 4;f;y; as elements of wz.

Then 3.13(b) yields ¢; € €5 /R @R 3S desired.

Write f; = f;(P;)f; as in the note after 3.13. On one hand we have g;( f,)
0 for j # i and ¢;(f}) = xg. On the other hand we have (fa//,)(f,) =
SPYWi(fifj) =0 for j # i and (fiwi)(f)) = L(PIW(SP) = fil P2 xgwilfi) -
We conclude that ¢; = 4;fiw; for 4; = fi(P)?wi(f;) € k\{0} as we wanted to
show. 0O

Remark 3.16. This proposition is also a consequence of [KW, 4.32 and 4.35(b)].
It is an easy exercise to use 3.15 to show that 3.5(c) and the condition on the
conductor in 3.14 are equivalent. For example, if 3.5(c) is satisfied, then we
must have deg f; = ay + 1 in 3.13(b), because otherwise 3.15 yields a nonzero
element of (wg)o. The other direction is left to the reader.
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4. CB-SCHEMES AND LIAISON

Continuing with our standing notation, we let X be a set of s distinct k-
rational points in P4, we let I(X) be the homogeneous ideal of X in 4 :=
k[Xo, ..., X4],and R:= A/I its projective coordinate ring.

In addition, we suppose that we have another set of k-rational points Y,
disjoint from X, such that Z := X UY is a complete intersection in P?. In
other words, X and Y are /inked by the complete intersection Z . Since most
results in this section make use of the particular choice of Y , we would like to
point out that at least one set of this type always exists (cf. Remark 4.11). Let
I(Y) be the homogeneous ideal of Y in A, and let {G,, ..., G;} be a homo-

geneous regular sequence in A4 which defines Z , ie. I(Z) =(Gy,...,Gy). It
is well known that I(X)=I1(Z):I(Y) and I(Y)=1(Z):1(Z).
In this situation the projective coordinate ring of Z is S := 4/(Gy, ..., Gy).

Let us denote the images of I(X) resp. I(Y) in S by I resp. J. Thus we

have I = Anng(J) and J = Anng(/). We also assume that the coordinates

{Xo, ..., Xz} of P4 are chosen in such a way that the image of X in S is

not a zero divisor. We shall use “  ” to denote residue classes modulo Xj .
Finally, let ay,z denote the initial degree of 1, i.e.

ayz=min{n e N: I, # 0} =min{n e N: I(X), 2 (G, ..., Gg)n}.
It may be worth noting that ay,7 is not necessarily equal to
axy =min{n € N: I(X), # 0},

but of course ay;z > ax . Analogously, let ay,;z = min{n € N: J, # 0} be the
initial degree of J .

The following preparatory results trace back to the work of Grobner [G].
More modern versions are also contained in [DGO)].

Lemma 4.1. For every ideal a of S and every n >0 we have

(Ann§(an))az+l—n = (Ann§(a))a2+1_,,.
Proof. We only have to show that the left side is contained in the right one.
Take an element x € §az+l—n which annihilates a,. Then xa,, = 0 for every
m > n simply because §az+l_,,+m = 0. Suppose that m < n and xy # 0 for
some y € a,. Since S is a 0-dimensional local Gorenstein ring, its socle is
Sa,+1 , and therefore there is an element z € S,_,, such that xyz € S,,41\{0} .
This contradicts the assumption xa, = 0, so also xa,, = 0 and we are done. O

Lemma 4.2. For every ideal a of S and every n€ {0, ..., az + 1} we have

dimy (Sy) = dimy (an) + dimy (Anng(a))az +1-n-

Proof. Let us consider the nondegenerate pairing S, x S, +1-n — Sa,41 = k.
By the previous lemma, (Anng(a))a,+1-» is the orthogonal space to a, with
respect to this pairing. The conclusion follows. O

Proposition 4.3. Let X, Y, and Z be as above.
(a) We have I = Anng(J) and J = Anng(I).
(b) For n=0, ..., az + 1 we have dimy(S,) = dimy(T,) + dimy (T4, 41-r) -
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(c) For n=0,...,az+1 we have AHz(n) = AHx(n)+AHy(az +1—-n).
(d) We have az = ay + ayjz =ay +axjz .
Proof. For (a) it suffices to prove that J = Anng(f). Since J = Anng(I), we
have J C Anng(I). Now consider the following equations.

dimy (S/7) = degY = deg Z — deg X = dim(S) — dimy (S/1)
= dimy (S/ Anng(T)).

The last equality follows from Lemma 4.2. We conclude that J = Anng(T).

Statement (b) is a consequence of (a) and Lemma 4.2. Claim (c) follows from
(b), because AHy(n) = dimy(S/T), and AHy(n) = dim(S/J),. From (c) we
get that the initial degree of T is the least number n such that AHy(az+1—n) #
0, i.e. it equals az — ay . But the initial degree of I is also the initial degree
of I, and we obtain (d). O

Corollary 4.4. We have 1(Z)

az+1 ax+1-

: I(Y)o‘y/Z =I(X)
Proof. When we read the desired equation in S, we see that what we have
to prove is (Anng(Jay,))az+1-ay, = lay+1 . This follows from 4.1, 4.3(a) and

43(d). O

Now we shall apply these results and techniques to investigate the relation be-
tween a CB-scheme X and a linked scheme Y . More precisely, we shall derive
another characterization of CB-schemes using the ideal of a linked scheme.

Lemma 4.5. Suppose that X is a CB-scheme. Let P be a point of X, and let
Fp € Agy+1 be a separator of P from X\{P}.
Then Fp ¢ I(Z)ay+1: 1(Y )y, -

Proof. On the contrary, assume that Fp+I(Y)a,,, C I(Z)4,+1 . Then Corollary
4.4 shows that Fp € I(X),, ,,. Hence Fp is of the form Fp = Gp + XoHp
with Gp € I(X)4,+1 and Hp € A, . But then also Hp is a separator of P
from X\{P}, in contradiction to degy(P) = ax + 1. Thus the assumption was
wrong and the claim follows. O

Theorem 4.6. The following conditions are equivalent.
(a) X is a CB-scheme.
(b) A4 generic element of I(Y)a,,, does not vanish at any point of X .

Proof. First we show that (a) implies (b). Let P be a point of X, and let
Fp € Ay 11 be a separator of P from X\{P}. Then Lemma 4.5 implies that
FpG ¢ I(Z),,+1 for a generic element G of I(Y)a,,, . Since G vanishes at all
points of Y and Fp vanishes at all points of X\{P}, we must have G(P) #0.
Therefore a generic element of 1(Y),,, does not vanish at any point of X .

Conversely, let G € I(Y)a,, be an element which does not vanish at any
point of X. Let P be a point of X, and let Fp € A be a separator of
P from X\{P} of minimal degree. Then FpG is a separator of P from
Z\{P}. Since Z is a CB-scheme (cf. 2.8), this yields deg(FpG) > az + 1.
Thus degy(P) = deg(Fp) > az + 1 —ay;z = ax +1 by 4.3(d), and therefore X
is a CB-scheme. O
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Remark 4.7. Using the results of §2.2 in [GW], we obtain the following sequence
of isomorphisms of graded R-modules.

wr(—ax) = Homg(R, ws)(—ax) = Homg(S/I, S(az))(—ax)
& Homg(S/I, S)(az — ax) = Anns(I)(ay/z) = J(ay/z)-

Based on this isomorphism wg(—ax) = J(ay,z) one can prove that conditions
3.5(c) and 4.6(b) are equivalent. We chose to give a direct proof of Theorem
4.6 instead, because in this way we do not have to assume any knowledge about
wpg except that in our situation it is given by Homy, (R, k[xo])(—1).

Corollary 4.8. Let Z be a 0-dimensional complete intersection in P4 which
consists of distinct k-rational points. Let Y be a subset of Z such that 1(Y) is
generated by its elements of degree less than or equal to ayz .

Then X := Z\Y is a CB-scheme.

Proof. If X is not a CB-scheme, then a generic element of /(Y),,, vanishes
at some point of X . Hence there is a point of X at which all forms of 1(Y),, 2
vanish. This is impossible, since I(Y) is generated in degree less than or equal
to ay;z. O

Theorem 4.6 and Corollary 4.8 provide us with handy ways to check geomet-
rically whether a given set of points forms a CB-scheme.

Example 4.9. Let Z be the complete intersection of the two cubics G; = X 13 -
XgXl and G, =X§ —Xng in P2,
Sketch:
Pie Pye Pie
P40 P 50 P6Q
Pre Pge  Pye
Then Z\{P;} is a CB-scheme for every i € {1, ..., 9}, because a generic line
through P; does not contain any point of Z\{P;}. (Compare this with 2.17.)

The scheme Z\{P,, P,} is not a CB-scheme, because there is only one line
containing {P;, P,} and this line also contains P;. On the other hand, the
scheme Z\{P,, P4} is a CB-scheme, because the line through P, and P, does
not contain any point of Z\{P,, Ps}.

Finally, the scheme Z\{P,, P;, Ps, P;} is a CB-scheme, since the ideal of
the scheme Y := {P,, P;, Ps, Ps} has initial degree two and is generated by
forms of degree two, so that we can apply 4.8. In the same manner one can also
show that the scheme of Example 2.19 is a CB-scheme.

The theorem can also be used to formulate characterizations of CB-schemes
which are well suited for the application of computer algebra programs.

Corollary 4.10. The following conditions are equivalent.
(a) X is a CB-scheme.
(1) I(Z) : I(Y )y, = I(X).
(C) AnnS(Jay/z) =1I.
(@) 1(Z)ay : 1(¥)ay, = 1(X)a -
(e) (Anng(Jay,))ay = Loy -
() H(A/(I(Z) : (I(Z) : I(X))ay,,) » @z — ayz) = Hx(az — ay;z).
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Proof. First we show that (a) implies (b). We only have to prove that the left
side is contained in the right one. Let F be an element of I(Z) : I(Y)
Then FG € I(Z) for every G € I(Y)
F must vanish at every point of X .

Conditions (b) and (c) are obviously equivalent. In view of formula 4.3(d)
it is also clear that (b) implies (d). Condition (e) is a restatement of (d) in S
and therefore equivalent to (d). Conditions (d) and (f) are equivalent, because
I(Z)a, : (I(Z) : I(X))ay,, 2 I(X)a, is always true, so the equality of those
vector spaces follows from the equality of their dimensions.

Finally we have to show that (d) implies (a). Assume that X is not a CB-
scheme, i.e. that there is a point P in X and a separator Fp of P from
X\{P} of degree ax. Then Fp & I(Z)a, : I(Y)ay,,, by hypothesis. Therefore,
if we take a generic element G of [ (Y)ay,, » then FpG is a separator of P
from Z\{P} of degree ax + ay,z = az . This contradicts the fact that Z is a
CB-scheme. 0O

ayz *

Using Theorem 4.6 we deduce that

ayjz *

Remark 4.11. Suppose that we are given a 0-dimensional subscheme X =
{Py, ..., P} of P4 which consists of k-rational points. How can we decide
whether X is a CB-scheme? Two not very efficient ways have been discussed in
2.20. The following method is based on Corollary 4.10 and works much better.

We assume that we are either given I(X) directly, or we have computed
it from the coordinates of the points of X by intersecting the corresponding
prime ideals. We also need a homogeneous regular sequence {G,, ..., G;}
in I(X) which defines a O-dimensional complete intersection Z containing
X . In principle, we can always write P, = (1 : p;; : --- : p;y) and use G; :=
(Xi—p1iXo) -+ (Xi—psiXo) for i =1, ..., d. This choice has the disadvantage
of producing polynomials of high degree, but it has the advantages of being
computationally trivial, if the points are given via their coordinates, and of
producing a Grobner basis with respect to any term ordering that starts with
the degree in X;, ..., X; (cf. [Ro, 9.2(b)]). From here we can proceed in the
following way.

First of all, no matter how we got the regular sequence, we have I(Z) and
az = degG, +---+deg G; —d . Then we start the computation of I(Z): I(X).
This is done by computing a suitable Grobner basis, and we recall that the
computation proceeds degree after degree. As soon as an element is found,
we check whether it is in I(Z). This operation is computationally easy, if
we have a Grobner basis of I(Z) (see above). As soon as we get an element
which is not in I(Z), its degree is ay,z . So we can stop the computation of
I(Z) : I(X) at this degree and we have (I(Z) : I(X))ay,, - Now we compute
(I(Z) : (I(Z) : I(X))ay,,) by means of a Grébner basis which is truncated
in degree az — ay;z and we check formula 4.10(f) by simply computing the
dimensions of the respective vector spaces.

To illustrate this method, we explicitly describe how we use it to prove that
the scheme X in Example 2.19 is indeed a CB-scheme. From the coordinates
of the points we compute that

I(X) = (X1 X3 — XoX1.X2, X} — 3Xo X} +2X3 X,
X3 — 6XoX3 + 11X2XZ — 6X3X,).
Now we choose G, = X;(X; — Xp)(X; — 2Xp) and
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Gy = Xa(X2 — Xo)(X2 = 2X0) (X2 — 3X))

and we set I(Z) := (G,,G,) and get az = 4. We start computing
(I(Z) : I(X)) and we get (X7 — 5XoX, + 6X2, X2 — 3XoX, + 2X2) in degree
two. Since I(X) starts in degree three, we get ay;z =2 and az —ay;z = 2.
We compute (I(Z) : (I(Z) : I(X))2); and we get (0). Also I(X), = (0), so
that we can conclude that X is a CB-scheme.

5. APPLICATIONS TO HYPERPLANE SECTIONS OF CURVES

As an application of our results, we would like to show how they fit with
those in a recent paper of R. P. Stanley. Recall that we are always working over
a field k of arbitrary characteristic. For the proof of the next proposition we
need to use the description of wg via local cohomology as outlined for instance
in [GW, Chapter 2].

Proposition 5.1. Let k be algebraically closed, and let C be an integral, arith-
metically Cohen-Macaulay curve in P4+! .
Then the general hyperplane section X of C is a CB-scheme.

Proof. Let R be the projective coordinate ring of C and let wg be its canon-
ical module. Then wpg is a 2-dimensional Cohen-Macaulay R-module. We
define ag := —min{n € Z : (wgr)» # 0}, and we let x be a nonzero ele-
ment of (wg)_q, . Since Ass(Rx) C Ass(wg) =0, we get dim(R/ Anng(x)) =
max{dimR/p : p € Ass(Rx)} = 2. Therefore we have Anng(x) = 0. Now
consider the homogeneous exact sequence of graded R-modules

0 — R(ag) > wg — wg/Rx — 0
and the resulting long exact sequence of local cohomology modules

-+ = Hy(wr) — H)(wr/Rx) — Hy (R)(ag) = Hy(wr)
— Hy(wr/Rx) — HZ(R)(ar) = Hy(wr) — Hg(wr/Rx) — 0

where m denotes the homogeneous maximal ideal of R.

Since HY(wgr) = HL(R) = 0, we get depthg(wgr/Rx) > 1. Since the
isomorphisms H2(R) = Hom(wg, k) and H2(wg) = Homy(R, k) iden-
tify the multiplication map u, : H2(R)(ar) — H2(wg) with Homy (uy, k) :
Homy (wg(—ar), k) — Homy(R, k), we see that u, is surjective and thus
HX(wgr/Rx) = 0. Hence dim(wg/Rx) < 1 < depthgz(wr/Rx), and thus
wgr/Rx is a 1-dimensional Cohen-Macaulay R-module. In particular, this im-
plies that a general linear form / € R, is not a zero divisor on wgr/Rx.

Now let S := R/(l), and let X := CNnZ’(l). Then X is a general hyper-
plane section of C and S is its projective coordinate ring. Since / is not a
zero divisor of R, we get ws= (wgr/lwgr)(1) and ay=—min{neZ: (ws),#0}
= agp + 1. Using these identities we construct the following commutative dia-

gram.
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0 0 0

l

0 —— R(ag) —— wrp —— wg/Rx —— 0

0 —— R(ag+1) —— wgr(l) —— (wg/Rx)(1) —— 0

Slax) —2» ws —— ws/Sx —— 0

!

0 0 0

An application of the snake lemma to this diagram yields Anng(x) =0, i.e. X
is a faithful element in wg(—ayx). By Theorem 3.5, this implies that X is a
CB-scheme. O

In particular, we can apply Corollary 3.7 and get the following inequalities
for the Hilbert function of a general hyperplane section of a Cohen-Macaulay
curve.

Corollary 5.2. In the situation of the proposition let h; := AHx (i) forall i >0.
Then ho+h +---+hi<hj_j+---+hj forall 0<i<j<ax+1.

Now let k be an arbitrary infinite field again, and let R be a standard graded
k-algebra, i.e. Ry = k and R = k[R;]. When R is a Cohen-Macaulay ring,
we can define its h-vector (hgy, ..., h) by h; = AY™RH(R,|) and ¢ :=
max{i € N : h; # 0}. Notice that this definition agrees with 2.12, if R is
the projective coordinate ring of a set of k-rational points.

The next corollary gives more inequalities on the h-vector of a Cohen-
Macaulay integral domain R than [St, 2.1], under the additional assumption
that R is standard graded.

Corollary 5.3. If R is a standard graded Cohen-Macaulay integral domain over
an infinite field k, then its h-vector satisfies

ho+h+---+h <hj_ij+---+h;j

Jorall 0<i<j<t.

Proof. Since the h-vector does not change when we enlarge the ground field,
we may assume that k is algebraically closed. Since the case dimR = 0 is
impossible, and since the case dim R = 1 is only possible for R = k[X], we
can also assume that dimR > 2. If 6 := dimR > 3, then we find a regular
sequence X, ..., Xs_» € Ry such that R/(x;, ..., xs_3) is a Cohen-Macaulay
domain of dimension two with the same h-vector (cf. [St, 3.3]). Thus we can
assume that dim R = 2. In this case R is the projective coordinate ring of an
integral Cohen-Macaulay curve in P4*! | where d + 2 is the minimal number
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of generators of the homogeneous maximal ideal of R. Since R is Cohen-
Macaulay, its A-vector agrees with the A-vector of a general hyperplane section
X of C. Now an application of Corollary 5.2 finishes the proof. O

Let us also compare the inequalities of Corollary 5.2 with Harris’ inequalities
for the Hilbert function of hyperplane sections of curves. For this we let k be
an algebraically closed field again, and let C C P4*! be an integral curve. In
this case chark = 0, Harris has shown in [H] that the points of a general
hyperplane section of C are in uniform position, and therefore the stronger
inequalities 3.10.2 hold. But in characteristic p > 0, Harris’ result is true only
with some additional hypothesis, as demonstrated by J. Rathmann in [Ra]. The
following example, due to Rathmann, illustrates that although Proposition 5.1
yields weaker inequalities, it applies in some previously not covered cases.

Example 5.4. Let chark =p > 0,let ¢ = p" forsome n > 0, and let C C P4+!
be the curve defined by

C=7'(X{ - X\ X3}, X{ - X2 X3, ..., Xo_, - X X9 )).

Then C is an integral complete intersection curve whose general hyperplane
section is isomorphic to the set of F,-rational points of the d-dimensional
affine space over F, (see [Ra, 1.2] for details). By Proposition 5.1 we see that
X is a CB-scheme and therefore its A-vector satisfies the inequalities given in
5.2. But obviously X is not a set of points in uniform position.

With the pervasiveness of the CB-property for general hyperplane sections of
Cohen-Macaulay curves in arbitrary characteristic one could wonder, if every
hyperplane section of a Cohen-Macaulay curve is a CB-scheme. The following
example shows that this is not the case.

Example 5.5. Let k be a field of characteristic zero. Consider the 0-dimensional
reduced subscheme X = {P,,..., P;} of P> with P, =(1:0:0, P, =(1:
0:1), =(1:0:2), P,=(1:1:0), Ps=(1:1:1), Pg=(1:1:2) and

Pp=(1:2:0).
Sketch:
Pie  Pge
Pye  Pse
P]O P40 P70

Here X is not a CB-scheme (cf. 4.9), but we shall show that there is an integral,
arithmetically Cohen-Macaulay curve C such that X is one of its hyperplane
sections. It is not hard to see that the ideal of X in k[Xj, X, X,] is given by

I = (X1(X1 — Xo)(X1 — 2Xp), Xi(X; — Xo) X2, Xo(X; — Xo)(X2 — 2X0))-
The resolution of the ideal sheaf Jy of X in P? is
0 = B (=5) @ Gpr(—4) — Gpa(=3)* » Ty — 0.

By a theorem of L. Chiantini and F. Orecchia (see [CO]) we can conclude that
there is a smooth, arithmetically Cohen-Macaulay curve C in P?, one of whose
hyperplane sections is X .

In fact, a closer look at the construction given in [CO] shows that if we choose
three general linear forms L,, L,, L3 in k[Xy, X;, X, X3] and three general
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elements a;, a,, as in k, then the maximal minors of the matrix

( X1 —-2Xo+ a1 X5 X2+ arXs asXs )
(X2 — Xo)(X2 — 2X0) + L1 X3 L) X3 X1(X1 — Xo) + L3 X3
define a smooth, arithmetically Cohen-Macaulay curve C such that X is the

intersection of C and the hyperplane 77(X3).

We

wonder which smooth, arithmetically Cohen-Macaulay curves have the

property that every hyperplane section is a CB-scheme. Clearly smooth complete
intersections do. What are some others?

(BV]
(€

[CO]

(D]
[DGM]
[DGO]
[G]
[GM]
[GMR]
[GN]
[GW]
[H]
[HE]

[K1]

(K2]
[KW]
(0]
[Ra]

[Ro]
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